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Abstract
Collision integrals are calculated for the H–N+ , N–H+ , N 2+–H, and N +–H+ interactions in 
the temperature range of 1000–60,000 K. The resulting collision integrals were fitted to 
simple functional forms. The applicability of commonly used approximations for calcula-
tion of the collision integrals is verified. Those approximations are simplification of exact 
potentials (especially the repulsive ones), use of polarizability potential for atom–ion inter-
action, and use of Coulomb screened potential for ion–ion interaction. The reported colli-
sion integrals are based on the ab initio calculated points of the potential energy curves, so 
that the error of fitting the points with analytical potential energy function is not present.

Keywords  Potential energy curves · Collision integrals · Ionized gas · Plasma · Debye 
screening · Atom–atom interactions · Atom–ion interactions · Ion–ion interactions

Introduction

The collision integrals of interacting atoms and ions are the basis of modelling of the trans-
port properties of high temperature gases and plasmas in the Chapmann-Enskog theory 
[1]. The role of atomic diffusion is recently gaining recognition in stellar astrophysics [2]. 
The problem in calculations of the collision integrals is quality of the underlying poten-
tial energy curves (PECs), they are often fitted to analytical functional forms which are 
designed for description of attractive potentials and are not appropriate to describe, the 
equally important for the scattering process, curves of mainly repulsive character [3].

This research has two aspects, computational and theoretical. The computational one 
is the crucial one because the collision integrals are sensitive to PECs. The present study 
applies the best computational practice that is—the high precision quantum chemistry 
methods for potential energy at various interatomic distances and calculation of collision 
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integrals on the basis of those points (without fitting to functional form of PECs) with the 
developed Python code using numerical methods implemented in the SciPy package [4].

The theoretical aspect is the assessment of the commonly used approximations that is: 
(1) the difference of collision integrals based on the ab initio points with the values based 
on the analytical PECs currently in use, (2) the quality of exponential versus exact descrip-
tion of the repulsive PECs, (3) the quality of description of interaction of neutral atom with 
ionized atom by polarizability (polarization) potential (with respect to the known shapes of 
PECs this approximation is not correct even qualitatively), and finally (4) the use of Cou-
lomb screened potential for ions interaction.

The present research is the continuation of study of the collision integrals for the neutral 
nitrogen and hydrogen atoms [3]. The other studies of various systems containing nitrogen 
and hydrogen atoms [3, 5–7] use approximations mentioned above, which is usually neces-
sity because of the lack of the high excited electronic states. The available spectroscopic 
constants are not sufficient for the high quality overall description of PEC, in particular 
repulsive ones which may be not available at all. In the present study, the high quality 
PECs are calculated eliminating this problem.

The studies of collision integrals by Stallcop et al. of N–H interaction [8], N–N, O–O, 
and N–O interactions [9], and N +–N+ , N +–O+ , and O +–O+ interactions [10] are few (per-
haps even the only ones) based directly on the ab  initio quantum chemistry methods 
whereas, for the high quality of collision integrals, such approach should become standard. 
The authors of the study of N–N, O–O, and N–O collisions [9] mention that uncertainty 
is introduced by fitting to ab initio points of PECs and that the second order corrections to 
transport properties introduce error of less than 1%.

Usually only the states of lower electronic excitation are well represented by the various 
analytical forms of PECs, but excited (in particular repulsive) states are equally impor-
tant for collision integrals so that using interpolation and extrapolation of ab initio points 
instead of analytical PECs is a significant ingredient of highly accurate calculations.

In this study, calculations of NH+ and NH2+ collision integrals were based on ab initio 
calculated PECs since the attractive ones currently in use [5, 7, 11] are based on old data 
[12] or are based on simplified models such as polarizability model [11], and the repulsive 
ones are described by a simple exponential function already known to introduce significant 
inaccuracy for the N–H interaction [3].

The studies done so far also did not took into account excited states of atoms, which are 
also dealt with in the present study. Rare examples when excited states of atoms were taken 
into account are studies of collision integrals of oxygen atoms interactions [13, 14], nitro-
gen atom interactions [13, 15] and N–H interactions [3].

The importance of excited atoms depends on their number which increases with tem-
perature and in plasmas at any temperature excited atoms are created by interaction with 
electrons but details depends on actual state of plasma.

In case of interaction of two ions (lower energy states of the NH2+ system) the Coulomb 
screened potential is the commonly used standard [5, 7, 16, 17], which is correct only at 
higher interatomic distances (ions can be treated as a point charges). Probably the only case 
of study in which actual interaction of ions (calculated by quantum chemistry methods) 
was taken into account is the publication of Stallcop et al. [10], which compares collision 
integrals for nitrogen and oxygen ions based on the Coulomb and real screened potentials. 
The application of real potentials was found to be especially important at high tempera-
tures. In the present study also such comparison will be done (for nitrogen and hydrogen 
ions interaction for the ground and excited states of ions) and justification of such proce-
dure will be given.
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Often the ab  initio quantum chemical studies of potential of species in question were 
done for spectroscopy [18], but some also report energy points of calculates states [19]. 
Dications have particular shape of the ground state PEC [20] and there are some studies of 
the ground and excited states [21, 22], also analytical PEC was developed [23].

The non-adiabatic effects on PECs in scattering events can also influence the resulting 
collision integrals. Some non-adiabatic processes result in non-elastic scattering which will 
describe events other than transport. Other non-adiabatic processes may influence transport 
properties which are based on elastic scattering; there are almost no such studies with the 
exception of spin-orbit coupling which turns out to be small in the known cases [24, 25].

The section two of this article presents the methodology for the ab initio calculations of 
PECs and collision integrals calculations (theoretical and computational aspects), in sec-
tion three the results are presented and discussed, and in section four the final conclusions 
of the study are presented.

This study use atomic units, except for collision integrals which are traditionally given 
in Å2.

Methodology

Ab Initio Calculations of Potential Energy Curves

The MOLPRO-2020 package [26] was employed for the quantum chemical calculations. 
All of the potential energy curves are obtained with the internally contracted explicit cor-
related multireference configuration interaction method (icMRCI-f12) with Davidson cor-
rection using the aug-cc-pVQZ-f12 basis set. We used the C2v symmetry group for all the 
calculations. The reference wavefunction for the icMRCI-f12 calculations is constructed 
by using the complete active space self-consistent field (CASSCF) method with an active 
space consisting of 7 electrons on 9 orbitals (4a1,2b1,2b2,1a2 ) for NH+ molecule, and 6 
electrons on 9 orbitals (4a1,2b1,2b2,1a2 ) for NH2+ molecule, respectively.

Calculations of Collision Integrals

Deflection angle of scattered particles (atoms or ions) interacting with the potential energy 
function V(r) is calculated in the classical theory as [27]

where b is the impact parameter, rc is the classical turning point (distance of closest 
approach), and �2 = �g2∕(2kT) ( �—reduced mass, g—relative velocity, k—Boltzmann 
constant, T—temperature).

Reduced collision integrals are then expressed as [1]
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If two particles interact according to more than one PEC, the collision integral is defined as 
the weighted average (statistical weights according to molecular term symbols).

Tests of the Code on the Lennard‑Jones Potential

In the computational approach with SciPy library of Python programming language, the 
PEC V(r) is not given analytically but interpolated with interp1d command for cubic 
spline interpolation (with option of extrapolation) to fit calculated energy points.

For one dimensional integration for deflection angle (Eq. 1) the quad command calls 
Fortran library QUADPACK of adaptive quadratures (relative error tolerance is set to 
0.01). The classical turning point (lower integration limit) is calculated with the opti-
mize.root_scalar command with the method brenth.

The nquad command (relative error tolerance is set to 0.01) is used for the double inte-
gral over b and �.

The Lennard-Jones potential

with De = 0.1 , and � = 1.5 , for which the high quality collision integrals are known, is 
used for testing the code.

Table 1 shows that the chosen methods and settings in case of the analytical form of the 
Lennard-Jones PEC results with four (at lower temperatures) or five (at higher tempera-
tures) significant digits agreement with high precision values of Kim and Monroe [28]. The 
values based on cubic spline interpolation of 73 points of exact PEC are usually in four 
significant digits agreement with the reference Kim and Monroe values.

The extrapolation resulted in the incorrect long range tail of PEC (this is important for 
the accuracy of deflection angle) and setting the potential exactly zero at interatomic dis-
tances longer than 30 bohr results in high quality results mentioned above.

According to the obtained accuracy, the present study will show four significant digits 
for the collision integrals. In the light of discrepancies seen for the N–N or N–H collision 
integrals [3, 29] the accuracy of three significant digits is satisfactory.

Finally, be aware that when PEC as integration of ab initio is used instead of analytic 
function, computational times are increased many times.

(3)VLJ(r) = 4De

[

(

�

r

)12

−
(

�

r

)6
]

,

Table 1   The Lennard-Jones �(1,1)∗ and �(2,2)∗ collision integrals based on analytic PEC of Eq. 3 (PEC) and 
interpolation of exact energy points (fit) compared with Kim and Monroe values (KM)

The reduced temperatures (T∗ ) and actual temperatures in Kelvins (T/K) are given

T∗ T/K �(1,1)∗ PEC/fit �(1,1)∗ KM �(2,2)∗ PEC/fit �(2,2)∗ KM

0.1 3158 4.0118/4.0096 – 4.1015/4.1010 –
0.3 9473 2.6501/2.6496 2.6500 2.8440/2.8418 2.8437
0.6 18,947 1.8772/1.8768 1.8769 2.0842/2.0837 2.0848
1.0 31,578 1.4398/1.4395 1.4398 1.5932/1.5927 1.5932
2.0 63,155 1.0754/1.0753 1.0754 1.1758/1.1756 1.1758
10 315,775 0.74224/0.74203 0.74224 0.82437/0.82413 0.82437
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Discussion of Collision Integrals

The PECs obtained from ab initio calculations are shown for singly ionized systems (N–H+ 
and H–N+ interactions) in Fig. 1 and for doubly ionized systems (H–N2+ and H +–N+ inter-
actions) in Fig. 2. In the following tables the collision integrals based on those PECs are 
reported and compared with the ones based on the PECs reported in Ref. [5]. The polar-
izability approximation and screened ion–ion interaction are discussed in the separate 
subsections.

The importance of high quality PECs for collision integrals was already discussed for 
both attractive and repulsive (which are typically approximated with simple exponential 
function) PECs [3, 29].

Tables 2 and 4 present �2�(1,1)∗ collision integrals for attractive interactions based on 
the MRCI curves with the ones based on the curves used in ref. [5]. It can be seen that 
correction provided by the newly calculated high quality PECs is 2–10% ( X2� ), 4–16% 
( a2�− ), and 9–28% ( 4�− ). This can be compared with 0.7–27% correction for attractive 
curve of the N–H system [3]. The highest discrepancy can be at low, intermediate or high 
temperature in the range considered (1000–60,000 K).

For the a4�− state some numerical problems caused suspicious increase of the values 
of collision integrals at lowest temperatures (much higher than reported for other attractive 
PECs; see Table 4). They were recalculated with the following PEC:

Fig. 1   Potential energy curves of the NH+ molecule calculated with icMRCI-f12 method and aug-cc-
pVQZ-f12 basis set
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which describes the ab  initio MRCI calculated energies well. This comparison confirms 
that higher temperatures are in agreement and in final results the 1000  K and 2000  K 
values will be replaced with this new values, which can be assumed correct because the 

(4)V(r) =
exp(−3.80048r)(1 + 0.303439∕r) + exp(−0.96574r)(1∕r − 0.513688r)

1.03355 − 0.783200 exp(−r)(1 + r + r2∕3)
,

Fig. 2   Potential energy curves of the NH2+ molecule calculated with icMRCI-f12 method and aug-cc-
pVQZ-f12 basis set

Table 2   Collision integrals 
�2�(1,1)∗ for the attractive 
PECs of the H–N+ interaction 
dissociating to the ground state 
atoms/ions (MRCI) compared 
with the results based on PECs 
given in Ref. [5]

Compare Fig. 1 for the term symbols

T/K X
2� MRCI X

2� [5] a
2�− MRCI a

2�− [5]

1000 16.10 17.40 16.51 15.59
2000 13.56 14.20 13.50 12.41
5000 10.54 10.27 8.067 7.038
10,000 7.209 6.828 4.109 3.542
20,000 3.772 3.560 1.858 1.645
30,000 2.373 2.230 1.185 1.080
40,000 1.681 1.568 0.8839 0.8240
60,000 1.037 0.9466 0.6111 0.5869
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difference with the values based on the other PEC are not in excessive disagreement (now 
disagreement is comparable to the values reported for other attractive PECs). Note also that 
calculations on the analytical form of PEC are many times faster and can serve as a com-
parison of the piecewise interpolated curve if no other results are available. It also reminds 
of the difficulties of the collision integrals, especially at low temperatures where substantial 
orbiting can occur (quantum mechanical or semi-classical approach is more adequate for 
those temperatures); on the other side the lowest temperatures reported are not very impor-
tant in the situation where non-negligible portion of molecules are dissociated into atoms/
ions which collisions are described in this study.

For the repulsive PECs, Table 3 gives �2�(1,1)∗ collision integrals, and the corrections are 
1–39% ( 4� ) and 2–32% ( 4�− ). The exponential approximation is of bad quality, so that is it 
understandable that high corrections are at both low temperatures ( 39% and 27.5% at 1000 K 
for 4� and 4�− respectively) and high temperatures ( 20% and 32% at 60,000 K for 4� and 
4�− respectively); note also that around 20,000 K correction is small because at low tempera-
ture correction is positive and at high temperature is negative. In case of N–H interaction cor-
rections for the repulsive curves are between 7 and 27% [3].

The MRCI PECs of the discussed states (solid lines) are compared with the ones of Ref. [5] 
(dashed lined) in Fig. 3 for H–N+ interaction and in Fig. 4 for the N–H+ interaction.

Ion–Atom Interactions (H–N+ , N–H+ , and H–N2+ ) and Polarizability Approximation

For the ion–atom interactions, simplification of the interaction with polarizability (polariza-
tion) model is often used. Sometimes this approximation is used for singly charged ions [11, 
30] but typically this model is used for ions with higher charge [5].

The polarizability potential

with polarizability of atom X, �X and ion charge Z. The formulas for collision integrals for 
this potential are known [31, 32], the formula for �2�(1,1)∗ integral is

(5)V(r) = −
Ze2�X

8��0r
4
,

(6)�2�(1,1)∗ = 424.443Z
√

�X∕T ,

Table 3   Collision integrals 
�2�(1,1)∗ for the repulsive 
PECs of the H–N+ interaction 
dissociating to the ground state 
atoms/ions (MRCI) compared 
with the results based on PECs 
given in Ref. [5]

Compare Fig. 1 for the term symbols

T/K 4� MRCI 4� [5] 4�− MRCI 4�− [5]

1000 7.028 5.055 9.866 7.737
2000 5.144 4.265 7.908 6.392
5000 3.693 3.325 5.856 4.815
10,000 2.849 2.693 4.392 3.773
20,000 2.105 2.129 2.922 2.861
30,000 1.705 1.831 2.136 2.388
40,000 1.438 1.633 1.663 2.080
60,000 1.096 1.374 1.1414 1.683
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with polarizability of nitrogen atom �N = 1.0904 Å3 and hydrogen atom �H = 0.66668 Å3 
[5].

Note that polarizability potential is not even qualitatively (repulsive part of poten-
tial is not present) correct description the actual potential neither in case of singly 
charged ion (Fig. 4 for N–H+ interaction) and doubly charged ion (Fig. 5 for H–N2+ ). 
The polarizability potential describes only attraction of ion with polarized atom but, at 

Fig. 3   The MRCI PECs for the H–N+ interactions dissociating to the ground states atoms/ions. Dotted lines 
shows curves given in Ref. [5]

Fig. 4   The MRCI PECs for the N–H+ interaction dissociating to the ground state nitrogen atom. Dotted line 
shows curve given in Ref. [5]. Polarizability potential ( Vpol ) is given for comparison
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inter-atomic distance small enough, the interaction always becomes repulsive. Addition-
ally, interaction ion-atom is often described by more than one PEC (Fig. 5).

How polarizability approximation works is practice can be seen: in Table 4 for N–H+ 
(inaccuracy exceeding multiplier two at some temperatures), in Table 5 for H–N+ (moder-
ate inaccuracy at most temperatures), and in Table  6 for H–N2+ (note in particular very 
high discrepancies at 2000 K and 5000 K). According to what is seen on the plots of PECs 
very significant inaccuracies are not surprising.

Ion–ion Interaction (H+–N+ ) and Coulomb Screening

In ionized gas, screening of ions by other charged particles (electrons and ions) have to 
be taken into account. It can be learned from derivation of Debye-Huckel theory that the 
exponential screening factor (dependent on the Debye length �D ) appears together with 

Fig. 5   The MRCI PECs for the H–N2+ interactions dissociating to the ground states atoms/ions. Polarizabil-
ity potential ( Vpol ) is given for comparison

Table 4   Collision integrals 
�2�(1,1)∗ for the N–H+ interaction 
on the attractive a4�− PEC 
(MRCI) compared with the 
results based on PECs given in 
Ref. [5]

Compare Fig. 1 for the term symbol. Values of polarizability approxi-
mation are also given

T/K a
4�− MRCI [5] polarizability

1000 33.12/20.91 16.58 14.02
2000 19.32/17.06 13.35 9.911
5000 11.24/11.52 9.259 6.268
10,000 6.442/6.570 5.695 4.432
20,000 3.031/3.047 2.779 3.133
30,000 1.866/1.866 1.709 2.559
40,000 1.325/1.322 1.198 2.216
60,000 0.8377/0.8355 0.7291 1.809
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the 1/r functional form of the potential, it is called the screened (or shielded) Coulomb 
potential e−r∕�D∕r [33]. Without the screening, the long range tail of Coulomb type leads to 
divergence. Because of ionization, the ions at long distances are screened and this screen-
ing has to be applied [34].

Actual potential for H +–N+ collisions is not of the Coulomb type but can have much 
more complicated structure (minimum and maximum may be present as in the ground state 
of NH2+ ; see Fig. 2). Note that the ground state PEC of NH2+ molecule do not correspond 
to the ground state nitrogen ion N +(3 P) (hydrogen cation is a proton with no electronic 
states); it means that for atomic ionized gas in equilibrium, the most important are the 
interactions related to the ground state nitrogen ion, moreover ions can interact by more 
than one PEC which should be taken into account in the exact description.

For interaction of ions, complete set of PECs is needed but the studies of doubly ionized 
systems, especially with excited electronic states, are rare [35]. Note also that analytical 
PECs, if given, are focused on the chemically relevant region of energy well and are not 
correct for higher inter-atomic distances [23].

The exponential screening can be included by the ad hoc correction

which was proposed in Ref. [10] and should be satisfactory for the large Debye lengths; 
also other applications of such procedure for non-Coulomb potentials are known [36, 37].

(7)V(r) = VH+−N+ (r)e−r∕�D ,

Table 5   Collision integrals 
�2�(1,1)∗ for the H–N+ interaction 
dissociating to the ground state 
atoms/ions (MRCI)

Values of polarizability approximation are also given. See Fig.  1 for 
the PECs used

T/K MRCI polarizability

1000 10.73 10.96
2000 8.557 7.750
5000 6.181 4.902
10,000 4.301 3.466
20,000 2.630 2.451
30,000 1.891 2.001
40,000 1.480 1.733
60,000 1.039 1.415

Table 6   Collision integrals 
�2�(1,1)∗ for the H–N2+ 
interaction dissociating to the 
ground state atoms/ions (MRCI)

Values of polarizability approximation are also given. See Fig.  2 for 
the PECs used

T/K MRCI polarizability

1000 27.02 21.92
2000 22.14 15.50
5000 15.93 9.803
10,000 11.09 6.932
20,000 6.750 4.902
30,000 4.748 4.002
40,000 3.617 3.466
60,000 2.409 2.830
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Figure  6 shows differences of the Coulomb and the calculated MRCI interaction 
potentials of the N +(1 D) and H + ions; two of these curves diverge from the Coulomb 
one but one is almost exactly of Coulomb type. All the curves at larger inter-atomic dis-
tance follow exactly 1/r Coulomb curve because at long distances the electron clouds do 
not interact and ions can be treated as the point charges.

For two PECs shown in Fig. 6 which are not of Coulomb type, it was verified that 
for a very broad interval of Debye length values, the Poisson equation of Debye-
Huckel theory [32] is satisfied with good accuracy by the MRCI screened potentials 
if r > 2.5 , so that in that region the Coulomb screened potential (which fulfills that 
equation exactly) can be replaced with the exact MRCI one. The formal correct-
ness mentioned above is presented in Fig.  7 (for Debye length 50 bohr) which pre-
sents fulfillment of the Poisson equation of the Debye-Huckel theory as the value of 
P(r) = (V(r) exp(−r∕�D)r)

��∕r − V(r) exp(−r∕�D)∕�
2
D

 which should be close to zero.
For small inter-atomic distances ( r < 2.5 bohr in this study, according to discussed 

Poisson equation) the screening should not be applied [33]; the unscreened MRCI 
potential is then correct in that region. Such theoretically preferred piecewise potential 
(exact unscreened below 2.5 bohr and exact screened above), with interpolated discon-
tinuity, is shown for �D = 10 in Fig. 8 and for �D = 50 in Fig. 9 where discontinuity is 
negligible. The larger is the Debye length, the discontinuity is smaller and overall agree-
ment with MRCI screened (for all inter-atomic distances) potential better. The conclu-
sion is that exact screened potential (i.e. ad hoc correction) is a good approximation to 
justified above option (i.e. piecewise one) and the larger is the Debye length the better 
exact screened PEC gets and it is always better than the Coulomb screened potential.

What was called the small inter-atomic distance ( r < 2.5 ) is still twice larger than 
radius of atomic nitrogen, so that the PEC is not modified by plasma effects below that 
value—the influence on electronic structure of the system do not have to be considered; 
it have to be considered in dense plasmas [38–40].

Fig. 6   The PECs dissociating to the N +(1 D) nitrogen ion (first excited state) compared with the Coulomb 
potential (1/r). Each curve possess long range tail described exactly by the Coulomb potential



460	 Plasma Chemistry and Plasma Processing (2023) 43:449–465

1 3

Table  7 compares Coulomb and the MRCI PECs based �2�(1,1)∗ collision integrals 
calculated with the Python code with the use of lengths reduced with the Debye length 
( r∗ = r∕�D , b∗ = b∕�D ). The Coulomb interaction is slowly decaying so that the interpola-
tion with 1/r function based on last five calculated points had to be used to obtain dissocia-
tion energies. That reduction removes the possible numerical problems related to slowly 
decaying long range potential tail at large Debye lengths. The code also allows to calculate 
any collision integral by simply setting temperature and Debye length; the file is given as 
supplementary material.

The Coulomb description of ions interaction is not correct at higher energies (and 
increase with energy), it is seen in Table 7 that at higher temperatures collision integrals 
based on the exact interactions diverge from the Coulomb ones. Also for smaller Debye 
lengths, the use of the exact PEC is more important (the quality of Coulomb interaction 
decreases).

Conclusions

Collision integrals were calculated, and reported as a fits to simple analytical functions 
at temperatures 1000–60,000  K, on the basis of newly calculated high quality ab  initio 
potential energy curves describing dissociation of both ground and excited states of atoms 
and ions. The quality of commonly used approximations were assessed with the following 
conclusions: 

1.	 the quality of both attractive and repulsive PECs is crucial,
2.	 polarizability approximation for atom–ion description is not correct even qualitatively, 

and the results show that it should be discouraged at all situations; however, the problem 
is diminished by the fact that it is typically used for the less important cases of multiply 
charged ion interactions with atoms,

Fig. 7   Fulfillment of the Poisson equation of Debye-Huckel theory ( P(r) = 0 condition) for X 1�+ and 1� 
states (shown in Fig. 6). Intermediate value of Debye length �D = 50 was used
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3.	 the ion–ion interactions usually can be described by the exponentially screened Coulomb 
interaction but when the temperature is very high and/or the Debye length is small, 
then the real PECs should be used (at the small inter-atomic distances the PECs may 
significantly differ from the Coulomb one).

Supplementary material

Text files with PECs points for singly ionized system (NHp1.dat, NHp2.dat) and doubly 
ionized system (NHpp1.dat, NHpp2.dat) are given; for the term symbols see figures 1 and 
2).

Text files with �2�(1,1)∗ and �2�(2,2)∗ collision integrals: NHp_GROUND_ALLTEMPS.
dat, NHp_EXCITED_ALLTEMPS.dat, NHpp_ALLTEMPS.dat to which function in the 
Appendix were fitted.

The file NHppCoulombExe.py for the collision integrals based on the screened Cou-
lomb and screened exact N +–H+ interactions (two lowest dissociation channels)—run in 
terminal as: python3 NHppCoulombExe.py (NHpp1.dat, NHpp2.dat files are needed for 
running the code); if Python3 is installed.

Table 7   Collision integrals �2�(1,1)∗ of exponentially screened potentials: the Coulomb PEC (1/r), the 
ground state molecule ( X1�+ ), the 1� state dissociating to the same states of ions as the ground state mol-
ecule ( 1� ), followed by the values for four interactions given in Fig. 2 dissociating to the four lowest states 
of nitrogen ion respectively (N+(3P)–H+ , N +(1D)–H+ , N +(1S)–H+ , N +(5S)–H+)

The screening according to the three values of Debye length ( �
D
 ) is given in each section of table

T/K 1/r X
1�+ 1� N+(3P)–H+ N+(1D)–H+ N+(1S)–H+ N+(5S)–H+

�
D
= 10

 1000 136.1 136.1 136.1 136.1 136.1 136.1 136.1
 5000 43.65 43.57 43.41 43.60 43.58 43.63 43.64
 10,000 23.56 23.29 23.28 23.47 23.40 23.51 23.51
 30,000 7.358 6.562 6.87 7.067 6.937 7.236 7.180
 60,000 3.126 2.471 2.721 2.851 2.765 3.035 2.972
 100,000 1.571 1.180 1.333 1.407 1.361 1.543 1.504
�
D
= 20

 1000 348.9 348.9 348.9 348.9 348.9 348.9 348.9
 5000 94.25 94.23 94.09 94.20 94.22 94.25 94.25
 10,000 46.49 46.29 46.20 46.41 46.37 46.46 46.46
 30,000 12.50 11.73 12.00 12.22 12.10 12.38 12.34
 60,000 4.861 4.151 4.411 4.566 4.469 4.757 4.692
 100,000 2.302 1.859 2.024 2.115 2.061 2.261 2.218
�
D
= 200

 1000 4649 4649 4649 4649 4649 4649 4649
 5000 628.3 628.3 628.2 628.3 628.3 628.3 628.3
 10,000 230.2 230.1 229.9 230.1 230.1 230.2 230.2
 30,000 40.87 40.16 40.36 40.61 40.48 40.76 40.73
 60,000 12.85 12.12 12.36 12.55 12.44 12.74 12.67
 100,000 5.341 4.862 5.025 5.137 5.076 5.288 5.246
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Appendix

The analytical fits for calculated collision integrals (weighted average are used in case of 
inter-atomic interaction by more than one PEC) are given below.

The collision integrals fits for the N(4S)–H+ interaction (1000–60,000 K):

Fig. 8   Comparison of the Coulomb screened potential (Coulomb ( �D = 10)), the MRCI screened poten-
tial (MRCI ( �D = 10)), and theoretically preferred picewise MRCI/MRCI screened potential (MRCI/MRCI 
( �D = 10))

Fig. 9   Comparison of the Coulomb screened potential (Coulomb ( �D = 50)), the MRCI screened poten-
tial (MRCI ( �D = 50)), and theoretically preferred picewise MRCI/MRCI screened potential (MRCI/MRCI 
( �D = 50))
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The collision integrals fits for the H(2S)-N+(3 P) interaction (1000–60,000 K):

The collision integrals fits for the N(2D)–H+ interaction (1000–60,000 K):

The collision integrals fits for the H(2S)-N+(1 D) interaction (1000–60,000 K):

The collision integrals fits for the H(2S)-N2+(2 P) interaction (1000–60,000 K):
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