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Abstract In this paper, we introduce a notion of higher-order Studniarski epiderivative
of a set-valued map and study its properties. Then, we discuss their applications to
optimality conditions in set-valued optimization. Higher-order optimality conditions
for strict and weak efficient solutions of a constrained set-valued optimization problem
are established. Some remarks on the existing results in the literature are given from
our results.
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1 Introduction

Set-valued optimization problems have been recently received much attention from
mathematicians since many practical models involve set-valued maps. However, the
idea of studying optimality conditions in terms of Gateaux and Fréchet derivatives
for smooth single-valued optimization problems still plays a crucial role for modern
researches. Thus, several generalized derivatives have been proposed to replace clas-
sical derivatives in set-valued optimization. Most of them are based on the graph and
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epigraph of kinds of tangency (local linear approximations of a set). Let A be a subset
of a normed space X. The earliest tangency notion is the contingent cone T4 (xp) of
A at xq € clA (the closure of A), defined respectively (shortly resp) as, see [3],

Ta(xo) = {u € X|3t, — 07, Ju, — u, xo + thu, € A).
For higher-order contingent set, with uy, ..., u,—1 € X, we get

TH (X0, Uty ..., Um—1)

={ue X3, — 0", u, - u, xo+ tyu; + - +t,’z"71um_1 +tlu, € A}

Let a set-valued map F : X — 2Y (Y is also a normed space), the corre-
sponding higher-order contingent derivative of F at (xg, yo) € grF with respect to
(u1,v1), ..., (Um—1,vm—1) € X x Y is the set-valued map D" F (xg, yo, U1, V1, - - -,
Um—1, Um—1) : X = 2Y, defined by its graph:

grD™ F(x0, o, 1, V1, -+ Um—1, Um—1) := Tyip (X0, Y0, U1, V1, -, Um—1, Um—1)-

Inspired by [14], another higher-order contingent derivative, called the Studniarski
derivative, was proposed by

D™ F (x0, yo)(u)
= {v e Y3, — 07, Iuy, vy) = (U, v), yo + t"v, € F(x0 + tatty))}.

A direction of the higher-order Studniarski derivative does not depend on lower-order
directions. Some applications of this derivative in nonsmooth optimization were men-
tioned in [1,2,9,13,15].

On the other hand, it is well-known that, considering minimization problems,
epigraphs play a vital role. They are even more important than the more classic and
basic geometrical notion of graph. Therefore, epiderivatives based on epigraphs, in a
similar manner as the contingent derivative is based on graphs, have certain advan-
tages over other kinds of derivatives, see [3] for epiderivatives of extended-real valued
functions, and [4,8] for that of set-valued maps. For higher-order epiderivatives and
applications to set-valued optimization, the reader is referred to [6, 12,16, 17]. All these
higher-order epiderivatives are defined upon informations of lower-order approximat-
ing directions.

Since higher-order considerations are of great importance in mathematics (espe-
cially in optimality conditions), motivated by [14], we propose a notion of higher-order
Studniarski epiderivative in the paper. Then, we apply this object to optimality condi-
tions in set-valued optimization.

The lay-out of this paper is as follows. In Sect. 2, we recall some notions and prelim-
inaries needed for our results. In Sect. 3, the Studniarski epiderivative of a set-valued
map is introduced and its properties are discussed. In Sect. 4, we establish higher-
order optimality conditions for weak efficient solutions and strict efficient solutions
of a generalized set-valued optimization problem in terms of this epiderivative. From
our results, some remarks on the existing ones in the literature are given.
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2 Preliminaries

Throughout the paper, let X, Y be normed spaces and C C Y be a pointed closed
convex cone. By (x, §) stands for the closed ball with radius § > 0 and centered at
x € X and U (x) for the set of all neighborhoods of x. For A C Y, intA and clA denote
the interior and closure of A, resp. Y* is used for the dual space of Y and (., .) for
the canonical pairing. With the cone C and the subset A above, we use the following
cones

coneA := {lalr >0, a € A}, A(u) :=cone(A+u)foru ey,
Cc* = {y* e Y*|(y*,c) >0, Vc e C}.

A nonempty convex subset B of the cone C is said to be a base of C if C = coneB
and 0 ¢ clB. For A C Y, yp € A is an efficient point of A (yo € MincA) if
(A —yp) N(—C\{0}) = @. If intC # @, then yp € A is a weak efficient point of A
(yo € WMincA) if (A — yp) N (—intC) = .

Let S C X, the domain, graph, and epigraph of a set-valued map F : § — 2Y are
defined by, resp,

domF = {x € X|F(x) # 0}, grF :={(x,y) € X x Y|y € F(x)},
epiF :={(x,y) e X x Y|y e F(x)+ C}.

Definition 2.1 Let F : § — 2Y, (x0, ¥0) € grF, and an integer m > 1.

(i) The point (xo, yo) is said to be a local efficient solution of F on § if there exists
U € U(xp) such that yo € Minc F(SNU).
(i) Suppose that intC # @, the point (xg, yo) is said to be a local weak efficient
solution of F on S if there exists U € U (xp) such that yp € WMinc F(S N U).
(iii) [7] The point (xq, yo) is said to be a local strict efficient solution of order m of
F on S if yp € Min¢ F (xg) and there exist « > 0, U € U(xp) such that for all
x € (SN U)\{xo},

(F(x) + C) N By (yo, allx — xo|") = 9.

The set of local strict efficient solutions of order m of F on § is denoted by
m-Strc F(SNU).

IfU = X, then we get corresponding definitions for global solutions. It is obvious
to see that m-Strc F(S) € Minc F(S) € WMinc F (S). The following example
shows a case where the above inclusions may be strict.

Example 2.1 Let X =R, Y =R?,C =R3, S = {0, 1/n},cn,and F : S — 2V be
defined by

P {1, y2) € YIy? +y3 <2} +C, if x =0,
X).=
{01 y) €Yy +y3 <2,y +y = —2+2x3} + C, if xe{l/n}en.
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By calculating, we get

2-Strc F(S) = {(—1, 1)},
Minc F(S) = {(y1,y2) € YIy§ +y3 =2, y1 <0,y <0},

WMinc F(S) = {(y1,y2) € Y[y} +y3 =2,y <0, y, <0}
U{(y1, y2) € Y|y = 0, y2 = —/2}
U{(y1,y2) € Y|y = —v/2, y2 = 0}.

Thus,
2-Strc F(S) & Minc F(S) & WMinc F(S).

Definition 2.2 Let S € X and F : S — 2Y.
(i) The set S is said to be convex if for all x;, x, € S, A € [0, 1],

Ax1+ (1 —A)xy € S.

(i) [18,19] The set S is said to be invex if there exists  : X x X — X such that for
allxl,xg S S, A€ [0, 1],

X2 + An(xg, x2) € S.

(iii)) The map F is said to be C-convex on a convex subset S if for all x,xy € S,
A €0, 1],

AF(xp) + (1 =M F(x2) € FOxr + (1 = 2)x2) +C.

(iv) [5] The map F is said to be C-preinvex with respect to n on S if forall x;, x2 € S,
A €0, 1],

AF(x1) + (I = M) F(x2) € F(xz + An(xi, x2)) + C.

(v) [20] The map F is said to be nearly C-subconvexlike if clcone(F (S) + C) is
convex.

Remark 2.1 (i) The convexity of S (C-convexity of F)) is a special case of the invexity
of § (C-preinvexity of F, resp) with n(x, y) = x — y.
(ii) If F is C-convex, then F is nearly C-subconvexlike.
(iii) In general, the preinvexness is incomparable with the near subconvexlikeness,
see Remark 2.1(iii) in [11].

3 Higher-order Studniarski epiderivative

Definition 3.1 (i) The mth-order Studniarski set of A € X x Y at (xg, yo) € clA is
defined by
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8% (x0, ¥0) i= {(u,v) € X x Y|3t, — 07, I(up, vp) — (u,v),
(x0 + tyutn, yo + t,Tvn) € A}

(i) For F : X — 2¥ and (xo, yo) € grF, a single-valued map E D™ F (xo, yo) :
X — Y whose epigraph equals the mth-order Studniarski set of the epigraph of
F at (xo, yo), i.e.,

epi ED™ F (x0, Y0) = Sepif (X0, Y0),

is called the mth-order Studniarski epiderivative of F at (xq, yo).

Remark 3.1 (i) If the mth-order Studniarski epiderivative exists, then it is unique.
The 1st-order Studniarski set and the 1st-order Studniarski epiderivative coincide
with the contingent cone and the contingent epiderivative, resp.

(i1) For comparison results (e.g., Proposition 3.1 below), recall that the mth-
order Studniarski derivative of F at (xo, yo), see [1], is the set-valued map
D™ F (x0, yo) : X — 2Y such that gr D" F (xq, yo) = Sgrr (X0, ¥0). Equivalently,
forallu € X,

D™ F (x0, yo) (1)
={veY| 3, — 0", Iun, vy) = (,v), yo + t"v, € F(xo + tyun)}.

The following definition will be necessary in the sequel.
Definition 3.2 Foru € X, F : X — 2V is called mth-order u-directionally compact at
(x0, yo) € grF if, forevery t,, — 0T and u, — u, any sequence v,, with yg +tl'v, €
F(xo + thup), contains a convergent subsequence. If this is satisfied for every u € X,
then “u-directionally” is replaced by “directionally”.
To get a basic relation between E D™ F(xg, yo) and D™ F(xg, yo), we need the
following property of the latter.

Lemma 3.1 Let F : X — 2V be mth-order u-directionally compact at (xo, yo) €
grF. Then,

D™(F + C)(xo, yo)(u) = D™ F (xo, yo)(u) + C,

where (F + C)(.) := F(.) + C.

Proof “2”: Let v = y + ¢ for some y € D" F(xg, yo)(u) and ¢ € C. Then, there
existt, — 0%, y, — y, and u,, — u such that, for all n,

Yo+ 1" (vn +¢) € F(xo + tyitn) + C = (F + C)(x0 + tultn).

Because y, +¢c — y +c¢,v € D"(F + C)(xo, yo)(u).
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“C”: Letv € D™(F 4 C)(xg, yo)(u), i.e., there exist t,, — 07, (u,, v,) — (u, v),
and ¢, € C such that, for all n,

m Cn
Yo+, (Un - l‘_m) € F(xg + tyuy).
n

By the assumed compactness, v, — ¢,/1, (or a subsequence) converges to some y.
Hence, y € D" F(xo, yo)(u) and ¢,/t)' — v —y € C. Thus, v € D" F(xg, yo)
(u) +C. O

Proposition 3.1 Let F : X — 2Y be mth-order directionally compact at (xq, yo) €
grF and ED™ F(xg, yo) exist. Then, dom(E D™ F(xg, yo)) = dom(D™ F(xg, yo))
and for every u € dom(E D™ F (x¢, ¥0)),

ED™F (xo, yo)(u) = MinD" F (xo, yo) (u).
Proof 1t follows from Definition 3.1(ii) and Remark 3.1(ii) that
epi(ED™ F (x0, y0)) = Sepif (X0, y0) = gr(D" (F + C)(x0, y0)).
This means that, for u € dom(D" (F 4 C)(xg, y0)),
ED"F (x0, yo)(u) + C = D" (F + C)(x0, yo) (u).
Hence,

ED™F (x0, yo)(u) = Min(E D" F (xo, yo)(u) + C)
= MinD" (F 4 C)(xo, yo0) ()
= Min(D"™ F (xg, yo)(u) + C) (Lemma 3.1)
= MinD" F (xg, yo)(u).

]

Example 3.1 Let X =Y =R, C =Ry, F(x) := {y € Y|y > x?}, and (xo, yo) =
(0, 0). It is easy to check that F is 2nd-order directionally compact at (xg, yo). Direct
calculations yield, for all # € X,

ED?F (x0, o) (1) = MinD*F (xo, yo)(u) = {u?}.

The compactness assumption in Proposition 3.1 is a sufficient condition, but not
necessary, as shown by the following example.

Example 3.2 Let X =R, Y =R?, C =R, F(x) = RZ, and (x0, yo) = (0, (0, 0)).
For all m > 1, F is not mth-order directionally compact at (xo, yo) because, for any
u € X and sequence u, — u,by choosingt, = 1/n,y, = (n, n), wehave yo+1"'y, €
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F(xo + tyuy) for all n. But, y, does not contain any convergent subsequence. By
calculating, one has, for all u € X, D™ F (xq, yo)(u) = R% and

ED"F (xq, yo)(u) = MinD" F (x9, yo)(u) = {(0, 0)}.

The next proposition gives us an existence condition (inspired by [10]) for higher-
order Studniarski epiderivative in the case of ¥ = R.

Proposition 3.2 ForF : X — 2R and (x, yo) € grF, assume thatthere are functions
f,g: X - Rwithepig C S plF()co yo) € epif. Then, ED™F (xq, yo) is explicitly
expressed as, for x € X,

ED™F (xo, yo)(x) = min{y € R|(x, y) € S{;r(x0, yo)}. ey

Proof Leth : X — R U {—o0} be defined by, for x € X,

h(x) = inf{y € R|(x, y) € Sgpir(x0, Y0)}.

The function /4 is well-defined on X since for every x € X, there exists y € R with
(x,y) € SeplF(xo yo) (by epig C S, plF(xo v0))- We now claim that

h(x) = min{y € R|(x, y) € Sg; ¢ (x0, o)} 2

In fact, for x € X, there is an inﬁmal sequence vyn such that y, — h(x) and (x, y,) €

epl i (X0, y0). Thus, (x, h(x)) € epl wni (X0, yo) since the mth-order Studniarski set
is closed. By assumptlon —00 < f(x) < h(x), and hence (2) holds. Next, we
prove that epih = epl o (X0, yo). Let (x, @) € Sepl 7 (X0, y0), it follows from (2) that
(x, @) € epih. For the reverse inclusion, take (x, «) € epih. Because (x, h(x)) €
Sepir (¥0, Y0), there exist £, — 0% and (xp, y») — (x, h(x)) such that yo + 1"y, €
F(xo + tyx,) + R4 Therefore,

Yo+ 1, (yn + @ — h(x)) € F(xo + tpx,) + 1, (o0 — h(x))
+R+ C F(xo + thxn) +R+'

By setting (X, y,) = (xn, yu» + @ — h(x)), which tends to (x, ), we get
(x0 + tnXn, Yo + tr’ann) € epiF,

ie., (x,a) € ng)i r(x0, yo0). Hence, h is the mth-order Studniarski epiderivative of F

at (xo, yo) and it follows from the uniqueness of E D™ F (xq, yp) that (1) is satisfied. O
The following proposition collects some properties of E D’ F (xo, o).

Proposition 3.3 Let F : X — 2Y and (xo, yo) € grF. Then,
(1) If ED™F (xq, yo) exists, then ED™F (xq, yo)(0) = 0.
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(i) Suppose that Sg;)i 7 (x0, y0) is a cone. If ED™ F (xo, yo) exists, then it is positively
homogeneous. If, additionally, S;’I',i r(x0, yo) is convex, then ED™ F(xq, yo) is

subadditive.
(iii) IfY = Rand ED™ F (xq, yo) is expressed by (1), then this derivative is mth-order
positively homogeneous. O

Proof (1) Since (0, ED™ F (xq, ¥0)(0)) € epiE D" F(xq, o), then for all # > 0,
(t-0,t" ED™ F(x0, y0)(0)) € epiE D™ F (x0, y0),
i.e.,
t"ED™ F (xo, y0)(0) € ED™F (x0, y0)(0) + C,
which implies that (t" — 1) ED™ F (xg, yo)(0) € C forall t > 0. Take t = 2 and
t = 1/2,then ED™ F (xq, y0)(0) € C N (—C). Since C is pointed (C N (—=C) =
{0}), we get that E D™ F (xg, yo)(0) = 0.
(i) Let+ > 0 and x € X. Since (x, ED™ F(xo, y0)(x)) € epiE D™ F(xo, yp) and
Sg;i (X0, yo0) is a cone, we have
(tx, tED™ F (xo, y0)(x)) € epiED"™ F(x0, y0) = Sepif (X0, Y0).
i.e.,
tED™ F (x0, y0)(x) € ED™F (xo, y0)(tx) + C,
which implies

tED™F (xo, y0)(x) — ED" F (xq, yo)(tx) € C. 3)

Moreover, since (tx, ED™ F(xg, yo)(tx)) € epiE D™ F (xg, yo), we get
1 m : m
X, ;ED F(x0, yo)(tx) ) € epiED™ F(xo, yo),
which means
1 m m
;ED F(xo, yo)(tx) € ED" F(xo, yo)(x) + C,

equivalently,
tED™ F (xo, y0)(x) — ED™ F (xo, y0)(tx) € —C. (4)
Since C is pointed, it follows from (3) and (4) that forall t > 0, x € X,

tED"F (xq, yo)(x) = ED" F(xq, yo)(tx).
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(iii)

On the other hand, from (i), it follows that ED™ F(xg, y9)(0) = 0. Hence,
ED™F (xo, yo) is positively homogeneous.

Next, we prove the subadditivity of E D™ F(xo, yp). Let x1,x» € X, since
Sepir (X0, y0) is convex and (xi, ED™ F(xo, yo)(x;)) € epiE D" F (xo, yo),
i=1,2, we get

| B S N
T + >%2 EED F(xo, yo)(x1) + EED F(x0, yo)(x2)

€ epiE D™ F (xo, yo),

ie.,
%(ED'"F(XO, ¥0)(x1) + ED™ F (x0, yo)(x2))
€ ED™F(xo, yo) (%(xl + xz)) +C
€ %EDmF(xo, yo)(x1 +x2) + C.
Thus,

ED"™F (xo, yo)(x1) + ED" F(x0, yo)(x2) € ED" F(x9, yo)(x1 +x2) + C,

which means that £ D™ F (xg, yo) is subadditive.
For a general F : X — 2Y observe that, for r > 0,

(1. ¥) € Styip (x0.30) <= (. ) € Sty (x0. Y0).
Therefore, by (1),
ED"F(xo, yo)(tx) = min {y € R (x, tlm) € St (x0 y0) |
Set z := y/t™, we obtain

ED"F (xo, yo)(tx) = t"min{z € R|(x, 2) € g;)ip(xo, yo)}
= 1" ED" F (x0, yo)(x),

i.e., ED™F (xg, yo) is mth-order positively homogeneous.

Definition 3.3 Let F : X — 2Y, (x0, y0) € grF,and ED™ F (x¢, yo) exists. The map
F is said to have a mth-order radial-Studniarski epiderivative at (xg, yg) if

eplEDmF()CO, yO) = {(ua v) € X X Ylatl’l > 07 3(”}17 vn) - (I/l, v)a
(x0 + thun, yo + t,r,nvn) € epiF’}
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Proposition 3.4 LetF : S — 2Y (xo, yo) € grF, and E D™ F (xq, yo) exists. Suppose
that F is C-preinvex with respect to n on S. Then, for all x € X,

(i) F(x)—yo € ED'F(x0, y0)(n(x,x0)) + C.
(1) For m > 2, if F has a mth-order radial-Studniarski epiderivative at (xo, yo),
then

F(x) — yo € ED" F(x0, yo)(n(x, x0)) + C.

Proof (i) Let (x,y) € grF. Since F is C-preinvex with respect to n on §, for all
x eS8, Ael0,1],

(I =A)F(x0) + AF(x) € F(xo + An(x, x0)) + C,
which implies that

c F(xo + An(x, x0)) + C — yo
n )

Yy =20 (5)

With an arbitrary sequence t,, — O, ones have #, € [0, 1] for n large enough.
Since (5) is fulfilled for all A € [0, 1], then for n large enough,

F(xo + tan(x, x0)) + C — yo
y—Yo € .
Iy
By setting u, := n(x, x0) (un — 1n(x, x0)), vp =y — yo (v, = y — yo) forn
large enough, it follows that yg + #,v, € F(xo + t,u,) + C. Hence, y — yg €
ED'F (x0, y0)(n(x, x0)) + C.
(i) Letany (x, y) € grF, it follows from (5) with A = 1 that

Yy —yo € F(xo + n(x, x0)) + C — yo.

Then, there exist ¢, := 1, u, := n(x, xo) (u, — n(x,x0)), and v, := y — yo
(vy, = y — yo) for all n such that yo 4 ¢, v, € F(xo + t,u,) + C. Since F has a
mth-order radial-Studniarski derivative at (xq, o), we getthat (n(x, xo), y—Yo) €
epiE D™ F(xo, y0), 1.,y — yo € ED™F(xo, y0)(1n(x, x0)). O

4 Applications of higher-order Studniarski epiderivatives

Let X, Y, Z be normed spaces, and C € Y, D C Z be closed pointed convex cones
with int(C x D) # (). We consider the following constrained set-valued optimization
problem

Min F(x),
(SOP) { s.t.x € S,
G(x)N(=D) #9,



Higher-order optimality conditions for strict and weak... 509

where $ € X, F : X — 2¥ and G : X — 2% with domF U domG C S. Then,
A = {x € §|G(x) N (=D) # @} denotes the feasible solution set of (SOP).

A point (xg, yg) € grF issaidto be alocal weak efficient solution (efficient solution,
strict efficient solution of order m) of (SOP) if xo € A and there exists U € U (xp):
yo € WMinc F(ANU) (yo € Minc F(ANU), yo € m-Strc F(AN U), resp).

We need the following definitions for our results:

e Asubset S C X is invex near xq if there exists U € U (xo) such that SN U is invex
forall U € U(xg) : U C U.

e Amap F : S — 2V is nearly C-subconvexlike on S near xg € S (C-preinvex
with respect to 7 on S near xg) if there exists U € U(xg) such that F is nearly
C-subconvexlike on S N U (C-preinvex with respect to 77 on S N U, resp) for all
U ellxy):UCU.

Let (xg, yo) € grF, zo € G(xp) N (—D). We assume that ED™ (F, G)(xq, (yo, 20))
exists and set Q := domE D™ (F, G)(xp, (yo, z0)). Firstly, necessary conditions in
Fritz—John and Kuhn-Tucker types for weak efficient solutions of (SOP) are given as
follows.

Theorem 4.1 Suppose that (xo, yo) is a local weak efficient solution of (SOP) and
either of the following conditions is satisfied

(1) (F —yo, G) isnearly (C x D)-subconvexlike on S near xo, where (F — yo)(.) :=
(1) S is invex near xo and (F, G) is (C x D)-preinvex with respect to 1 on S near x.

Then, there exists (c*,d*) € (C* x D*)\{(0,0)} such that for all (y,z) €
ED™(F, G)(xo, (y0,20))(£2),

(c*,y)+(d*,z) =0, (6)
and
(d*, z0) = 0. @)

If, additionally, for all U € U(xp), there exists (x,z) € grG: X € § N U and
(d*,7Z) < 0, then c* # 0.

Proof Since (xq, yo) is a local weak efficient solution of (SOP), then there exists
U € U(xp) such that

(F,G)(SNU) = (y0,0)) N (—=int(C x D)) =A. 8)

Indeed, suppose to the contrary, i.e., for every U € U(xp), there are x € S N U and
(v, 2) € (F, G)(x) with (y — yo, z) € —int(C x D), which implies that G(SNU) N
—D # (,ie,x € ANU. Thus, yo ¢ WMincF(A NU) (since y — yp € —intC),
which contradicts the local weak efficiency of (xp, yo). Consequently, it follows from
(8) that

(F,G)(SNU)+C x D — (y0,0)) N (—int(C x D)) = 9. ©)
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e If the condition (i) holds, there i is Ueld (xo) such that clcone((F G) (SN U )+
C x D — (y9,0)) is convex for all Ue U (x0): UcCU.SetU:=UNUe U (xp), it
follows from (9) that

((F,G)(SNU)+ C x D — (y0,0)) N (=int(C x D)) = @,
thus
cleone((F, G)(SNU) + C x D — (yp,0)) N (—int(C x D)) = @,

i.e., we can separate clcone((F, G)(S N l)) 4+ C x D — (y9,0)) and —int(C x D).

o If the condition (ii) is satisfied, we have U,Uel (x0) such that S N U is 1nvex
and (F, G)is (C x D)- -preinvex with respectto 7 on SN U for any nelghborhood U (<
UﬂU)ofxo LetU := = UNUNU,weclaimthat H := (F, G)(SﬂU)—i—CxD (vo, 0)
is convex. Take h; € H,i = 1, 2, then there exist x; € SN U, (vi, zi) € (F, G)(x;),
and (¢;,d;) € C x D such that h; = (y;,z;) + (¢ci,di) — (30,0),i = 1,2. By the
assumption, we get, for all x;, x, € SN U, A e 0, 1],

AF, G)(xp) + (1 = M)(F, G)(x2) S (F,G)(x2 + An(x1, x2)) + C x D,
SO

MO, z1) + (e1,d1) — (yo, 0)) + (1 — L) ((y2, z2) + (c2, d2) — (y0, 0))
€ (F, G)(x2 + An(x1, x2)) + (C x D) — (¥0, 0),

where x; +An(x1, x2) € SN U (since S is invex near x¢). Therefore, Ah1 4+ (1 —A)hy €
H,i.e., H is convex. Thus, by (9), H and —int(C x D) can be separated.

From two above cases, there exist U € U(xp) and (c*, d*) € (X* x Y*)\{(0, 0)}
such that for all (y, z) € (F, G)(SN 17), (c,d) e C x D,

(¢ y+c—yo)+{d* z+d)=0. (10)

Take y = yg, ¢ = 0, z = z¢ in (10), we get (d*, zo + d) > 0, which implies that
(d*,z0) > 0(d = 0) and (d*,d) > Oforalld € D (since D is a cone), i.e., d* € D*.
On the other hand, (d*, zg) < 0 (z0 € — D). Consequently, (7) hold.

With y = ygo, z = z9, and d = —z0, it follows from (10) that {c*, ¢) > 0 for all
ceC,ie.,c*eC*

Let (y,z) € ED™(F, G)(x0, (o, 20))(£2), then there exists x € € such that
(x, (v,2)) € epiED™(F, G)(x0, (o, z0)). By the definition, there are #, — 0%,
{xn}hen € S, Vn, z0) € (F, G)(xy), and (cy, dy) € C x D such that

Xn — X0 Yn+Cn— 0 Zn+dy — 20
_——x, sy, —

tn tm tm
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Xp — X A
Set u, := "t 0 (u, — x), then x, = xo + tyu, — xo. Thus, x, € SN U with

large enough nn and from (7), (10), we get

<C*’ yll+cn_y0>+<d*’ Zn+dn_20>>0.

o o -

Hence, we obtain (6) as n — +0o0.

Finally, we prove that ¢* # 0. Suppose to the contrary, i.e., ¢* = 0, it follows from
(10) that (d*, z4+d) > Oforallz € G(SNU) and d € D. By the assumption, with
z=zandd = 0, we get (d*,7Z) > 0, which is a contradiction. Therefore, ¢* # . O

For global solutions, terminology “near x(” is omitted in conditions (i), (ii), while
the condition ensuring ¢* # 0 is reduced to 3(x,7) € grG : (d*,7) < 0. Theorem
4.1 is also a necessary condition for efficient solutions and strict efficient solutions of
(SOP) since these solutions are included in the set of weak efficient solutions. For this
reason, it is enough to establish sufficient conditions only for strict efficient solutions.

Inspired by [1], we get a sufficient condition for strict efficient solutions based on
the stableness of objective and constraint maps. Recall that a map F : X — 2 is
called to be stable of order m at (xg, yg) if there exists A > 0 and U € U(xg) such
that for all x € U\{0},

F(x) € {yo} + Allx — xol|" By (0, 1).

Theorem 4.2 Let X, Y, Z are finite-dimensional and yy € Min¢ F (xq). Suppose that

(i) (F, G) is stable of order m at (xo, (Yo, 20));
(i) ED™(F, G)(x0, (Yo, z0))(u) # {0} for all u € Q\{0};
(iii) there exist ¢* € C*\{0}, d* € D* such that (7) holds and for all (y,z) €
ED"(F, G)(xo0, (Yo, 20))(2\{0}),
(c*,y)+{d*,z) > 0. (1)

Then, (xo, yo) is a local strict efficient solution of order m of (SOP).

Proof Suppose that (xg, yo) is not a local strict efficient solution of order m of (SOP),
then there exists x,, € A N Bx (0, n_l)\{xo} such that for all n,

(F () +C) N By (o, n™ ' [Ixn — xol[™) # 0.
Thus, we get (y,, z,) € (F, G)(x,) and (¢, dy) € C x D with z,, = —d,, and
Ya + €n € yo + ||xn — xol[" By (0,n™1),
which implies

(¥n = Y0, 20 — 20) € —(cn, dn) — (0, 20) + |1xn — X0l (By (0, n ") x {0})
C —(C x D(z20)) + |1xn — Xol|" By xz(0,n™ ). (12)



512 N.L. H. Anh

Moreover, from (i), there exists A > 0 such that

(ns zn) € (F, G)(xn) S {(30, 20)} + Allxn — xol" Byxz(0, 1).

Therefore,

Yn — Yo Zin — 20
, € AByxz(0, 1). (13)
(len—xoll’” ||xn—XO||”‘) )
Since Y x Z is finite-dimensional, the sequence ||x, — xo||™" (¥, — Y0, 2n — 20)
(or its subsequence) converges to some (y,z) € Y x Z. It follows from (12) that
(v,2) € —(C x D(z0)). On the other hand, we have

(Vs 2n) € (F, G)(xn) = (F, G)(x0 + tyitn),

where 1, := ||x, — x0|] = 0T and u,, := ||x, — x0||~ ' (xn — x0) — u with |u]| = 1
(since X is finite-dimensional). It means that (u, y,2) € Si; g, (o0, (0. 20)) =
epiE D" (F, G)(xo, (0, 20)), or (v, 2) € ED"™(F, G)(xo, (Yo, 20)) (1) + C x D. So,

ED"(F, G)(x0, (0, 20))(u) € (y,2) — (C x D) € —=(C x D(z0)).

Therefore, there exist (¢c,d) € C x D and ¢t > 0 such that ED"(F, G)(xo, (0, 20))
(u) = —(c, td + tz9) (#(0, 0) (from (ii))). Hence, with ¢* € C*\{0} and d* € D* in
(iii), we obtain

((c*,d™), ED™(F, G)(x0, (y0, 20)) () = (c*, —c) + t{d*, —d) + t{d*, —z0) <0,

which contradicts assumption (iii). O

From Theorem 4.2, we have some remarks on the earlier results in the literature as
follows.

Remark 4.1 To get a sufficient condition for a local isolated minimizer of order m (in
terms of the Studniarski derivative D" (F, G)+(xo, (30, 20))(x), see Definition 3.1
in [1]), we proposed the following assumption (see Theorem 3.8 in [1]): for every
x € Q\{0},

D™ (F, G)+(x0, (y0, 20))(x) N —=(cIC x clD(z0)) = ¥,

However, (0, 0) possibly belongs to D" (F, G)(xg, (yo, z0))(x) even x # 0 (see some
examplesin [1]). For this case, the above assumption cannot be employed. To overcome
the situation, a condition that (0,0) ¢ D™(F, G)+(xo, (yo, z0))(x) for all x # 0
(0 ¢ D™(F)+(x0, yo)(x) for all x # 0) should be supplemented in Theorems 3.8,
3.10 (Theorem 3.9, resp) in [1] (without changing their proofs).

Theorem 4.2 is also a sufficient condition for efficient solutions and weak efficient
solutions of (SOP). However, for these solutions, we have other conditions as follows.
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Theorem 4.3 Suppose that (F, G) is (C x D)-preinvex with respect to 1 on S and
(F, G) has a mth-order radial Studniarski epiderivative at (xq, (Yo, z0)) forallm > 2.
If there exist m > 1, ¢* € C*\{0} and d* € D* such that (7) and (11) hold for all
(v,z) € ED™(F, G)(x0, ()0, 20))(\{0}), then (xo, yo) is a local efficient solution
of (SOP).

Proof Suppose that (xg, yo) is not a local efficient solution of (SOP), i.e., for all
U € U(xp), there exists x € ANU such that (F(x) — yp) N (—C\{0}) # @. Then, we
getz € G(x) withz € —D and

(y —y0,2 —20) € —(C\{0} x D(z0))

It follows from Proposition 3.4 that

(y — y0, 2 —z0) € ED"(F, G)(x0, (o, z0))(n(x, x0)) + C x D.

If ED™(F, G)(x0, (b0, 20))(n(x, x0)) = 0, then y—yg € C, which contradicts the fact
that y—yo € —C\{0} and C is pointed. Thus, E D" (F, G)(xq, (yo, z0))(n(x, x0)) % 0
and

ED™(F, G)(x0, (y0, 20))(n(x, x0)) € (y = ¥0,2 — 20) — (C x D)
< —(C\{0} x D(z0))-

Hence, with (¢*, d*) in the assumption, we obtain

((c*,d*), ED™(F, G)(xo, (y0, 20))(n(x, x0))) <0,
which is a contradiction. O

Theorem 4.4 Suppose that (F, G) is (C x D)-preinvex with respect to n on S and
(F, G) has amth-order radial Studniarski epiderivative at (xg, (o, z0)) forallm > 2.
If there exist m > 1, ¢* € C*\{0} and d* € D* such that (6) and (7) hold for
all (y,z) € ED™(F, G)(x0, (y0, 20))(22\{0}), then (xo, yo) is a local weak efficient
solution of (SOP).

Proof The proof is similar to that of Theorem 4.3. O
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