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Abstract

Weighted poset block metric is a generalization of two types of metrics: one is weighted
poset metric introduced by Panek and Pinheiro (2010) and the other is metric for linear error-
block codes introduced by Feng and Hickernell (2006). This type of metrics includes many
classical metrics such as Hamming metric, Lee metric, poset metric, pomset metric, poset
block metric, pomset block metric and so on. In this work, we focus on constructing new
codes under weighted poset block metric from given ones. Some basic properties such as
minimum distance and covering radius are studied.
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1 Introduction

Let IFZ be the spaces of n-tuples over a finite field IF,,. Most of the coding theory was developed
considering the metric determined by Hamming weight on 7. The study of codes endowed
with a metric other than the Hamming metric gained momentum since 1990’s. In 1995,
Brualdi, Graves and Lawrence introduced poset metric, which is defined by partial orders on
the set of coordinate positions of IF"; [2]. Poset metric is a generalization of the Hamming
metric, in the sense that the latter is attained by considering the trivial order. This has been a
fruitful approach, since a number of unusual properties arise in this context such as intriguing
relative abundance of MDS and perfect codes [11, 19]. Over the last two decades, the study
of codes in the poset metric has made many developments in different subjects in coding
theory.

Feng, Xu and Hickernell [7] introduced the block metric by partitioning the set of coordi-
nate positions of IFZ and studied MDS block codes. In 2008, Alves, Panek and Firer combined
the poset and block structure, obtaining a further generalization called the poset block metric
[1]. A particular instance of poset block metric spaces, with one-dimensional blocks and the
poset is taken to be a disjoint union of chains with equal length, are the spaces introduced by
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Niederreiter in 1991 [17] and Rosenbloom and Tafasman in 1997 [21]. Later, Dass, Sharma
and Verma obtained a Singleton type bound for poset block codes [4]. A code meeting this
bound is called a maximum distance separable poset block code. Niederreiter-Rosenbloom-
Tsfasman block metric (in short, NRT block metric) is a particular case of poset block metric
when the poset is a chain [19].

As the support of a vector in F” is a set and hence induces order ideals and metrics on
IFZ, the poset metric codes could not accommodate Lee metric structure due to the fact that
the support of a vector with respect to Lee weight is not a set but rather a multiset. In order
to handle Lee metric, a much general class of metrics called pomset metric is introduced by
Irrinki and Selvaraj [22-24] for codes over Zy,. Over Z1, and Z% the pomset metric is actually
the poset metric. Moreover, when the pomset is induced by an antichain, it is the Lee metric.

More recently in [18] and [20], Panek and Pinheiro has proposed and studied weighted
coordinates poset metric for finite field alphabet, which is a generalization of both the poset
metric and pomset metric. In particular, it is a generalization of Hamming metric and Lee
metric.

In [14], we proposed weighted poset block metric which unifies weighted coordinates
poset metric and error-block metric. Weighted poset block metric includes not only all additive
metrics mentioned above but also some block metrics such as poset block metric, block metric,
pomset block metric and so on.

weighted poset metric with error-block metric to obtain a further generalization called the
weighted poset block metric which includes not only all additive metrics mentioned above
but also some block metric such as poset block metric, block metric, pomset block metric and
SO on.

Itis known that many interesting and important codes will arise by modifying or combining
existing codes under classical Hamming metric [10]. There are also several different ways to
join two ordered sets together [5]. The poset structure that could be imposed on the resultant
codes will have its effect on the minimum distance and covering radius.

The remainder of the paper is organized as follows. In Section 2, we give some definitions,
notations and basic facts of posets and weighted poset block weight over Fy. In Section 3,
we consider the packing radius and covering radius of a code under weighted poset block
metric when the poset is a chain. When w is taken to be the Hamming weight, our conclusion
will coincide with the results under NRT block metric. In Section 4, we give several different
ways to construct new (P, i, w)-codes from given ones. We introduce the concept of the
direct sum and direct product of the labeling maps. The new poset block structure that could
be imposed on the resultant codes. We focus on discussing its effect on minimum distance
and covering radius.

2 Preliminary

In the following, we give some basic definitions and notations about poset that are used
throughout the remainder of the paper. For more details of posets see [5].

Let P be aset. A partial order on P is abinary relation <on P suchthatforallx, y,z € P,
we have x < x (reflexivity), x < y and y < x imply x = y (antisymmetry), x < y and
y < zimply x < z (transitivity). A set equipped with an order relation is said to be a poset.
A poset P is a chain if any two elements of P are comparable. The opposition of a chain
is an antichain, that is, poset P is an antichain if x < y in P only when x = y. We call a
subset Q of P an ideal if, whenever x € Q,y € P and y < x, we have y € Q. For a subset
E of P, the ideal generated by E, denoted by (E) p, is the smallest ideal of P containing E.
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We prefer to denote the ideal generated by {i} as (i) instead of ({i}). We denoted by (i)* the
difference (i) — {i}={j e P:j <i}.

There are several different ways to construct a new poset from any two given posets. Let

P and Q be two posets. We use <p and < to distinguish the order relation between P and

0.

Disjoint union: The disjoint union of P and Q denoted by P W Q is the poset formed
by defining order relation on the underlying set P U Q:

x <yinPUQ & (x,y € Pandx <p y)or(x,y € Qandx <gp y).

Linear sum: The linear sum of P and Q denoted by P & Q is also a poset whose order
relation is defined on P U Q in the following way:

x<yinPUQ & (x,y € Pandx <p y)or(x,y€ Qandx <¢g y)or(x € Pandy € Q).

Cartesian product: Denote by P x Q = {(i,j) : i € P,j € Q}. Define an order
relation < on the underlying set P x Q as

() =, Y)inPx Q& x=<px'andy=<gy.

Then P x Q is a poset with the order relation defined above and is called Cartesian
product of P and Q, denoted by P ® Q.

Lexicographic product: Define an order relation < on the underlying set P x Q again
in a different way:

(x,y) < (', Y)inP x Q0 & (x <p xYor(x = x'andy < y').

Then P x Q is a poset with this order relation and is called lexicographic product of P
and Q, denoted by PxQ.

For example, consider the posets P = {a, b}, Q = {c, d, e} given by the following Hasse

diagrams:
o b o ¢

Lo 1,

L.

The Hasse diagrams of P W Q, P @& Q can be given as followings:

e b e ¢ e ¢

oald ld

L L,
PWQ ‘

e b

L,

P®Q
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The Hasse diagrams of P ® Q and PxQ can be given as followings:

o (be o (b,e)
l (b, d)

o . . (e |
o (b,0)
o (b0 o’ (a,d) e (a0
e (a,d)
e (a,o) l(a,c)

In the following, we give two ways to obtain a new poset from the old one. Let P be a
poset.

e Puncturing: We can get a new poset P~ from P by deleting an element z € P and its
order relation is defined as:

x<yeP &x=<yeP.

o Extending: By adding an element z in P, we obtain a new poset P whose order relation
is defined as:

xfyeP"'@(x,yeP,x§yinP)0r(x:y:z).

Remark 2.1 By the definitions of puncturing poset and extending poset, we get the following.

(1) If poset P is a chain (antichain), then P~ is a chain (antichain).
(2) Poset PT can never be a chain.

The definitions of weight and metric can be defined on general rings. In particular, we
restrict it to finite field because it is the most explored topic in the context of coding theory.
Let I, be the finite field of order ¢ and IF; the n-dimensional vector space over F,.

Definition 2.1 A map d : ]FZ X IFZ — N is a metric on IF‘Z if it satisfies the following
conditions:

(1) (non-negativity) d(u, v) > 0 forallu, v € IFZ and d(u, v) = 0 if and only ifu = v;

(2) (symmetry)d(u,v) =d(v,u) forallu, v € IFZ
(3) (triangle inequality) d(u, v) < d(u, w) + d(w, v) forallu, v, w € ]FZ.

Definition 2.2 A map w : IFZ — N is a weight on IFZ if it satisfies the following conditions:

(1) w(u) > 0forallu € IFZ and w(u) = 0 if and only if u = 0;
(2) wu) = w(—u) forallu € F?;
(3) wu+v) <wu)+w)forallu,v e IFZ.

It is straightforward to prove that, if w is a weight over Fy, then the map d,, defined by

d(u,v) = w(u — v) is a metric on IF‘Z See [6] and [9] for detailed discussion on weight and
metric.
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s
Let P be a poset with underlying set [s]. Let 7w : [s] = Nbe amapsuchthatn = Y 7 (i).
i=1
The map  is said to be a labeling of the poset P, and the pair (P, ) is called a poset block

structure over [s]. Denote 7 (i) by k;. We take V; as the F,-vector space F/,;i foralll <i <s.
We define V as the direct sum

V=VieVe &V
which is isomorphic to 7. Each u € V' can be uniquely decomposed as
U=uy+uy—+---+ug

where u; = (u;), ..., uj) € Viforl <i <s.
Let w be a weight on [F; and let P be a poset. Givenu € V, set

(1) WP @) =max{wu;j): 1 <j <k}forl <i<s;
2) My, = max{w(a) o€ Fq};
(3) my =min{w(@) : 0 #a € Fy}.

The block support or w-support of u € V is the set
suppf:(u) ={i €[s]:u; #0}.

We denote by I,f the ideal generated by suppf: (u) and denote by M,f the set of maximal
elements in the ideal IuP . The (P, m, w)-weight of u is defined as

Bupy@ =Y Way+ Y My

ieMP ielP\MFP
For u, v € V, define their (P, w, w)-distance as
dy,(P,7)(U, V) = Oy (p,x) (U — V)

which induces a metric on IFZ known as weighted poset block metric [14]. The (P, &, w)-
weight @y, (p,z) and the (P, m, w)-distance dy, (p,r) is also called weighted poset block
weight and weighted poset block distance.

The pair (V, dw,(P,ﬂ)) is said to be a weighted poset block space. A (P, 7, w)-code C of
length n over F, is a subset of V. A linear (P, , w)-code is a subspace of V. The minimum
(P, , w)-distance of a code C is

dw,(p,7)(C) = min {dy, (p,7)(u,v) :u #v € C}.

When the weight w over IF; is considered to be the Hamming weight wpy, we denote by
dp,7)(C) = dyy,(p,7)(C).

Remark 2.2 [Itis worth noting that this metric combines and extends several classical metrics
in coding theory. For instance,

(1) When the weight w over B is the Hamming weight, the (P, 7, w)-weight reduces to the
poset block weight introduced by Alves et al. (see [1].

(2) When the weight w over Zy, is the Lee weight, the (P, w, w)-weight reduces to the pomset
block weight introduced in [13].

(3) When P is taken to be a chain and w is taken to be the Hamming weight over I,
the Niederreiter-Rosenbloom-Tafasman block weight (NRT block weight), introduced by
Panek (see [19], becomes a particular case of (P, w, w)-weight.
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(4) When the label 7w satisfies w(i) = 1 for all i € [s], the (P, w, w)-weight reduces to the
weighted coordinates poset weight introduced by Panek et al. (see [18] and [20].

(5) In case both conditions occur ((i) = 1 foralli € [s], w is the Hamming weight over
I, and P is the antichain order), the (P, m, w)-weight reduces to the usual Hamming
weight.

(6) In case both conditions occur (w (i) = 1 foralli € [s], w is the Lee weight over Z,,, and
P is the antichain order), the (P, w, w)-weight reduces to the usual Lee weight.

3 Packing Radius and Covering Radius
In this section, we extend the concept of radius defined for the Hamming metric (see [10])
to the case of weighted poset block metric. We always assume that w is a weight on F,
N
P = ([s], <) is a poset, 7w : [s] — N is a labeling of the poset P and V = P IFI;[ which is
i=1
isomorphic to Fp.

Definition 3.1 Let w be a weight on F,. Foru € V, the (P, , w)-ball with center u and
radius r is the set

By, oy, r)y={v eV dywpxuv) <r}

When the wight w over ¥ is considered to be Hamming weight, we denote by B(p r)(u,r)
the (P, mr, w)-ball with center u and radius r.

Definition 3.2 Let C be a (P, w, w)-code. The covering radius p(C) is the smallest integer
[ such that V is the union of the balls with radius | centered at the codewords of C, that is:

p(C) = maxmind,, p »)(u, v).
veV ueC

Definition 3.3 Let C be a linear (P, w, w)-code and v € V. The coset of C determined by v
is defined as v+ C = {v 4+ u : u € C}. The weight of a coset is the smallest weight of all
vectors in the coset, and any vector having the smallest weight in the coset is called a coset
leader:

Remark 3.1 For a linear (P, w, w)-code C, one has that p(C) is the weight of a coset with
the largest weight.

Definition 3.4 A code C is said to be an r-perfect (P, 7, w)-code if the (P, 7, w)-balls of
radius r centered at the codewords of C are pairwise disjoint and their union is V.

Definition 3.5 The packing radius p(C) of a code C is the largest radius of balls centered
at codewords so that the balls are pairwise disjoint. We call a code C is perfect if it is
p(C)-perfect.

In the remainder of this section, we always suppose that P is a chain. Without loss of
generality, we may assume that P has order relation 1 < --- < s.

Lemma 3.1 Let w be a weight on F, and let r =1 +iM,, wherel € [My] and i > 0 be an
integer. Then By, (p.7)(0,7) € B(p )(0,i + 1), with equality holds if and only if | = M,,.
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Proof Letu € By, (p,7)(0,7). Then wy (p.ry(w) <r =1+iM, < (i + 1)M,,. Therefore
uj=0forj>i+2andhenceu € Bp (0,7 + 1).

Suppose that By, (p,7)(0,7) = B(p 7)(0,i 4+ 1). Take u € B(p »)(0,i + 1) such that
ujy1,1 = o where o € T satisfies w(a) = M,,. Then w,, (p »)(w) = My, +iM,,. Therefore
[ = M,,.

Conversely suppose | = M,,. Foru € Bp )(0,i + 1), we have @, (p (1) < (i +
)My, = r. Therefore u € By, (p,7)(0, 7) and hence B(p »)(0,i + 1) € By (p,7)(0,7). O

When w is taken to be the Hamming weight over F,, the (P, 7, w)-weight reduces to the
NRT block weight. It is known that the packing radius of a linear (n, K) code C under NRT
block metric is

p(C) =dpp(C)—1

(see [19], Theorem 5).
By Lemma 3.1, we immediately get the following result.

Theorem 3.1 The packing radius of a linear (P, 7, w)-code C satisfies that
p(C) = (dip.)(C) — 1) My,

Furthermore, p(C) = (d(p,,,)(C)—l)Mw if and only if dy p7)(C) = my +
(dp.x)(C) — 1) My,

Let C be a (P, m, w)-code, denote by C; = {u; : u € C} fori € [s].
Theorem 3.2 Let C be a linear (P, , w)-code. Set

s ifCs # Fy:

r =
min [0 (Crir, .. C) =Ty @ @ Ff | otherwise.

Then
(r =DMy < p(C) <rM,y.

Proof Suppose that C; # IFI;“. Then there exists v € Fp such that vs € IEJ;“ \ Cs. Then
(s =DMy +my < dy,(px)(v,u)forany u € C which implies that (s — 1)M,, < p(C) <
sM,,.

Suppose that » = min [l 1 (Ciy1y ..., Cy) = IF';”‘ DD F’;s } Take v € FZ such that

v, € Fy \ Cy. Then dy, (p.x)(v, u) > (r — 1)My, + m,, which implies that 5(C) > (- —

1)M,, + my,. On the other hand, for any v = (vy, ..., Up, Vp41,...,V5) € IFZ, there exists
u € C suchthatu = (uy, ..., Uy, Vp41, - .., Vs). Therefore
dy,p,myW, V) =0y Py —vr, ..., u;p —v;,0,...,0) <rM,.
O

4 Code Constructions

In this section, we give several different ways to construct new (P, 7, w)-codes from given
ones.
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4.1 Construction 1

S
Let P, Q be two posets and let w be a weightonIF,. Let 7y : [s] — Nsuchthatn; = > ()
i=1

t
be a labeling of P and let 75 : [t] — N such that Y m2(i) = ny be a labeling of Q. Let

i=1
Cy € (F3'. dw,p.x)) bea (P, 1, w)-code and let C C (Fy?, du,(0,1,)) be a (Q, 72, w)-
code. The direct sum of C; and C, denoted by C is defined as

C=CiaC =W u"):u cCi, u"eC}.
Define the direct sum of labeling map 1 and wp as w = w1 @ 7> : [s 4+ ] — N such that
(i) ifi <s;
(i) =
(i —s) ifi > 5.

Suppose that £ = P W Q (or L = P & Q). Foru = (u',u”) € C where u’ € C; and
u"” € C,. Set

WP (u) ifi <s;

W (u) =

W[Q_S (u”)ifi > s.
With notations introduced above, we obtain the following result.
Proposition 4.1 (1) The codeC < <F21+"2, dw,(pwg,m@ﬂz)) isa(PWQ,m & m, w)-code
such that

duw,(Po0,m@m)(C) = min {dy, (p.7,)(C1), dw,(0,72)(C2)} .

(2) The code C < (IF;“L"Z, dwy(p@Q,m@m)) isa (P ® Q,m @ my, w)-code such that

dy, (P& 0,m1@m)(C) = dy,(P,7;)(C1).

Proof Take u = (u’, u”) and v = (v', v”") where u’, v’ € C| and u”, v” € C, respectively.
It follows from the definition of weighted poset block weight that

Buco@—v)= Y Wr@-v+ > M,
ieME ielf \ME,
Considering the weighted poset block metric with poset £ = P & Q, we have Iuﬁ_v =
17 ,UIQ,, ,,ande_v:M[; ,UMQ,, . Hence
-V u —-v u—-v u —-v

u
Oy, (7)) (U —v) = Z WiP (u’ — v’) + Z WiQ (u” _ v")

TP e P
iel iel
€ - € u "

+ > M+ Y M,

. P P .
ieth \M ietS,_,\mM5,_,

u' =’ v

= Wy, (P,1) (u' — v') + Wy, (0,72) (u" — v") .
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If£L=P& Q,then

ul’ # v" u!l — v!/
£, PUIS 1L

v

Mgy Mgy MYy
Hence
_ sMy, + o, u” — ") ifu” £,
@y (L) U — V) = {Ewu(zp nl)w’;QfZD)rg ) ifu” =",
The result then follows. O

Lemma 4.1 Suppose that Cy is a linear (P, w1, w)-code and C» is a linear (Q, 72, w)-code.
Let u’ be a coset leader of C1 and let u” be a coset leader of C,. Then

(1) u=(u, u") € C is a coset leader of C when L = P & Q.
(2) u=(u',u") € Cisacoset leader of C when L = P & Q.

Proof Letv = (u' +x' u” +x") € u + C where (x’, x”) eC.
If£L=PuWwQ,then
Ow,(£,7) (V) = O, (P,7)) (u' + x') + Ow,(0,12) (u" + x") > Wy, (P,1)) (u’)
+Buw.(0.my) (") = Buy (£.) ()

which implies that u is a coset leader of u + C.
If L= P & Q, then we have

ul!_i_xll;é()ull_'_x!l:o

£ PuIh, . 1P

u'+x’
L @ P
Mv Mur/+xr/ Mul+xl-
Hence
SMy + @, (0.my) (W +x") = sMy + @, (0.7y) (W) = By (£, @) if 0’ + 0" £0;
Ew,(ﬁ,n)(v) =
Bu, Py (W +x") = Dy, pmy) (1) ifu” +x" =0.
Note that u” 4+ x” = 0 implies that u”” = —x"" € C; and hence u” = 0. Therefore
_ _ N —
Du,(£,7) (V) = By, (P () = Dy, (£,70) (W),
The result then follows. O

Theorem 4.1 Let Cy be a linear (P, 71, w)-code and C; be a linear (Q, w2, w)-code. Then
(1) p(C) = p(Cy1) + p(Cr) when L= P W Q.
(2) p(C) =sMy + p(C2) when L= P & Q.

Proof Let L = P® Q. We first show that 5(C) > sM,,+p(C3). Letu’ be a coset leader of C;
suchthat@,, p x,) (#’) = 5(C1) andletu” be acosetleader of C; such that@,, (g, x,) (#”) =
p(C). 1t follows from Lemma 4.1 that u = (/, u") is a coset leader of C. Then for any
¢ € C, we have

du, (£, €) =y (7)1 — €) = Oy, (£,7) (W) =My, + p(C2)
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which implies that p(C) > sM,, + p(C>2).

Conversely, let z = (z', z") c }FZ‘HZ. Thenz’ = u’ + x’ € u’ + C; where u’ is a coset
leader of Cy and z” = u” + x” € u” + C, where u” is a coset leader of C,. Denote by
u = (u',u"). Take x = (x’, x”) € C. We have

dw,([,,n)(z’ x) = aw,(ﬁ,ﬂ)(z - x) = Ew,(g,n)(z - x) = au),(,C,ﬂ)(u)
= sMy + @y, (0,71) (u”) < sMy + p(C2).

Therefore mi(rjldw,(g,n)(u,z) < sMy + p(Cy) for any z € IFZ'+"2 and hence p(C) <
uec

sMy + p(C2).
The case for £L = P W Q can be proved in the same way. O

Remark 4.1 (1) Set w be the Lee weight over Z,, and set w1 (i) = mp(i) = 1. Then weighted
poset block metric becomes pomset metric. An application of Theorem 4.1 implies that

(a) If L= P W Q, then 5(C) = p(C1) + p(C2).
(b) IfL=P® Q, then p(C) =5 | 5| + 5 (C2).

which has appeared in [22].
(2) Set w be the Hamming weight over Fy and set 71 (i) = 72 (i) = 1. Then weighted poset
block metric becomes poset metric. An application of Theorem 4.1 implies that

(a) If L= P W Q, then p(C) = p(Cy) + p(C2).
(b) IfL=P® Q, then 5(C) = 5 + p(Ca).

which has appeared in [16]. Especially when the poset is taken to be an antichain, poset
metric becomes Hamming metric. We have p(C) = p(Cy) + p(C2) when L = P W Q.
This result can be seen in [10].

(3) Suppose that P and Q are two antichains. Let w1 (i) = m(i) = 1 and let w be the
Hamming weight. Consider the poset L = P @ Q which is a hierarchical poset with
two levels. It follows from Theorem 4.1 that p(C) = s + p(C2). On the other hand, the
(P & Q,m @ m, w) code C can be seen as a code under hierachical poset metric with
poset L = P @ Q whose canonical decomposition is C = C1 @ C» (see [8]). It is known
that p(C) = s + p(C2) [15].

4.2 Construction 2

Let C; C (Fz,dw,(}’ﬂ])) be a (P, m, w)-code and let C, C (F;,dw,(Qm)) be a

s t
(Q, mp, w)-code where n = > m1(i) = > m(i). Let 7 be the direct sum of labeling
i=1 i=1
mrand . Let L= P W Q (or L =P @ Q). The (' | u’ + u”) construction produces the
(L, m, w)-code
C={(.u'+u"):u eCiu"eC}.

With the notations introduced above, we have the following result.
Proposition 4.2 (1) The code C C (]Fi", dw,(p@Q,n)) isa(PWQ,m, w)-code such that
duw,(Po0,7)(C) = min {dy,p 7)) (C1), dw,(0,)(C2)}
or

dy, (PwQ.7)(C) = min [dw,(Q,nz)(CZ)~ dy, (P71 (C1) +dy (0,79) (CD), duy, (P,)) (C1) + duy,(0,79) (C1 + Cz)] .
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(2) The code C C (Fg”, dw_(P@Q!n)) isa (P & Q, m, w)-code such that

dw,(Po0.7)(C) = d(w,(P.x)(C1)
or
dw.(P&0.x)(C) = min {dy (0 7,)(C2), dw (0.7 (C1), du (0.7 (C1 + C2) } + s M,
(here Ci 4+ Cy = {u' +u" :u' € Ci,u” € C2}).

Proof Letu = (u’,u’ +u") and let v = (v', v’ +v”) where &/, v’ € Cy, u”,v" € C».
Then

du (£ @, V) =By (@ —v) = Y WE@ =)+ My |7, \ My, |.
ZGMu‘C_v

If L= PwQ,then

u, — v’ u” — v” ul + u” _ v/ + ,v" u’ + u" # ,v, + v/l
L 0 P 0 P P 0
Iu v qu_vrr Iur_vr U Iur_vr Iu v Iur_v/ U lu’+u”—v’—v"
L 0 P 0 P P 0
Mu—v Mu//_v// Mu/_v/ U Muf_v/ Mu _v Mu/_v/ U Mu/+u”_v/_v’/'
Therefore
ww,(Q,nz) (u" ) ifu = U’;
_ By, (P,ry) (@ = V) + By (0,7 (0 =) if u” ="
ww’(ﬁqn)(u — I)) =
Dy, (P7y) (u' =) ifu +u” =v +0";
@y, P,y (@ = V) + Dy (0,7 ( (' +u” = =) ifu +u” £ + 0.

Hence

dw,(C,n)(C) > min {du,',(Q,nz)(CZ)s dw,(P.n])(Cl) + dw,(Q,nz)(Cl)» duh(P,?'[l)(Cl) + dw,(Q,rrg)(Cl + C2)}

if there does not exist u’, v’ € C; and u”, v" € C5 such that u’ + u” = v’ + v”. Otherwise
we have that

dy,(£,7)(C) > min {dw,(P,nl)(Cl)v dw,(Q,m)(CZ)} .
If£=Pe& Q,then

ul=vl u”=vll ul_i_uﬂ_vl_i_vlu_,’_uﬂ#vl_"_v/l

[tfvPU]QH ,,PU[Q , ]P PU]Q A
w-v —v u'—v' w'+u"—v' —v
ME, MS me MP 02
u—v u” —v” u' —v u —v' u’+u”—v’—v"'
Therefore
@, (0,m) (W = ") + sMy ifu' =v';
_ @u (0.1 (W = V') + M,y ifu” ="
Oy, (£,m) (U —v) = .
e Wy, (P,my) (u, ) ifu +u” =v +0";

Do, (0 (W +u”" — v —0")+sMy, ifu +u” # v + 0"
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Hence
dw,(L,T[)(C) = min {dw,(Q,r[z) (C2)7 dw,(Q,nz)(Cl)a dw-,(QJTZ) (Cl + CZ)} +sMy
if there exists no u’, v’ € C; and u”, v” € C, such thatu’ 4+ u” = v +v". O

Theorem 4.2 Let Cy be a linear (P, 7y, w)-code and Cy be a linear (Q, mp, w)-code. Then

(1) The code C is a linear (P ¥ Q, 7w, w)-code satisfies p(C) < p(Cy) + p(C2).
(2) The code C is a linear (P ® Q, 7, w)-code satisfies p(C) < p(Cp) + sMy,.

Proof Let v = (v',v") € Fg" where v/, v” € ). Then v/ = o’ +a’ and v = ' + '
where @’, b’ € Cy, &/, B’ are two coset leaders in the corresponding cosets of C1. Then

v = (vr, vu) — (a/ +a1,’31 +b') — (a’+a',ﬂ' +a/+ (bl _a/)).

Assume that B’ + (b’ — a’) = p” + ¢” where ¢” € C, and p” is a coset leader in the
corresponding coset of C. Then

v=(a'+d. y"+d +")=(.y")+ (d.d +").
Denote by ¢ = (a’,a’ 4+ ¢”) € Candu = (a’, y”), we have
dw,(£,7)(V, €) = Du,(£,7)(V =€) = D, (£,7) ().

If L= PW Q, then

B, (£, @) = Bu,(Py) (&) + Bu, 0,1 () = HC1) + H(Ca).
If L= P& Q,then

Do, (£,7) (W) = B,y (@) + D07 (¥7) < sMy + H(C2).
The result then follows. O

Remark 4.2 Suppose that w is Lee weight over Z,, and all blocks have dimension one. Then
weighted poset block metric becomes pomset metric. Theorem 4.2 implies that

(a) p(C) = p(C)+p(Cr) if L=PW Q.
(b) p(C) < p(C)+s |3 ]ifL=P Q.
Which has appeared in [22].

4.3 Construction 3

Let £ be a poset with underling set [s] and let w be a labeling map of the poset £ such that
S

igl (i) =n.LetC C (FZ dw,(g,,,)> be a (£, w, w)-code over F,.
The extended code C of C is defined as:

C= {(u,u‘y_,_]) cu€C, ugqy €Fg withuyy + - +uqpay + -+ ugr + -+ Ugrs) +st1 :0}.
Consider the extending poset £ of £ by adding an element s + 1 in £ and the labeling

map 7zt :[s+1] — Nof £ such that 77 (i) = 7 (i) fori < s and 7w (s + 1) = 1. Denote
by ut = (u, usy1). Define

L o) .
LF (4 _ Wou) ifi <s;
Wi (u )_{w(uﬁ_l)ifi:s—i—l.
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The following results can be proved in a routine way.

Remark 4.3 The extended code C (IFZH, dw,(£+,n+)) isa (LT, w7, w)-code satisfying
that
dw,(ﬁ,ﬂ)(c) =< dw,(L+,n+)(C) =< dw,(L,ﬂ)(C) + Mw~

Theorem 4.3 Let C be a linear (L, m, w)-code over ;. The covering radius of the
(£, 7%, w)-code C satisfies p(C) < p(C) < p(C) + My,

Remark4.4 (1) Let w be Hamming weight over I, m(i) = 1 and let L be an antichain.
Then weighted poset block metric becomes Hamming metric. By Theorem 4.3, we have
5(C) < p(©C) < p(C) +1, thatis, 5(C) = p(C) or 5(C) = p(C) + 1 which has appeared
in [10].

(2) For the case of pomset metric, Theorem 4.3 reduces to p(C) < 5(5) < p(C) + L%J
which has been appeared in [22].

4.4 Construction 4

Let £ be a poset with underlying set [s] and let v be a labeling map of the poset £ such that
S

> (i) =n.Let T C [s] be any set of # blocks. Let C be an [n, K, dy, (£, x)(C)] code over

i=1

}F;. Puncturing C on T gives a code over F,, of length n — ) (i), called the punctured code
ieT
of C and denoted by Cr.
In this section, we fix T = {i} for some i € [s]. Foru = (uy,...,u5) € }FZ, define

u = (U1, ... U1, Uit1, .-, Us).
The punctured code C* is given by
c*={u*:uec}.
Considering the puncturing poset £~ of £ by deleting i from [s] and the labeling map

7w~ : [s]\ {i} = Nof £~ such that 77 (j) = 7 (j) for j € [s]\ {i}, we get the following
result.

Proposition 4.3 The punctured code C* C (Fz_”(i), dw,(ﬁf,,,f)) isa (L, 7, w)-code
such that
dy (-7~ (C*) < dy,£,7)(C).

Proof Let u*, v* € C* whose corresponding vectors are u, v € C respectively. It follows
from the definition of puncturing poset that

i€ ME ielE \ME  i¢lIE,
L, L \G) L\ Lo,
M5 ME \(i}  ME, My,
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Thus
dy.(p- -y (U*, V%) =@y (- 1) (W* —0*) = Z WE (u* —v*)
jeMS& .
+ IS \ ME_ o | My,
Dy, (£,7) (U —v) — Wl-ﬁ(u —v)ifi e M,f_v;
=\ Duw,c,0)@—v) — My ifi e IX )\ M5

@y, (L,7) (U — V) ifi ¢ 15,

Hence dy, (p— 7-(C*) < duy,(£,7)(C). O

Remark 4.5 From the above proof, we have that
aw,(l),rf)(u) - M, < aw,([i—,yz—)(u*) = ww,([),n)(“)

foranyu € IF‘Z such that u®* is the punctured vector of u on i-th block.

Theorem 4.4 Let C be a linear (L, w, w)-code over F,. The punctured code C* of C satisfies
p(C) = My = p(C*) = p(O).

Proof Letv € ]FZ. Then there existu € Canda € FZ a coset leader of C such that v = o +u.
It follows from Remark 4.5 that

dw,(L—,n—) (v*, u*) = aw,(ﬁ—.n—) (v* - u*) =< ww,(ﬁ,n)(v —u) = aw,([i,;'r)("‘) < p(0).

Since v € ]FZ is arbitrary, we have p(C*) < p(C). On the other hand,

dy c- ) (V5 0*) =@y (- 7y (V5 = ") = Dy 2.0 (v — 1) — My = p(C) — My,
m]

Remark 4.6 (1) For the case of Hamming metric, Theorem 4.4 reduces to p(C) — 1 <
p(C*) < p(C), that is, p(C*) = p(C) — 1 or p(C*) = p(C) which has been appeared in
[10].

(2) Forthe case of pomset metric, Theorem 4.4 reduces to p(C*) < p(C), which has appeared
in [22].

4.5 Construction 5

Let P and Q be two posets with underlining sets [s] and [7] respectively. Let 1 : [s] > N
be a labeling map of P such that Y (i) = nj and let 75 : [f] — N be a labeling map of
i€ls]
Q such that > (i) = np. Suppose that £L = P ® Q (or L = PxQ). Then L is a poset with
i€(t]

underlying set [s] x [t] = {(i, j) : i € [s], j € [j]} and cardinality s¢. Denote by 771 (i) = «;
and 7> (i) = B; in the remainder of this section.

Define the direct product of labeling map 7y and mp as w7 = w1 @ mp : [s] x [t] > N
such that

(i, J)) = aif;j
for (i, j) € [s] x [t]. Then 7 is a labeling map of £ such that Y n((i, j)) = nina.
@i, )eL
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Letu = (uy,...,u5) € (Fg'.dy p.xy)) where u; € Fg' and v = (vr,...,v) €
(F22, dyy (0.7)) Where v; € F'. Define u ® v as
{wijorr 2i € ls], j € lail, r € 11,1 € B} € Fy™.
We write it in the form of a block matrix as following:
Gl Gy - G
uv  ~uv uv

2,1 Y2277 Moy
UuQRQuv =

uv uv uv

Gsh Gsa - Gi
where Gf“; isan o; x B; matrix fori € [s] and j € [t], that is:
UiTVj1 UiV - UiTVjB;
UjpVj1 UgVj2 -+ UdVjB;

uv _
Gi,j =

”iot,-vjl uioliij tee uiotivjﬁ_;

Now we have given a partition of u ® v whose (i, j)-th block is G;“; corresponding to
the element (i, j) of the poset L. Set

Wi = max {wicvjy) 1< ¢ <ai, 1 <p < B}

For any u € F'"? with st blocks, the (£, 7, w)-weight of u is

Buen@= Y WL N M, = Y WERLHG, ) € L\ M| My,
(i,))eME (i,))elL\ME (i,j)eME

Let C; € (Fg', dw,(p,x)) be a (P, 71, w)-code and let C; € (Fy?, dw,(0,my)) be a

(Q, w2, w)-code. The tensor product of Cy and C», denoted by C = C; Q) C», is given by
C1®C2:{u®v:ueC1, v e Cyl.

Proposition 4.4 Let Cy be a linear (P, w1, w)-code and let Cy be a linear (Q, 73, w)-code.
Let L= P ® Q and let w1 = w1 ® my. Then the following results hold:

(1) Suppose that P is a chain with order relation 1 < 2 < --- < s and Q is an antichain.
Then

d(0,7)(C2) (d(p 7)(C1) = 1) My +dy (0,7)(C2) < dyy (£,7)(C) < d(p 7)) (C1A(Q,72)(C2) M.
(2) Suppose that P and Q are both antichains. Then
dp ) (C1A(Q,7y) (Co)my < dy,(£,7)(C) < d(p ) (C1)d(Q,1)(C2)My.

(3) Suppose that P is a chain with order relation 1 <2 < --- < s and Q is a chain with
order relation 1 <2 < --- < t. Then

(dp 2 (C)A(Q,722)(C2) — 1) My, + myy < duy (£,7)(C) < d(py)(C1)d(Q,7)(C2)Myy.

Proof Letu ® v € C.

@ Springer



Order

(1) If P is a chain and Q is an antichain, then (i, j) < (i, j') € Lifand only if i < i’ and
Jj = Jj'. Assume that d(p ,)(u) = A and I,,Q = {n1,n2,...,n}. Then

O ---
O ---

URv=|0 ..

o ---

o -

Guv ... Guv

:L’vm llt,vrlz a
G2,771 G2JJ2 a

uv uv
Gk,m Gk,nz

O --- 0O

o .- 0

-Gy, - 0
uv

- GYY - 0
ng’m...o
O ---0
o - 0|

satisfies G§* # O for 1 <[ <risana; x B, matrix. Then

sM

aw,(ﬁ,n)(“ Q) =

Note that

O, (Q,77) (V) =

2

2

@)=,
1<l=<r

= 2

(i,j1)=()»,i71),

<I=<r

Jj=ni,1<l<r

Therefore

Y W=

@ )=0,n),
1<I<r

Therefore

A%

2

(i,j1)=()um)

<I<r

2

Jj=ni,1<l<r

2

Jj=ni,1<l<r

WJQ(v) - Z

Jj=m,1<l<r

Wl‘l;'v + A= DnMy

WP 4 (dep ) (@) = 1) d(@,75) (V) My

max {w(vj,): 1 < < Bj}.

max{w(uigvm) l<¢g<wo,l<pu< ,Bj}

B

max {w(ucvj,) :

max{w(u;\gvju)

= Wu,(Q,m) (U V).

l<g=<au,l=zu<p)l

1< s Bl

du,(2,7)(C) = d(,7)(C2) (d(p 7 (C1) — 1) My + duy (0,72 (C2).
On the other hand, let u € C; such that d(p »)(w) = A = d(p,»)(C1) and let v € C

such that d(g ,)(v) = r = d(@,x,)(C2). From above discussion, we conclude that

The result then follows.
(2) If P and Q are antichains, then £ is an antichain. Therefore

6w,([l,n)(u Q) = Z

(. ))el%,

Dy, (£.0) (@ @ V) < ArMy,.

The result immediately follows.
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(3) If P and Q are both chains, then (i, j) < (i’, j/) € Lifand only ifi < i’ and j < j'.
Assume that d(p z,)(u) = A and d(g ,)(v) = 6. Then

'(;lﬁv1 thﬂg O---0]

GI - G5 0 0
UuRv = (1)
o --- 0 O0---0

satisfies GK}’B # O is an a;, x Bs matrix. Then
Dy, (£,7) (U V) = W)':av + (A6 — 1)M,y,.

Hence
(A8 = DMy +my < @y (£,7) U Q V) < XMy,

The result then follows.

[m}

Remark 4.7 The case for Q being a chain and P being an antichain is symmetric with the
case P being a chain and Q being an antichain.

Remark 4.8 Let P and Q be two chains and let w1 and wy be labeling maps of P and Q
respectively. When w1 (i) = 1 foralli € [s] and m2(j) = 1 for all j € [t], we have that
duw, (2,7 (C) = (dp 7)(C1)d(0,77)(C2) — 1) My, + my,
= (dw,P.7)(C1) = my) d(0.7)(C2) + du (0.7 (C2)
= (dw,(0.7)(C2) — my) d(p.7)(C1) + duw (P 7;)(C1).

The following corollary, which has been shown in [22], is a special case of Proposition
4.4 .

Corollary 4.1 Let Cy be a linear (P, w1, w)-code and let C be a linear (Q, mo, w)-code.
Let L= P ® Q and let 1 = 7| ® 7). For w being the Lee weight over Z,, where m is prime
(that is, Zy, is a field) and 7; is trivial, the following results hold:

(1) If P and Q are antichains, then

m
dp,7)(C1A(0,72)(C2) < dy,(£,7)(C) < dp 7)(C1)d(Q,7,)(C2) LEJ .

(2) If P is a chain and Q is an antichain, then

m

2
(3) If P and Q are two chains, then

duw,2,7)(C) = (dw,(P,x)(C1) = 1) d(0,7,)(C2) + du,(0,7,)(C2)
= (dw,(0,m)(C2) = 1) d(p.x))(C1) + dw (P 7)) (C1).

0.7 (€2) (dr. ) (€1) = 1) | 5 | dun (0.1 (€2) = (2. (©) = dipny) (CDi0r (€2) | 5 |-
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Proposition 4.5 Let C be a linear (P, w1, w)-code and let C, be a linear (Q, w3, w)-code.
Let L = PxQ and let 1 = 1 ® ma. Then the following results hold:

(1) Suppose that P is a chain such that 1 <?2 < --- < s and Q is an antichain. Then
(dpa)(C1) = 1) tMy + dy,(0,72)(C2) < du,(£,7)(C) < (d(p,7)(C1) — 1)
th + d(Q,ﬂz)(CZ)Mw~

(2) Suppose that P is a chain with order relation 1 < 2 < --- < s and Q is a chain with
order relation 1 <2 < --- <t. Then

my 4 (dp,z)(C1) — 1) 1My + (d(,7)(C2) — 1) My < duy (£,7)(C)
< (dp,x)(C1) = 1) tMy, + d(,7)(C2) My,
(3) Suppose that P and Q are both antichains. Then
dip 2 (C1A(Q,m) (C2)my < dy (£,7)(C) < dp,x)(C1)d(Q,77)(C2) M.
(4) Suppose that Q is a chain such that 1 <2 < --- < t and P is an antichain. Then
duw, Py (CD+ dip.7)(C1) (d(0,7)(C2) — 1) My < duy (£,7)(C)
<dp,x)(C1Ad(Q,7,)(C2)My,.
Proof (3) and (4) are straightforward from Proposition 4.4. Letu ® v € C.
(1) If P is a chain and Q is an antichain, then (i, j) < (i’, j) € Lif and only if i < i’ or

(@i, j) = (@', j"). Suppose that d(p ,)(u) = A and I,,Q = {n1,m2, ..., n,}. The similar
discussion as Proposition 4.4, we have

Buco@®v) = Y W40 — 1M,
@ /)=Cum),
1<l<r
= Y WA+ (dpay@) —1)tM,
@ ))=Crm),
1<i<r

> du,(0,7)(C2) + (d(p 7y (C1) — 1) t M.

(2) Suppose that P and Q are chains. Then £ is a chain such that (i, j) < (i’, j’) if and
only ifi < i’ ori =i and j < j/. Assume that d(p ) (u) = A and d(p r,)(v) = 8.
Considering the matrix (1) in the proof of Proposition 4.4 (3), we have

Oy, (L)) = W+ (O — DiMy, + (8§ — DMy > my,
+ (dep,2)(C1) = 1) t My + (d(0,72)(C2) — 1) M.
On the other hand, if A = d(p »,)(C1) and 6 = d(@,x,)(C2), we conclude that
Ou, (£, (@ @ V) < (d(p,x)(C1) — 1) 1My + d(0,27)(C2) M.
[m}

Remark 4.9 Let P be a chain with order relation 1 < 2 < --- < s and let Q be an antichain.
Let 1 and 75 be labeling maps of P and Q respectively. When w1 (i) = 1 foralli € [s] and
m2(j) = 1forall j € [t], we have that
dw,(£,7)(C) = (d(p,2)(C1) — 1) 1My, + duy (0,72)(C2)
= (dw,(P,7)(C1) — my) t + du,(0,7)(C2).
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Remark 4.10 Let P be a chain with order relation 1 < --- < s and let Q be a chain with
orderrelation 1 < --- < t. Lety, mp be labeling maps of P, Q respectively. When (i) = 1
foralli € [s]and m3(j) = 1 for all j € [t], we have that

duw,(2,7)(C) = my + (d(p.z)(C1) — 1) tMy, + (d(0,7,)(C2) — 1) My,
= (dw,p,x)(C1) — my) 1 + dy (0,72)(C2).

Let P be a chain with order relation 1 < --- < 5. Set
D(p.x)(C1) = max {d(p,»)(u) : u € C1}.

Similarly D(g,x,)(C2) can be defined.
Denote by R and R, the covering radius of C; and C; respectively when w is taken to
be Hamming weight.

Remark 4.11 Let Cy be a linear (P, w1, w)-code. When P is a chain such that 1 < --- < s,
we have that
(R — DMy, < p(C1) < RiM,,.

Theorem 4.5 Let Cy be a linear (P, w1, w)-code and let Cy be a linear (Q, mp, w)-code.
Suppose that L = P @ Q and let 1 = w1 ® mo. Then

p(C) = max {sp(C2), tp(C1)}.
Moreover,

(1) Suppose that P is a chain with order relation 1 < 2 < --- < s and Q is an antichain.
Then

(a) 5(C) = $tMy if Dip.y)(C1) <.
(b) p(C) = Ra(s — 1)My, + Romy,.
(c) p(C) = (s — DtMy + p(C2) if Dip x)(C1) = s and ag = 1.

(2) Suppose that P and Q are both chains with order relations 1 < 2 < --- < s and
1 <2 < --- < trespectively. Then

(a) p(C) = stMy, if D(p z)(C1) < s 0r D9 ,)(C2) <t

(b) H(C) < (s — DiMy + 3(C2) if D(p ) (C1) = 5, D(0,2)(C2) = t and ay = 1.

(¢) H(C) < (t = )sMy + H(C1) if D(p.ry) (C1) = 5, D(0.r)(C2) = t and f = 1.

(d) p(C) < min{(s — DtMy, + p(C2), (t — DsMy, + p(CD} if Dp.z)(C1) = s,
D0 7)(Cr) =tandas = B; = 1.

(e) ﬁ(C) = maX{(SRQ - DMy +my, (R — )My, + mw}~

Proof Let ¢ € IF, satisfies w(¢) = M,,. Let he FZZ be a coset leader of C; satisfing that
Ew,(Q,nz)(ﬁ) = p(Cy). Take h = (h,....B)T_ € Fg'"?. Let u ® v € C. Suppose that

l><n|
u=(u11,...,ulal,...,uxl,...,ums).Then

T
URV = (uuv,...,ulalv,...,uslv,...,umsv)lxnl

and hence

s
dw,(ﬁ,n)(h’ u® v) = aw,(L‘,ﬂ)(}L uQ U) = Zaw,(Q,HZ)(h - uia;v)

i=1

N
> Y B (0. () = 55(C).
i=1
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Therefore p(C) > sp(C3). We can prove p(C) > tp(Cq) in the same way.
(1) Suppose that P is a chain and Q is an antichain.

e (a): Suppose that D(p ,)(C1) < s. Then g € C has the form

Gi1 - Gy
: : )
Gs—1,1 - Gs—1
o -.. 0
where G; j is a; x f; matrix. Take h € Fy'"* of the form
Hyyp -+ Hi,
3)

Hs 11 -+ Hy—1;
Hv,l Hv,t

where Hy , is a oy x B, such that ¢ is an element of H; , for 1 < r < ¢. Then for
any ¢ € C, we have oy, (2 ) (h —c¢) = stM,, and hence mig dy,(c.7)(h, ¢) = stM,
ce

which implies that p(C) = st M,,.
e (b): Let h € Fy'" have the form (3). Write

hit -+ hin,
[Hs,l e Hs,t] = . (4)
hasl hotxnz

Suppose that by = (h11, ..., hin,) € IFZZ such that micn d(0,m)(h1, ¢) = Ry. Then
celr

aw,(ﬁ,ﬂ)(h —u®v) > (s — 1)RyMy, + Romy,.

e (c): Suppose that D(p »)(C1) = s and oy = 1. Let h € Fy'"?.
- If oy (£.x)(h) < (s — 1)tM,, then mig dy,c,my(v,¢) < (s — DtM,, since
ce

0ecC.
- If @y, (£, 7)(h) > (s — 1)t M,,, then v has the form (3) such that not all Hy, are
O for1 <r <t. Write

[Hvl e Hvt] = (hla ce 7hﬂ1s cees hﬁ1+~~'+ﬂt,]+l, s 7h'12) = hs € FZZ

For hg € ]FZZ, there exists v € C» such that dy, (0, x,)(hs, v) < p(C2). Con-
sidering 0 # u @ v € C withu = (uy,...,Ugys ..., Ugj+tas_» 1) € C1,
then

U@V =V, ..., UV, ..., Ugjfefa, Vs v)T.

Therefore
Dy, .0y (h—u®v) < (s — DtMy, + p(C2).

To sum up, we conclude that
pC) < (s — DtMy, + p(C2).

(2) The proof is similar to (1) and hence we omit it.
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Remark 4.12 For the case of pomset metric, Theorem 4.5 reduces to the following:
Let Cy be a linear (P, w1, w)-code and let C» be a linear (Q, o, w)-code. Suppose that
L=PRQandletm =m Q my.

(1) Suppose that P is a chain with order relation 1 < 2 < --- < s and Q is an antichain.
Then

(a) p(C) =st |5 | if Dip ) (Cr) <s.
(b) p(C) = Ra(s — 1) | 2] + Ra.
(c) pC) < (s =Dt [ 5]+ 5(C2) if Dp.ny(C1) = s and a5 = 1.

(2) Suppose that P and Q are both chains with order relations 1 < 2 < --- < s and
1 <2 < --- < trespectively. Then

(a) p(C)=st|%]if Dpx)(C1) <5 0r Digny(Ca) <.

(b) p(C) < (s — Dt k%ﬁ + 0(C2) if D(p,7)(C1) =5, D(Q.7)(C2) =t and ay = 1.

(c) p(C) = (t—1)s |7 |+ p(C1) if D(p,x)(C1) =5, D(Q,my)(C2) =t and p; = 1.

(d) p(C) < min{(s — Dt | %] +5(C2), ¢ — Ds | 2] + A(CD} if D(p x)(C1) = s,
D(Q’TQ)(CQ) =tanday; = p; = 1.

(e) p(C) =max{(sRy — 1) [ % |+ 1, R = 1) | %]+ 1}.

Part of these results can be seen in [22].

Theorem 4.6 Let Cy be a linear (P, w1, w)-code and let Cy be a linear (Q, mp, w)-code.
Suppose that L = PxQ and m = w1 Q my. Then

p(C) = max {sp(C2), 1p(C1)}.
Moreover,
(1) If P is a chain such that 1 <2 < --- <'s, then

(@) 5(C) = stMy if D(p )(C1) < s.
Especially when Q is a chain, we have p(C) = stM,, if Dp »)(C1) < s or
D(Q,ﬂ;z)(CQ) <.

(b) p(C) =< (s — DtMy + p(C2) if D(p 7)(C1) =5, D(Q,1)(C2) =t and oy = 1.

(c) p(C) = max {(s — DtMy, + p(C2), tp(C1)}.

(2) If P is an antichain and Q is a chain with order relation 1 <2 < --- < t, then

(a) p(C) = stMy, if D0 ,)(C2) < L.
(b) p(C) < (t — DsMy + p(C1) if D(0,7,)(C2) =t and B; = 1.

Proof Let P be a chain and let Q be an antichain. Let h e IF‘ZZ be a coset leader of C;
satisfing that @y, (0.my)(h) = (C2). Take b = (h,.... )], . Then dy (c.x)(h.0) =
(s — DtMy, + p(C). Let 0 # u @ v € C. Suppose that @(p 7,)(#) = A. Then

dw,(.m)(h,u®v) = (s — 1)t My + p(C2).

The rest of the proof is on similar lines to Theorem 4.5 and hence we omit it. O

5 Conclusion

Now we show that our results lead to several previous results.
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(1) When all blocks are trivial and w is taken to be the Lee weight over [, the results
coincide with the results under pomset metric as seen in [22].

(2) When w is taken to be the Hamming weight over I, our results coincide with the poset
block metric case. In particular, when all block are trivial, the results coincide with the
poset metric case.

(3) In case both conditions occur (all blocks are trivial, w is the Hamming weight and P is
the antichain order), the results coincide with the result under classical Hamming metric
as seen in [10].
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