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Abstract We supply a Fourier characterization for the real, continuous, isotropic and
strictly positive definite kernels on a product of circles. In other words, if S! is the unit
circle in R2, - is the usual inner product of R? and f is a real continuous function on
[—1, 1]2, we determine necessary and sufficient conditions in order that f(x -y, z- w)
be a strictly positive definite kernel on S! x S'.
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1 Introduction

Positive definite functions and kernels have a long history in mathematics, entering as
an important tool in harmonic analysis and other areas as well. In the spherical setting,
they can be traced back to the remarkable paper of Schoenberg published in 1942 [19],
where a characterization for the continuous, isotropic and positive definite kernels on a
single sphere was obtained. This characterization is far-reaching, having applications
in approximation theory, spatial statistics, geomathematics, discrete geometry, etc. We
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mention [3,4,6,16] and references therein for some applications of positive definite
functions and kernels on spheres.

In this paper, we will be concerned with positive definite kernels on a product of
circles. As so, we will recast the basic concepts and results from Schoenberg’s work
that applies to circles, up to the point we can state what the main contribution in the
present paper is.

We will write S! to denote the unit circle in R?. Continuity of a kernel K on S
will be attached to the usual geodesic distance on S' and that will be extended to the
product S' x S! in the usual way. The isotropy or radiality of a kernel K on S! refers
to the existence of a function K, on [—1, 1] so that

K(x,y) =K (x-y), x,yeS",

in which - is the usual inner product of R?. For a kernel K on §' x S!, isotropy
corresponds to the property

K((x,2),(y,w) =K, (x-y,z-w), x,y,z,weSs,

in which the function K, has now domain [—1, 1]2. In both cases, we will call K, the
isotropic part of the kernel K. Finally, the positive definiteness of a real kernel K on
an infinite set X refers to the validity of the inequality

n
Z cucv K (xy, xy) = 0,
w,v=1

whenever 7 is a positive integer, X1, X2, . . ., X, are distinct points on X and the ¢, are
real scalars. The strict positive definiteness of K demands both, its positive definiteness
and that the inequalities above be strict whenever at least one of the ¢, is nonzero. We
will apply these definitions to the cases in which either X = S! or X = §! x S!.

According to a result of Schoenberg in [19], a real, continuous and isotropic kernel
K on S! is positive definite if, and only if, the isotropic part K, of K has the form

Koty => axPi(n), tel-1,1],

k=0

in which all the a; are nonnegative, Py is the Tchebyshev polynomial (of first kind) of
degree k (see [23]), and ZZO:O ay Pr(1) < oo. In the nineties, due to the appearance of
the so-called radial basis interpolation on spheres, many attempts were made in order
to deduce a similar characterization for the strict case [11-15,18,20,22] but that only
appeared in [15] (see also [2]): a kernel having Schoenberg’s representation described
above is strictly positive definite on S! if, and only if, the set {k : ajk; > 0} intersects
every full arithmetic progression in Z. Both results described above extends to the
complex setting, that is, to the case in which S! is replaced with the unit circle in C,
the positive definite kernel is allowed to assume complex values and the scalars ¢, are
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now complex numbers. This extension is also discussed in [15]. It is worth to mention
[21] where the very same problem was discussed.

Moving to S' x §!, a theorem proved in [8] includes a characterization for the
positive definiteness of a real, continuous and isotropic kernel K on S' x S! as those
having an isotropic part in the form

K (t,s) = Z ak  P(@)Pi(s), t,s e[-1,1], (1.1)
k,1=0

where all the coefficients ay; are nonnegative and Zl?l:() a1 Pr(1)Pi(1) < oo. This
characterization can also be deduced from abstract versions of a classical result of S.
Bochner on positive definiteness, a typical example being Theorem 4.11 in [1]. For a
function K, representable as in (1.1), we will write

Jg = {(k, ) e Zi tagg > O}.

The results in this paper will converge to the characterization for strict positive defi-
niteness on S' x §! described in Theorem 1.1 below. The result is supplementary to
one of the main results proved in [7], where a similar problem was considered and
solved for the product of higher dimensional spheres.

Theorem 1.1 Let K be a real, continuous, isotropic and positive definite kernel on
S' x S'. The following assertions are equivalent.

(1) K is strictly positive definite;
(1) The set {(k,1) : (|k|,|l|) € Jk} intersects all the translations of each subgroup
of 72 having the form {(pa, qb) : q, p € Z}, a, b > 0;
(iii) The set {(k,1) : (|k|, |l|) € Jk} intersects all the translations of each subgroup
OfZ2 having the form (a, b)Z + (0, d)Z, a, d > 0.

If this is the case, the set {(k, 1) : (|k|, |l|) € Jx} intersects all the translations of each
lattice of 72 infinitely many times.

At this time, we have found no practical problems where the characterization described
in Theorem 1.1 could enter in a decisive manner. Strict positive definiteness on a
product of manifolds is a quite new subject and we are sure that potential applications
will appear. In particular, we expect the result to have applicability in approximation
theory, probability theory, stochastic processes and code theory.

The paper proceeds as follows. In Sect. 2, we present a list of technical results that
will be needed in the presentation of the proof to Theorem 1.1. The proof itself appears
in Sect. 3.

2 Preliminary results

This section contains several technical results to be used in the proof of the main
theorem described in Sect. 1. They are presented following the order they will be
required in the proof of Theorem 1.1.
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In the first proposition, we explore a little bit deeper the concept of strict positive
definiteness on S! x S'. The outcome implies an obvious equivalence for that concept.

It is an easy matter to verify that the strict positive definiteness of the kernel K
with isotropic part given by (1.1) depends upon Jx only and not on the actual values
of the Fourier coefficients ay ;. For distinct points (x1, wi), (x2, w2), ..., (x,, w,) on
St x S, we will write A = (A,,,), in which

Apy = Kp(xp - Xy, wy - wy), p,v=1,2,...,n.
We will also represent the points above in polar form:
Xy = (cosBy,sinf,), wy=(cosg,,sing,), O, ¢,€l0,27), n=12...,n

Proposition 2.1 Let K be a nonzero, real, continuous, isotropic and positive definite

kernel on S' x S1. For distinct points (x1, wy), (x2, w2), ..., (X, wy) on St x St and
a column vector ¢ = (c,) in R", the following statements are equivalent:
(i) c'Ac =0;

(i1) The double equality

n n
2 :cﬂeikeﬂeil"’“ — 2 :Cﬂeikeue—ilqbu =0
n=1 n=1

holds for all (k,1) € Jk.

Proof The normalization one decides to adopt for the Tchebyshev polynomials is of
no importance in this paper. So, we will write

2
Pk(xM-xv)zzcosk(QM—Q,,), k>0, x,e€8, u=12,...,n

while Py(x, - xy) =1, 0 = 1,2, ..., n. The equality c' Ac = 0 is equivalent to
n
D cucy Pl x) Piwy - wy) =0, (k1) € J.
n,v=1

Introducing the polar representation for the points and arranging, the equality appear-
ing in the formula above becomes

2 2 2
n n n
Z ¢y cosk, coslg,| + Z cucoskl, sinlg,| + Z ¢y sink6;, coslg,
n=1 n=1 n=1
2

n
+|> cusinkd, sinlg,| =0.
n=1
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Thus, ¢’ Ac = 0 is equivalent to

n n
Z ¢y cos kb, coslp, = Z ¢y coskly, sinlg, =0
n=l n=l

and

n n
Z cu sinkf, coslp, = Z cusinkf, sinlg, =0
,LL:l le

for (k, j) € Jx. An obvious manipulation of these equations taking into account the
fact that c,, are real numbers leads to the double equality in (ii). O

From now on, we will deal with subgroups of Z? and their translations. We will
need a classification for the nontrivial subgroups of Z?. Let S be such a subgroup
and let{(1, 0), (0, 1)} be the canonical basis of Z?. Write p; to denote the canonical
projection of 72 onto its first component. If p1(S) = 0, then S is a subgroup of (0, 1)Z.
Otherwise, p1(S) is a nontrivial subgroup of (1, 0)Z, say, (a, 0)Z, with a > 0, and
we can pick y € 72 so that p1(y) = a. Now, if x € S, then pi(x) € aZ, that is,
x —ay € (0, 1)Z, for some @ € Z. In other words, S = yZ & (S N (0, 1)Z). If
SN, 1)Z =0, then S = yZ. Otherwise, S = yZ @ bZ, in which bZ is a subgroup
of S N (0, 1)Z. The outcome of this brief discussion is this one.

Lemma 2.2 A nontrivial subgroup of Z* belongs to one of the following categories:

(1) (0,b)Z :={©, pb): pe Z}, b >0;
(i) (a,b)Z :={(pa, pb) : p €Z}, a > 0;
(i) (a,b)Z + (0,d)Z = {(pa, pb+qd) : p,q € Z}, a,d > O.

We advise the reader that there are different ways to describe the subgroups of Z>
(for instance, the one presented in [17] is slightly different and quite elegant). The
subgroups that fit into Lemma 2.2-(iii) will be called latfices. The set of lattices of Z>
encompasses all the subgroups of rank 2. If ad = 1, then a lattice becomes the whole
72, otherwise it is a proper subgroup of Z2. The lattices having the form

(aZ,bZ) .= {(pa,gb) :q,p €Z}, a,b>0,

will be called rectangular lattices of Z?*. By translates of subgroups of Z*, we will
mean sets of the form (j, j') + S, in which (j, j') is a fixed element of Z* and S is a
subgroup of Z?.

Lemma 2.3 below provides a decomposition of a lattice through translations of
rectangular lattices.

Lemma 2.3 The lattice L = (a,b)Z + (0,d)Z, a,d > 0, can be decomposed in the
form

L= J [G.J)+adZ, adZ)],
(j.jheA
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inwhichA=LN{(a, B) €Z?:0<a, B < ad).

Proof For p, q € Z, we can certainly write
(pa, pb+qd) = (j + aad, j' + Bad),
in which j, j € {0, 1, ..., ad — 1}. Since
(J, J") = (p —ad)(a, b) + (ab + q — Ba)(0, d),

it is clear that (j, j/) € L. These arguments show that L is a subset of the union
quoted in the statement of the lemma. As for the reverse inclusion, first observe that
if o, B € Z, we have that

(xad, Bad) = da(a, b) + (af — ba)(0,d) € L.

Since L is a subgroup of Z2, (j, j') + (aad, Bad) € L whenever (j, j') € A. O

Next, we recall an elementary bi-dimensional version of the Skolem-Mahler-Lech
Theorem due to Laurent [9,10]. The original Skolem-Mahler-Lech Theorem is dis-
cussed in details in [5]. This very same bi-dimensional version was used in [17] in order
to characterize certain strictly positive definite kernels on complex Hilbert spaces.

Theorem 2.4 Let {(x1, wy), (x2, w2), ..., (X, wy)} be a subset of ((C\{O})z. Forn
complex numbers cy, ca, . .., ¢y, define a double sequence {by; : k,l € Z} through
the formula

n
b= Y cuxfwl,. k.l €.
pn=1

Then, the set {(k, ) : bx,; = O} is the union of a finite number of translates of subgroups
of 7.

The technical lemma below adds to Theorem 2.4 when the points are distinct and
belong to €27 x 27, in which €25 is the unit circle in C.

Lemma 2.5 Let (x1, wy), (x2, w2), ..., (X, wy,) be distinct points in Q2 X Q3. For
complex numbers ci, ca, ..., cpy, define
n
bri= Y cuxpw,, k1€

pn=l1

If{(k, 1) : by =0} = 72, then all the ¢y are zero.
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Proof We will write the components of the points in polar form x,, = el w w= e,
w=1,2,...,n,and will assume, as we can, that the n points (61, ¢1), (62, $2), ...,
(6, ¢n) are distinct in [0, 271)2. Choose «, B € Z in such a way that all the elements
in the set

6, —6 —
a“ v+ﬁ¢u ¢V:M’v:1’2’___,n;u7gv
21 2

are nonzero. Next, pick y € Z arbitrarily large so that

[geu_ev +é¢u_¢v .

) om ) om M,v:l,Z,...,n;,u;év]C(—l,l)\{O}.

For each pair (i, v), i # v, for which

geu_9v+é¢u_¢v c
y 2 y 2w

Q,

let py, be a positive integer > y satisfying

059;1_9\; lg¢u_¢u
— — eZ.
p’”(y 2 +y 2

Finally, select an integer ¢ so that g is greater then all the p,, and each set {g, p,,}
is coprime. If {(k,[) : b; = 0} = 72, then we may infer that

D cuekel =0, (k,1)=(0,0), (g, Bq), ..., (n—D)aq, (1—1)Bq).
n=1

The matrix of the system above has pv-entries given by
[ei(a9u+ﬁ¢u)q]v . wv=1,2,...,n,

and, consequently, it is a Vandermonde matrix. So, the proof of the lemma will be
complete as long as we show that the n points ¢/ @0t 1 = 1,2 ... n, are
distinct. But, for u # v,

ei (b +Bou)q — ei(OlGU +Bbv)q

if, and only if,

Cl(aeﬂ_ev +ﬂ¢“_¢”) YA
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If all the numbers

eu_ev ¢M_¢v
(O[ P +,B o )’ M#Va

are irrational, we are done. Otherwise, there would be integers j and j’ such that

Jo_

Yq Puv

€ (=1, D\{0},

for some pair (i, v), u # v. Since {g, p,v} is coprime, then p,,, would divide y,
contradicting our choice of p,. O

The next result reveals that if a proper subset A of Z? is a finite union of translates
of subgroups of Z?, then there exists a rectangular lattice H of Z> and (j, j) € Z? so
that [(j, j) + HIN A =@.

Lemma 2.6 Let A be a proper subset of Z2. If A is a finite union of translates of
subgroups of Z* and (j, j') € Z*\A, then there exists a rectangular lattice H of 7?
such that (j, j') + H C Z*\A.

Proof If A is a finite union of translates of subgroups of Z2, we can write

A= F UG j)+GilU G2, jp) + G21U... UL, ji) + Grl
in which F is afinite (possibly empty) subset of Z2, (j1, ji), (j2, j3)s - - - Girs J}) € Z*
and G1, G, ..., G, are nontrivial subgroups of 72 1t suffices to prove the lemma in
the case in which F = . Indeed, if a solution (j, j") + H is available for that case, we
can pick a convenient subgroup H; of H so that (j, j') + Hj avoids all the elements

of F. So, assume that F =  and fix (j, j') € Z*\A. We can assume all the G; have
rank 2. Indeed, if G; has rank 1 for some 7, we can pick («, B) € 7?2 such that

(e, ZNI1Gi = Jo ji = i)+ Gil = 0.
Hence,
[, ) + (@, BZIN[Gis J) + Gil =6,
and, therefore,
(s 3 ¢ Gis JD) + (@ BYZ + Gi.
In particular, («, 8)Z + G; is a subgroup of rank 2 and we can replace (j;, ji) + Gi
with (ji, ji’) + (o, B)Z+ G; in the union decomposition for A keeping (j, j') in ZZ\A.

If all the G; have rank 2, the proof of the lemma proceeds as follows. Let m; be the
index of G; in 72,0 = 1,2,...,r, and pick a common multiple m of all the m;.
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The subgroup (mZ, mZ) is a rectangular lattice and, by the definition of index of a
subgroup, it follows that

mZ,mZy C G; i=1,2,...,r.
In particular,
(G, j)+ mZ,mZ)ING; =0, i=12...,r

and, consequently, (j, j') + (mZ, mZ) C Z*\A. O

We conclude the section with a technical result on sets that intersect all the trans-
lations of each lattice in Z2.

Lemma 2.7 If A is a subset of Z* that intersects all the translations of each lattice in
72, then each intersection is an infinite set.

Proof Let A be a subset of Z?2 that intersects all the translations of each lattice in Z2.
Let L = (j, j)+ (a,b)Z+ (0,d)Z, a,d > 0, and assume that A N L is finite. Write

(+pia, j'+pib+qid), (G+paa, j'+pb+qd), ..., (j+pua, j + pub + gud),
to denote the elements in the intersection and define

pi=max{|pi],|p2l.....|pal} and g :=max{lqil,lq2l, ..., |qnl}.
We will reach a contradiction, analyzing four different cases.

Case 1. p = q = 0: The intersection contains just one element, (j, j'). We now look
at the translation

L' = (j+2a,j +2b)+ 3a,30)Z+ 0,d)Z C L
of the sublattice (3a, 3b)Z + (0, d)Z of (a, b)Z + (0, d)Z.1f (j, j') € L', then

j+2a+43ar=j
J +2b+3br+ds=]j'

for some r, s € Z. But, since a(3r + 2) # 0, r € Z, this is impossible. In particular,
AN L =@, acontradiction to our basic assumption.

Case 2. p = 0and g > 0: Here we consider the sublattice (a, b)Z+ (0,2(2q + 1)d)Z
of (a, b)Z + (0, d)Z and look at its translation

L":=(j,j +2qd)+ (a,b)Z + (0,2(2q + 1)d)Z C L.
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If (j+ra, j'+2qd +rb+252q + 1)d) = (j, j+qud) forsome u € {1,2, ..., n}
and r, s € Z, then

ra=20
2gd +rb+2s(2q + 1)d = q,d

and, consequently, 2g + 2s(2g + 1) = g,,. However, due to the definition of ¢, no
integer s can satisfy the previous equality. Thus, L” N A = @, another contradiction.

Case 3. p > 0 and g = 0: Its is similar to the previous case.

Case 4. p,q > 0: Here we consider the sublattice 22p + 1)a,2Q2p + 1)b)Z +
(0, gd)Z of (a, b)Z + (0, d)Z and its translation

L" = (j +2pa, j'+2pb) + 22p + Da,22p + Hb)Z + (0, qd)Z C L.
If

(j+2pa+2rp+ Da, j'+2pb+2r(2p + )b + sqd)
= (J + pua, j/ + Pub + CIud)
forsome u € {1,2,...,n}andr, s € Z, we will have that 2p +2r 2p +1) = p,. As

in Case 2, we can deduce that L N A = ¢, a contradiction to our initial assumption
on A. |

3 The proof of Theorem 1.1

This section contains a proof for the main theorem announced in the introduction.

Proof (i) = (ii) Assume K is strictly positive definite and write S = (aZ, bZ) with
a, b > 0. We will show that

{(k, 1) = (Ikl, 111) € Tk}

intersects (j, j') + S, whenever j € {0,1,...,a — 1} and j/ € {0,1,...,b — 1}.
There is nothing to prove if a = b = 1. In the other cases, we will assume that

{(k, D)= (kI 1D € Tk} N (j +aZ, j' +DZ) = 9,

and will reach a contradiction. In the case in which a = 1 and b > 2, the assumption
on {(k,1) : (|k|, |l|) € Jx} implies that! — j’, —I — j' ¢ bZ, whenever (k,[) € Jk.
In particular,

b o

b - 1
Z (eizm/b) _ z (eizw/b) -0,

n=1 n=1
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and, consequently,

3o e - wen

n=1
The real scalars ¢, := Re (eizr”‘f//b), wuw=1,2,...,b,arenotall zero and the points
s wy) = (1,20, p=1,2,...,b,

are distinctin S' x S'. Thus, under the light of Proposition 2.1, we have a contradiction
with the strict positive definiteness of K. The case in whicha > 2 and b = 1 is similar.
To conclude the proof, we now assume a, b > 2 and adapt the procedure employed
in the first case. If (k,[) ¢ (j + aZ, j' + bZ), theneitherk — j ¢ aZ orl — j' ¢ bZ.
Hence, we may conclude that

S i2 k=i “ i2 b -
S (o) B () o
n=l1 v=I1
that is,
a b X I
Zze—ﬂnuj/ae—ﬂnvj’/b (ei271u/a) (eiva/b) —0.
n=1v=1

Repeating the argument with the assumption (—k, =) ¢ (j + aZ, j' + bZ), we
conclude that

L k. !
z Zelzn,uj/aeIZJTVj /b (eLZJT/L/a) (612711)/17) —0.
n=1v=1
Thus, since (k, ) is arbitrary,

a b

Z Z [ Re (ei271p,j/aei2nvj’/h):| (eiZTrp./a)k (eiZnu/b)l =0, (k1) e Jk.

By an analogous procedure, now taking into account that
(k. D), (k, =D) & (j +aZ, j + b,

the conclusion is

a b

Z [Re (eiZHMj/aeiZHVj//b)] (eiszﬂ/a)k (e—iZJTV/b)l — 0’ (k, l) c JK-
n=1

=1 v=1
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Therefore, since the numbers Re [ei 2 pj/a gi2nvj' /b ] are not all zero and the ab points

(X, wy) = (e2TH/a Q2TV/by =12, a, v=1,2,...,b,

are distinct in S! x S1, we have reached a contradiction once again.

(ii) < (iii) One implication is a consequence of Lemma 2.3. The other one is obvi-
ous.

(ii) = (i) Let us assume that {(k,[) : (|k|,|l|) € Jg} intersects all the trans-
lations of each rectangular lattice of 72. For a fixed n > 2, n distinct points
01, 01), (02, 92), ..., (64, ¢y) in [0, 27'[)2 and real numbers ¢y, c3, ..., ¢y, not all
zero, we intend to show that either > ¢, e™Ke™0ul £ 0 or 31 _ | ¢ ekl Pnl
0, for some (k,l) € Jg. A help of Proposition 2.1 will lead to the strict positive
definiteness of K. In order to achieve the conclusion mentioned above, define

n
br = Zcuem“kewﬂl, k,leZ.
pn=l

On one hand, Lemma 2.5 and the fact that at least one ¢, is nonzero imply that {(k, /) :
by = 0} # Z2. Theorem 2.4 asserts that {(k, 1) : b1 = 0} is the union of a finite
number of translations of subgroups of Z? while Lemma 2.6 guarantees the existence
of a rectangular lattice of 72, a translation of which belongs to Zz\{(k, ) : by = 0}.
Thus, due to our assumption on {(k,[) : (|k|, |I|) € Jx}, we immediately have that

{(k, D)= (kI 1) € Tk} & Ak, D) < by = 0}

Therefore, there must exist at least one pair (k, [) in {(k, [) : (|k|, |I|) € Jg} for which

n
Z cﬂe'gl‘ke”z’“l # 0.

u=1

Since the ¢, are real, the result follows.
The final statement in the proof of Theorem 1.1 is a consequence of Lemma 2.7.
O

The results demonstrated in this paper can be adapted to hold for positive definite-
ness on the complex circle €2;. In that case, we replace S ! with §2,, we allow the kernels
to assume complex values and the scalars ¢;, in the definition of positive definiteness
can be complex numbers (the quadratic form in the definition of positive definiteness
is Hermitian). We will sketch what these results are and refer the interested reader to
[8,15] where the necessary adaptations for the proofs can be prospected from.

Let K : Q> x 2 — C be a continuous kernel and assume that

K((x,2), y,w) =K, (x-y,z-w), x,y,z,w € Qy,
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for some function K, : Q5 x 2 — C, in which - is now the usual inner product of
C. It is positive definite if, and only if, the function K, is of the form

Krzow) = D au', z,we,
k,leZ

in which ax; > 0, k,]l € Z and ZHEZ ax,; < oo. Taking the above represen-
tation for granted, we can define Ix := {(k,!) : ax; > O0}. For distinct points
(x1, wy), (x2, w2), ..., (x,, wy,) on Q22 x 2y and a column vector ¢ in C"*, the quadratic
form ¢’ Ac = 0 corresponds to

n
Zcﬂeik%eild’u =0, (k1) elg,
p=1

in which 6,, and ¢, are the arguments in the polar representation of x, and w,
respectively. In particular, this reveals that the proofs we have developed in Sects. 2
and 3 simplify in the present complex setting. In particular, a continuous and positive
definite kernel K on €2, x €25 as described above is strictly positive definite if, and
only if, I intersects all the translations of each rectangular lattice of Z?.

It is worth to mention that, after some period of research, we have not found yet a
characterization for the real, continuous, isotropic and strictly positive definite kernels
on S! x §™. An elegant characterization seems to demand a mix of arguments, some
presented here and others developed in [7].
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