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Abstract In this paper, we obtain an extension of the classical Korovkin theorem
for a sequence of positive linear operators on a modular space using a statistical
&/ -summation process. Also, we give an example which satisfies this theorem.
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1 Introduction

The Korovkin theorem is the object of study of many mathematicians. In the classi-
cal Korovkin theorem [1,18] the uniform convergence in C ([a, b]), the space of all
continuous real-valued functions defined on the compact interval [a, b], is proved for
a sequence of positive linear operators, assuming the convergence only on the test
functions 1, x, x2. Recently some versions of Korovkin theorems were proved in the
setting of modular spaces, which include as particular cases L, Orlicz and Musielak-
Orlicz spaces [24]. Also, in [2], some versions of abstract Korovkin-type theorems in
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modular function spaces, with respect to filter convergence for linear positive opera-
tors, by considering several kinds of test functions have studied. Note that for certain
function spaces, as for example L, spaces, in general it is not possible to get the con-
vergence in L, of a sequence of positive linear operators for all the L, functions, but
it is necessary to consider spaces, depending on the form of the operators involved. In
the present paper, we give a modular version of the Korovkin theorem for a sequence
of positive linear operators using a statistical ./ -summation process, is an extension
of Theorem 2 in [24].

We now recall some basic definitions and notations used in the paper.

Let

B = by) (LkeN:={1,2,3,..})

be an infinite summability matrix. For a given sequence of real numbers x := {x;},
the B-transform of x, denoted by

PBx = {(HBx)1},
is given by
o0
(Bx) =D by,
k=1
provided the series converges for each / € N. We say that Z is regular (see [15]) if
lim Zx = L whenever limx = L.

Assume that £ is a non-negative regular summability matrix. Then the sequence
x = {xx} is called A-statistically convergent to L provided that, for every ¢ > 0,

li by, = 0. 1
im > bx=0 (1

k: |xp—L|>e
We denote this limit as follows (cf. [11]; see also [7,8,17])
st —limx = L.

Actually, this convergence method is based on the concept of # -density. Recall the
AB-density of a subset K C N, denoted by

S»{K},

is given by

o0
$#(K) = n;n;bzm (k),
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provided the limit exists, where y is the characteristic function of K; or equivalently
Sz{K} =l .
#(K}=1im > by
keK
So, by (1), we easily see that
stg —limx = L iff 5g{k : |xy — L| > ¢} = 0forevery ¢ > 0.
We should note that if we take = C| := (cjx), the Cesdro matrix defined by
1
-, ifl<k<l,
=11
0, otherwise,

then Z-statistical convergence reduces to the concept of statistical convergence (cf.
[10]; see also [12—14]). In this case, we write

st —limx = L instead of stc, — limx = L.

Further, taking # = ., the identity matrix, 2 -statistical convergence coincides with
the ordinary convergence, i.e.,

sty —limx =limx = L.

Observe that every convergent sequence (in the usual sense) is 2 -statistically conver-
gent to the same value for any non-negative regular matrix 4, but its converse is not
always true. Actually, in [17], Kolk proved that %-statistical convergence is stronger
than convergence when % = (by;) is a non-negative regular summability matrix such
that

li by} = 0.
lpmgx{ ik}

The concepts of statistical limit superior and limit inferior have been introduced
by Fridy and Orhan [14]. Z -statistical analogs of these concepts have been examined
by Connor and Kline [7], and Demirci [8] as follows. The %-statistical limit superior
of a number sequence x = {x;}, denoted by

stg — limsup x,

is defined by

; . sup By, if B, # ¢,

9 — l1m su =

M PY= oo, it B =9,

where B, := {b € R : §z {k : x; > b} # 0} and ¢ denotes the empty set. We note that
by 8z{K} # 0 we mean either §z{K} > 0 or K fails to have & -density. Similarly,
the AB-statistical limit inferior of {x;}, denoted by
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sty — liminf x,

is defined by

N _|inf Cy, if C, # ¢,
stg — liminf x = [—I—oo, ifCy = 6,
where C, := {c € R: 35 {k : xx < ¢} # 0}. Of course, if we take Z = Cy, then the
above definitions reduce to the concepts of st — lim sup x and st — lim inf x given in
[14], respectively. As in the ordinary limit superior or inferior, it was proved that

stg — liminf x < sty — lim sup x

and also that, for any sequence x = {x;} satisfying 8 p{k : |xx| > M} = O for some
M > 0,

stg —limx = L iff st — liminf x = sty — limsupx = L.

We now focus on modular spaces.

Let I = [a, b] be a bounded interval of the real line R provided with the Lebesgue
measure. Then, by X (/) we denote the space of all real-valued measurable functions
on / provided with equality a.e. As usual, let C (/) denote the space of all continuous
real-valued functions, and C* () denote the space of all infinitely differentiable
functions on /. In this case, we say that a functional p : X (/) — [0, 400] is a
modular on X (I') provided that the following conditions hold:

1) p(f)y=0ifandonlyif f =0a.e. inl,
(i) p(=f)=p(f)forevery f € X (1),
(i) p(af +Bg) < p(f)+ p(g) forevery f,g € X(I) and for any o, 8 > 0 with
a+pB=1.

A modular p is said to be N -quasi convex if there exists a constant N > 1 such that
p(af + Bg) < Nap (Nf)+ NBp (Ng)

holds for every f, g € X (I), «, B > 0 with @ + B = 1. In particular, if N = 1, then
p is called convex.

A modular p is said to be N-quasi semiconvex if there exists a constant N > 1 such
that

plaf) < Nap(Nf)

holds for every f € X (/) and a € (0, 1].

It is clear that every N-quasi semiconvex modular is N-quasi convex. We should
recall that the above two concepts were introduced and discussed in details by Bardaro
et. al. [4].

We now consider some appropriate vector subspaces of X (/) by means of amodular
p as follows:
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L°P()y=1feXU): Al_i)r&,o Af)=0

and
Ef(I):={feL’):p(f) <-+oo forall x> 0}.

Here, L? (I) is called the modular space generated by p; and E” (I) is called the
space of the finite elements of L* (1) . Observe that if p is N-quasi semiconvex, then
the space

{feXU):p(f)<-+oo forsomei > 0}

coincides with L (I). The notions about modulars are introduced in [23] and widely
discussed in [4] (see also [19,22]).

With the help of the notions of modular convergence and strong convergence, some
approximation theorems have recently been introduced by Bardaro and Mantellini [5].

Now we recall the convergence methods in modular spaces.

e Let {f,} be a function sequence whose terms belong to L” (I). Then, {f,} is
modularly convergent to a function f € L? (I) iff

limp (Ao (fu — f)) =0 for some A9 > 0. 2)

e Also, { f,} is F-norm convergent (or, strongly convergent) to f iff

lizn,o A(fu—f)=0 forevery A > 0. 3)

Itis known from [22] that (2) and (3) are equivalent if and only if the modular p satisfies
the Aj-condition, i.e. there exists a constant M > 0 such that p 2 f) < Mp (f) for
every f € X (I).

In this paper, we will need the following assumptions on a modular p:

o if p(f) < p(g) for | f| < |g|, then p is monotone,

e pisfiniteif x4 € L (I) whenever A is measurable subset of / such that u (A) < oo,

e if p is finite and, for every ¢ > 0, A > 0, there existsad > O suchthat p (Axp) < ¢
for any measurable subset B C I with u (B) < &, then p is absolutely finite,

e if x; € EP (1), then p is strongly finite

e p is absolutely continuous provided that there exists an « > 0 such that, for every
f € X (1) with p (f) < 400, the following condition holds: for every ¢ > O there
is § > O such that p («f xp) < & whenever B is any measurable subset of / with
u(B) <.

Observe now that (see [5]) if a modular p is monotone and finite, then we have
C(I) C L? (I) .In a similar manner, if p is monotone and strongly finite, then C (/) C
EP (I). Also, if p is monotone, absolutely finite and absolutely continuous, then
C (I) = L* (I). Some important relations between the above properties may be
found in [3,4,21,23].
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2 Korovkin type theorems

Let & := {A"},~;, A" = (a,gf))k ~ be a sequence of infinite non-negative real
> i )k je

matrices. For a sequence of real numbers, x = {x f}j e the double sequence
Ax = {(Ax)} 1 k,n €}

defined by (Ax)} = Z;’il a ,gf)x ; is called the .27 -transform of x whenever the series
converges for all k and n. A sequence x is said to be .«7-summable to L if

oo
: (n . _
hlzn Elakj x; =1L
]:

uniformly in n ([6,26]).

If A" = 2 for some matrix 4, then <7-summability is the ordinary matrix sum-
mability by #. If, @ = ;. forn < j < k+n (n=1,2,..), and a;} = 0
otherwise, then .o/ -summability reduces to almost convergence [20].

Let p be a monotone and finite modular on X (I), and let Z = (b;;) be a non-
negative regular summability matrix. Assume that D is a set satisfying C*° (I) C D C
LP (I). We can construct such a subset D when p is monotone and finite (see [5]).
Here, D is domain of the operator T. We will assume that T := {7} is a sequence of
positive linear operators from D into X (/) and for all k, n €, f € D the series

o0
AL, ()= alT;f.

j=1

is absolutely convergent almost everywhere with respect to Lebesgue measure. Also,
assume that there exists a subset X7 C D with C*° (/) C Xt and a constant P > 0
such that,

stzp —lim sup p (,\ (AEH ( f))) < Pp (\f), uniformly in 7 4)

holds for every f € X, A > 0.

A sequence T := {7} of positive linear operators of D into X (I) is called an .27-
summation process on D if {Tj (f )} is .o/ -summable to f (with respect to modular
p) forevery f € D, ie.,

[e¢)

. () . .

h]gnp A Zlak? T,f—f =0, uniformly in n. 5)
j=
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A different definition is given by, (see [16])
o0
lim> e’ 2. (7. — £)] = 0. uniformly inn (6)
Jj=1

for all f € D where it is assumed that supn’kZ?ilag) < 00 holds.

In this paper, we establish a theorem of the Korovkin type with respect to the
convergence behavior (5) for a sequence of positive linear operators of D into X (/) .
So the results of type (5 ) are extensions of type (6). Also, the following theorem is an
extension of Theorem 2 in [24]. Some results concerning summation processes in the
space L, [a, b] of Lebesgue integrable functions on a compact interval may be found
[24,25].

Throughout the paper we use the test functions e; defined by

e(x)=x" (i=0,1,2,...).

Also, we denote the value of 7; f atapointx € I by T; (f (y); x) or, briefly, T; (f; x).

Theorem 1 Let o/ = {A"},~ be a sequence of infinite non-negative real matrices
and let p be amonotone, strongly finite, absolutely continuous and N -quasi semiconvex
modular on X (I), also B8 = (byi) be a non-negative regular summability matrix. Let
T := {T}} be a sequence of positive linear operators from D into X (I) satisfying (4)
foreach f € D. Suppose that

o0
Sty — lillcn oA Zla,g}) Tie; —e; = 0, uniformly inn @)
Jj=

forevery . > 0andi =0, 1,2. Now let f be any function belonging to L” (I) such
that f — g € Xt for every g € C*° (I) . Then, we have

o
Sty — hlzn,o Ao E lakj T,f—f =0, uniformlyinn ®)
j:

for some Lo > 0.

Proof We first claim that

oo
Stg — lilzn,o n Za,?;)T/g -8 = 0 uniformly inn (&)
j=1

for every g € C(I) N D and every n > 0. To see this assume that g belongs to
C (I) N D. By the continuity of g on /, given ¢ > 0, there exists a number § > 0 such
that for all x, y € I satisfying |y — x| < § we have
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lg(y)—gx)| <e (10)
Also we get for all x, y € [ satisfying |y — x| > § that
|g<y)—g(x>|528—]‘f(y—x>2 (n
where M := sup,; |g(x)| .Combining ( 10) and (11) we have for x, y € I that

oM
lg (v) — g(X)|<e+ (y—X)

Since 7 is a positive linear operator, we get

> Ty (g x) — g ()

j=1

=D @l T @0 =D a4l T (@ ()0 + D Tj (g (x); x) — g (¥)

j=1 =1 j=1

= 124 T (g =g @0+ () [ D g T (1) — 1
j=1 j=1

<D a T (180 =g 0 +1g @I | D a Tj (x) — 1
j=1 j=1

. oM ~
fz vy (8+—(y—X) )+Ig(x)| Za,((j)Tj(l;x)—l

j=1

oo
<ete|Dal’ T (i)~ 1 —}-—Za(")T (6 =02:x)
j=1

o
+M Za,ﬁj)r, (1;x) — 1
j=1

S oM | [
= e G 2Ty i = 14 G | 3T (%) -
Jj=1

52
j=1
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o0
—2x Za,g?)Tj (v x) — x Za(n)T(l;x) —1
j=1
2MC (n) 4MC ad (n)
<e+(e+M+ Zk,T(l x) — = D a T (vix) —x

j=1
2M S g (2 2
+8_2 Zak? T; (y ;x) —X
j=1
where ¢ := max {|a|, |b|}. So, the last inequality gives, for any n > 0 that

Za,ﬁ’j)T (g:%) — g ()| < {ne+nk Za(n)T-(l;x)—l
Jj=1 j=1

o o
+ Zag)Tj (y;x)—x|+ Zag)Tj (yz;x) —x2
j=1 j=1
2Mc 4Mc 2M

whereK—max{s—i—M—i— v 5T 5T
of the above inequality, since p is monotone, we have

}. Applying the modular p in both-sides

o0
pln Za(")T,g g | <o [ne+nk D 0P Tje0— e
j=1

o
+nK Zag)T]‘el —e

o
+nK Za,gf)Tjeg — e

So, we may write that
o0
pln|DalTie—g
j=1

o0
< p@ne)+p | 4nK Zag)Tjeo — e
j=1

o (e.¢]
+p | 4nK Za,(('}) Tier — e +po | 4nK Zag)TJ-ez —e
j=1 j=1
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Since p is N-quasi semiconvex and strongly finite, we have, assuming
0<ex<l1

p|n Za”T

o
< Nep (4nN) +p | 4nk Za,g'frjeo — €0
j=1
o o
+p | 4nK Za,ﬁ';)Tjel — e +p | 4nK Za,ﬁ';)Tjez — e
j=1 j=1

For a given r > 0, choose an ¢ € (0, 1] such that Nep (4nN) < r. Now define the
following sets:

Sy

k:p|n Za()T >re,

o
r— Nep (4nN)
k:p|4nK Za,(;)Tjei —e; > -3 [

j=1

Sni:

where i = 0, 1, 2. Then, it is easy to see that §;) C U,’zzo Sy,i- So we can write, for all
[ € N, that
z by < z bix + Z bix + Z byy. (12)
keSy keSy.0 keSy 1 keSy.2
Taking limit as / — oo in (12) and using the hypothesis (7), we get

lilm Z b =0,

keS,

which proves our claim (9). Observe that (9) also holds for every

g € C*(I) because of C*°(I) € C(I) N D. Now let f € L (I) satisfying
f —g € Xr forevery g € C* (I). Since u (I) < oo and p is strongly finite and
absolutely continuous, we can see that p is also absolutely finite on X (1) (see [3]).
Using these properties of the modular p, it is known from [4,21] that the space C*° (/)
is modularly dense in L” (1), i.e., there exists a sequence {gx} C C°° (I) such that

li{np [32§ (gk — f)] =0 for some 1§ > 0.

This means that, for every ¢ > 0, there is a positive number ky = ko(¢) so that

o [3A3 (gr — f)] < ¢ forevery k > ky. (13)
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On the other hand, by the linearity and positivity of the operators T;, we may write
that

o oo
WD al T x) = £ < A5 Dl Ti(f = grgi x)

j=1 j=1

o
5 D0 T (ghy: %) — gy (1)
j=1

+2§ gk (¥) — £ ()]

holds for every x € I and n € N. Applying the modular p in the last inequality and
using the monotonicity of p, we have

o0
p x| DallTir—r)) e (3% Za(")r (f — &)

j=1

o0
+0 [ 345 Za,ﬁ}?)Tjgko—gko
j=1

+p (345 (8ko — f))- (14)

Then, it follows from (13) and (14) that

o % Za(")T'.f—f <ot p (93T (7 - o)

j=1
+o | 31§ Za(”)T,gko ] as

So, taking A-statistical limit superior as k — oo in the both-sides of (15) and also
using the facts that gx, € C°°(I) and f — gi, € X, we obtained from (4) that

stug—hmsupp Ay Zag)Tf f
j=1

<&+ Po (3r5(f — &)

+stgz — lim sup,o 300 Za(n)T,gko — 8ko )
j=1

which gives
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j=1

<e(P+1)+siz—limsupp | 30} a,ﬁ’;)TjgkO o )
k

o
stg —limsup p | A Zag)ij — f)
k

By (9), since

o0
stz —limp 355 Za,ﬁ?)Tjgko — 8k | | =0, uniformly in 7,

J=1

o0
st — limsup p | 315 Za,gf) Tjgry — &ko = 0, uniformly in n. 17
k

j=1

we get )
|

Combining (16) with (17), we conclude that

o0
st —limsupp (A5 | DT f — £ ] | <e(P+1).
k :
J=l1

Since ¢ > 0 was arbitrary, we find

oo
stg — limsup p | A Zag)ij —f = 0 uniformly in n.
k X
j=1

Furthermore, since p ()\(’; (Z?‘;lag) T,f—f )) is non-negative for all k, n € N, we
can easily show that

oo
Sty — lilinp Ap Z;a,?;)ij - f = 0, uniformly in n
]:

which completes the proof.

If the modular p satisfies the A,-condition, then one can get the following result
from Theorem 1 at once.

Theorem 2 Let o7 = {A")},>| be a sequence of infinite non-negative real matrices,
& = (bix) be a non-negative regular summability matrix and T := {T;}, p be the
same as in Theorem 1. If p satisfies the Ay-condition, then the following statements
are equivalent:
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(a) sty — lilzn,o (k (Z(;i]a,?})Tjei — ei)) = 0 uniformly in n for every » > 0 and
i=0,1,2,

(®) st — limp (,\ (zj‘;la,g?)ij — f)) — 0 uniformly in n for every A > 0
provided that f is any function belonging to LP(I) such that f — g € Xt for
every g € C* (I).

If one replaces the matrices % and A" (n > 1) by the identity matrix, then the
condition (4) reduces to

st —limsup p (A (Tjh)) < Pp (Ah) (18)
k

forevery h € X1, A > 0 and for an absolute positive constant P. In this case, the next
results which were obtained by Bardaro and Mantellini [5] immediately follows from
our Theorems 1 and 2.

Corollary 1 [5] Let p be a monotone, strongly finite, absolutely continuous and
N-quasi semiconvex modular on X (I). Let T := {T}} be a sequence of positive
linear operators from D into X (I) satisfying (18). If {Tje;} is strongly convergent to
e foreachi = 0,1,2, then {T; f} is modularly convergent to f provided that f is
any function belonging to LP (I) such that f — g € Xt for every g € C* (I).

Corollary 2 [5] T := {7} and p be the same as in Corollary 1. If p satisfies the
As-condition, then the following statements are equivalent:

(a) {Tje;} is strongly convergent to e; for eachi =0, 1, 2,
(b) {T;f} is strongly convergent to f provided that f is any function belonging to
LP(I) such that f — g € X for every g € C* (I).

3 Application

In this section we give an example of positive linear operators which satisfy the con-
ditions of Theorem 1.

Example 1 Take I = [0, 1] and let ¢ : [0, 00) — [0, 00) be a continuous function
for which the following conditions hold:

e © is convex,
e v(0)=0,¢9(u) >0foru>0andlim,_, ¢ (u) = o0.
Hence, consider the functional p? on X (I) defined by

1

p?(f) 1=/<ﬂ(|f()6)|)dx Jor fre X(I). 19)

0

In this case, p? is a convex modular on X (1), which satisfies all assumptions listed
in Sect. 1 (see [5]). Consider the Orlicz space generated by ¢ as follows:

Lg(l) = {f € X(I):p?(Af) < +o00 for some) > 0}.



682 S. Orhan, K. Demirci

Then consider the following classical Bernstein-Kantorovich operator U := {U;} on
the space Lg (I) (see [Slwhich is defined by:

(k+D/(G+1D

i,
Uj(f§x)3=Z(£)xk(1_x)j_k(j+l) / f(t)ydtforx e I.

k=0 k/G+1)

Observe that the operators U; map the Orlicz space Lp (1) into itself. Moreover,
property (18) is satisfied with the choice of Xy := L/ o ) Then, by Corollary 1, we
know that, for any function f € L'O (1) such that f — g € Xy forevery g € C* (1),
{U; f} is modularly convergent to f

If o (x) =xP for1 < p <o0,x >0, then Lp(I) L, (I) Moreover we have

p(p(f) = “f“Zp(I)'

Now take B = C| = (ck j) , the Ces dro matrix of order one. In this case, we know
that Cy -statistical convergence coincides with statistical convergence, and its limit is
denoted by st — limAssume that o/ = {A"},>| = [ (a,gl))k jeN] is a sequence
of infinite matrices defined by a,?}) = m ifn <j<n-+k, (n =1,2,...) and

(n)

ag; = , = Clifllg, 91,
we can easily see that
p
st — lim sup Za,&")U f <C ||f||zp , uniformly in n.
k o L,
We now claim that
o p
. (n) _ . N .
st — hlgn Zakj Ujei —¢; = 0, uniformly inn, i =0,1,2. (20)
j:l L
P

and U; (ep; x) = LU=D2 ¢

Observethat Uj (ep; x) = e, Uj (e1; x) = T

2jx 1
(+D? + 3(j+1?"

3l +2(J+1)

So, we can see,

00 . 1
Z"IE,/)UJ' (e0: X) — eo(x)| = ZmUj (e0; x) — eo(x)

—
Ly J L,
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we get

0 p
Rt m)yr. _ . . .
st h/in Zakj Ujeop — e = 0, uniformly inn.

j:l Lp
which guarantees that (20) holds true for i = 0. Also, we have

00 n+k
Zaé’})Uj (e1;x) —ey(x) = ZmU (e1: %) = e1(x)
Jj=1 Ly Lp

1 n+k ] 1 n+k 1
= |x —— —
k+1/§1+1 2(k+1)/§1+1

Lp

1 n+k .

J
— D) —— — 1] les)l
k+1j_n]+] Lp

IA

1 n+k
M B 1)]2:;]' 1 |l

R 1 ’i’f 1
- /p | :
(p+1) k—i—lj:nJ-l—l
n+k

1 1
+
2(k+1)j§,j+1

Since st — limy, (supn o znfﬁﬁ) =0, we have,

st — l1rn sup ZGIE])U/ (e1;x) —eq
Jj=1 L
P

1 1 1 n+k 1
<{-— ————F )st —lim | sup R —
(2 <p+1>””) o "“%J“

which gives
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st — hm Za,ﬁ )U/el — e = 0, uniformly inn.
Jj=1 L,
So, we have
o p
st — lilzn Za,gf)Ujel —e = 0, uniformly inn.
j=1 L,

Finally, since

o0
> a(PUj (23 x) — 2 (x)
j=1

LP

n+k
= Zk+1Uj(ez;x)—ez(X)

j=n Lp

’%’:‘ 1 (j(j—l)x2+ 2jx 1 ) 5
— - X

Skl G+D? GHD? 3G +D?

Lp
n+k](] 1 n+k 2].

< —l er(x + er(x
< kHZ( +1)2 lexll, k+1j§,<j+1)2 ler@ll,

1 n+k

1
+
kT 1;3 T

k
_ 1 ’im—l)
ep+ 1" \k+ 1< +1)?
1 1 n+k 2j 1 n-—+k 1

+ : + :
P+ k+1j§,u+1>2 k+1j§3u+1>2

B 1’% j 2 3
kH1ZG+D? )\ e+ ep+n”
n+k

1 1 1 1
+ - -0 |-
k+lj§n(J+l)2 (3 (217+1)1/1)

k j k
Since st —limy (supn o ann (/—il)z) 0 and st — limg (SuPn o Zntn (/+11)2) =
0, we have, '
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o0
: (n)
st —lim | su a, . U;j(ex; x e (x
m | sup §_=1k, j (e2:x) = €2 (x)

Ly
n+k
=< 2 7y T ) 75 |5t —lim | sup ! Z .] 5
(p+1D Cp+1D k nk+1j:n(J+1)
1 1 , 1
5——2 N st—h]in Supk+lz('+1)2
Cp+1 n j=n J
which gives
o
st — lilgn Za,ﬁ’;)Ujeg — e = 0, uniformly inn.
Jj= Lp
We get
o p
st — lilgn Za,E;)Ujez —e = O uniformly in n.
j=1
LF

So, our claim (20) holds true for each i = 0,1, 2. {Uj} satisfies all hypothesis of
Theorem 1 and we immediately see that,

p
o
st — 1i11<n Za,?})Ujf - f = 0, uniformly inn on [0, 1] forall f € Ly(I).
=1

L,
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