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1 Introduction

The stochastic integral plays an important part in the theory and application of sto-
chastic processes. In [9-13] discrete-time martingale theory was extended from the
classical L' setting to general vector lattices (Riesz spaces), including such aspects as
martingale convergence, optional stopping, ergodic theory and the theory of amarts.
We refer the reader to [18-20] for another, independent, generalization of stochastic
processes to ordered spaces. In this work we continue the developments of [9-11] with
the construction of the martingale transform or discrete stochastic integral in a Riesz
space (measure-free) setting. As in our previous work, if the underlying Riesz space
is taken to be L! (R, A, P), where P is a probability measure, then our results yield
the classical theory as a special case. For general background in Riesz spaces we refer
the reader to [1,14,27].

First, the martingale transform (discrete stochastic integral) is defined in terms of a
weighted sum of differences, see [8, 17] for the classical version. Next the discrete sto-
chastic integral (martingale transform) is considered via bilinear vector-valued forms,
as in [6-8,21]. This requires analogues of the spaces L? and Mart? for Riesz spaces.
The construction of these spaces relies heavily on [9,10], where we considered a
conditional expectation operator 7 on a Dedekind complete Riesz space E with a
weak order unit e and its extension T to its natural domain dom(7) in the universal
completion, E¥, of E. using the fact that E" is an f-algebra, we consider the space
dom?(T) of all x € dom(7T) for which x2 € dom(T). This forms the foundation for
the definition of the analogue of L? in the Riesz space setting. It is then shown that,
as in the classical case, the two approaches to defining the discrete stochastic integral
or martingale transform are consistent.

This paper is organized as follows. In Sect. 2 we continue our study of the natural
domain of a conditional expectation operator started in [10]. This is needed for the
definition of the analogues of spaces L? (2, A, P), p = 1,2, 0o in terms of a Riesz
space with conditional expectation operator in Sect. 3. In Sect. 4 the space of square
martingales Mart is defined, along with the bilinear vector-valued form on it, needed
for the Itd type integral. Finally, in Sect. 5, the discrete stochastic integral is defined
and its relationship to Mart? considered.

2 Preliminaries

In the probability space setting each conditional expectation operator 7 can be
extended to a conditional expectation T on the, so called, natural domain of T , denoted
by dom(T), see [4,15].

A Riesz space E is said to be universally complete if E is Dedekind complete and
every subset of E which consists of mutually disjoint elements, has a supremum in E.
A Riesz space E" is a universal completion of E, if E" is universally complete and
E" contains E as an order dense Riesz subspace.

Every Archimedean Riesz space has (up to a Riesz isomorphism) a unique universal
completion and if e is a weak order unit for E then e is a weak order unit for E¥, see
[26]. In addition, the multiplication on E° (the space of e bounded elements of E)
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can be uniquely extended to E* giving E* an f-algebra structure in which e is both
multiplicative unit and weak order unit, see [2,3,5,16], and, for a proof that does not
rely on function spaces representations [23,24]. Since the multiplication on an Archi-
medean f-algebra is order continuous [26, Theorems 139.4 and 141.1], E* has an
order continuous multiplication.

Let E be a Dedekind complete Riesz space with a weak order unit e and 7 be a
conditional expectation on E with T'(e) = e. Let

D(t):={x € E |3 (xq) C E4,0 < x4 1 x, (Txy) order bounded in E"},
and for x € D(t) define

T(x) = sup T (xq),

where (xo) C E4 withx, 1 x and (T'x,) order bounded in E*. Thent : D(t) — EY
is a well defined increasing additive order continuous map. Define

dom(T) := D(t) — D(1)
and T : dom(T) — E* by

Tf:=t(f") —1(f) for f edom(T).

Then dom(7) is an order dense order ideal of E* containing E and e is a weak order
unit for dom(7’). In addition, T is a projection (with R(T) C dom(7")) and is the
unique, order continuous positive linear extension of 7 to dom(7"). These properties
of T along with the following theorem were proved in [10].

Theorem 2.1 Let E be a Dedekind complete Riesz space with a weak order unit
and T a conditional expectation on E. The extension T : dom(T) — dom(T) is a
conditional expectation and an averaging operator on dom(T), i.e.

T(gf) =gT(f) for g€ R(T), f,gf € dom(T).
Define
dom?(T) := {x € dom(T)|x?> € dom(T)}.

Lemma 2.2 The set dom?(T) is an order ideal of dom(T) (and is thus Dedekind
complete) and pairwise products of elements of dom?(T) give elements of dom(T).

Proof From the definition of domz(T), it is clear that domz(T) is homogeneous.
Letx,y € domz(T) then

05(x—y)2=x2+y2—2xy.
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Hence 2xy < x? + y? and, similarly, —2xy < (—x)? 4 y?, which give
2lxy| < x* 4+ y? € dom(T).

Since dom(7') is an order ideal in E*, it now follows that xy € dom(7T).
Now, since xy € dom(7T),

(x + y)2 =x>+ 2xy + y2 € dom(7),

from which the additivity of dom?2(T) follows, making it a vector subspace of dom (7).
Also, from the f-algebra structure of E“,

|x|2 = x? € dom(T),

giving |x| € dom?(T). Hence dom?(T) is a Riesz subspace of dom(7T).
It remains only to show that dom?(T) is solid. Let |g| < | f| where g € dom(T)
and f € dom?(T). Then |g?| € E* and

g% = 1gI* < IfI* = |f?| € dom(T).

Since dom(7') is an ideal in E*, we have that |g|2 € dom(7) and hence g € dom?(T).
m}

Note that if f € EY then there exists a unique g € EY with g% = f. This g will be
denoted /f.

Lemma 2.3 If f,, f € dom*(T) and 0 < f, < f € dom?(T), then sup f, €
domz(T); in fact,

(sup fa)? = sup f2.

Proof Since dom(T) is Dedekind complete, sup f, € dom(T') and sup f(f e dom(7T).
It follows from 0 < f, < sup fu < f € dom?(T), that 0 < f2 < (sup fy)?> < f2 €
dom(7'). Hence sup flf < (sup fw)2 and sup fy € domz(T).

To show (sup f,)> = sup faz, leth € EYf with h > f(f for all «, then /A > f,
for all o. Hence, ~/A > sup f,, from which we get 1 > (sup f,)>. Since sup f(f is
the least upper bound of the set { f(f | forall @}, taking & = sup f, it follows that
(sup fo)? < sup f2. O

In fact this proof can be adapted to show that multiplication is jointly order-continuous.

Definition 2.4 Let E be a Dedekind complete Riesz space and T a strictly positive
conditional expectation on E. The space E is universally complete with respect to
T (or T-universally complete), if for each increasing net (fy) in E4 with (T f)
order bounded in E*, we have that (f,) is order convergent in E to f. In this case
dom(T) =E.
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If E is a Dedekind complete Riesz space with a weak order unit and T is a condi-
tional expectation on E, then dom(7") quotient the absolute kernel of T will also be
referred to as the T -universal completion of E. Here the absolute kernel of T is given
by |[Ker|(T) ;== {x € E : T|x| = 0} and, since |Ker|(T) is a band (as T is order
continuous), dom(7)/|Ker|(T) is a Dedekind complete Riesz space with respect to
the canonical ordering. In addition, T is a strictly positive conditional expectation on
this space, see [10].
We now give a version of the “Conditional Variance Identity”.

Theorem 2.5 (Conditional Variance Identity) If E is a Dedekind complete Riesz space
with a weak order unit and T is a conditional expectation on E, then

T(y — Ty)? = Ty?> — (Ty)?> forall y, Ty € dom?(T)
and (Ty)? € R(T).

Proof By Theorem 2.1 we get T(yTy) = (Ty)?, giving (Ty)? € R(T) and thus
T(Ty)? = (Ty)?. Hence

T(y — Ty)> = T[y* — 2yTy + (Ty)*]
=Ty? — 2T(yTy) + T(Ty)*
= Ty> — (Ty)*.

3 LN(T)

Let E be a Dedekind complete Riesz space with a weak order unit e and let (7;) be a
filtration on E for which 7;(e) = e for all i € N, and with T strictly positive.
Consider the sequence (T;) of extensions of (7;) where T; has domain in E¥,
dom(7;). We now show that dom(7;) 1; since 7;T; = T; foralli < j.
Prior to proving this a couple of lemmas are proved.

Lemma 3.1 Let E be a Dedekind complete Riesz space with a weak order unit e. If
(xq) is an increasing net in Ey and is not bounded in E'{, then there is a non-zero
band projection P with

kPe A Pxy To kPe, forall k € N. 3.1

Proof Let (x4) be an increasing net in £ which is not bounded in EY . Suppose that
(3.1) fails for all non-zero band projections P. Let

fk:\/(e/\%), k€N,

o

P =1~ Pe—f).
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Then as ( fi) is a decreasing sequence, so is (Py) and the sequence (Pj) converges to
a band projection Q which is also the infimum of the sequence.
If O # 0, then as P, > Q we have P,Q = Q, giving

Qe = PyQe = Qe — Py, Qe.

Thus Pg(e—f, e = Pe—f,) Qe = 0 from which it follows that

Qe = ka=y(QeA Q,f“),

and after multiplication by k, this gives that (3.1) holds for P = Q > 0, a contradiction

of our hypothesis. Hence O = 0.
Setting Py := I it follows that, since Py | O,

D (Poi—P)=1

k=1

Let
ex :=k(Pr_1 — Pr)e

then ex A e; = 0 for all k # j and consequently

o o0
7/I=Z€k= \/ekeEi.
k=1 k=1

But
(Pr—1 — Pt)xy < e, foralla.
Hence
Xq <y, forall«
making (x,) bounded in E¥, a contradiction. O

Lemma 3.2 Let E be a Dedekind complete Riesz space with a weak order unit e and
let T be a strictly positive conditional expectation operator on E with T (e¢) = e. If
(xq) is an increasing net in E with (T x,) order bounded in E*, then (xy) is bounded
in E*.

Proof Suppose that (x,) is not bounded in E* , then by Lemma 3.1 there is a non-zero
band projection P with

Pxy ANkPe 4 kPe, forall k € N.
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Let z € E'{ be a bound for (T xy). Then
72>Txy > T(Pxy NkPe) 1y kT Pe,

giving z > kT Pe for all k € N. Since E* is Archimedian, the above family of
inequalities imply Pe = 0, contradicting P # 0. O

We are now in a position to consider the relative sizes of the domains of the universal
extensions of conditional expectations from a filtration.

Theorem 3.3 Let E be a Dedekind complete Riesz space with a weak order unit e,
(Ty) a filtration on E with Ty strictly positive and T;(e) = e, for all i € N, then

dom(T;) C dom(T};), forall i < j.

Proof We observe that since 77 is strictly positive, so are 7;,i € N. Leti < j,x €
dom(7;) and (xo) C E4 with x4 1 x. Now Tjx, 1 Tix in E'f, hence

T;(Tjxq) = Tixeg < Tjx.

Thus, by Lemma 3.2, (Tjxy) is bounded in E* so by the definition of dom(T}),
x € dom(T}). O

Set

£(Ty) = dom(Ty)
L2(Ty) = {x € £Y(T) | x* € L1 (T)))

and

LX(T)) = E¢ = U [—ne, nel.
neN

It should be observed that £°°(T) is a ring and a vector space over R, while £ (7})
and £2(T}) are modules over £°(T}).

Theorem 3.4 Let E be a Dedekind complete Riesz space with a weak order unit e,
(T3) a filtration on E with Ty strictly positive and T;(e) = e, for all i € N. The
restriction, (T;), of the extension (T;), of (T;), to LY(TY) is a filtration on L' (Ty).

Proof From [10] it follows that T;e = e and that T; is positive and order continuous,
and hence these properties hold for T;.

We now show that R(T;) C £1(T}). Let x € £! (T1)+. Then there is a net (x,) in
E with x, 1 x and by definition T1x = lim, 77x,. Now

T1(Tixq) = Thxg < Tix,
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showing that (77 (7T;xy))e is bounded in E. Thus

T;x = lim Tix, € £1(TY).
o

Hence T; : £1(T}) — L£(T1), and since T; is a projection it follows that T; is a
projection.

Since T; is a projection and R(T;) C L£(T}) it follows that R(T;) = R(T;) N
El(Tl), which as the intersection of two Dedekind complete spaces, is Dedekind
complete. Thus T; is a conditional expectation on £ (T}).

Finally, as before let x € £ (T1)4 and (x,) be a net in E with x, 1 x. Leti < j
then by the order continuity of T; and T j we have

T,‘zj = lim Tizjoz = lim Tixa = Tix
o o

and similarly 'i'j ’i‘ix = ’i‘ix. Thus (Ti) is a filtration on £!(T7). O

It should be noted that T; could equally have been constructed as the unique condi-
tional expectation having T; T; = T; = T;T; in £ (T}) having range £ (T1) N R(T}),
see [25].

The following lemmas are needed in the construction of the stochastic integral.

Lemma 3.5 Let E be a Dedekind complete Riesz space with a weak order unit e, (T;)
a filtration on E with Ty strictly positive and T;(e) = e, foralli € N. If a, b > 0 with
a € R(Ty), b,a*T,b € LY(TY), then a®b € LI(T)).

Proof Let (ay) be a net in ES N R(T,) with a5 + a. Then ag[ € E° and hence
ag € R(T,) and, by Theorem 2.1, Tnagl =aqTha, = ai. Also agb e [! (T) so from
Theorems 3.3 and 3.4,

Ti(a2b) = TiT,(a2b) = T1(a2T,b) < T1(a’Tyb).

Taking (bg) an increasing net in ES with bg 1 b, we have that (agbg)(a, g) is an
increasing net where (o, 8) < (¢/, 8') if and only if @ < o’ and B8 < B’. Here
limq ) a2bg = a*b and Ty (a2bp) 1t T1(a>b), giving a*b € L1 (T)). O

4 The square of a martingale

We have already seen that if x € L£P(T}), then zj e LP(Ty),p = 1,00. If x €
L2(Ty) then x> € L£(Ty) C dom(T;) and x € L1(T;) C dom(T}). So by The-
orem 3.4, ’i'.,'x, 'i‘sz € ﬁl(Tl) but by Theorem 2.5, 0 < 'i‘sz — ('i‘j)c)2 making
(T;x)* < T;x* € L'(T1). Now since £'(T1) is solid, T;x € L>(T}).

Henceforth T ;j will just be denoted as T;, which is encapsulated by the following
definition.
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Definition 4.1 We call (f;, T;) an LP (T1)-martingale (-sub-martingale), p = 1, 2, co
if (T7) is afiltration on £ (T7) restricted to £7 (T}) and T; fi=&>)fi € R(THNLP(TY)
foralli < j.

Denote by Mart?(7;) the vector space, and module over the ring £°°(T1), of all the
L?(Ty)-martingales (f;, T}).

The following theorem follows directly from the Doob—Meyer decomposition for
sub-martingales in Dedekind complete Riesz spaces, see [9].

Theorem 4.2 Let E be a Dedekind complete Riesz space with a weak order unit e,
(T}) a filtration on E with the property that e is Ti-invariant and (f;, T;) is a positive
sub-martingale in E. Then there exist a unique martingale (m;, T1) and a unique
increasing positive adapted sequence (F;) such that F1 = 0 and f; = m; + F;.

Theorem 4.3 Let E be a Dedekind complete Riesz space with a weak order unit e
and (T;) a filtration on E with the property that e is Ty-invariant. If (f;, T;) is an
L2 (Ty)-martingale, then ( fl.z, T;) is an L' (T)-sub-martingale.

Proof Since f; € L*(T) it follows that f;, f2 € L£Y(Ty) and, since T f; = f; it

1
follows the averaging properties of 7; (see Theorem 2.1) that

Tff =Tifif) = fiTifi = 1.
Hence fl.2 € R(T;).
If i < j, then it follows that
0<Ti(f; — /)
=T, f] + Tiff = 2T;(f ;)
= Tifi + Ti(fi f) = 2Ti ([ f3)
= Tif? + fiTi(f) = 21T f;
=Tif} + fifi = 2 f;
=T f} - f7.
which concludes the proof that ( fi2, T;) is a sub-martingale. O

We can now apply the Doob—Meyer decomposition of sub-martingales to ( fl.z, T;).

Theorem 4.4 Let E be a Dedekind complete Riesz space with a weak order unit e and
(T;) a filtration on E with the property that e is Ty-invariant. If (i, T;) is an L*(T})-
martingale, there exist a unique L] (T1)-martingale (m;, T;) and a unique increasing
positive adapted sequence (F;) in LYTy) such that Fy = 0 and

2
fi=m; + F.
Moreover,

Fui1 — Fy = To((fug1 — f)?) foralln € N.
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Proof Applying the Doob—Meyer decomposition, see [9], to the sub-martingale
( fl.z, T;) in the Dedekind complete Riesz space LY(T}) with weak order unit e, we
obtain the decomposition

fP=mi+F,
where (m;, T;) is a martingale, (F;) is an increasing positive adapted sequence £

with F| = 0, and

Fj =2 T(f2 =

for j e N.
By the Conditional Variance Identity, Theorem 2.5, we have that

Fust — Fu = To(f2) — D = To(f2) — £2 = Tu(far1 — )™
O

We are now in a position to define a vector valued inner product and norm like struc-
tures on the sequence space Mart?(7}).

Definition 4.5 Let E be a Dedekind complete Riesz space with filtration (7;) and
weak order unit e = Tje for all i € N. With each (f;, T;) € Martz(T,-) we associate
the £! (T1)-martingale (m;, T;) and the increasing positive adapted sequence (F;) in
L1(Ty) such that Fy = 0 and f? = m; + F;.

The vector valued quadratic form (-) on Mart?(T;) is defined by

((fi, T))) = (F).

We define the vector-valued symmetric bilinear form (, ) on Mart?(T;) x Mart?(T;)
by

1
((fi, 1)), (8, T7)) = Z[((fi +8i, i) — ((fi — & T))]
Let
In = A(fi» 1), (&i» Ti))ns n €N,

then J; = 0 and

1
Dt =dn =T [ [ +80e0)? =t g 1= [(For1—gus)* = (=80
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giving
g1 = I =T, [frH—lgn—i-l - fngn] , 4.1

since | fugnl < 3/ +g3) € L1(T1).
It follows directly from the definition of (-) that (-, -) is an adapted sequence (F;)
in £1(T}) and thus

((fi, T}, (g, T))j € LI(T)), forall j € N.

Lemma 4.6 The bilinear form (-, -) defined in Definition 4.5 is a vector-valued semi-
definite inner product in that it has the following properties:

(@) () is bilinear on Mart>(T;) with respect to multiplication by elements of
L°(Ty) N R(Ty);
(b) (-, -) is symmetric;

© ((fi T, (fi, TD) = ((fi, T))) = Ofor all (f;, T;) € Mart*(T;).

Proof A simple computation yields
j—1
((fir T, (s T j = D Ti(fir18iv1 — fig)- (4.2)
i=1
Thus (-, -) is additive with respect to each of its variables and since multiplication is
commutative (4.2) gives that the form is symmetric. The homogeneity of the form

with respect to multiplication by & € £°°(T7) N R(Ty) follows from the observation
that

Tih(fi+18i+1 — figi) = hTi(fi+18i+1 — [i&)-
It remains only to prove (c). From (4.2) with (f;) = (g;), we obtain
j—1
(fi T (fi TYj = D Ti(ffy — ) = ((Fi. T));.
i=1
Since (f;, T;) is a martingale, (fl.z, T;) is a sub-martingale making
Ti(ff = ) =Tiffn — 12 2 0.
thus ((fi, 1)) = 0. O

Lemma 4.7 The null space,

N ={(fi, T) € Mart®(T)[{(fi, T:)) = 0},
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of the quadratic form (-), is the set of constant sequences from L>(Ty), i.e.
N ={(f. T)If € LXT) N R(T1)},

which is a closed, Dedekind complete Riesz subspace of Mart>(T}).

Proof The containment
N DAL THIf € L2(T) N R(TY))

follows easily, so we progress to the reverse containment.

If (f;,T;) € N then (f;,T;) € Mart*(T;) with T, f%, = f? forall i € N.

Since (f;, T;) is a martingale we have T; f;+1 = f; which, from Theorem 2.1, gives
T;(fiv1 /i) = fiz. Hence

0=Ti(fA — £ =TifA —2Ti(fir1 /) + T fF = Ti(figr — f)*

Now (fi+1 — fi)> = 0 and T; is strictly positive, so f;41 = f; forall i € N. Thus
fi = fiforalli € Nand

fire () £2T) N R(T) = L2(Ty) N R(Th)
ieN

thus proving the remaining containment. O
The following theorem is a direct consequence of the above results, but the quotient
here is only in the sense of vector spaces (not Riesz spaces) as, in general, N is not a
band in Mart?(T}).
Theorem 4.8 Let

(fio T)) € Mar*(T)| fi = 0} =: M,
then as vector spaces,

Mart*(T;) /N = M,

and (-, -) induces a vector valued inner product on M.

Observe that ((fi, T;), (gi, T;))1 = 0 and that

is a martingale.
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5 Discrete stochastic integrals

In order to define the discrete It6 integral on a Riesz space, we need the following
sequence spaces.

Definition 5.1 Let (A;) C £'(T}) be an increasing sequence adapted to the filtration
(T;) with A1 = 0. Define

L3 ((An), (Ty) i= {(ai)|an € R(Ty), a2 (Ans1 — An), an € L(T1),n € N}

Definition 5.2 Let f € Mart>(T;) and € £2 ((f), (T})), then (I;, T;) where

loc

n—1
I, = Zak(fk+1 — fr), neN,
k=1

is called the discrete It6 integral of o with respect to f, denoted

/adf:g.

The following lemma shows that the It6 integral returns a martingale.

Lemma 5.3 For f € Mart>(T}) and « € L2 ((f ., (T})), the discrete Ité integral of

loc
o with respect to f, [a df = g, isin M.
Proof Let
(i, Tp)i = /01 daf,
then

n—1
L= ax(fis1 — fr), neN.

k=1

Since o, € R(T,) it follows that

n
Tulysr =Ty > ex(fir1 — fo) = In + nTu(fos1 — fi) = I
k=1

showing that (7;, T;) is a martingale.

From the definition of I it follows that /; = 0.

Leta = a, and b = (fuq1 — fu)? then a € R(T},) and since f € Mart>(T;) we
have b € L!(Ty). Finally, as « € CIZOC((f), (T;)) it follows that a®T,b € L£N(T),

making Lemma 3.5 applicable. Hence a”b € £!(T1). Thus

(1 — I)? = @2 (fus1 — f)> =a*b e L(T1), neN.
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But I} = 0 € £*(T}), so assuming I, € £>(T;) we have by induction that I, =
Ups1 — L)+ 1, € £2(T1)- |

The following theorem shows the consistency of the martingale transform constructed
in Definition 5.2 and the classical definition of the Itd integral.

Theorem 5.4 Let f € Mart>(T;) and o € L} ((f), (T})), then I = [« df is the
unique solution in M of

(I hypgr — (L ) = an (Cf, hnget — (fs B)n)s (5.1

foralln e Nand h € Mart?(T;).

Proof Uniqueness
Suppose that g, g € M and

(& Mynt1 — (8, hhn = an({f, B)np1 — (fs 1)) = (g, h(nt1—(q, h)n,
forall n € N, h € Mart?>(T}). Then
(§—q.h)uy1 = (g —q.h), foralln €N, h e Mart’(T}).
In particular, setting h = g — g gives
(8§ —qnt1 =1(8 —q)n, forallneN.

By definition (g — ¢); = 0, so inductively we have that

n—1

D> Tilgiv1 — qiv)* — (g —g)*1 =0, foralln €N,
i=1

which inductively yields
T,[(gn+1 — qn-',-l)2 — (gn — Qn)2] =0, foralln e N.

Here (g, — qn)2 € R(T;,) and thus

Tn(gn+1 — qni1)> = (g0 — qn)?, foralln e N. (5.2)

Since g, g € M it follows that g; = 0 = ¢;. If g, = g, then from (5.2) T,,(gpn+1 —
gn+1)* = 0, which, with the strict positivity of T, gives g,+1 = ¢n41. Hence, by
induction g = ¢, proving the uniqueness of the solution to (5.1) from M.

Solution

It remains to verify that (/,,, T},) is a solution of (5.1). Note that (5.1) is equivalent
to

T(Iyy1huvr — Inhy) = oy Ty (faa1hnt — fuhy), forall ne N, h e Martz(Ti)-
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Now, I, Ini1, hp, hy1 € L2(T1), Tylyyr = I, and Tphypy = hy 50 Tylyhpy =
Iyhy, = Ty 1I41hy,. Thus

Tn(1n+lhiz+1 - Inhn) = Tn[(In—H - In)hn+1]
= Tn[an(fn—ﬁ—l - fn)hn-i-l]»

where, by Lemma 5.3, &, ( 41— fu)hns1 € L1 (T7). Settinga = a,, € R(T,)NLY(TY)
and b = (fug1 — fu)hne1 € LY(T)) we have that ab € £'(Ty), and as L1(T) C
L(T,)) by Theorem 2.1 we get

Tulan (fas1 — fu)hns1] = Th(ab) = aT, (D) = oy Ty[(fus1 — fu)hns1].

Hence

Ty (Ins1hnr — Lnhy) = anTh[(fur1 — fo)hnsa]
= [T (fus1hng1) — frhal

for all n € N, h € Mart?(T}), thus showing that (/,, T;,) is the solution of (5.1)
from M. O

Remark From the definition of the discrete stochastic integral and the above theorem,
it follows that the stochastic integral, f fda, is linear in both f and «. In addition
it is order continuous with respect to both f and « as multiplication and addition are
order continuous operations. Here, as in [11], by

(fi.T;) <(gi,T;), wemean f; <g;, foralli e N.

Remark We recall that, in the classical setting of L 1 (22, A, P), aBrownian motion is
a stochastic process ( f;,) for which successive increments are independent, the mean
increment is zero and the quadratic variation of f, — f;, is [n — m|. Such a process,
if considered with respect to the filtration (F;,), where F,, is the minimal o-algebra
which makes fi, ..., f; measurable, is a martingale.

In probability theory, the concept of independence relies on both the presence of a
probability measure and the multiplicative properties of RT. In the Riesz space setting
we proceed as follows.

Definition 5.5 Let E be a Dedekind complete Riesz space with conditional expecta-
tion 7 and weak order unit e = Te. Let P and Q be band projections on E, we say
that P and Q are independent with respect to 7 if

TPT Qe =TPQe=TOQT Pe.

We can define independence, with respect to the conditional expectation 7', of a family
of Dedekind complete Riesz subspaces of the Riesz space E as follows.
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Definition 5.6 Let E be a Dedekind complete Riesz space with conditional expecta-
tion 7" and weak order unite = Te.Let Ej, A € A, be a family of Dedekind complete
Riesz subspaces of E having e € E, forall A € A. We say that the family is indepen-
dent with respect to 7' if, for each pair of disjoint sets Ay, Ao C A, we have that P
and P are independent with respect to 7', where P and P, are band projections with

Piee( | Ex). j=12,
)LEA_,‘

where (S) denotes the smallest Dedekind complete Riesz subspace of E containing
the set S.

Definition 5.6 leads naturally to the definition of independence for sequences in E,
given below.

Definition 5.7 Let E be a Dedekind complete Riesz space with conditional expecta-
tion T and weak order unit e = T e. We say that the sequence (f;,) in E is independent
with respect to T if the family

{{{fn, e}) In € N}

of Dedekind complete Riesz spaces is independent with respect to 7.
We are now in a position to define Brownian motion in the Riesz space setting.

Definition 5.8 Let E be a Riesz space with conditional expectation 7' and weak order
unit e = Te. A sequence (f,) C L£2(T) will be called a Brownian motion in E with
respectto T and e if

(@) (fi — fi—1) is an independent sequence with respect to (7, e) (see [12]), where
Jfo:=0,

() T(fi — fi-1) =0,i €N,

© T(fu— fm)?>=In—mle.

Given a Brownian motion, (f;,), as defined in Definition 5.8 we can construct a
sequence of conditional expectations (7},) with R(7},) the closed Riesz space in E gen-
eratedby {R(T), f1, ..., fu}[25]. Here f := (fy, T) isamartingalefromMartZ(T,,)
[22], and stochastic integrals with respect to f can be computed.
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