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Abstract Let A be an ordered algebra with a unit e and a cone A*. The class of
order continuous elements A, of A is introduced and studied. If A = L(E), where
E is a Dedekind complete Riesz space, this class coincides with the band L, (E) of
all order continuous operators on E. Special subclasses of A, are considered. Firstly,
the order ideal A, generated by e. Itis shown that A can be embedded into the algebra
of continuous functions and, in particular, is a commutative subalgebra of A. If A is
an ordered Banach algebra with normal cone A™ then A, is an A M-space and is closed
in A. Secondly, the notion of an orthomorphism in the ordered algebra A is introduced.
Among others, the conditions under which orthomorphisms are order continuous, are
considered. In the second part, the main emphasis will be on the case of an ordered C*-
algebra A and, in particular, on the case of the algebra B(H), where H is an ordered
Hilbert space with self-adjoint cone HT. If the cone A™ is normal then every element
of Ae is hermitian. In H the operations are introduced which coincide with the lattice
ones when H is a Riesz space. It is shown that every regular 7 € B(H) is an order
continuous element and operators T € (B(H)); have properties which are analogous
to the properties of orthomorphisms on Riesz spaces.
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1 Introduction

Let A be an (real or complex) algebra with an algebraic unit e and let A™ be a (convex)
cone in A. As usual, for elements a, b € A, the symbol @ > b (or b < a) means
a —b € AT, Under this ordering, A is an ordered linear space. From the definition of
the cone, it follows that the inequalitiesa > b and b > a implya = bforalla,b € A
and Ax + py > 0 for all elements x, y € A" and all scalars A, u € R™. The elements
of AT are called positive. Throughout, we will tacitly assume A # {0}. If e > 0
and the inequalities a, b > 0 imply ab > 0 then A is called an ordered algebra. If,
in addition, an ordered algebra A is a (normed) Banach algebra with a closed cone
AT then A is called an ordered (normed) Banach algebra. An important example
of an ordered algebra is the algebra of (linear) operators on an ordered linear space.
Namely, the algebra L(E) of all operators on some ordered linear space E with a cone
E™ and the natural ordering induced by E is an ordered algebra with unit 7, where
I is an identity operator, if and only if the cone E™ is generating, i.e., the span of
E™ is equal to E. If E is an ordered (normed) Banach space with closed cone E™
then the algebra B(E) of all bounded operators on E is an ordered (normed) Banach
algebra if and only if the span of E* is dense in E. In particular, if E is a Riesz space
(Banach lattice) then the algebra L(E) (B(E)) is an ordered (Banach) algebra.

The study of ordered Banach algebras was initiated in [8,9]. In these papers and in
anumber of subsequent ones the main emphasis was on the study of spectral properties
of positive elements. Our paper extends this line of research. However, our emphasis
will be on the notion of order continuity both in general ordered algebras and in some
special subclasses of them.

The paper is organized as follows. In the second section elementary properties
of order continuous elements in ordered algebras are considered. The third section is
devoted to the investigation of special subclasses of order continuous elements, namely,
the center A, of the algebra A and the class of orthomorphisms of A. In the last section
the results obtained in the preceding ones are employed to study ordered C*-algebras
and a special subclass of them, namely, the algebra B(H), where H is an ordered
Hilbert space.

For any unexplained terminology, notations, and elementary properties of cones
and ordered linear spaces, we refer the reader to [5]. For information on the theory
of Riesz spaces, Banach lattices, and operators on these spaces, we suggest [1,4] (see
also [12,13]). More details on elementary properties of Banach algebras can be found
in [10] (see also [6]).

2 The order continuous elements

First of all, we mention that below we will use the following definition of order
convergence. The net {x,} in an ordered linear space E is said to be order convergent
to an element x € E, in symbols, xy BN x, whenever there exist two nets {yy} and
{zo} in E (with the same index set) satisfying y, 1 0, z4 | 0, and yy < x — x4y < Z4
for all .
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Let A be an ordered algebra. An element p € A is called an order idempotent
(see [2]) if 0 < p < e and p? = p. Under the partial ordering induced by A, the set
of all order idempotents OI(A) of A is a Boolean algebra and its lattice operations
satisfy the identities p Aq = pgand pV g = p + q — pq for all p,q € OI(A)
(see [2]). For p € OI(A), we put p¢ = e — p. Obviously, p¢ € OI(A).Ifa € A and
the modulus |a| of a exists then pla| = |pa| and |a|p = |ap| for p € OI(A).

Recall that an ordered linear space E is said to be Dedekind complete whenever
every nonempty subset that is bounded from above has a supremum. The next result
will be needed later.

Lemma 1 Let A be a Dedekind complete ordered algebra, let {py} be a net in OI(A),
andlet p € A. Then py | pin A if and only if py | p in OI(A).

Proof Necessity. The inclusion p € OI(A) should be checked. Evidently,0 < p <e.
Fix an index «. For an arbitrary index 8 > o, we have

O0<p—pap=pP—pppP <pp— PP = P(Pg—P) < Pg—DPp>a 0

in A, whence p = pyp. Consequently, 0 < p — p> = (py — p)p < po — p. Thus,
2
p-=r.
Sufficiency. Since A is Dedekind complete, we find an element a € A satisfying
Pa 4 ain A. As shown above, py | @ in OI(A) and so a = p. (]

An element a € A is said to be a regular element whenever it can be written
as a difference of two positive elements, i.e., if a = a; — ap with ay,a; € AT,
The collection of all regular elements of A will be denoted by A.. Obviously, A;
is a real ordered algebra with cone AT. An element a € A is said to be left order
continuous (or l-order continuous) if pya —%5 0in A whenever Poa 4 01in OI(A);
the notion of r-order continuity can be analogously defined. The collection of all /-
and r-order continuous elements of A will be denoted by A, and A, , respectively.
Evidently, A, and Ay, are real linear spaces and, if A is real, are linear subspaces of A.
The inclusion Ap UA,, € A, holds. Indeed, leta € A, UA,, . We consider a sequence
{pn} in OI(A) such that p; = e and p,, = 0 for all n > 2. Clearly, p,, | 0 and, hence,
a < bforsomeb € AT .Finally,a = b— (b—a) € A;. Next, anelementa € A which
is both left and right order continuous is called order continuous. The collection of all
order continuous elements of A will be denoted by A,. Obviously, A, = Ap, N Ap,.
The notion of order continuity for the case of positive elements in ordered Banach
algebras was introduced in [2].

Example 2 Let E be a (Archimedean; real or complex) Riesz space. Recall that
an operator T on E is said to be order continuous (see [4, p. 46]) whenever x,, 250

in E implies T x, —25 0. In this case, we refer to the order continuity of an operator T
on E. The collection of all order continuous operators on E is denoted by L, (E). Every
order continuous operator is order bounded (see [4, p. 46]) and, hence, is norm con-
tinuous when E is a Banach lattice (see [1, p. 22]), i.e., Ly(E) € B(E). On the other
hand, the algebra L(E) of all operators on a Riesz space E is an ordered algebra. Con-
sequently, in L(E) order continuous elements can be considered in the sense defined



542 E. A. Alekhno

above. In this case, we refer to the order continuity of an element T in the algebra L(E).
These two cases may differ.

Next, if we consider the Riesz space £ = C[0, 1] of all continuous functions on
the interval [0, 1] and the algebra A = L(E) then, as is well known, the identity
OI(A) = {0, e} holds and, hence, A,, = A, = A, = A;. However, since the band
of all order continuous functionals £~ = {0}, we have L,(E) C L,(E) = A;.
On the other hand, an order continuous operator 7 € L,(E) need not be an order
continuous element of the algebra L(E), i.e., the inclusion L,(E) € (L(E)), does
not hold in the general case. To see this, let us consider the subset

K:{—%:keN}U[o,l]

of the set R and the Riesz space E = C(K). Let A = L(E). Put K,, = {—% k>
n} U [0, 1]. Define the operators P, on E via the formula P,x = xk, - x, where xg,
is the characteristic function of the set K,,. Obviously, P, € OI(A). We have P, | 0
in OI(A). Indeed, if P, > P € OI(A) for all n then (P II)(—%) = O for all n, where 1
is the constant function one, and, hence, (P ) (0) = 0. Therefore, using the relations
PI+ (I — P)I = MTand PT L (I — P)Il and the connectedness of the segment
[0, 1], we conclude PT = 0. Finally, P = 0. On the other hand, as is easy to see,
the relation P, | 0 does not hold in L(E). Consequently, the identity operator is not
an r- or an [-order continuous element.

In the case of a Dedekind complete Riesz space E, the correlation between
the notions of order continuity mentioned above can be made more precisely. Namely,
the following two statements hold:

(a) An operator T on E is an l-order continuous element in L(E) if and only if T is
a regular operator on E.
(b) For an operator T on E the following three statements are equivalent:
(1) T is an r-order continuous element inL(E);
(i1) T is an order continuous element in L(E);
(iii) T is an order continuous operator.

Thus, according to parts (a) and (b), we have the identities
(L(E)n = L(E) = (L(E)): and (L(E))n, = (L(E))n = Ln(E).

For the proof of the sufficiency in (a), we consider a net { P, } of order projections
on E satisfying Py, | 0 in OI(L(E)). In view of Lemma 1, P, | 0 in L(E) and,
hence, Pyx — 0 for all x € E. Therefore, PyS J 0 for every positive operator S
on E. It remains to observe the validity of the inequalities — Py |T| < P,T < Py|T]|,
where |T'| is the modulus of T existing by the F. Riesz—Kantorovich theorem (see [4,
p. 14]).

Now we will check (b). The implication (ii)) = (i) is clear and the implication
(iii)) = (ii) can be analogously proven to the assertion (a) as for an arbitrary operator
S € L(E) the inclusions S € Ly(E) and |S| € L,(E) are equivalent. We shall
show (i) = (iii). Assume that T € (L(E))y,. For every order projection P, we
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have the identity |7'|P = |T P|, whence the relation |T| € (L(E))p, at once follows.
Therefore (see [2, Example 2.9(a)]), |T| € Ly(E) andso T € Ly(E).

Considering the algebra A = L(E) with the multiplication S * T = T S, we obtain
the ordered algebra satisfying A, = A; and A, = A,. O

Below, we will establish elementary properties of order continuous elements in
ordered algebras. For the case of order continuous operators, the results which are
analogous to those obtained below can be found, e.g., in [4, §1.4]. As the preced-
ing example shows, the assumption about the Dedekind completeness which will be
repeatedly used in this and next sections, is quite natural if we want to preserve nice
properties of order continuous operators for the case of order continuous elements. For
this reason, we recall that for an arbitrary ordered algebra A (or even an order linear
space E) the following statements which will be tacitly used in the future hold: (a) A
is a Dedekind complete if and only if A, is Dedekind complete; (b) If A is Dedekind
complete then A; is a Riesz space; (c) If A is a Dedekind complete ordered Banach
algebra then the cone A™ is normal (see [5, p. 109, Exercise 10(b)]). We will restrict
ourselves to the consideration of /-order continuity. However, the results obtained
below can be extended without difficulty to the case of (r-)order continuity.

Recall that if E is an ordered linear space and an element x € E™ then the ideal
E generated by x is the set

E.={ye E:—Ax <y < Ax for some » € R"}. )

Under the algebraic operations and the ordering induced by E, E, is a real ordered
linear space and, if E is real, is a linear subspace of E. If A is an ordered algebra and

be A;Ll then the ideal A, € Ay,. Next, for arbitrary a € A, we define the set

Nl ={p € OI(A) : pa = 0)}.

Clearly, N; is a solid subset of OI(A), i.e.,if p < g with p € OI(A) and g € N}Z then
peN.
The following criterion of an /-order continuity holds.

Theorem 3 Let A be an ordered algebra such that A is a Riesz space and let b be
an element in AY. The following statements are equivalent:

(@) b€ An;

(b) For every a € Ay the set N; is order closed in OL(A), i.e., the relations py 1 p
in OI(A) and py € N}l forall o imply p € N}l;

(c) For every a € Ap and for every net {py} the relations p, 1 e in OI(A) and
pea = 0 for all @ imply a = 0;

(d) Ifa € AT and there exists a net {py} satisfying py 1 € in OI(A) and pya = 0
for all o then the infimum a A b = 0.

Proof (a) = (b) Let —Ab < a < Ab for some A > 0 and let p, 1 p in OI(A) with
Pa € N}l. We have pa = (p — po)a < A(p — pa)b | 0, whence pa < 0. Similarly,
pa > 0. Finally, pa = 0.
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The implication (b) = (c) is obvious.

(c) = (a) Let py | 01in OI(A) and let p,b | > c. Since A; is a Riesz space, we
have pyb |> . Clearly, c* € Ap, pdct =0, and pd 1 ein OI(A). Thus, ¢t =
andsoc < 0.

(@)= () Letc € Aand a,b > c. Then 0 = pya > pyc, whence ¢ < pgc <
pdb | 0andsoc < 0.

(d) = (c) Consider an element a and a net {p,} satisfying a € Ap, py, 1 €in
OI(A), and pya = 0. Then py|a| = 0, whence |a| A b = 0. Since |a| < b for some
B >0, we have |a| = 0 and soa = 0. O

Theorem 4 Let A be an ordered algebra. Then the subspace Ay, is order closed in Ay.
In particular, if A, is a Riesz space then Ay, is a band in Ay.

Proof Consider thenet {cg} in Ay, satisfyingin0 < cg 1 cin A;. The order closedness
means the validity of the inclusion ¢ € Ay,. To see this, let d < p,c for all o, where
Pa 4 0in OI(A). We have

d < pac = po(c —cg) + paCp < ¢ — Cp + PaCh,

whence d < ¢ — c¢g and so d < 0. Finally, pyc | 0.

Now let A; be a Riesz space and let p, | 0in OI(A).If |a| < |b| and b € A, then
|pac| = polal < palb|l = | pab| %5 0 and, hence, a € Ay, Thus, Ay, is an ideal.
From the order closedness of A, it follows that it is a band. O

The conditions which guarantee the order continuity of every regular element are
discussed in the next theorem.

Theorem 5 Let A be an ordered algebra such that A; is a Riesz space. The following
statements are equivalent:

(a) A, = Am;

(b) Foreverya € A, the equalities pya = 0 for all «, where py 1 p in OI(A), imply
pa =0;

(c) For every non-zero element a € A, there exists a non-zero idempotent p € OI(A)
satisfying ga # 0 for g € OI(A),0 < g < p.

Proof The implication (a) = (b) is obvious.

(b) = (c) Proceeding by contradiction, for every non-zero p € OI(A), we find
an idempotent ¢’ € OI(A) satisfying the relations ¢'a = 0 and 0 < ¢’ < p. Consider
the set D = {qg € OI(A) : ga = 0}. We have D 1 e in OI(A). Indeed, if ¢ < qo €
OI(A) forallg € D and go < e then for some g;, € OI(A) the relations gya = 0 and
0 < g{ < e — gg hold. Thus, g/, € D and, hence, g{, < go. Therefore, g, = 0, which
is impossible. Hence, D 1 e and so a = 0, a contradiction.

(c) == (a)Leta € A™, let p, | 0in OI(A), and let pya > c for all «. Since A,
is a Riesz space, we have pya > ¢*. Clearly, pdc™ = 0.1f ¢t > 0 then there exists
a non-zero idempotent p € OI(A) satisfying gc* > O forallg € OI(A),0 < ¢ < p.
Pick an index « such that the inequalities 0 < pgo p < phold. We have pgo pct >0,
a contradiction. O
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We mention at once the next result (see also, e.g., Corollary 23(b) and Proposi-
tion 32) which can be employed to ordered algebras that are isomorphic on the space
of continuous functions C (K) (see Theorems 15, 22, 44).

Proposition 6 Let A be a Dedekind complete ordered algebra. If an elementa € A™
is dominated by an invertible element b suchthatb=" € A" then a is order continuous.

Proof Let p, | 0in OI(A) and let pya |> c with ¢ € A. Obviously, pub > ¢
and, hence, p, > ch L, By Lemma 1, ch! < 0andsoc < 0. Finally, a € Ay,.
Analogously, a € Ay, . O

Let A be a Dedekind complete ordered algebra. Then the band Ay, in A, is a projec-
tion band. Therefore, the representation A, = A @ Ay, holds, where Ay is the band
of all elements in A, that are disjoint from Ap, i.e., Ay = Agl and its members will
be referred to as [-singular elements. Similarly, the bands A, and A can be defined.
In particular, each element a € A; has a unique decomposition a = a, + as, where
an € Ap, as € Ag, and a, L as.

Lemma 7 In a Dedekind complete ordered algebra A the set
ASIO = {a € A;: pya = 0 for some py 1 e in OI(A)} 2)

is an ideal in A, which is order dense in Ag).
In particular, if A = {0} then Ay = Ap,.

Proof Leta,b € Ay andlet {p,} and {pg} be two nets such that p/, 1 e and pg 1 ein
OI(A) and pja = pgb = 0. Then the net {p&pg}(a,ﬁ) satisfies the relations p&pg te
and p‘;pl’g’ (ha + pb) = O for all scalars A, u € R. Thus, Ag is a linear subspace
of A; and, hence, is an ideal in A;. Now we shall establish the inclusion Asf C A,
Indeed, for a € Ay the equalities 0 = polal = pllan| + pllas| hold. Therefore,
Pean, = 0, whence a,, = 0andsoa € Ag. Next, let0 < ¢ € Ag. Taking into account
Theorem 3(c), we find an element d € A, and a net { py} satisfying p, 1 € in OI(A),

ped = 0,and 0 < d < &c for some & > 0. We have [El € A:; and ‘gl < c¢. In view of
1
the last two relations, the ideal Asf is order dense in Ag,. O

Recall (see [4, p. 57, Exercise 11]) thatif {x, } is an order bounded net in a Dedekind
complete real Riesz space E then the lower limit and the upper limit of {x,, } are defined
by

lin}yinfxa = \/ /\ xpg and limasupxa = /\ \/ xg,

o fza a B>a

respectively. The relation x, 25 xis equivalent to the equalities x = lim infy x, =
lim sup,, xq .
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Theorem 8 Let A be a Dedekind complete ordered algebra and let a € A™. Then
the next identities hold in A,

an, = inf{liminf pya} = inf{lim sup pya} = inf{sup{pqa}}, 3)
o o o

where the infimums were taken by all nets {p,} such that p, 1 € in OL(A). Moreover,
if at least one of infimums is attained then the other two are also attained and this is
equivalent to the existence of a net {qq} satisfying qo 1 € in OI(A) and gqa, = 0.

Proof For an arbitrary element b € A", we put Th = inf{sup,{pab}}. Obviously,
the mapping 7 : AT — A7 is well defined, Th = b for b € Ajl, and 0 < Tc¢ < ¢ for
all c € A™. We will show the additivity of 7 on A™. To this end, let b, c € A*. Then

T (b +c) = inf{sup{pab + pac}) = inf{sup{pub} + sup{pec}} = Th + T,
o o o

On the other hand, if p;, 1 e and p; 1 e in OI(A) then the net {p, pj}(a,p) satisfying
the relation p|, pg 4 e in OI(A). Therefore,

T(b+c) < sup{p,pg(b+c)}
a.p

= sup{p, pgb} + sup{p, pgc} < sup{p,b} + sup{pgc}.
ap op @ p

Since {p/,} and {pg} are arbitrary, T(b+c) < Tb+Tc.So, T(b+c) = Th+Tc.By
the Kantorovich theorem (see [4, p. 9]), T extends uniquely to an operator (denoted
by T again) from A; into A;. Evidently, 0 < T <l and Tb = b forall b € Ay,.

For every element b € Ay, we have Tb = 0. In view of the preceding lemma,
the ideal Ay is order dense in Ag,. Then, using the order continuity of the operator 7',
we infer Th = 0 for all b € Ay,. Consequently, for arbitrary a € AT, we obtain

an, = Tan, = Ta = inf{sup{pya}} > inf{lim sup pya}
o o

v

inf{lim inf pya} > inf{liminf pyan } = an,,
o o

as required.

As follows at once from the last relations, if ay, attains for at least one of infimums
in (3) then ap, = liminf, pya = liminf, pyan, with p, 1 e in OI(A). Fix an index
oo and consider a net {gq }o>o, defined by g, = po for @ > ag. Then

an, = lin}x inf pya = limainf goa = lin}x inf (guan, + quas,)

> lin}xinf(qaam + Gupls) = Guyds; + lirrbinf qaln, = qayds; + an,

and so py,as = 0. For the converse, if pyas, = 0 with p, 1 e in OI(A) then we have
SUpy { P} = supy{paan } = an,, and the proof is completed. O
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Corollary 9 Under the assumptions of Theorem 8, the following identities hold in A,

as, = sup{inf{pya}} = sup{liminf pya} = sup{lim sup pya},
o o o

where the supremums were taken by all nets { py} such that py | 0 in OI(A).

Proof 1t suffices to check the fist equality. We have

as, = a — ay, = a — inf {sup{pya}} = a + sup {inf{—pya}}
«Te o pate o

= sup{inf{a — pya}} = sup{inf{pSa}} = sup {inf{pya}}.
pate « pate ¢ Pal0 ¢

as desired. O
The next proposition deals with properties of the set Nzlzsl'

Proposition 10 Let A be a Dedekind complete ordered algebra and let a € A. Then
N, }lsl is the largest solid subset of OL(A) on which the element a is l-order continuous.

Proof Let J be a solid subset of OI(A) on which the element a is /-order continuous,
i.e., if py | 0in J then pya —2> 0. It must be shown that N}lSl satisfies this condition
and the inclusion J C Nzlzsl holds. For the check of the former, let p, | 0 in N;Sl.

We have py, | 0in OI(A) and pya = pgan, —25 0. For the check of the second
assertion, let ¢ € J and gas, # 0. Using Theorem 3(c), we find an element b such
that 0 < b < |ag| < |a|, gb > 0, and gob = 0 with g4 1 g in OI(A). Obviously, b is
[-order continuous on J and ¢ — g, | 0in J, whence gb = (¢ — go)b 5 0 and so
gb = 0, a contradiction. O

We shall close this section with the following two remarks. As in the case of
operators on Riesz spaces, the notion of o-(respectively o1, o) order continuity can
be introduced for elements of an arbitrary ordered algebra A. For instance, an element

a € A is said to be oj-order continuous if ppa —2> 0 in A whenever the sequence
{pn} satisfies p, | 0in OI(A). As in the case of operators, for a wide class of ordered
algebras the notions of order and o -order continuity coincide (e.g., if A; is a Dedekind
complete Riesz space with the countable sup property (see [4, p. 56])). Keeping the last
remark in mind, many results obtained above can be extended to the case of o-order
continuous elements.

Next, let A be a real ordered algebra and let A¢ be a complexification of A. Obvi-
ously, A¢ equipped with a cone A™ is also an ordered algebra. By analogy to the case
of operators on the complexification E¢ of the real Riesz space E, we can define
the notion of order continuity of an element a € Ac as follows. An element a is said
to be order continuous whenever it is (uniquely) represented as a = b + ic, where
b, c € A and are order continuous (in A) in the sense defined above. Again, many
results above can be extended to this case.
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3 Special classes of order continuous elements
3.1 The center of an ordered algebra

Let A be an ordered algebra. If the unit e € A, then for the ideal Ae generated by e
(see (1)) the inclusion Ae € A, holds. Moreover, under the algebraic operations and
the ordering induced by A, A¢ is areal ordered algebra. It should be at once mentioned
that, in view of Lemma 1, we have the inclusion e € A, when A is Dedekind complete
while, in general, it does not hold (see Example 2). In the case of the ordered algebra
A = L(E), where E is areal Riesz space, the ideal A, coincides with the center Z(E)
of E (see[l, § 3.3]), i.c.,

Ae=(L(E));=2(E) = {T € L(E) : |Tx| < Alx| forall x € E and some A € R*}.

For this reason, the ideal Ae, where A is an arbitrary ordered algebra, will be referred
to as the center of A. The principal purpose of this subsection is to study of properties
of Ae.

On any ideal E, in an ordered linear space E, we can define the Minkowski semi-
norm |- ||x (see [5, p. 103]). In particular, for the ideal A, the seminorm ||- | is equal to

lalle =inf {» € RT : —re < a < e},

where a € Ae. If Ae is Archimedean then || - ||e iS a norm on Ae, the cone A: is
closed, and the closed unit ball B4, of Ae coincides with the order interval [—e, e]
(see [5, p. 104]). Under the norm || - ||e, the center A, is an ordered normed algebra.
Below, unless otherwise stated, we shall consider Ae with the norm | - ||, and, hence
Ae will be assumed to be Archimedean. Moreover, if A is an ordered normed algebra
equipped with some norm || - || 4 then this norm and the norm || - || may be differ.

Lemma 11 Let A be an ordered algebra (not necessarily commutative) and let f € A,
be a non-zero functional. The following statements are equivalent:

(a) f is an extreme point of the positive part of the unit ball of A,, i.e., f € ext B;:, ;
€

(b) f is an extremal vector of the cone (A,)* and Iflla, =15
(¢) f is multiplicative on Ae.

Proof (a) = (b) Let g also belong to the dual space Aj of the space Ae equipped
with the norm || - |le and let 0 < g < f. We must show that f and g are linearly
dependent. In view of the identity ||/ ||, = h(e) forevery h € (A})™", we can suppose
0 < g(e) < f(e) = 1. We have the equality f = (1 — g(e))lf;g + g(e) with

P —g(e)
J—8 _8 + _8
I—g(e)’ g(e) € BA’e gle)’

) = @ If f = 122 where f; € B}, fori = 1,2, then f; < 2f. Thus,

fi = fi(e)f. Therefore, 1 = f(e) = LOTLEO < Il — | Therefore, f;(e) = 1
and so f1 = f>.
(b) = (c) For an arbitrary element a € A satisfying the inequality f(a) > 0,

we define the functional f, on A via the formula f,(b) = ";((aab)). As is easy to see,

_8
g(e)

and, hence, f = as required.
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fae) = 1and 0 < f, < Yele g Therefore, f, = f and so f(ab) = f(a)f(b).
Obviously, the last identity holds if f(a) = 0 and, hence, for every a € AJ. Next, for
arbitrary elements a, b € A, using the inequality a + |la||ce > 0, we have

f((a+llallee)b) = f(a+ llallee) f (D).

Finally, f(ab) = f(a) f(b),i.e., f is multiplicative.
The proof of (c) = (a) will be given below (see the remarks after Theorem 15).
O

The collection of all non-zero, continuous, positive, multiplicative (linear) functio-
nals from A, onto R will be denoted by M 4,.

Lemma 12 The set M 4, is 0 (A}, Ae)-compact and separates points of Ae. Moreover,
ifa € Aethena € A} ifand only if f(a) > 0 forall f € Mg,.

Proof Evidently, we have the inclusion M 4, C BX, (and even the inclusion M4, €
SX@’ where Sy, is the unit sphere of Ap) and My, is a o (A, Ae)-closed subset

of By;. Consequently, by the Alaoglu theorem (see [4, p. 148]), My, is o (A, Ae)-
compact. Since the unit e is an interior point of the cone A, the cone A is generating.
Moreover, in view of the monotonicity of the norm || - |le, A" is normal. Therefore, by
the M. G. Krein theorem (see [5, p. 89]), the dual wedge (A;*)’ is a generating cone;
in particular, we have the identity

(AD) = (AD) = 4. “

On the other hand, by the Krein—Milman theorem (see [4, p. 144]), the relation
ext BX/ # () holds and, moreover,

o(extBy,) = By, . o)

where the closure of the convex hull was taken in the o (A}, A¢)-topology. Taking into
account the last equality and the identity (4), we obtain that the set ext BX/ separates
points of Ae. Therefore, in view of the validity of the implication (a) e:>' (c) of
the preceding lemma, M4, also separates the points of Ae. If f(a) > O for every
f € My, then, according to (5), f(a) > O for all f € Bj,e. As is well known,

the latter implies a € Ag. m
Corollary 13 The center Ae is a commutative algebra.

Proof Foreverya,b € Ae and f € My, theidentities f(ab) = f(a) f(b) = f(ba)
hold. In view of Lemma 12, ab = ba. O

The preceding corollary is not valid without the assumption that the algebra A,
is Archimedean. Indeed, let B be an arbitrary noncommutative algebra. Consider
the unitization A = B ® R of B, which is an algebra obtained from B by adjoining



550 E. A. Alekhno

a unit. Obviously, A is noncommutative and e = (0, 1). On the other hand, under
the ordering defined by the cone AT = {(b, 1) : A > 0, b € B} U {0}, the algebra A
is an ordered algebra and A = A.

Corollary 14 If A is an ordered algebra then for a € Ae the following statements
hold:

(a) For a polynomial ¢ (with real coefficients) the inequality ¢(a) > 0 is valid if and
only if (L) = O forall A € {f(a) : f € Ma,}. In particular, ak > 0 for every
evenk € N;

(b) Ifa is an idempotent then a € OI(A) if and only if a € Ae.

Now, using the Gelfand’s idea about an embedding of a commutative Banach alge-
bra into an algebra of continuous functions, for an arbitrary elementa € Ae, we define
the function @ on M4, via the formulaaf = f(a), where f € My,. Evidently, a
is a continuous function on the (Hausdorff) compact space M 4, with the o (A}, Ae)-
topology (see Lemma 12), i.e., @ € C(My,), and the mapping W4 : a — @ from A
into C(My,) is a positive, algebraic homomorphism. Moreover, W4 is an isometry.
Indeed, ”a”C(MAe) = SUP e Ay, | f(a)] < |la]le. On the other hand, the inequalities

—lallcimu T =@ < ll@llcmag I

are equivalent to the inequalities

—lallcma f(©) = f@) < N@llicry, f(©)

for all f € M 4,. Whence, using Lemma 12 once more, we infer

—llallcimae < a < llallcm,,)e

and so |lalle < ||5||C(MAE)- So, |lalle = ||5||C(MAe)- Next, the range R(W,4) of
the mapping W, is a subalgebra of the algebra C(My,,). Therefore, the Stone-
Weierstrass theorem (see [10, p. 124]) guarantees that R(W,) is dense in C(My,).
The relation R(W4) # C(My,) is possible. To see this, we consider the algebra
A = C0, 1] of all continuously differentiable functions on [0, 1] equipped with
the cone A" of all nonnegative functions. Clearly, Ae = A and ||lalle = llallc[0.1]-
As is well known, every non-zero multiplicative functional f on the algebra C(K)
of all continuous functions on some compact K can be represented in the form of
f(x) = x(t) for some t € K. Therefore, in our case, M4, can be identified with
[0, 1].
Thus, we have established the following result.

Theorem 15 The center Ae of an ordered algebra A is isometrically, algebraically,
and order-embeddable into a dense subalgebra of the real algebra C(M), where M
is some compact space. Moreover, if A is Dedekind complete then this isomorphism
is a bijection from A onto C(M).
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Now we shall mention some important consequences of the preceding result. First
of all, we shall prove the implication (c) = (a) of Lemma 11. To this end, con-
sider a non-zero multiplicative functional f € A,. We claim first that [ € BX, , in
particular, f is positive. Indeed, consider the embedding W4 : Ae — C(M) “and
define the functional g on R(W,) via the formula g(W4(a)) = f(a). Obviously,
lgll(rew,)) = II.flla, and g is multiplicative on R(\W4). Therefore, g extends uniquely
to all of C(M). These extensions will be denoted by g again. Clearly, g is multiplica-
tive on C(M). Thus, g > 0, whence f > O and so f € B;e. Let f = @ with
fi € BX/e. Fori = 1,2, we put g;(W4(a)) = fi(a). Functionals g; extend uniquely
to all of C(M). Clearly, g = %. As is well known, every multiplicative functional
on C(M) is an extreme point of B(J“C( My Consequently, g1 = g2 and so f] = f>.

Next, we mention the validity of the next assertion: for a multiplicative func-
tional f on Ae the continuity is equivalent to the positivity. Indeed, the necessity
was established below in the proof of the implication (c) = (a) of Lemma 11 and
the sufficiency follows at once from the boundedness of the set f(Ba,) = f([—e, e])
(without the assumption about the multiplicativity of f). It should be noticed that
the multiplicativity of some functional on A does not imply the positivity. To see
this, we consider the algebra A of all polynomials on the segment [0, 1] under the nat-
ural algebraic operations and the order. Fix an arbitrary number ¢ ¢ [0, 1]. Every
polynomial ¢ on [0, 1] extends uniquely to a polynomial ¢ from R to R. Obviously,
the mapping ¢ — ¢ is an algebraic homomorphism. We define the functional g on A
by g(¢) = ¢(¢). Then the functional g is multiplicative while, as is easy to see, it is
not positive.

Corollary 16 Let A be an ordered algebra, let a € Ae, and let ¢ be a polynomial.
Then ¢(a) = 0 if and only if o(A) =0 forall » € {f(a) : f € May,}. In particular,
a¥ #£0ifa #0andk € N.

We now turn our attention to the case of the center of an ordered normed algebra.

Before, we need some preliminary discussion. First of all, recall that (see [5, pp.
104, 105]) the sequence {z,} in an (Archimedean) ordered linear space E is said to
be x-uniformly convergent to an element z, where x,z € E and x > 0, if for each
€ > 0 there exists an index ng such that —ex < z — z,, < ex for all n > ng and is
said to be x-uniformly Cauchy if for each € > 0 there exists an index ng such that
—€x <z — 2y < exforallm,n > ng. A space E is said to be x-uniformly complete
if every x-uniformly Cauchy sequence of E is x-uniformly convergent. The space
E, equipped with the norm || - ||x is a Banach space if and only if E is x-uniformly
complete. Moreover, by the Andd theorem (see [3, p. 106]), the (closed) cone E™ in
an ordered Banach space E is normal if and only if E is x-uniformly complete for
every x > 0.

On the other hand, as is well known (see [5, p. 87]), the cone E * in an ordered
Banach space E is normal if and only if the order intervals of E are norm bounded.
Now let E be an ordered normed space with a (closed) cone E™. We shall say that
the cone ET is x-normal, where x € E and x > 0, whenever order intervals of E,
are bounded with respect of the norm induced by E. Obviously, every normal cone is
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x-normal for all x > 0 and if E is an ordered Banach space then the converse holds.
The proof of the following assertion is elementary and will be omitted.

Lemma 17 For an ordered normed space E and a non-zero element x € E™ the fol-
lowing statements are equivalent:

(a) The cone E7 is x-normal,

(b) The order interval [0, x] is norm bounded in E

(¢) The relations 0 < x, < Ayx foralln and A, — 0asn — oo imply x, — 0in E,
(d) The embedding (Ex, || - llx) = (E, || - l|g) is continuous.

Corollary 18 Let E be an ordered Banach space and let x € E™ be a non-zero
element. Then E is x-uniformly complete if and only if ET is x-normal.

Proof If E is x-uniformly complete then the embedding of part (d) of the preceding
lemma is automatically continuous and, hence, E * is x-normal. For the converse, let
the sequence {z,} in E be x-uniformly Cauchy. Fix € > 0. There exists an index ny
such that

—€X = Zm —In T €X (6)

for all m,n > ng. We have |z, — zull < €C, where the constant C =
SUPycr—y ¢ IVIlE < 00as E™ is x-normal. Therefore, {z,,} is a norm Cauchy sequence
and, hence, z, — z in E. Letting in (6) m — oo, we get —ex < z — 7, < €X, as
required. O

The example of the space C![0, 1] with the sup norm shows that in the case of
an ordered norm space E the x-normality of E* does not imply the x-uniform com-
pleteness of E. Now we want to discuss the validity of the converse implication. To
this end, we recall first the following Kaplansky theorem (see [10, p. 176]) which will
be employed later on (see, in particular, Theorems 22, 24).

Theorem 19 Any norm under which C(K) is a normed algebra majorizes the sup
norm.

The preceding theorem leads at once to the next problem which was formulated in
1948 and is sometimes called the Kaplansky conjecture.

Hypothesis 20 Every norm || - || under which C (K) is a normed algebra is equivalent
to the sup norm.

As is easy to see, this hypothesis is valid if and only if every multiplicative homo-
morphism from C(K) into an arbitrary Banach algebra is automatically continuous.
The validity of Hypothesis 20 was a long standing problem. First Dales and Esterle
proved in 1976 that it is false if the continuum hypothesis is assumed. Shortly after-
wards, Solovay and Woodin proved that Hypothesis 20 is true in some model of ZFC
(the Zermelo—Fraenkel set theory with the axiom of choice). Thus, the validity of it
turned out to be independent of ZFC (see [6, Chapter 5] for the detailed discussion).!
Next, as is easy to see, the answer to this hypothesis is affirmative if the cone (C(K))™
is I-normal in the space C(K) equipped with the norm || - || (see Lemma 17(d)).

! The author wishes to thank Professor A. R. Schep for bringing these results to his attention.
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Proposition 21 Hypothesis 20 is valid if and only if for an arbitrary ordered normed
algebra A the e-uniform completeness of A implies the e-normality of A™.

Proof Necessity. Let A be an e-uniformly complete ordered normed algebra. In view
of the remarks above, under the norm || - ||¢, the center A, is a Banach space. Putting
M = Mp,,, we have the identity R(W4) = C(M) as W4 is an isometry from A into
C(M) and R(W,) is dense in C(M) (see Theorem 15 and the remarks before it). For
arbitrary x € C(M), we put ||x|lp = ||\Ilgl(x)||A. Obviously, || - [lo is @ norm and,
under this norm, C (M) is a normed algebra. In view of our hypothesis, the norm || - ||o
is equivalent to the sup norm || - [|c(a), whence || x]lo < Rl x|lc(m) forall x € C(M)
and some constant R > 0. Consequently, ||a]la < R]la|le for all a € Ae. Now it
remains to remember part (d) of Lemma 17.

Sufficiency. Let the space C (K') be a normed algebra under some norm || - ||. In view
of Theorem 19, C(K) is an ordered normed algebra under the natural ordering and,
obviously, is I-uniformly complete. Therefore, the embedding ((C(K) 1, |- llc(x)) —

(C(K), |l - II) is continuous and, hence, ||x|| < r||x||c(k) for all real-valued functions
x € C(K) and some constant » > 0. Now in the case of the complex space C(K), we
have ||x|| < 2r|lx|lck) for all x € C(K). O

Theorem 22 Let A be an e-uniformly complete ordered normed algebra. Then the cen-
ter Ae is an AM-space with unit e and for every element a € Ae the relations

lallle = llalle < llalla O

hold. Moreover, Ae is isometrically, algebraically, and order-embeddable onto the
algebra C (M) for some compact space M. If, in addition, the norm of A is monotone
on Ae and ||e||a4 = 1 then

lalle = lllallla < llalla = 2llalle ®)

foralla € Ae.

Proof We have the identity R(WV4) = C (M) for some compact space M (see the proof
of Proposition 21). Therefore, A is isometrically, algebraically, and order-embeddable
onto the AM-space C(M). Consequently, under the norm || - || and the order induced
by A, Ae is an AM-space with unit e. In particular, A is a Riesz space, i.e., for every
a,b € A there exist the supremum a Vv b and the infinmum a A b in Ae and, moreover,
llalle = |llallle, where |a| is a modulus of @ in Ae (We don’t assert that the modulus of a
exists in A). Again, for an arbitrary function x € C(M), we put || x||p = ||‘~IlXl )] A-
By Theorem 19, the inequality [|x|c() < llxllo holds for all x € C(M) and so
lalle < llalla forall a € Ae.

Now let the norm of A be monotone on A, and let ||e]| 4 = 1. Then, for an arbitrary
elementa € Ae,using the inequality |a| < ||a||ee, wehave ||alle = |||allle < |llallla <

llalle, whence [[alle = lllallla- o

Both inequalities in (8) can be strict. Indeed, let us consider the real space C[0, 1]
equipped with the norm [|x|| = [[xt|lcjo.1] + Ix7 lc[o.15- As is easy to see, under
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this norm, the space C[0, 1] is an ordered Banach algebra satisfying all assumptions
of the preceding theorem. Nevertheless, for the function x(¢) = —%t + 1, we have

Ixllcro.1; = 1 and ||x]| = %

Corollary 23 Let A be an e-uniformly complete ordered normed algebra such that
the cone A" is normal. The following statements hold:

(a) The center Ae is order closed in A. In particular, if A; is a Riesz space then Ae
coincides with the band generated by e in A, and if, in addition, A is Dedekind
complete then the representation Ay = Ae ® Ag holds;

(b) If A is Dedekind complete, a € Ae, and a is invertible in A then a ! e A,

Proof (a)Let{aq} be anetin Ae such that a, —2> ain A. We must check the inclusion
a € Ae. There exist two nets {b,} and {cy} satisfying by, < a —ay < cq and by 1 O,
¢e 4 01in A. Fix an index og. Then by, < a — aq < cqq for all @ > ap. In view
of the normality of AT, the net {aq}y>e, is norm bounded in A and, hence, in view
of (7), is || - |le-bounded. Therefore, for « > g, we have —Ce < a, < Ce, where
C = SUPy > laglle, and so by — Ce < a < ¢4 + Ce. Finally, —Ce < a < Ce, i.e.,
a € Ae. Now the rest of the conclusion is obvious.

(b) According to part (a), we write a ! = b; + by with b} € Ae and by € AS.
Obviously, e = ab; +ab, and, hence, ab, = e —ab; € Ae. On the other hand, in view
of the relation |ab;| < ||a||e|b2|, we have ab, € AS. Hence, ab, = 0, i.e., b = 0 and
soa! € Ae. O

Let E be a Banach lattice and let an operator T belong to the center Z(E) of E. Then,
under the order induced by B(E), Z(E) is a Riesz space and so T has amodulus |T| €
Z(E) (infact, asis well known (see [4, p. 114]), forevery T € Z(FE) its modulus exists
in L(E)). Obviously, =7 < |T|in B(E) and, hence, ||T | gg) < IlIT ||l p(k)- Taking
into account this observation, as a consequence of Theorem 22 and Corollary 23, we
see that the center Z(E) of E equipped with the operator norm is an A M-space with
unit / and if, in addition, E is Dedekind complete then L (E) = Z(E) & [ 4. These
are famous Wickstead’s results (see [1, p. 113]).

For the case of an e-normal cone A, we have the following result.

Theorem 24 Let A be an ordered normed algebra with an e-normal cone A™. Then
for every element a € Ae the next inequality holds

lalle < llalla ©)

Proof In view of Theorem 15 and the remarks before it, for some compact space M
the range R (W 4) of the mapping W 4 from the center A, into the space C (M) is a dense
subalgebra of C (M). For an arbitrary function x € C (M) there exists a sequence {y,}
in R(W,) satisfying y, — xin C(M) and y, = W4 (a,) forsome a, € Ae. Obviously,

lam — anlle = lym — Ynllccmy — 0 as m,n — oo. Since the cone AT is e-normal,
we have |la,, — anlla — 0 and, hence, the sequence {||la,| 4} is converging. Put
lx|| = lim,— |laxlla. If {z,} is another sequence in R(W4) satisfying z;, — x in

C(M) and z, = Wa(by) for some b, € Ae then [lay — bylle = lyn — zullcay — 0
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and so |la, — bylla — 0. Consequently, lim,_,« ||aylla4 = lim,— ||byll4. Thus,
the function || - || is well defined.

If Jw|| = 0 for some w € C(M) then there exists a sequence {w,} in R(Wy)
satisfying w, — w in C(M), w, = Wu(cy), and ¢, — 01in A as n — oo. Fix
€ > 0 and find an index nq such that —ee < ¢,, — ¢, < €e for all m,n > nyg.
Letting m — oo, we have —ee < ¢, < €e and so € > |c,lle = llwallcm) for all
n > ng. Therefore, w, — 0 and, hence, w = 0. Now, as is easy to see, || - || is
anorm and C(K) equipped with this norm is a normed algebra. Using Theorem 19,
we have the inequality [lx]lcx) < llx|| for all x € C(K) and, in particular, ||afle =
Wa@llcxy < IWa(a)ll = llalla forall a € Ae, as required. O

In the case of an ordered C*-algebra the relations (7), (8), and (9) can be made
more precisely (see (14)).

The rest of this subsection is devoted to the conditions which guarantee that the cen-
ter Ae is closed in an ordered normed algebra A. We start our discussion with the next
auxiliary result.

Lemma 25 Let Z be a normed space equipped with the norm || - ||z and let Z be
a linear subspace of Z equipped with the norm | - || z,. If the embedding (Zy, || - || z) —
(Zo, || - llzy) is continuous and the unit ball Bz, of (Zo, || - | z,) is norm closed in Z
then Zg is a norm closed in Z.

Proof Let {z,} be a sequence in Z satisfying z,, — z in Z, where z € Z. Clearly, z,
is norm bounded in Z and, hence, is || - || z,-bounded in Zy. Therefore, for some scalar
r > 0, we have the inclusion z,, € r Bz, for all n. Finally, z € r Bz, and so z € Z,.

O

Theorem 26 Let A be an ordered normed algebra. Each of the following conditions
ensures that the center Ae is norm closed in A:

(a) The algebra A is e-uniformly complete;
(b) The cone AT is e-normal.

Proof In view of the relations (7) and (9), the embedding

(Ae, [ 14) = (Ae, Il - lle) (10)
is continuous. On the other hand, the unit ball B4, of (Ae, || - Ile) is equal to the order
interval [—e, e] which is norm closed in A. It remains to remember the preceding
lemma. O

The author does not know an example of an ordered normed algebra A such that
the center A, of A is not norm closed in A. The proof above is valid for every ordered
normed algebra A such that the embedding (10) is continuous (in particular, the lat-
ter holds when the center A, satisfies the inequality (9)). As follows at once from
the Baire category theorem and the equality A = |J,—, n[—e, €], in the case of
an ordered Banach algebra A the closedness of A in A is equivalent to the continu-
ity of the embedding (10). The preceding theorem reduces to the well-known result
asserting that the center Z(E) of a Banach lattice E is closed in the algebra B(E).
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Corollary 27 Let A be a normed algebra which is an ordered normed algebra both
with the cone AT and with the cone A;. If the algebra A with the cone AT satisfies
one of the conditions (a) or (b) of Theorem 26 and with the cone A; satisfies both
these conditions then the inclusion Ae 1 N A:,2 C A:l holds, where Ae ; is the center

of A under the order induced by Al.+.

Proof Consider a non-zero element a € Ae 1 N A:,z- There exists (see the proof
of Proposition 21) an isometric order isomorphism ¥ from A2 onto C(M), where
M is some compact space depending upon A;‘. If {¢,} is a sequence polynomi-
als which converges uniformly on the segment [0, [la|| 4 ,] to the function /A then
©,(¥(a)) — /¥ (a) in C(M) as n — oo and so go,%(\ll(a)) — W(a). Therefore,
g2(a) = V1 (g2(V(a)) — ain (Aep, || - lla.,). Whence, using the e-normality of
AF, we have ¢2(a) — a in A. On the other hand, a glance at Corollary 14(a) yields
(p,%(a) € A:,r Consequently, in view of Theorem 26, a € A::l. O

If, under the assumptions of the preceding corollary, Ae;; = A (as can be shown,

the last identity is impossible if A is complex) and A:2 = A;r then we have the inclu-

sion A;‘ C A"I". In particular, if K is a cone in the space C(S) with the natural order
which is I-normal, 1 is an interior point of K, and C(S) equipped with the cone X is
an ordered normed algebra then the inclusion K € C(S)™ holds and, in particular, K
is normal. Nevertheless, the author does not know an example of a space C(S) with
a cone K such that under the ordering induced by K this space is an ordered Banach
algebra while K is not normal.

Finally, some remarks about spectral properties of elements of an ordered normed
algebra A, are in order (we mention once more that A is real). The following assertion
holds: for an arbitrary element a € Ae the spectral radius Ir(a) = |la|le. Indeed,

the spectral radius r(a) of a defined by r(a) = lim,,_,  ||a” I (see[10, pp- 10, 30]).
Now it remains only to observe the validity of the identities [[alle = [|Wa(a)llc(M,,)
and |[Wa(@@")llc(my,) = 1Wala) ||’é(MA ) The next version of the classical Gelfand’s

result holds: for a € Ae the spectrum o (a) = {1} if and only if a = e. Indeed,
o(a) = {A € C: A —aisnotinvertible in (A¢)c},

where (Ae)c is the complexification of Ae. The conclusion now follows immediately
fromtherelation { f(a) : f € Ma,} € o(a).Next, since the algebra A is a subalgebra
of C(May,), Ae is semi-simple, i.e., the radical rad A. = {0} (see [10, p. 57]).

3.2 Orthomorphisms

An operator T on a Riesz space E is said to be band preserving (see [4, p. 112])
whenever T leaves all bands of E invariant. If E is Dedekind complete then the latter
is equivalent to the identity

(I—-P)TP=0 (11)

for all order projections P on E. An operator 7 on an arbitrary Riesz space E is
said to be orthomorphism (see [4, p. 115]) whenever T is a band preserving operator
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that is also order bounded. If E is Dedekind complete then the operator 7 on E is
an orthomorphism if and only if the identity (11) holds and T € L,(E). Moreover,
if £ is an arbitrary Banach lattice then, by the Wickstead theorem (see [4, p. 258]),
the operator T on E is an orthomorphism if and only if 7 belongs to the center Z(E)
of E and, by the Abramovich—Veksler—Koldunov theorem (see [4, p. 256]), every band
preserving operator on E is an orthomorphism.

Now let A be an ordered algebra. Using (11), we say that an elementa € A is order
idempotent preserving whenever pdap = 0 for all p € OI(A). An element a € A is
said to be an orthomorphism whenever a is an order idempotent preserving element
that is also regular. The collection of all orthomorphisms of an ordered algebra A
will be denoted by Orth(A). The purpose of this section is to make a number of
observations about order idempotent preserving elements and about orthomorphisms
in ordered algebras and, thus, to break some ground for further research. For the case
of orthomorphisms on Riesz spaces, the results which are analogous to obtained below
can be found, e.g., in [4, § 2.3] and [13, Chapter 20].

First of all, we mention the next. Let A be an ordered algebra with the trivial set of
order idempotents, i.e., OI(A) = {0, e}. Then every elementa in A is order idempotent
preserving and, in particular, Orth(A) = A;. Thus, in this case, one cannot expect
any distinctive properties of ortomorphisms. Moreover, this circumstance complicates
researching the properties of orthomorphisms in arbitrary ordered algebras. That is
how the matter stands if, for instance, A is the unitization of an arbitrary ordered algebra
Ag,ie., A=AgQ@Ror A = Ay ® C, under the order (a, A) > 0 whenever a > 0 and
X > 0. Obviously, the analogous situation, namely, the identity Orth(A) = A;, also
holds when A is commutative.

Proposition 28 For an element a in an ordered algebra A the following two state-
ments are equivalent:

(a) a is order idempotent preserving;
(b) a commutes with every order idempotent.

If, in additional, a has a modulus then (a) and (b) are equivalent:
(¢) The relation py L py in OI(A) implies p1a L ap; in A.

Proof (a) = (b) Obviously, pdap = 0 and so ap = pap, where p € OI(A).
On the other hand, g%ag = 0 with ¢ = p% and so pa = pap. Finally, ap = pa.

(b) = (a) If ap = pa for all p € OI(A) then pap = ap2 = ap and, hence,
plap = 0.

(a) = (¢) If pilal = b and |a|pa > b with b € A then, taking into account
the identity pj p2 = 0, we get 0 > p‘ljb and 0 > p1b. Therefore, 0 > (p‘li + p1)b = b.

(c) = (a) In view of the relation pd L p with p € OI(A), we have pda L ap,
whence | pdap| < (p4lal) A (la|p) = 0 and so plap = 0. O

From part (b) of the preceding proposition, the next result follows: if an element
a is order idempotent preserving and invertible then a~" is also order idempotent
preserving. Indeed, put pda~'p = b, where p € OI(A). Then ab = apla='p =
pdaa_lp = 0 and, hence, b = 0.

As is easy to see, for an arbitrary ordered algebra A the inclusion A¢ € Orth(A)
holds. On the other hand, if A = L(E), where E is a Dedekind complete Riesz space,
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then Orth(A) coincides with the band B; generated by the identity operator I in A;
(see [4, p. 118]). In view of the remarks done above, the equality B, = Orth(A) does
not, in general, hold in the case of an arbitrary ordered algebra A. We can only assert
the following.

Proposition 29 Let A be an ordered algebra such that Ay is a Riesz space. Then for
the band Be generated by e in A, the inclusion Be C Orth(A) holds.

Proof Consider an element a € B,". There exists a net {aq} in A, satisfying the rela-
tions 0 < ay 1 a in A;. For an arbitrary idempotent p € OI(A), we have

0 < plap = p(a —ax)p + pawp = pYa—aw)p <a—ag | 0

and so plap = 0. O

In the theory of operators on a Riesz space E the important property of orthomorp-
hisms is what every orthomorphism 7 : E — E is an order continuous operator (see
[4,p. 117] or the remarks after the next theorem). Therefore, if E is Dedekind complete
and A = L(E)thenOrth(A) C Aj,.Inthe case of an arbitrary ordered algebra A the last
inclusion does not, in general, hold. Indeed, there exists (see Example 2) a Riesz space
E such that the identity operator / is not an order continuous element in the algebra
A = L(E),ie., I ¢ Ay, while I € Orth(A) (see also Example 31). Obviously, for
a € Orth(A), where A is an arbitrary ordered algebra, the inclusions a € A, and
a € Ay, are equivalent.

Theorem 30 Let A be a Dedekind complete ordered algebra such that AS]o NAg = {0}
(see (2)). Then the inclusion Orth(A) C A, holds.

Proof Consider an elementa € Orth(A). Evidently, we can assumea > 0.Let py | O
in OI(A) and let ap, | b > 0in A. Clearly, pd 1 e in OI(A) and pdb = bpd = 0.
According to our condition, we infer b = 0 and soa € A,. O

If A = L(E), where E is a Dedekind complete Riesz space, then, as is easy to see,
we have A = {0} and, hence, in this case the preceding theorem can be applied. As
the next example shows, the inclusion Orth(A) € A, does not even hold in the case
of a Dedekind complete ordered algebra.

Example 31 Let B be a real Dedekind complete ordered Banach algebra with a unit
ep # 0 which admits a non-zero, positive, multiplicative functional f and a net {p, }
satisfying p, 1 ep in OI(B) and f(py) = O for all «. First of all, we mention that
such an algebra exists. Indeed, consider a Dedekind complete ordered Banach algebra
£ oo With the natural order, norm, and multiplication. Put p, = (1,...,1 ,0,0,...).

Obviously, p, 1 (1,1, ...). On the other hand, as is well known, £, adnmits a non-
zero, positive, multiplicative functional f satisfying f(co) = {0} (if f,(x) = x, for
x = (x1, x2,...) € £ then f canbe taken as a cluster point of { f,,} in the o (£, €oo)-
topology). Next, consider the linear space A = B & R. Under the multiplication

(b1, A1) x (b2, A2) = (b1b2, A1 f(b2) + A2 f (b1) + A1h2),

the norm
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(b, Mlla = lIbllB + |21,
and the order induced by the cone
AT = {(b,)):b e BT and 1 € R+},

the algebra A is a Dedekind complete ordered Banach algebra with unit e = (e, 0).
Evidently, OI(A) = {(p,0) : p € OI(B)} and, hence, Orth(A) = {(b,A) : b €
Orth(B)}. In particular, (0, 1) € Orth(A). However, we claim that (0, 1) ¢ A;.Indeed,
on the one hand (ey — py, 0) | 01in OI(A) and, on the other hand,

(€0 — pa. 0) x (0, 1) = (0, 1) x (€0 — pe, 0) = (0, 1),

and we are done. O

In the case of a Riesz space E, every positive orthomorphism 7 on E is a lattice
homomorphism. On the other hand, if S is an order continuous lattice homomorphism
on a Dedekind complete Riesz space E then the operator U — SU from L.(E) into
L (E) is also a lattice homomorphism and if the order dual £~ # {0} then S is a lattice
homomorphism (see [4, p. 96]). These results justify the following definition (see also
Sect. 4.3). Let A be an ordered algebra such that A; is a Riesz space. An element
a € Ais said to be a lattice homomorphism (of the algebra A) whenever the operator
L, : Ay — A; defined by L,b = ab is a lattice homomorphism on A;. Obviously, if
a is a lattice homomorphism of A then a > 0.

Proposition 32 Let A be an ordered algebra such that A, is a Riesz space and let
b € A be invertible. Then the elements b and b~ are lattice homomorphisms of A if
and only if b, b~! € AT,

Proof The necessity is obvious. We shall prove the sufficiency. Fix a € A;. Clearly,
|Lpa| = |ba| < bla|, whence |a| > b~L|ba| > |a|. Therefore, |a| = b~!|ba| and so
bla| = |bal, i.e., Ly is a lattice homomorphism on A;. O

For the case of operators on ordered Hilbert spaces the notions which are close to
ones considered in this subsection, will be discussed in Sect. 4.3.

4 Ordered C*-algebras
4.1 A general case

An ordered Banach algebra A is called an ordered C*-algebra if it is equipped with
an involution @ — a* that maps the cone AT into itself and under which A is a C*-
algebra,i.e., |la*alls = |la ||i foralla € A.The mostimportantexample of C*-algebra
is the algebra B(H) of all bounded operators on some Hilbert space H. If a Hilbert
space H is an ordered Banach space with a cone H™ then (see [3]) the algebra B(H)
is an ordered C*-algebra with the cone

(B(H)* ={T € B(H): T(H") C HT} 12)
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if and only if H™ is a self-adjoint cone, i.e., HT = (H")’, where (H ™)' is a dual cone
of H'. A Hilbert space H with a self-adjoint cone HY is called an ordered Hilbert
space. The study of ordered C*-algebras and, in particular, of ordered Hilbert spaces
was initiated in [3]. This section is a continuation of that research. Of course, we shall
keep in mind the results obtained above. The main emphasis will be on the case of
an ordered C*-algebra B(H) (see Sect. 4.3). Before, in Sect. 4.2, we shall consider
some properties of ordered Hilbert spaces.

In view of Corollary 13, the center A, of an ordered C*-algebra A is a real commu-
tative x-algebra. On the other hand (see [3]), if an element a belongs to A and a A a*
exists then a is hermitian, i.e., a = a*. As will be shown in the next theorem, there
is a wide class of ordered C*-algebras such that the center of these algebras consists
only of hermitian elements.

Theorem 33 Let A be an ordered C*-algebra and let one of the assumptions (a) or
(D) of Theorem 26 be satisfied. Then every element a € Ae is hermitian.

Proof In view of Corollary 18, the e-uniform completeness of A and the e-normality
of A™ are equivalent. Nevertheless, below we shall give the proof which does not use
the norm completeness of A.

If A is e-uniformly complete then, by Theorem 22, the center A is an AM-space
and, in particular, for every a € A, an element a A a* exists in Ae. Then, as was
mentioned above, a = a*.

Now we shall assume the e-normality of A™. Putting M = M ,,, we consider
an isomorphism Wy : Ae — C(M) (see Theorem 15 and the remarks before it) and
define the operator T : R(W4) — R(W4) by T(W4(a)) = Wa(a™). Asis easy to see,
T is an algebraic homomorphism. Moreover, in view of the identity |la|le = ||a*||¢ for
all a € Ae, the operator T is continuous. Therefore, since R(W ) is dense in C (M),
T extends to all of C(M) as a (algebraic and lattice) homomorphism (denoted by T’
again). There exists (see [1, p. 145]) a continuous mapping & : M — M satisfying
(Tx)(s) =x(&(s)) forallx e C(M) ands € M.

We shall check the identity £(s) = s for all s € M. To this end, proceeding by
contradiction, we find a point s € M and two neighborhoods U and V) of the points
s and & (s), respectively, such that

Us N Vey =0 and EU) C Vi) (13)

Taking into account Urysohn’s lemma, we pick a non-zero function x € C(M)
satisfying the relation x(M\U;) = {0}. Therefore, taking into account (13), we
have x(¢#)x(£(t)) = O for all t € M and so x - Tx = 0. On the other hand,
there exists a sequence {a,} in A such that W4(a,) — x as n — o00. Then
Wa(an)Walal) — x - Tx = 0 and, hence, W4(aya)) — 0. The latter implies
the relation a,a; — 0 in A. Using the e-normality of AT, we obtain a, ay — 0in A.
Since A is a C*-algebra, a, — 0in A and so x = 0, a contradiction. Finally, Tx = x
for all x. Consequently, W4 (a) = Wa(a™) ora = a* forall a € Ae. O

It is not known if the preceding theorem is valid for an arbitrary ordered C*-
algebra. Moreover, the author does not know an example of an ordered C*-algebra
with an unnormal cone A™ (see also the remarks after Corollary 27).
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Our next aim is to make more precisely the relations (7), (8), and (9).

Theorem 34 Let A be an ordered C*-algebra and let one of the following assumptions
be satisfied:

(a) A is e-uniformly complete and the norm of A is monotone on Aeg;
(b) AT is e-normal.

Then for every element a € Ae the next identity holds
lalle = llalla- (14)

Proof Again, we shall give the proof which does not use the norm completeness of A.

Let the algebra A be e-uniformly complete and let the norm of A be monotone on
Ae. In view of the preceding theorem, a is hermitian. Then, using Corollary 14(a) and
the relations (8), we have

2 2 2 2 2
lal’y = lla”lla = llla”llla = lla”lle = llall;

and, hence, ||a|le = |lalla.

Let the cone A1 be e-normal. Assume first that 0 < a < e. Obviously, 0 < a" <e
for all n € N. Taking into account the e-normality of A, we find a constant C > 0
satisfying ||a||in = |la®" |4 < C for all n and, hence, ||a||s < Cziﬂ. Letting n — oo,
we infer ||a||4 < 1. Then, using the inequalities 0 < a < ||la||c€, we have |lalls <
|la]le. On the other hand, a glance at (9) yields ||a|le < ||a|l 4. Now the identity (14) is

obvious. O

4.2 An ordered Hilbert space

First of all, we mention some properties of an ordered Hilbert space H which will be
needed later on (see [3]). Every ordered Hilbert space H is real and, hence, the space
B(H) is also real (the approach to the complex case is discussed in [3]). The cone H™
is generating. Moreover, the norm on H is strictly monotone, i.e., the inequalities
0 <x < yimply ||x||g < ||ly|l# and, in particular, the cone H ™ is normal. An ordered
Hilbert space H is a Riesz space (under the order induced by H) if and only if H
has the Riesz decomposition property; in this case, the Riesz space H is Dedekind
complete. However, there exists an ordered Hilbert space H which is not a Riesz space
(see Example 38(b)). Nevertheless, as will be shown below (see (19) and Corollary 40),
every ordered Hilbert space H admits operations which are “close” to the lattice ones.
Below, unless otherwise stated, H will denote an ordered Hilbert space with a cone H +
and the norm || - ||. We assume H # {0}.

We start our discussion with the following auxiliary result. Recall that if N is
nonempty, closed, convex subset of an arbitrary Hilbert space H then for each point
x of H, there is a unique nearest point of N to x. This point is called the projection
of x onto N and is denoted by Pyx. Obviously, if x € N then Pyx = x. As is
well known, a point z € N is the projection of x onto N if and only if the inequality
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(x —z,n — z) < 0 holds for all n € N. Moreover, the mapping Py : H — N is
continuous.

Lemma 35 Let H be an ordered Hilbert space, x € H. The following statements
hold:

(a) Apointz € H™ isthe projection of x onto H ifand only ifz > x and (x —z,7) =
0. In particular, if x < 0 then Py+x = 0;

(b) The decomposition x = Py+x + P_pg+x holds, moreover, (Pg+x, P_g+x) =0
and P_g+x = —Pg+(—x).

Proof (a) Let z be the projection of x onto H ™. As was mentioned above, the latter is
equivalent the validity of the inequality

(x—z,k—2z) <0 (15)

forallk € HT.Fixk € HT.For an arbitrary scalar > > 0, we have (x —z, \k—z) <0
and so A{(x — z, k) < (x — z, z). The last relation implies at once (x — z, k) < 0 for all
k € H*. Whence, we infer z > x as H™ is self-adjoint. On the other hand, using (15)
once more, we obtain (x —z, Az—z) < Oforall A > 0. Therefore, (A—1)(x—z, z) < 0.
Hence, (x — z,z) =0.

For the converse, for arbitrary k € H*, we have (x —z,k —z) = (x — z, k) < 0.
Thus, (15) holds and so z = Py+x.

(b) Obviously, for all k € H™ the inequality (z, k) > 0 is valid with z = Py+x.
Then, in view of part (a), (z, k+x —z) > Oand, hence, (x — (x —z), —k—(x —z)) < 0.
The latter is equivalent to the relation x —z = P_pg+x. Now the equality Py+(—x) =
— P_pg+x follows at once from part (a). O

Corollary 36 Assume that an ordered Hilbert space H is a Riesz space. Then for
an arbitrary element x € H the identities x* = Py+x and x~ = Py+(—x) hold.
In particular, (xT,x~) = 0.

Proof Since every element x € H has a unique decomposition into the differ-
ence of two nonnegative, disjoint elements, it suffices to check the relation Py+x A
Py+(—x) = 0. Indeed, if the inequalities z < Py+x and z < Py+(—x) hold for some
z € H™ then, in view of the relations 0 < (z, z) < (Pgy+x, Py+(—x)) = 0, we have
z=0. O

Corollary 37 Letx,y € H™. Then (x, y) = 0 if and only if Py+(x — y) = x.

In view of Corollary 36, the study of the projection operator Pg+ is of special interest
when H™ is not a lattice cone. Before proceeding further, we consider an important
example of such a cone.

Example 38 Let H be an arbitrary Hilbert space with dim H > 2. Let z € H with
Izl = 1 and let € > 0. Then (see [5, § 2.6]), the ice cream cone is the cone

K:e={xeH:(x,z) = e€lx|}.

The proof of the following two statements can be found in [3]:
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(a) Inareal space H the ice cream cone K ¢ is self-adjoint if and only if € = Lz

(b) Ifdim H > 3 and H equipped with the cone K, ., where e € (0, 1), then the center
(B(H)); of the ordered Banach algebra B(H) is trivial, i.e.,

(B(H)); = {M : » € R}.

As follows at once from part (b), if H is real and dim H > 3 then the ordered

Hilbert space H with the cone K 1 is not a Riesz space.
vl

(c) In areal space H with the ice cream cone K = KZ, i for an element x ¢ £K
the identity

Sl

1 (x,2)
Pgx=—-(1+ (x +dx,2) —{x,2))2) (16)
2 I(x,2)
holds, where (x, z) = (||x]|> — (x, z)z)%.
To see this, we mention first that if /(x,z) = O then ||x|| = |(x, z)|, whence x

and z are linearly dependent. The latter contradicts the condition x ¢ +K. Thus,
the element w in the right part of (16) is well defined. Moreover, the last relation
is equivalent to the inequality |(x, z)| < %Hx” and so |(x, z)| < I(x,z). Using

elementary calculations, it is easy to check the equality ||w| = %ﬁ(l (x,2) + (x, 2)).

Whence, we obtain the identity (w, z) = Lz||w|| whichimplies w € K and the identity

(x —w,w) =0. 17)
Next, we claim that the relation
lw —x|* = %(l(x,Z)— (x,2))? (18)
holds. Indeed,

lw —x[? = w]* - 2(w, x) + [Ix||*

= i - (1 TR ) (112 = (. 2% + 10, D, 2)) + D)2

[(x,2)

2\
= Jw|* - (1 + ) 1(x, 2)* + x1% = lIx]1* — lw|?
I(x,2)

o1 (x,z2)  (x,2)? > lxl?
= |lx|I* — 3 (l +21(x,z) + l(x,z)z) l(x,2)" = — - (x, 2)l(x, 2)

1 2 2 1 2
= E(l(x,z) —2(x, 2)l(x,2) + (x,2)°) = E(l(x,z) —{x,2)".

Whence, using the relations (w — x, z) = %(l (x,z) — (x, z)) > 0, we obtain

1
(w—x,2) =—[w—x|

V2
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and so w — x € K. Finally, according to Lemma 35(a) and the equality (17), we have
w = Pgx.

The next formula for the distance function dg (x) = ||x — Pgx]||, which associates
with each point x of H its distance from K, follows from (18).

(d) Ifx ¢ —K thendg (x) = %(l(x, 2)—(x,z))Tandifx € —K thendg (x) = ||x].
O

Corollary 36 suggests as, for the case of an arbitrary ordered Hilbert space, opera-
tions which are “close” to lattice ones can be defined. Namely, for an arbitrary element
x € H,weput |x|yg+ = Py+x+ Py+(—x). Now for x, y € H, we can define the next
operations

1 1
xXVy=zx+y+lx—ylg+) and x A y=-(x+y—I|x—ylg+). (19
H+ 2 H+ 2

In view of Lemma 35(a), |x|y+ > £x, whence x Vy+y > x, yand x Ag+y < x, y.
Moreover, |x|g+ = | — x| g+ and the identities

x+y=x1>/+y+x1§\+y and |x—y|H+:x1>/+y—x1§\+y

hold. The operations defined above are continuous in the norm topology. It follows
at once from Corollary 36, if H is a Riesz space then the operations V g+ and Ag+
coincide with the usual supremum and infimum. In fact, this coincidence holds in a
more general case (see Corollary 40).

Lemma 39 [ffor x,y € H the infimum x Ay exists in H (under the order induced
by H Y and x Ay = 0 then (x, y) = 0.

Proof A glance at Lemma 35(a) yields Py+(x —y) > 0 and Py+(x —y) > x — y.
Whence, x > x — Py+(x —y) and y > x — Py+(x — y). Therefore, using our
condition, we conclude Py+(x — y) > x. The last relation and Lemma 35(a) once
more imply

0= (Py+(x —y), Py+(x —y) =x+y) = (Py+(x = y), y) = (x,y) = 0.

Finally, (x, y) = 0. O

Corollary 40 Let x,y € H. If x has a modulus |x| then |x| = |x|y+. Analogously,
if either x V' 'y or x Ay exists, then either x V' y = XxVg+y or X Ay = X Ag+ Y,
respectively.

Proof First of all, we recall that in an ordered linear space E the modulus |v| of
an element v € E exists if and only if its positive part v™ (its negative part v™) exists.
Moreover, if u, w € E then the modulus |u — w| exists if and only if u V w (u A w)
exists; in this case, e.g., u V w = %(u +w + |lu — w)).
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Now assume that |x| exists. Then x™ A x~ = 0. A glance at the preceding lemma
yields (xT, x~) = 0. Whence, using Corollary 37, we obtain

Ix|g+ = Pg+(xT —x )+ Py (@™ —xP) =xt +x7 = |x].

Therefore, taking into account the remarks above, we easily obtain the required equal-
ities for x V y and x A y. O

As follows at once from the preceding corollary, the operations V g+ and A g+
defined above coincide with the usual lattice operations VvV and A, when the latter
ones are well defined. Later on, we shall simply write x Vv y instead of x Vg+ y;
analogously, for the cases of x Ay+ y and |x|g+. Thus, now the expression x V y
means some element in A which can be defined for every pair {x, y} and coincides
with the usual least upper bound sup {x, y} if the latter exists. Moreover, now we have
aright to put x* = Py+x and x~ = Py+(—x).

The next proposition contains a list of several elementary properties of operations
introduced above.

Proposition 41 For any elements x, y, and z in H the following statements hold:

(@) |ax| = |a||x| for all @ € R and (ax)* = ax® foralla € RT;

b) xT=xVv0andx~ = (—x) v 0;

(© a(xVvy) = (@x)V(ay) foralla e R*,x vy = —((=x)A(=y) = (x—=y) "+,
andz + (xVy) =(z+x)V(z+Yy);

@ |x]=xtVvx andxT Ax~ =0;

(e) The inequality x > y holds if and only if x V y = x;

) If x,y > 0thenx ANy =0ifand only if (x,y) = 0;

@ () =@ Vvyx+y—llxVvyllP=xAy,x+y) —lxAyl%

(h) The norm on H is lattice, i.e., the inequality |x| < |y| implies || x| < |||

Proof (a) Taking into account Lemma 35(a), it suffices to observe the validity of
the equality P+ (ax) = aPy+x forallx € H anda € RT.

(b) We have
2x V0) =x 4 |x| = Py+x — Py+(—x) + Py+x + Py+(—x) = 2Py+x = 2xT.

The proof of the second identity is similar.
(c) We have

2a(x Vy) =ax +y+[x —y)) =ax +ay + |a(x — y)| = 2((ax) V (ay)),
2((=x)A (=) =—(—x—y—Ix =y =2(xVy),
2@+xvy))=z+x+z+y+lz+x) =+ =2(z+x) V(z+Yy),

and

x=r+y=@—-y)vo+y=xvy.
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(d) According to Lemma 35(b) and Corollary 37, we have

2t vxT) = Pyrx + Py (—x) + Py+ (Pyix — Py+(—x))
+PH+ (PH+(—X) ol PH+X)
= Py+x + Py+(—x) + Py+x + Py+(—x) = 2|x]|.

(e) The sufficiency is clear. We shall check the necessity. Indeed, x = %(x +y+
x —y|),whence x —y = |x — y| > 0.
| D), wh | |=0

(f) The relation x A y = 0 is equivalent to the equalities

x+y=|x—yl=Py+(x —y)+ Pyg+(y — x).

The latter, in view of the identity x — y = Py+(x — y) — Py+(y — x), is equivalent
to the relation x = Pgy+(x — y). It remains to remember Corollary 37.

(g) According to (c), we have (x Vy —x) A (x Vy — y) = 0. Whence, in view
of (), we obtain (x Vy —x,x vy —y) =0, as required.

(h) Using Lemma 35(b), it suffices to observe the validity of the identity |||x|]| = ||x||
and to use the monotonicity of the norm on H. O

Below, for any positive elements x and y in an ordered Hilbert space H, we shall
write x L y whenever x and y are either orthogonal in H, i.e., (x, y) = 0, or disjoint
in H,i.e.,x Ay = 0. In view of part (f) of the preceding proposition, these two notions
are equivalent and, hence, this notation cannot lead to an ambiguity.

Unfortunately, a number of other properties of lattice operations which hold in
the case of Riesz spaces, are not valid in the case of operations Vv and A introduced
above. For instance, the inequalities x, y > 0 do not imply x A y > 0. Otherwise, for
elementsx, y, z € H,fromtherelationsx—z, y—z € H™T,itfollows (x —z)A(y—z) >
0 and so x A y > z. Consequently, there exists the infimum of the set {x, y} in H.
Therefore, since x and y are arbitrary, H is a Riesz space. The latter does not hold for
an arbitrary ordered Hilbert space. Thus, the inequality x + y > |x — y| is not valid for
all x, y > 0. Consequently, the modulus does not satisfy the triangle inequality and
50, that is equivalent, the operations x — x* do not satisfy it. Moreover, in a general
case, the inequality

x+nt<xt+y (20)

withx € H andy € H* does not also hold. This, in turn, means that the operation V is
not associative. Otherwise, for arbitrary x, y € H,wehave (x V (—y)) VO =x VvV y~.
Whence, assuming y > 0, we obtain

C+ENT—y<@Vv(EY)T=xv0o=x"

and so (20) holds, a contradiction.
Example 38 We shall use the notations and the results of Example 38. Let us
consider the self-adjoint ice cream cone K = K_ i1 . As is easy to see, for arbitrary
2
x ¢ £K, we have the identity

x| = 1(x, 27 (Ul = 2(x, 2)D)z + (x, 2)x);
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in particular, (x, z) = 0 if and only if |x| = || x| z.

Now let dim H > 3 and let # and v be two elements in H such that the system
{u, v, z} is orthonormal. Clearly, y = z + v > 0. On the other hand, as is easy to
check, (u™, (u — y)T) > 0 and, hence, u™ A (u — y)T # 0 (the last relation does not
hold in the case of a Riesz space). O

The next lemma is useful for the construction of self-adjoint cones with special
properties.

Lemma 42 Let K be a (not necessarily closed) cone in an arbitrary real Hilbert
space H such that Ko S K. Then there exists a self-adjoint cone K satisfying
Ko € K.

Proof Consider the collection K of all cones C satisfying the relations Ko € C < C’,
ordered by inclusion. Under this ordering, K is a partially ordered set. Let {Cy} be
a chain in K. Put Cyp = | « Ca. Evidently, C is a cone and, moreover, Co € C(’). By
Zorn’s lemma, K has a maximal element, say K. The cone K is self-adjoint. To see
this, proceeding by contradiction, we find x € K’\K andput K} = K +{Ax : A > 0}.
As is easy to see, K1 is a cone, K C Ky, and if y,z € K then (y,z) > 0. Thus,
KiCK { and so K| € K, which is impossible in view of the maximality of K. Finally,
K =K' O

Example 43 (a) As follows from Proposition 41(f), if x,y € H and the greatest
lower bound inf {x, y} = O then x L y, i.e., (x, y) = 0. Nevertheless, the converse
is not valid. To see this, we consider the Euclidean space H = R3 and the five
elements x;x = (1,%+1,0), y = (1,0, —A), and zo = (1, &1, 271, where A > 0,
and a wedge Ko generated by these elements. Then Ko C K. Moreover, the wedge
Ky is closed (see [5, p. 126]) and is a cone. According to the preceding lemma, there
exists a self-adjoint cone K satisfying Ko € K (in fact, as can be shown, the cone K
is self-adjoint and so Ky = K). Clearly, x; L x_. On the other hand, we consider
theelementw = (0, 0, @) witha € (0, A‘l].Thenw ¢ K while x4+ > —w and, hence,
the infimum of the subset {x, x_} of the space H with the cone K does not exist.
(b) Let H = R3 and let us consider the elements e; = (1,0,0), e = (0,1,0),
z=(1,1, %),andu) =(1,1, —%).According to the preceding lemma once more, there
exists a self-adjoint cone K which contains these four elements and also the elements
z — ej and z — ep. Then, under the order induced by the cone K in H, the following
relations e; L e, 0 < e; < z,and 0 < ey < z hold. Nevertheless, the inequality
e + e < z does not hold (in particular, H is not a Riesz space). O

In conclusion of this subsection, we mention the paper [7], where the related concept
of ordered Banach spaces which admit a quasi-lattice structure, was considered, but
from another viewpoint. In particular, as was shown in this paper, every strictly convex
reflexive ordered Banach space E with a generating cone E admits such a structure.

4.3 The ordered C*-algebra B(H)

Let H be an ordered Hilbert space. We mention at once that below, unless otherwise
stated, to avoid ambiguity, an operator T € B(H) will be called positive if it maps H ™"
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into itself, i.e., if T is positive in the sense of the theory of ordered linear spaces. In
this case, we write T > 0. Nevertheless, as will be shown later on (see Theorem 50),
for operators belonging to (B(H))  both possible notions of positivity coincide. Since
the cone H™ has the strong Levi property (see [3]), for every net {T,} in B(H)
satisfying T, 1< Sin B(H)andevery x € H,thenet{T,x}in H is norm convergentin
Hand Ty 1 T in B(H), where Tx = limy T, x. Next, as was noticed in the preceding
subsection, the cone H™ is generating and normal. Therefore, the cone (B(H))™*
(see (12)) is also normal.

Now, using Theorems 22, 26, 33, 34, Corollary 23, and the remarks above, we are
in a position to state the next important result.

Theorem 44 Let H be an ordered Hilbert space. Then the center (B(H)) is a commu-
tative, norm closed, and order closed subalgebra of B(H ), every element of (B(H))|
is a hermitian operator, and, under the order induced by B(H), (B(H)) is a Dedekind
complete AM-space with unit I such that |T||; = |IT | pu) for every T € (B(H))j.

Moreover, (B(H))j is isometrically, algebraically, and order-embeddable onto
the algebra C(M) for some extremally disconnected compact space M.

By analogy with the case of a Riesz space, the projection P on H satisfying
the inequalities 0 < P < [ is called an order projection.

Corollary 45 Every order projection P on H is an orthogonal projection.

Our next goal is to study the class (B(H)), of order continuous elements in
the ordered C*-algebra B(H).

Lemma 46 Let {P,} be a decreasing net of order projections on H. The following
Statements are equivalent:

(@) Py | 0in B(H);

(b) Py | 0in OI(B(H));

(c) Pyx | Oin H forallx € HT;

(d) ||Pyx|| = Oforallx € H.

Proof The implications (d) = (¢) = (a) = (b) are obvious.

(b) = (d) Evidently, P, | in B(H), whence, for some P € B(H), we have
P, | Pin B(H) and P,x — Px for all x € H. Moreover, for arbitrary y € H
the relations

PyPy — Py = Py(P — Py)y+ Pyy—Py—0

hold and so P> = P. Thus, P is an order projector on H and P, > P for all a.
Therefore, P = 0. Finally, P,x is norm convergent to zero, as required. ]

Theorem 47 Every regular operator T on H is an order continuous element of B(H),
ie., (B(H))n = (B(H)):.

Proof Let Py, | 0in OI(B(H)). If 0 < § € B(H) then, as follows at once from
the preceding lemma, SP, | 0 and P,S | 0. The operator T can be written as
a difference of two positive operators 77 and 7»>. Evidently, —To Py < TPy < T1 P,

and, hence, T P, “250. Analogously, P, T 250. Finally, T € (B(H))x. O
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Let A be an arbitrary ordered algebra. An algebra A is said to have a (strongly)
disjunctive product if for any a, b € Al (a,b € AT) with ab = 0 there exists an order
idempotent p satisfying ap = p%b = 0. Now let E be a Dedekind complete Riesz
space. Then the following statements hold (see [2, Example 3.3]): (a) The algebra
L(E) has a disjunctive product; (b) If E is a Banach lattice then the algebra B(E)
has a strongly disjunctive product if and only if E has order continuous norm. On
the other hand, if F is a Banach lattice then the identity L,(F) = L(F) holds if and
only if F has order continuous norm. In view of the preceding theorem, the analogous
identity (B(H))y = (B(H)), is valid in the case of an ordered Hilbert space H.
Nevertheless, as the following example shows, the ordered C*-algebra B(H) does not
have a disjunctive product in general. Before, we mention that if H is a Riesz space
then, as follows at once from Proposition 41(h), H is a reflexive Banach lattice, in
particular, it has order continuous norm and, hence, B(H) has a strongly disjunctive
product.

Example 38" We shall use the notations and the results of Example 38. Let us
consider the self-adjointice cream cone K = K L andletdim H > 3.Fix anelement

v € H satisfying the relations ||v]| = 1 and (v, z)ﬁ: 0. Obviously, z £ v € K. Define
the operator 7 on H via the formula Ty = (z —v) ® (z + v)y = (y,z — v)(z + v).
As is easy to see, T2 = 0. On the other hand, OI(B(H)) = {0, I} and, hence, B(H)
does not have a disjunctive product. O

As follows at once from Theorem 47, for an arbitrary ordered Hilbert space H, we
have the inclusion Orth(B(H)) € (B(H))y, i.e., every orthomorphism of the algebra
B(H) is an order continuous element. Moreover, when the center of B(H) is trivial
(see Example 38(b)), this inclusion becomes an equality.

Corollary 36 and Proposition 41 suggest the following definition of a lattice homo-
morphism on an arbitrary ordered Hilbert space (this definition and the definition
of a lattice homomorphism for the case of an element of an arbitrary ordered algebra
given in Sect. 3.2 may differ). Namely, an operator 7 on H is said to be a lattice homo-
morphism whenever the identity 7(x V y) = (Tx) v (Ty) holds for all x,y € H.
Obviously, every lattice homomorphism 7 is necessarily a positive operator. The proof
of the next proposition is analogous to the proof of Theorem 2.14 in [4] and will be
omitted.

Proposition 48 For an operator T on H the following statements are equivalent:

(a) T is a lattice homomorphism;

(b) T(xT) = (Tx)" forall x € H;

() T(xANy)=(Tx)AN(Ty)forallx,y € H;
d) Ifx LyinHthenTx L TyinH;

(e) T|x| =|Tx|forall x € H.

As follows at once from part (d) of the preceding proposition, every positive operator
T belonging to the center (B(H)); of B(H) is a lattice homomorphism. On the other
hand, if H isaRieszspaceand T € B(H)thenT € (B(H)); if and only if the operator
T is an orthomorphism on H (see Sect. 3.2). As the next theorem shows, in the case
of an arbitrary ordered Hilbert space H, an operator 7 € (B(H)); also possesses
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many nice properties of orthomorphisms on Riesz spaces (see [4, § 2.3] and [13,
Chapter 20]). Analogous to the case of a Riesz space, a linear subspace J of H is
called an ideal whenever |x| < |y|and y € J imply x € J.

Theorem 49 For operators S, T € (B(H))j the following statements hold:

(@) |Tx| =|T||lx| = |T|x|| forallx € H and T*y = (Ty)* forall y € H*;

b)) SVT)x=8SxVTxand (SAT)x =Sx ATx forallx € H;

(c) The null space N(T) is an ideal, N(T) = N(|T|) = N(TY) N N(T™), and if
S,T>0then N(SVT)=NS+T)=NS)NNT),

(d) The inclusion N(S) € N(T) holds if and only if T belongs to the band Bg
generated by S in (B(H))y;

(e) Therelation (Sx, Ty) = Qholdsforallx,y € H ifandonlyif S L T in (B(H))y;

(f) The range R(T) and its closure R(T) are ideals and R(T) = R(|T|).

Proof (a) Taking into account Theorem 44, we have the decompositionT =TT —T~
with 7% € (B(H))} and T*T~ = 0. Then for an arbitrary element y € H™,
the relation 7Ty L T~y is valid. Indeed,

(T, T7y)=(y,(TH'Ty,)= (T T y)=0.

Using Corollary 37, we get (Ty)T = (Tty — T~y)* = Tty and, analogously,
(Ty)~™ = T~ y. Therefore, for every x € H, we have

ITIlx| = TFx| + T x| = (Tlx)T + (T1x)~ = [T xl.

On the other hand, 7Tx+ L THx~and T~x+ L T~x~ as T* are lattice homomorp-
hisms. Consequently,

IT|Ix| = |T x|+ |T x| =T xT =TT x|+ |T xt =T x|
=T xt + T x + T xT+Tx~
=|(TTxt+ T x) = (T x™ +T x|
=|TTx —T x| =|Tx|.

The statement (b) follows easily from (a) and the statement (c) from (a) and (b).

(d) We can assume S, T > 0. For the proof of the necessity, proceeding by contra-
diction and taking into account the identity Bg = {S}9¢ in the Riesz space (B(H));,
we find W € (B(H)) satisfying

0<W<T and W LS. Q1)

The second relation in (21) implies SW = 0, whence R(W) € N(S) € N(T). Then,
using the first one in (21), for arbitrary z € H™, we have || Wz|? < (Wz, Tz) <
(TWz,z) =0and so W = 0, a contradiction.

For the converse, taking into account the relation T A (nS) 1 T in (B(H)); and
the order closedness (B(H)); in B(H), we have T A (nS) 1 T in B(H) and so
(T A(nS))x — Tx forall x € H. It remains to remember parts (b) and (c).
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(e) For the check of the necessity, we mention first that our condition is equivalent
to the equality ST = 0 and, hence, to the equality |S||7| = 0. Thus, S L T. For
the converse, [(Sx, Ty)| < {|S||x|, |T|ly]) = 0.

(f) Let us verify that R(T') is an ideal. First of all, we consider the case of T > 0. Let
x < Tyforsomex,yec HT. According to Theorem 44, for every n € N the operator
%I +T isinvertible and (%I +T7)~! > 0. Define the sequence {y, } in H via the formula
Vp = (%I + 7)) x. As is easy to see, the relations y, 1 < (I + T lx + y) and
0<x—-Ty, < % y hold. The former implies that the sequence {y, } is norm convergent
to some yg > 0. Then, using the second one, we obtain 7yy = x.

In general case, let 0 < x < |Ty|. In view of part (a), x < |T||y|. Therefore,
as shown above, x = |T'|z with z > 0. Since Tz € R(|T]), there exists an element
w € H satisfying Tz = |T|w and so T7(z — w) = T~ (z + w). Using the relation
T+ L T~ and part (e), we have T7(z — w) = T~ (z + w) = 0. Whence,

x=|Tlz=T"z24+T z=T w—-T "w=Tuw.

Thus, x € R(T). Finally, R(T) is an ideal. Now the identity R(T") = R(|T|) can be
checked without difficulty.

Letus show that R(T') is an ideal. According to Theorem 44 once more, the operator
T is hermitian. Therefore, as is well know, the next orthogonal decomposition H =
N(T) ® R(T) holds. Fix x’ € N(T) and x” € R(T). Then |x’| L |x”|. Indeed, there
exists a sequence {z,} in H satisfying Tz, — x”, whence, using part (a), we get
(Ix'], 1x" 1) = limy,_oo{|x’|, | T ||zn]) = 0. Next, the orthogonal projections on N (T)
and on R(T) are positive operators. To see this, let x > 0 and let x = x1 + xp with
x1 € N(T) and x» € R(T). Since |x1| L [x2|, we have 0 < (x,x;) = —||x1_||2.
Thus, x;” = 0 and so x; > 0. Analogously, x > 0.

Consider an element y € R(T) and pick a sequence {w),} in H satisfying Tw, — y.
Whence, |T||w,| — |y| and so |y| € R(T). Now let0 < x <y € R(T). It suffices
to check the inclusion x € R(T). As shown above, x = x1 + x with x; € N(T)T
and x» € (R(T))*. Then0 < x; <y—x> € R(T) and so x; = 0. Finally, x € R(T).
Thus, R(T) is an ideal. O

The rest of this section is devoted to the connection of the theory of operators on
an ordered Hilbert spaces with the general theory of operators on arbitrary Hilbert
spaces. In particular, some remarks about the spectral resolution of operators from
(B(H)) will be given.

Theorem 50 For an operator T € (B(H)); the following statements are equivalent:

(a) The operator T is positive in the sense of the theory of ordered linear space, i.e.,
Tx e H forallx € HT;

(b) The operator T is positive in the sense of the theory of Hilbert space, i.e.,
(Tx,x)> Oforallx € H;

(c) (Tx,x)>O0forallx € HT.

Proof (a) = (b) For every x € H, using the relation x* L x~, we have

(Tx, x) =(TxT —=x7),xT —x) = (T T +x7), xT +x7) = (T|x|, |x|) > 0.
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The implication (b) = (c) is obvious.
(c) = (a) The inequalities

(TTx,x)> (T x,x)>0 (22)

hold for all x € H™. According to Theorem 44, there exists an operator S € (B(H ))T
satisfying $> = 7~ and S L 7. Then, taking into account (22), for every z € H*,
we get 0 < (T~ Sz, Sz) < (T*Sz, Sz) =0, whence 0 = (T~ Sz, Sz) = (S3z, Sz) =
[152z]|?> and so T~z = 0. Finally, T~ =0or T > 0. o

As follows from the preceding theorem, the order on (B(H)); induced by
the ordered C*-algebra B(H) coincides with the order considering in the general
theory of Hilbert spaces. In particular, the operators || and T in the Riesz space
(B(H)) coincide with analogous operators defined in the case of an arbitrary Hilbert
space (see [11, Section 108]).

Let A be an ordered algebra. For an element a € A, we define the lower bound and
anupperboundofabym, = max{A e R: e <a}and M, = min{A € R:a < Ae},
respectively. If the mapping W4 : Ae — C(My,) is a bijection (see Theorem 15 and
the proof of Proposition 21) then for every function ¢ € C[m,, M,], we can put
pla) = \L’Xl((p(\IIA (a))). Obviously, the mapping ¢ — ¢(a) from C[m,, M,] into
Ae is a positive algebraic homomorphism. Next, as follows from Theorem 50, for
the case of an operator 7 € (B(H)); the values mr and M7 coincide with “usual”
lower and upper bounds of a hermitian operator. Namely, we have the following.

Corollary 51 For an operator T € (B(H))| the next identities
mrp = inf|x =1 (Tx, x) and M = sup = (Tx, x)
hold.

The next result will be needed later.

Lemma 52 Let A be an ordered algebra. For an element p € A the following state-
ments are equivalent:

(@) p € OI(A);

(b) pA(e—p)=0inOI(A);

() pA(e—p)=0inAe;

(d) pA(e—p)=0inA;

(e) p is an extreme point of the order interval [0, e].

Proof The implications (b) = (a) and (d) = (c) are obvious.
(c) = (b) Clearly, 0 < p < e. Therefore, we have the equalities

0=p*r(e—pH=p*Ae—-2p+pH=prle—p +p*—p=p*—p

in Ae and so p? = p. Thus, p € OI(A) and the validity of (b) follows.
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(@)= (d)Ifa < panda < e— pforsomea € Athen (e — p)a <0and pa <0.
Whence, a < 0.
(d= (@) Letp=(1—X1)x+ 1y withx,y € [0,e]and X € (0, 1). Then

0<(d-MxA(e=p) =((I=Mx+ry)Ae—p)=pAr(e—p) =0
and so x A (e — p) = 0. Consequently,
x=xAe=x—pAe—p)+p=<xn(e—p+p=p

and, hence, x < p. Analogously, y < p. Finally, x =y = p.
(e) = (a) Put z = p(e — p). Evidently, p £z € [0,e] and p = w
Therefore, z = 0 and so p? = p. O

Before we discuss the spectral resolution of an operator 7 € (B(H));, we shall
make some remarks for the general case of an ordered algebra. To this end, let A
be an ordered algebra and let its center Ae be Dedekind complete. Then (see [12,
Section IV.10]) for arbitrary a € A, there exists a spectral family {ef : 1 € R} (or
the resolution of the identity corresponding to a) with the following properties:

(a) ef < ez for A < u;
(b) e/ =0for A <m, and e =efor A > M,;

(c) The family {ef} is left continuous, i.e., sup; ei = e forall A;
n<

(d) If X1 < A < u1 < up then eﬁz — ejf] Lef, —ef inAe

Moreover, €} are components of the unit e, i.e., e{ L e — € in A, for all 1. Whence,
taking into account the preceding lemma, we obtain the next property of {e{ }:

(e) The elements ef are order idempotents, i.e., € € OI(A) for all A.

By the Freudenthal’s Spectral Theorem, the integral representation

M,+0
a= / rdes

mq

holds, where the integral means the e-uniformly limit in A, of integral sums
z:’:_ol l,~(e§’”_+1 — eii) withn e Nymg = Ao < Al < -+ < Ayl < M, < Ay,
and A; <[; < Ajpqfori =0,1,...,n —1assupyg<;<,_1(Xix1 — A;) — 0. Thus, if
a € Ae, we obtain the integral representation with help of a family of order idempo-
tents.

Now we consider the case of an operator T € (B(H));. In view of Theorem 44,
T is hermitian. In the general case of an arbitrary Hilbert space, there exist several
ways of definitions of a spectral family of projections {PAT} under which 7' admits
the integral representation. For example, one can simply use the integral representation
of elements of an ordered algebra suggested above. We shall use the construction from
[11, Sections 107, 108]. Namely, forevery A € R, letus consider the operator (T —AI)™"
and let P)LT be the orthogonal projection onto the null space N((T — AZ)™"). Then
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{P)\T} is a spectral family and the properties of it is connected closely with the spectral
properties of the operator 7. Moreover, in this case, since (T — AI)* € (B(H));,
the family {P{ } consists of (see the proof of part (f) of Theorem 49) order projections.
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