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Abstract For an integer n > 2, let NCSL(n) denote the set of sizes of congruence lattices of
n-element semilattices. We find the four largest numbers belonging to NCSL(n), provided
that n is large enough to ensure that [NCSL(n)| > 4. Furthermore, we describe the n-element
semilattices witnessing these numbers.
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1 Introduction and Motivation

The present paper is primarily motivated by a problem on tolerance relations of lattices
raised by Joanna Grygiel in her conference talk in September, 2017, which was a contin-
uation of Goérnicka, Grygiel, and Tyrala [5]. Further motivation is supplied by Czédli [1],
Czédli and Muresan [2], Kulin and Muresan [8], and Muresan [9], still dealing with lattices
rather than semilattices.

As usual, Con(A) will stand for the lattice of congruences of an algebra A. Given a
natural number n > 2 and a variety )V of algebras, the task of

finding the small numbers in the set NC(V,n) :=

{|Con(A)| : A € V and |A| = n} and describing the algebras (1.1)

V witnessing these numbers
has already deserved some attention for various varieties }/, because the description of the
simple n-element algebras in V for various varieties V) and, in particular, even the Classifi-
cation of Finite Simple Groups belong to Eq. 1.1 in some vague sense. The present paper
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addresses an analogous problem, which is obtained from Eq. 1.1 by changing “small” to
“large”. Of course, this problem is hopeless for an arbitrary variety ). However, if V is the
variety SLat, of meet-semilattices, see Remark 2.8 for this terminology, then we can benefit
from Freese and Nation’s classical description of the congruence lattices of finite members
of SLatx; see [4]. Let us fix the following notation

NCSL(n) := NC(SLat, n) = {|Con(S)| : § € SLat, and|S| = n}; (1.2)

the acronym NCSL comes from “Number of Congruences of SemiLattices”. Our target is to
determine the four largest numbers belonging to NCSL(#) and, in addition, to describe the
n-element semilattices witnessing these numbers.

1.1 Outline

The rest of the paper is structured as follows. In Section 2, we introduce a semilattice con-
struction, and we use this construction in formulating the main result, Theorem 2.3, to
realize our target mentioned above. This section concludes with a corollary stating that a
semilattice with sufficiently many congruences is planar. Section 3 is devoted to the proof
of Theorem 2.3.

2 Quasi-tree Semilattices and our Theorem

We follow the standard terminology and notation; see, for example, Gritzer [6, 7]. In par-
ticular, @ || b means that a and b are incomparable, that is, neither ¢ < b, nor b < a.
Even without explicitly saying so all the time, by a semilattice we always mean a finite meet
semilattice S, that is, a finite member of SLat,. Such an § = (§; A) has a least element
0= A S. We always denote S \ {0} by S*. Note that Vv, denoting supremum with respect to
the ordering inherited from (S; A), is only a partial operation and (S™; V) is a partial alge-
bra in general. If no two incomparable elements of S have an upper bound, then S is called
a tree semilattice.
Next, for a meet-semilattice S, the congruence T = t(S; A) generated by

{{anb,avb):a,be ST, a|b, andaV b exists in(ST; v} 2.1

will be called the tree congruence of (S; A). Of course, we can write a, b € § instead of
a,b € ST above. Observe that fora, b € ST,

{a, b} has an upper bound in S iff a V b exists in (S1; V); 2.2)

hence instead of requiring the joina Vb € (ST; V), it suffices to require an upper bound of a
and b in Eq. 2.1. The name “tree congruence” is explained by the following easy statement,
which will be proved in Section 3.

Proposition 2.1 For an arbitrary finite meet-semilattice (S; A), the quotient meet-
semilattice (S; A)/T is a tree.

Definition 2.2 By a quasi-tree semilattice we mean a finite meet-semilattice (S; A) such
that its tree congruence T = T(S; A) has exactly one nonsingleton block. If (S; A) is a
quasi-tree semilattice, then the unique nonsingleton block of t, which is a meet-semilattice,
and the quotient semilattice (S; A)/t are called the nucleus and the skeleton of (S; A).
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Some quasi-tree semilattices are shown in Figs. 1, 2 and 3. In these figures, the elements
of the nuclei are the black-filled ones, while the empty-filled smaller circles stand for the
rest of elements. Although a quasi-tree semilattice (S; A) is not determined by its skeleton
and nucleus in general, the skeleton and the nucleus together carry a lot of information on
(S; A). In order to make the numbers occurring in the following theorem easy to compare,
we give them in a redundant way as multiples of 2"~

Theorem 2.3 If (S; A) is a finite meet-semilattice of size n = |S| > 1, then the following
hold.

(i) (S; A) has at most 2"~1 = 32 - 2"=% many congruences. Furthermore, we have that
|Con(S; A)| = 2"~ if and only if (S; A) is a tree semilattice.

(i) If (S; A) has less than 2"~1 = 32 . 2"=6 congruences, then it has at most 28 - 2"~°
congruences. Furthermore, |Con(S; A)| = 28 - 2"~ if and only if (S; A) is a quasi-
tree semilattice and its nucleus is the four-element boolean lattice; see Fig. 1 for
n==~6.

>iii) If(S; A) has less than 28.21-6 congruences, then it has at most 26-2" -6 congruences.
Furthermore, |Con(S; A)| = 262"~ if and only if (S; A) is a quasi-tree semilattice
such that its nucleus is the pentagon Ns; see Fig. 4 and Sy, ..., S3 in Fig. 2.

@v) If(S; A) has less than 26.2"6 congruences, then it has at most 25.2n—6 congruences.
Furthermore, |Con(S; A)| = 25 -2"~0 if and only if (S; A) is a quasi-tree semilattice
such that its nucleus is either F, or Ng; see Fig. 4 and Sy, . .., S7 in Fig. 3.

Remark 2.4 Although Theorem 2.3 holds for all n > 2, it neither gives the four largest

numbers of NCSL(n), nor does it say too much for n < 5. For example, 25 .2"=6 is not even

an integer if n < 5. Hence, we note the following facts without including their trivial proofs

in the paper.

(A) NCSL(2) = {2 =2%1)

(B) NCSL(3) ={4=23"1

(C) NCSL(4) = {8 =2%"1, 7=128.249)

(D) NCSL(5) = {16 = 2°~!, 14 = 28 -2576 13 = 26 - 2579, 12}. Note that 12 is
witnessed by M3 = (M3, A); see Fig. 4.

A semilattice is planar if it has a planar Hasse diagram, that is a Hasse diagram in which
edges can intersect only at their endpoints, that is, at vertices. Theorem 2.3 immediately

& b 1 R e
S W e N e O

Fig. 1 The full list of 6-element meet-semilattices with exactly 28 = 28 - 26~ many congruences
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Fig. 2 Three twelve-element meet-semilattices with the same skeleton 7' and the same number, 26 - 212-6 —
1664, of congruences

Corollary 2.5 If an n-element meet-semilattice has at least 25 - 2"~ congruences, then it
is planar.

The following statement is due to Freese [3]; see also Czédli [1] for a second proof, which
gives the first half of the following corollary for arbitrary finite algebras in congruence
distributive varieties, not only for lattices.

Corollary 2.6 For every n-element lattice L, we have that |Con(L)| < 2"~!. Furthermore,
|Con(L)| = 2"~V ifand only if L is a chain.

As a preparation for a remark below, we derive this corollary from Theorem 2.3 (i) here
rather than in the next section.

Proof of Corollary 2.6 The only n-element tree semilattice that is also a lattice is the n-
element chain. For an equivalence relation ® on this chain (C; <),

® € Con(C; A) iff ® € Con(C;V, A) iff

every ©-block is an interval of (C; <). 23)

Observe that every ® € Con(L; Vv, A) also belongs to Con(L; A). Hence, using Theorem
2.3 (i) at <™ below, we obtain that

ICon(L; v, A)| < |Con(L; A)] <* |Con(C; A)| = |Con(C; v, A,
proving Corollary 2.6. O

f9 f g fa 9
b
cod 5 § d f g
b b
a cod e 2 bc /d
Qa a 7 €
0N S5 0y 6 04 57 0b T

Fig. 3 Four thirteen-clement meet-semilattices with the same skeleton 7' and the same number, 25 - 21376 =
3200, of congruences
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Fig.4 F, M3, Ng, and the pentagon, N5

Next, we point out that Theorem 2.3 (i) plays an essential role in the proof above.

Remark 2.7 By Szpilrajn’s Extension Theorem [10], every (partial) ordering on a set can be
extended to a linear ordering. Hence, the second part of Eq. 2.3 might give the false feeling
that this Extension Theorem in itself implies Corollary 2.6 as follows: extend the ordering
relation of L to a linear ordering to obtain a chain; then we obtain more intervals and thus
more equivalences whose blocks are intervals, and so more congruences by Eq. 2.3. In
order to point out that this argument does not work, let (L; <;) be the direct product of the
two-element chain and the three-element chain. Although <; can be extended to a linear
ordering <, and the chain (L; <») has more intervals than (L; <1}, the lattice (L; <) has
34 equivalences whose blocks are intervals but the chain (L; <;) has only 32.

Remark 2.8 The concept of meet-semilattices (S; A) and that of semilattices as commuta-
tive and idempotent semigroups (S; -) are well known to be equivalent; see, for example,
Gritzer [6, Exercises 1.1.41-42 in pp. 18-19]. This paper gives preference to the former
approach because of two reasons. First, as opposed to semilattices where there are two nat-
ural ways of defining an ordering, it is generally accepted thata < b <= a Ab =a
for arbitrary elements a and b of a meet-semilattice (S; A). Second, our figures and many
arguments are order theoretical even though congruences are defined in the usual algebraic
and semigroup theoretical way.

3 Proofs

Proof of Proposition 2.1 A subset X of (S; A) is said to be convex, if x < y < z and
x,z € X imply that y € X, for any x, y, z € S. It is well known that

the blocks of every congruence of (S; A) are convex subsets of (S; A). 3.1

Indeed, if ® € Con(S; A), x <y <zand (x,z) € O, then (x,y) = (x Ay,zAYy) € O,
whereby y € x/©, which shows Eq. 3.1. By Eq. 3.1, the t-blocks are convex subsets of
(S; A). Next, for the sake of contradiction, suppose that a, b € S such that a/t and b/t
are incomparable elements of the meet-semilattice (S; A)/T and they have an upper bound
c/t € (S;A)/t. Leta’ :==ancand b’ := b A cin (S; A). Since a/t < c¢/T, we have
that a/t = a/t Ac/t = (a Ac)/T = d'/t, whence (a,a’) € 7. Similarly, (b, b’) € T.
Since @’ < c and b’ < ¢, Eq. 2.2 implies the existence of a’ vV b’ € (ST; /). Hence, by the
definition of 7, we have that (a’ A b, a’ v b') € 7. Since the T-block (a’ A b')/T is convex,
{(a’,b’) € . Combining this with (a,a’) € 7 and (b, b’) € T, we obtain that {a, b) € T.
Hence, a/t equals /7, which contradicts their incomparability. O

Note that, in general, T = t(S; A) is not the smallest congruence of (S; A) such
that (S; A)/T is a tree; this is exemplified by the semilattice reduct of the four-element
boolean lattice.
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The proof of Theorem 2.3 will be divided into several lemmas, some of them being
interesting in themselves, and we are going to prove parts (i)—(iv) separately.

Remember that, for a finite meet-semilattice S = (S; A), we use the notation ST := S \
{0}. Then (ST; V) is a partial algebra, which we call the partial join-semilattice associated
with S. By a partial subalgebra of (ST; V) we mean a subset X of ST such that whenever
x,y € X and x V y is defined in (ST; V), then x vV y € X. With respect to the set inclusion
relation C, the set of all partial subalgebras of (ST; V) turns out to be a lattice, which we
denote by Sub(S*; V). For convenience, our convention is that # € Sub(S™; V). The proof
of Theorem 2.3 relies on the following result of Freese and Nation [4].

Lemma 3.1 (Freese and Nation [4, Lemma 1]) For every finite meet-semilattice (S; A),
the lattice Con(S; A) is dually isomorphic to Sub(St; V). In particular, we have that
|Con(S; A)| = |Sub(ST; V).

Note that Freese and Nation [4] uses Sub(S; Vv, 0), which does not contain the emptyset,
but the natural isomorphism from Sub(S™; V) onto Sub(S; Vv, 0), defined by X > X U {0},
allows us to cite their result in the above form. The following lemma is almost trivial;
having no reference at hand, we are going to present a short proof. As usual, intervals are
nonempty subsets of the form [a, b] := {x : a < x < b}. The principal ideal and the
principal filter generated by an element a € S are denoted by Ja = {x € § : x < a} and
ta = {x € § : a < x}, respectively. Meet-closed convex subsets are convex subsemilattices.
A subsemilattice is nontrivial if it consists of at least two elements.

Lemma 3.2 Let X be a nontrivial convex subsemilattice of a finite semilattice (S; N), and
denote the smallest element of X by u := /\ X. Then the following two conditions are
equivalent.

(a) The equivalence ® on S whose only nonsingleton block is X is a congruence of (S; A).
(b) Forallc € S\ tu and every maximal element v of X, we have thatu A c = v A c.

Proof of Lemma 3.2 Assume (a) and let ¢ ¢ tu, and let v be a maximal element of X.
Thenc ¢ tv,u £ u Ac,andu £ v A c. Hence, none of u A ¢ and v A ¢ is in X, but
these two elements are collapsed by ® since (u, v) € ©. Thus, the definition of ® gives that
u A c=v A c,proving that (a) implies (b).

Next, assume (b), and let ® be defined as in (a). First, we show that for all x, y, z € S,

if (x,y) € ®,then (x Az,yAz) € O. (3.2)

This is trivial for x = y, so we can assume that x, y € X. Pick maximal elements x; and
y1 in X such that x < x; and y < y;. First, let z € tu. Then, using the convexity of X,
x Az € [u,x] € X and, similarly, y A z € X, whence we obtain that (x Az, y A z) € ® by
the definition of ®. Second, let z € S\ tu. Then x A z belongs to the interval [u A z, x1 A z],
which is the singleton set {u A z} by (b). Hence, x A z = u A z. Similarly, y A z = u A z,
whereby (x A z, y A z) € ©. Thus, Eq. 3.2 holds.

Finally, if (x1, y;) € ® and (x2, y2) € ©, then we obtain from Eq. 3.2 that both (x; A
X2, Y1 Ax2) and (y; Ax2, y1 A y2) belong to ®, whereby transitivity gives that (x; Ax2, y1 A
y2) € ©. Consequently, ® is a congruence and (b) implies (a). O
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The powerset of a set A will be denoted by P(A) = {X : X € A}. In the rest of the
paper,
n > 2 denotes a natural number, (S; A) will stand for an n-
element meet-semilattice, and we will also use the notation (3.3)
k :=|Con(S; A)| = |Sub(ST; V)|;
here the second equality is valid by Lemma 3.1.

Proof of Theorem 2.3 (i) Since |ST| = n — 1, ST has at most 2"~! subsets, whereby
|Con(S; A)| =k < |P(ST)| = 2=l as required. If (S; A) is a tree semilattice, then x V y
is defined only if x and y form a comparable pair of S*, whence x V y € {x, y}. Hence,
every subset of St belongs to Sub(ST; V), and so k = [Sub(ST; V)| = |P(ST)| =2""L If
S is not a tree semilattice, then there is a pair {a, b) of incomparable elements of ST with
an upper bound. By Eq. 2.2, a Vv b is defined in (S*; V). Hence, {a, b} ¢ Sub(S™; V) and
so k = |Sub(St; V)| < |P(S1)| = 2*~!. This completes the proof of part (i). O

By an upper bounded two-element antichain, abbreviated as ubt-antichain, we mean a
two-element subset {x, y} of a finite meet-semilattice (S; A) such thatx || y and tx N1y #
@. By Eq. 2.2, every ubt-antichain {x, y} has a join in S* but this join is outside {x, y}.
Therefore,

Sub(S™; V) contains no ubt-antichain. 3.4

Besides (3.4), the importance of ubt-antichains is explained by the following lemma.

Lemma 3.3 Let X be a convex subsemilattice of a finite semilattice (S; A) such that | X| >
2and X x X C t; see Eq. 2.1. If X contains all ubt-antichains {p, q} of (S; A) together
with their joins p V q, then (S; A) is a quasi-tree semilattice and its nucleus is X.

Proof of Lemma 3.3 Denote the smallest element of X by u := /\ X. Let ® be the equiv-
alence relation on S with X as the only nonsingleton block of ®. In order to prove that
® € Con(S; A), assume that ¢ € S\ tu and v is a maximal element of X. For the sake of
contradiction, suppose that u A ¢ # v A ¢, which means that u A ¢ < v A c. If we had that
vAc <u,thenvAc=uA@WAc)=(uAv)Ac=uAc would be a contradiction. Thus,
v Ac £ u.On the other hand, u £ v A ¢ since u £ ¢, whereby u || v A c. Since v is a
common upper bound of # and v A ¢, we obtain that {u, v A ¢} is a ubt-antichain. This is a
contradiction since ¢ ¢ tu implies that u £ v A ¢, whence the ubt-antichain {u, v A ¢} is not
a subset of X. Hence, u A ¢ = v A ¢, and it follows from Lemma 3.2 that ® € Con(S; A).
Next, in order to show that (S; A)/® is a tree, suppose the contrary. Then there are two
incomparable ®-blocks x/® and y/® that have an upper bound z/®. Since u € X and all
other ®-blocks are singletons, every ®-block has a smallest element. This fact allows us to
assume that each of x, y, and z is the least element of its ®-block. Since x/® < z/0, we
have that x/® = x/O A z/O = (x A7)/ 0O, thatis, (x, x A z) € ©. But the least element of
x/0 is x, whence x = x A z, thatis, x < z. We obtain similarly that y < z, that is, {x, y}
has an upper bound, z. Since x Ay = x would imply that x/® AYy/O = (x Ay)/O = x/0,
contradicting that {x/®, y/©} is an antichain, we obtain that x £ y. We obtain y £ x
similarly. Thus, {x, y} is a ubt-antichain, whereby {x, y} € X.Butthenx/® = X = y/0,
contradicting the initial assumption that these two ®-blocks are incomparable. Therefore,
(S; A)/© is a tree. Hence, in order to complete the proof, we need to show that ® = 7.
Since X x X C 1, the inclusion ® C T is clear. In order to see the converse inclusion, let
(a A'b,a Vv b) be a pair occurring in Eq. 2.1. Then {a, b} is a ubt-antichain, so {a, b} € X
and, by the assumptions of the lemma, both a Vv b and a A b belong to X. Hence, the pairs
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in Eq. 2.1 are collapsed by ® and we conclude that T € ©®. Consequently, ® = t, and the
proof of Lemma 3.3 is complete. O

Lemma 3.4 If (S; A) from Eq. 3.3 contains exactly one ubt-antichain, then (S; A) is a
quasi-tree semilattice and its nucleus is the four-element boolean lattice.

Proof of Lemma 3.4 Let us denote by {a, b} the unique ubt-antichain of (S; A). Let v :=
a Vv b, which exists by Eq. 2.2, and let # := a A b. Then L := [u, v] contains every ubt-
antichain. Since (u, v) € 7 by Eq. 2.1 and the 7-blocks are convex, L x L < 7. So, with
reference to Lemma 3.3, it suffices to show that L is the four-element boolean lattice. In fact,
it suffices to show that L C {u, a, b, v} since the converse inclusion is evident. Suppose the
contrary, and let x € L \ {u,a, b, v}. If x || a, then {a, x} is a ubt-antichain (with upper
bound v) but it is distinct from {a, b}, which contradicts the fact that {a, b} is the only ubt-
antichain. Hence, a and x are comparable. We obtain similarly that b and x are comparable.
Ifx <aandx <b,thenu <x <aAb =uleadstox = u € L, which is not the case.
We obtain dually that the conjunction of x > @ and x > b is impossible. Hence,a < x < b
or b < x < a, contradicting that {a, b} is an antichain. This shows that L < {u, a, b, v},
completing the proof of Lemma 3.4. O

Proof of Theorem 2.3(ii) Assume that k < 2"~ 1; see Eq. 3.3. By Theorem 2.3(i), (S; A)
is not a tree. Hence, n = |§| > 4. Since |Sub(ST; V)| = k < 2"~! = |P(§1)], not every
subset of ST is V-closed. Thus, we can pick a, b € ST such that a || b and a V b exists
in (S*; V). Since |ST \ {a, b, a v b}| = n — 4, there are 2""~* subsets of ST that contain
a, b, but not a Vv b; these subsets do not belong to Sub(S™; V). Thus, k < on=l _ on—4 _
32.2776 _4.276 = 28. 2" proving the first half of (ii).

Next, assume that k = 28 - 2"~% and choose a and b as above. There are 274 = 4 .26
subsets of ST containing a and b, but not containing a \ b; these subsets are not in (S™; V).
Thus, all the remaining 32 - 206 _ 4. 2n=6 — 28 . 2"=6 gubsets belong to (ST; V) since
k=28-2""°1n particular, for every ubt-antichain {x, y}, we have that {x, y} # {a, b} =
{x, y} € Sub(S™; V). This implication and Eq. 3.4 yield that {a, b} is the only ubt-antichain
in (S; A). Thus, it follows from Lemma 3.4 that (S; A) is a quasi-tree semilattice of the
required form.

Conversely, assume that (S; A) is of the form described in Theorem 2.3(ii). Choosing the
notation so that its nucleus is {a A b, a, b, a Vv b}, the only ubt-antichain is {a, b}, whence a
subset X of S is not in Sub(St; V) iffa, b € X buta v b ¢ X. There are 2"+ =4 .27~
such subsets X, and we obtain that k = |Sub(St; V)| = |P(ST)| —4 .20 =32.27-6 _
4.2"=6 = 28.2"76 a5 required. This completes the proof of Theorem 2.3(ii). O

Lemma 3.5 If (S; A) from Eq. 3.3 contains exactly two ubt-antichains, {a, b} and {c, b}
such that a < c, then (S; A) is a quasi-tree semilattice and its nucleus is the pentagon
lattice Ns.

Proof of Lemma 3.5 By Eq. 2.2, we can let v := a Vv b. Since v < ¢ would lead to b < c,
we have that v j{ c. In particular, v # ¢, and we also have that v ¢ {a, b} since {a, b}
is an antichain. Thus, {c, v} is a two-element subset of S and it is distinct from {a, b} and
{a, c}. Hence, {c, v} is not a ubt-antichain. Since b V c, which exists by Eq. 2.2, is clearly
an upper bound of {c, v}, it follows that {c, v} is not an antichain. This fact and v £ ¢ yield
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thatc <v.Thus,v=avb<cvb<wv, thatis,sv=aVvb=cVb Next,letu :=b Ac;
clearly, u ¢ {b, c}. If we had that a || u, then {a, u} would be a third ubt-antichain (with
upper bound c), whence a and u are comparable elements. Since a < u would leadtoa < b
by transitivity, we have that ¥ < a. Hence,u <aAb <cAb=u,andsoa Ab = u. The
equalities established so far show that L := {u, a, b, ¢, v} is a sublattice isomorphic to Ns.
In order to show that L is the interval [u, v], suppose the contrary, and let x € [u, v] \ L.
If x || b, then {b, x} would be a third ubt-antichain (with upper bound v), which would
be a contradiction. If we had that b < x < v, then {c, x} would be a ubt-antichain, a
contradiction. Similarly, # < x < b gives that {a, x} is a ubt-antichain, a contradiction
again. Thus, L = [u, v] is an interval of S. By Eq. 2.1, (4, v) = (a Ab,a Vv b) € 7. Using
that the T-blocks are convex subsets, we obtain that L x L = [u, v] x [u,v] C 7. Thus,
Lemma 3.5 follows from Lemma 3.3. O

Proof of Theorem 2.3(iii) Assume that k < 28 - 210 gee Eq. 3.3.

Note at this point that no equality will be assumed for k£ before Eq. 3.24. Therefore the
numbered equations, equalities, and statements before Eq. 3.24 can be used later in the proof
of Theorem 2.3(iv).

We introduce the following notation. For a ubt-antichain {a, b}, let

Ua,b):={Xe Pt :aeX,beX, butavhbg¢X} (3.5)

it is a subset of P(S™); note that the existence of a v b above follows from Eq. 2.2. By
Theorem 2.3(i), (S; A) is not a tree, whereby it has at least one ubt-antichain. If it had
only one ubt-antichain, then Lemma 3.4 and Theorem 2.3(ii) would imply that £k = 28 -
21=6 Hence, (S; A) has at least two ubt-antichains. Let {a;, b1}, {a2, b2}, ..., {a;, b;} be
a repetition-free list of all ubt-antichains of (S; A); note that r > 2. Let v; := a; V b; and
U; := Ul(a;, b;), see Eq. 3.5, fori = 1, ...,t. Thatis, U; is the set of all those X € P(S™)
that contain @; and b; but not v;. Observe that, for 1 <i < j <t,

if {a;, bi, vi, aj, bj, v;}| = £, then |U; N U;| is either 257 . 276 or 0. (3.6)

Indeed, when we choose elements from the (n — 1)-element P(S™) in order to form a set
X € U;NUj, then we can dispose only over (n—1) —£ = (5—£)+(n—06) elements, because
the containment X € U; N U; determines what to do with £ elements. If the stipulations for
these £ elements are contradictory, then |U; N U] equals 0; this can happen only if £ < 6.
Otherwise, |U; NUj| = 25-t.27=6 showing the validity of Eq. 3.6.

Next, we show that forany 1 <i < j <t,

if [{a;, bi, vi,aj,bj,vj}| =6, thenk 524.5-2n_6, 3.7
if [{a;, bi, vi,aj, bj,vj}| =5, thenk <25-2"7% and (3.8)
if [{a;, bi, vi,aj, bj,v;}| =4, thenk < 26.2"75. (3.9)

As a stronger form of Eq. 3.4 for the present situation, it is clear that
Sub(S*; v) = P(STH\ (U1 U---UU)). (3.10)

In particular, U; UU; is disjoint from Sub(S T V). Hence, the Inclusion-Exclusion Principle,
k = |Sub(ST; V)|, [P(St)| =32-2"75, and |U;| = |U,| = 4 -2"° give that

Sub(S*; v) € P(ST)\ (U; UU;), and so (3.11)
k<2"%.32-4—4)+|U;N Ujl = 24.2" % 41U N Uil, (3.12)
and if (3.11) holds with equality in it, then so does (3.12). (3.13)
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Clearly, Egs. 3.7, 3.8 and 3.9 follow from Eqgs. 3.6 and 3.12. Furthermore, it is also clear
from this argument that strict inequalities lead to strict inequalities. For later reference, we
formulate this as follows.

If |U; N U;| is strictly less than 2"~7, 276 and 2 - 2776,
then k is strictly less than 24.5 - 2", 25 . 2"=6 and 26 - (3.14)
276 respectively.

Next, we claim that for 1 <i < j <,
if v; # vj, then [{a;, b, v, aj, bj, v} > 5. (3.15)

In order to show this, first we deal with the case where v; € {a;, b;} or v; € {a;, b;}.
Let, say, vi = az. Then v, > a» = v; > aj and v» > a» = vy > by yield that
H{ai, b1, v1, v2}| = 4. Clearly, bo ¢ {ap = vi, v2}. If we had that b, € {aj, b1}, then
by < v; = ap would contradict a; || b>. Hence, the inequality in Eq. 3.15 holds in this case.
Second, assume that v; ¢ {a;, b;} and v; ¢ {a;, b;}. Using also that v; # v;, we have that
Hai, b, vi,v;}| = 4. Since v; ¢ {aj, b;}, {a;, bi} # {aj, b}, and, of course, v; ¢ {a;, b;},
at least one of a; and b; is not in {a;, b;, v;, v;}, and the required inequality in Eq. 3.15
holds again. This proves (3.15). Clearly,

if v; = vj buti # j,then {a;, b;, v,-,ai,‘,bj, Uq,‘}| >4, (3.16)

because {a;, b;, aj, b;} has at least three elements and does not contain v; = v;, which is
strictly larger than every element of {a;, b;, a;, b;}. Observe that the inequality k < 26 -
27=6_which is the first half of Theorem 2.3(iii), follows from Egs. 3.7, 3.8, 3.9, 3.15 and
3.16, because t > 2 implies the existence of a pair (i, j) suchthat1 <i < j <t.

Next, strengthening Eq. 3.8, we are going to show that forany 1 <i < j <t,

if [{a;, bi, vi,a;,bj,v;}| =S5and ¢ > 3, then k < 25-2"7F, (3.17)

Assume the premise of Eq. 3.17. Since ¢+ > 3, we can pick anm € {1,...,t}\ {i, j}. For
the sake of contradiction,

suppose that [{a;, b;, v, aj, bj,vj}| =5butk > 25 2=, (3.18)

By Eqgs. 3.6 and 3.18, |U; N Uj]| is either 0 or 2"=6 but the first alternative is ruled out by
Egs. 3.14 and 3.18. Hence

\U; NU;| =2"5. (3.19)

By Eqs. 3.7 and 3.18, none of {a;, b;, vi, am, by, v} and {a;j, bj, v}, am, by, vy} consists

of six elements. Hence, it follows from Eqgs. 3.15 and 3.16, that each of these two sets
consists of four or five elements. Thus, Eq. 3.6 gives that

Ui NUp| <2-2"7% and |U; N U, | <2-2"7°. (3.20)
We also need the following observation.

LU NU; #0,U;NUy, #9,and U; N U,, # @, then

Uuinu;nNnUy, #= (. 321

To show Eq. 3.21, assume that its premise holds. If {a;, b;, a;, bj, am, by} is disjoint from
{vi, vj, vy}, then U; N U; N Uy, contains {a;, b;,aj,bj, am, by} and so it is nonempty.
Otherwise, by a—b symmetry and since the subscripts in Eq. 3.21 play symmetric roles,
we can assume that ¢; = v;. However, then U; N U; = @, contradicting the premise of
Eq. 3.21. Consequently, Eq. 3.21 holds. Based on the Inclusion-Exclusion Principle, as in
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Egs. 3.11-3.13, and using Eqgs. 3.19 and 3.20, we can compute as follows; the overline and
the underlines below will serve as reference points.

k<20 (32— 4 +4+4) + (Ui NUj| + |U; N Ul + |U; N U,
—UiNnU;NUy|, andso (3.22)
k<20 Q0414242 —|U;NU; N Uyl
=25.2" —|U; NU; N Upl. (3.23)

We know from Eq. 3.19 that U; N U; # §. Both underlined numbers in Eq. 3.23 come from
Eq. 3.20. So if at least one the intersections U; N Uy, and U; N Uy, is empty, then at least
one of the underlined numbers can be replaced by 0 and Eq. 3.23 gives that k < 25 - 2",
Otherwise the subtrahend at the end of Eq. 3.23 is positive by Eq. 3.21, and we obtain again
thatk < 25276,

This contradicts (3.18) and proves the validity of Eq. 3.17. Next, we assume that

k=26-2""5 (3.24)
It follows from Eqs. 3.7, 3.8, 3.15 and 3.24 that
all the v; are the same, sowe canlet v ;= v = --- = v;. (3.25)

Hence, we get from Egs. 3.6, 3.7, 3.8, 3.16 and 3.24 that, forany 1 <i < j <,

Hai, bi,a;j,bj, v}l = 4andso |U; N U;j| < 2-2"76,
|{Lli, bi, aij, bj}| = 3, and |{ai, bi} N {aj, bj}| = 1.

Next, we are going to prove that 7, the number of ubt-antichains, equals 2. Suppose the
contrary. Since now we have Eq. 3.26 instead of Eq. 3.19, 1 and 25 in Eq. 3.23 turn into
2 and 26, respectively. These two modifications do not influence the paragraph following
Eq. 3.23, and we conclude that the inequality in the modified Eq. 3.23 is a strict one, that
is, k < 26 - 2"7% This contradicts Eq. 3.24, whence we conclude that there are exactly
t = 2 ubt-antichains. We know from Eq. 3.26 that they are not disjoint. So we can denote
them by {a, b} and {c, b} where |{a, b, c}| = 3.By Eq.3.25,v =aVvb =cVb.Sincet = 2,
the set {a, c} is not a ubt-antichain, whence a and ¢ are comparable. So we can assume that
a < c, and it follows from Lemma 3.5 that (S; A) is a quasi-tree semilattice of the required
form.

Finally, assume that (S; A) is a quasi-tree semilattice and its nucleus is the pentagon
Ns ={u,a, b, c, v} with bottom u, top v,and a < c. Let Uy := U(a, b) and U := U (c, b);
see Eq. 3.5. Since Sub(ST; v) = P(§T) \ (U; U U) by Eq. 3.10,

k=|P(SH| = U= Uz + U NUs| =32 —4—4+2)-2"6=26.2"9,

(3.26)

as required. This completes the proof of Theorem 2.3(iii). O

Lemma 3.6 If (S; A) from Eq. 3.3 contains exactly two ubt-antichains, {a, b} and {b, c}
such that vi := a vV b and vy = b V ¢ are incomparable, then (S; A) is a quasi-tree
semilattice and its nucleus is F = {u :=a Ab Ac,a,b,c, vy, va} given in Fig. 4.

Proof of Lemma 3.6 Let u := a A b. Itis not in {a, b}. Since b # ¢, we have that u # c.
Using that v, is an upper bound of {u, ¢} and {u, c} is not a ubt-antichain, it follows that
{u, c} is not an antichain. Hence, u < ¢, whence u = a A b A c. Sincea || b and vy | v
implies that a || ¢, we obtain thata Ac ¢ {a, b, c}. Hence, {b, a A c} is a two-element set and
it is distinct from {a, b} and {b, c}. Using that v; is an upper bound of {b, a A c}, we obtain
that {b, a A ¢} is not an antichain. Since b £ ¢, we have that b £ a A c. Hence, a A ¢ < b,
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implying that a A ¢ = a A ¢ A b. Summarizing the facts above and taking into account that
a and ¢ play a symmetric role, we have that

u=aAb=aAbArc=bAc=aAc. (3.27)
Let M :={a, b, c, u, v, v2}; we claim that
M is a convex meet-subsemilattice of (S; A). (3.28)

First, we show that M is a convex subset of (S; A). For the sake of contradiction, suppose
that x € S\ M such that u < x < vy; the case u < x < vy would be similar since a
and ¢ play symmetric roles. Both {a, x} and {x, b} have an upper bound, v;. Hence, none
of them is an ubt-antichain since x ¢ M. Thus,a < x < b,orb < x <a,ora,b € }x,
or a,b € tx. The first two alternatives are ruled out by a || b. The third alternative leads
tov; =a Vb < x < vy, contradicting x ¢ M. We obtain a contradiction from the fourth
alternative dually by using u instead of vy. Thus, M is a convex subset of (S; A). Since M
is convex and b < v; A vy < vy, we have that vy Avy € {b, v1}. Similarly, vi Avy € {b, v2}.
Sovi Avy € {b,v1} N {b,va} = {b}, that is, vi A vy = b. This equality together with
Eq. 3.27 give easily that M is a meet-subsemilattice of (S; A), whence (3.28) holds. It is
clear by Eq. 3.27 that M = F.

Since (u, v1) = (a A b,a Vv b) occurs in Eq. 2.1 and the 7-blocks are convex subsets,
{a,b,v;,u} € u/t. We obtain similarly that {b, c, vo, u} C u/t, whence we have that
M x M C t. Therefore, since M contains both ubt-antichains and their joins, Lemma 3.3
implies the validity of Lemma 3.6. O

Lemma 3.7 If (S; A) from Eq. 3.3 contains exactly three ubt-antichains, {a1, b}, {az, b},
and {az, b} such thatv :=a; Vb =ayVvb=a3Vbanday < ay < a3, then (S; A) isa
quasi-tree semilattice and its nucleus is No = {u := aj Ab = ay Ab = a3 Ab, a1, az, a3, v}
given in Fig. 4.

Proof of Lemma 3.7 Let u := a3 A b. Since a3 || b, u # b. We are going to show that
M = {u, ay, az, a3, v} is a subsemilattice isomorphic to Ng. Let i € {1, 2}. Since v is an
upper bound of the set {a;, u}, this set is not an antichain. Since a; f b, we have that a; f u.
Hence, u < a;, and we obtain that u < a; Ab < az A b = u. Thus, the meets in M are what
they are required to be, and we conclude that M = Ng. Next, for the sake of contradiction,
suppose that M is not a convex subset of (S; A), and pick an element x € S\ M such
that ¥ < x < wv. Since no more ubt-antichain is possible, none of aj, a, a3, and b is
incomparable with x. If we had that x < a; for some j € {1,2,3}, then b < x would
contradict b f aj while x < b wouldleadtou < x < aj Ab < u, a contradiction since
x #u € M. A dual argument, with v instead of u, would lead to a contradiction if a; < x.
Hence, M is a convex subsemilattice of (S; A). Since (u, v) = (a; A b, a; V b) occurs in
Eq. 2.1 and the T-blocks are convex subsets, M x M C 7. Therefore, since M contains all
the three ubt-antichains and their common join, Lemma 3.7 follows from Lemma 3.3. [

Proof of Theorem 2.3 (iv) We assume that k = |Con(S; A)| < 26 - 27=6 1In the first part of
the proof, we are going to focus on the required inequality, k < 25 - 279,

As it has been mentioned in the proof of Theorem 2.3(iii), any part of that proof before
Eq. 3.24 is applicable here, including the notation. If |{a;, b;, v;, aj, bj, v;}| = Sorv; # v;
forsome 1 <i < j <t,then the required k < 25 .21=6 follows from Egs. 3.7,3.8 and 3.15.
Hence, we can assume that v := v; = vp = --- = v;. By Egs. 3.8 and 3.16, we can assume
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also that [{a;, bj,aj, bj,v}| =4 forall 1 <i < j < t. For later reference, we summarize
our assumptions as

v = v = v = --- = v and |{a;, b;,aj,bj,v}| = 4, whereby 399
ai, bi.a;. b} = 3 and |{a;, bi) N {aj. b;}| = 1, forall 1 <i < j <1, (3.29)

We claim that
if t > 3, Eq. 3.29, and {ay, b1} N {az, b2} N {a3, b3} = @, then (3.30)

k <2426,
The pairwise intersections in Eq. 3.29 are singletons, whereby the only way that the intersec-
tion in Eq. 3.30 is empty is that |{a1, b1, a2, b2, a3, b3}| = 3. Hence, forall 1 <i < j <t,
wehave that Uy NU; = UiNU;NUzand U NU2NU3| = [U;NU;| =2 - 2"=6 and
Eq. 3.30 follows from Eq. 3.22. We also claim that

if t > 3, Eq. 3.29, and {ay, b1} N {az, b2} N {a3, b3} # @, then

k <25.2"7°,

With the assumption made in Eq. 3.31, if we consider the same intersections as in the
argument right after Eq. 3.30, then we obtain that [{a;, b1, a2, by, a3, b3}| = 4. Hence,
|UiNUj| =2-2"%and |Uy N U, N Us| = 1-2"5 and Eq. 3.31 follows from Eq. 3.22.
Our next observation is that

if t <2 and Eq. 3.29, then k > 26 - 216, (3.32)

(3.31)

For ¢t < 1, this is clear from Theorem 2.3(i), Lemma 3.4, and Theorem 2.3(ii); so let t = 2.
Since the intersection in Eq. 3.29 is a singleton, the two ubt-antichains are of the form {a, b}
and {c, b}. Since {a, c} cannot be a third ubt-antichain, the elements a and c are comparable,
whereby Lemma 3.5, and Theorem 2.3(iii) imply that k = 26 - 275, Thus, Eq. 3.32 holds.
Now, the required k < 25 - 2"° follows from Eqs. 3.30, 3.31 and 3.32, and the paragraph
above Eq. 3.29; completing the first part of the proof.

In the rest of the proof, we will always assume that k = 25 - 216 even if this is not
emphasized all the time. We claim that

ifk=25-2"%andsr >3, thent =3,v:=v, =--- = v, and
Eq.3.26 holds forall 1 <i < j <t.

Assuming the premise of Eq. 3.33, we obtain from Eq. 3.7 that the size of the set
{ai, bi, vi,aj, bj, v;}is not 6. We obtain from Eq. 3.17 that it is neither 5, whereby this size
is 4 since {a;, b;} # {aj, b;}. Thus, Eq. 3.15 implies v := v; = --- = v, as well as the
validity of Eq. 3.26. The [{a;, b;} N {a;, b;}| = 1 part of Eq. 3.26 implies that apart from
notation (that is, modulo permutations of the sets {i, j, m}, {a;, b;}, {a;, b}, {am, bu}),

(3.33)

whenever 1 < i < j < m < t, then either b; = aj, bj = a, and

by = aj,orb = b; = b; = by and |{a;. a;. am}| = 3. (3.34)
It follows similarly to Eqs. 3.22 and 3.23 that

if the first alternative of Eq. 3.34 holds, then |U; U U; U Uy | =
(4+444)—(2+2+2)+2) 2" whereby k < (32—18)-2"7°, (3.35)
which contradicts k = 25 - 2776,

since U; N U; NU,, = U; N U;. Thus, Eq. 3.35 excludes the first alternative of Eq. 3.34.
Hence we have the second alternative |U; N U; N Uy | = 2776 and it follows similarly to
Eqgs. 3.22 and 3.23 that

Ui UU; UUp| = (A+44+4) - Q2+2+2)+1) -2 =7.2"7°, (3.36)
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Now, for the sake of contradiction, suppose that + > 4. Then we can pick an index s €
{1,...,t}\ {i, j, m}. The ubt-antichain {ay, by} belongs to U, but it does not belong to U;
since the members of U; contain both a; and b; but {ay, by} # {a;, b;}. Similarly, {as, bs}
belongs neither to U, nor to Uy, whence it is notin U; UU; U Uy,. Hence, U; UU; U U,, is
a proper subset of U; UU; U Uy, U Uy, which is disjoint from Sub(S*; V) by Eq. 3.10. Thus,
by Eq. 3.36, strictly more than 7 - 21=6 qubsets of ST are not in Sub(S*; V), and we obtain
that k = |Sub(ST; V)| < 32 —=7) - 2"=6 This contradicts k = 25 - 2"~% and excludes that
t > 4. Thus, t = 3 and we have proved Eq. 3.33.

Next, assume that + > 3. We know from Eq. 3.33 that + = 3. Furthermore, we have
by Eqgs. 3.33, 3.34 and 3.35 that {ay, b}, {az, b}, and {a3, b} is the list of all ubt-antichains
of (S; A) and they have a common join v. No two of aj, a», and a3 are incomparable,
since otherwise those two would form a ubt-antichain (with upper bound v). Hence, we can
assume that a; < ap < az. Thus, it follows from Lemma 3.7 that (S; A) is a quasi-tree
semilattice with nucleus Ng.

Finally, assume that ¢ Z 3. By Theorem 2.3(i)—(ii) and Lemma 3.4, ¢ ¢ {0, 1}, whence
t = 2. There are several cases to consider.

Case 1 (we assume that v = v and {ay, b1} N {az, by} # @) By the a—b symmetry, we
can choose the notation so that a := ay, b := by = by, and c := a. If a || ¢, then {a, c} is a
third ubt-antichain (with upper bound v; = vy), contradicting ¢+ = 2. Hence, we can assume
that @ < c. But then, by Lemma 3.5, (S; A) is a quasi-tree semilattice with nucleus Ns, and
so Theorem 2.3(iii) gives that k = 26 - 2", a contradiction again since k = 25 - 2"~ has
been assumed. So Case 1 cannot occur.

Case 2 (we assume that vi = vy and {aj, b1} N {az, ba} = @) Observe that for every
X C{ay, b1, az, by} such that | X| = 2,

if {a1, b1} # X # {a2, b>}, then X is not an antichain, (3.37)

since otherwise X would be a third ubt-antichain with upper bound v; = v;. By the 1-2
symmetry, we can assume that a; < az. By Eq. 3.37, a; and b; are comparable elements.
If we had that a, < bj, then we would obtain a; < b by transitivity, contradicting that
{ai, b1} is a ubt-antichain. Hence, b1 < a;. But then the inequality vy = a; V b; < ay <
vy = v is a contradiction. Therefore, Case 2 cannot occur either.

Cases 1 and 2 make it clear that now, when ¢ = 2, we have that v; % v;. We obtain from
Egs. 3.7 and 3.15 that
a1, b1, v1, a2, b2, v2}| = 5. (3.38)

The following two cases have to be considered.

Case 3 (we assume that vi # vy and {a1, b1, az, ba} N {v1, v2} = @) This assumption and
Eq. 3.38 allow us to assume that {ay, b1} = {a, b} and {ay, b2} = {c, b}. Sov; =a Vv b and
vy = ¢ V b. For the sake of contradiction, suppose that a and ¢ are comparable. Let, say,
a <cythenvy =aVvb<cVvb=uv.Butv # vy, s0v; < vp. If we had that ¢ < vy,
then v; = b VvV ¢ < vy would contradict v; < vp. If we had that v; < ¢, then this would
lead to the contradiction b < ¢ by transitivity. Hence, ¢ || vi. So {c, v1} is an additional
ubt-antichain (with upper bound v;), which is a contradiction showing that a | ¢. If v; and
vy were comparable, then the larger one of them would be an upper bound of {a, c}, and so
{a, c} would be a third ubt-antichain. Thus, v; || vz, and Lemma 3.6 gives that (S; A) is a
quasi-tree semilattice with nucleus F, as required.
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Case 4 (we assume that v; # vy and {ay, b1, az, b2} N {v1, v2} # @) Since a and b play
symmetric roles and so do the subscripts 1 and 2, we can assume that vy = a». We have that
{a1, b1, az, by}| = 4 since b; f ap; = v; excludes the possibility that by € {ay, b1, az}.
None of the sets {aj, b»} and {b1, by} is an antichain, since otherwise the set in question
would be a new ubt-antichain with upper bound v, which would be a contradiction. Hence,
aj and b, are comparable elements, and so are b1 and b;. If we had that a; > by or by > b,
then transitivity would lead to a = v; > b», a contradiction. Thus, a; < by and by < b;.
But then a, = v = a; V by < by is a contradiction. This shows that Case 4 cannot occur.

Now that all cases have been considered, we have shown that if k = 25-2"7° then (S; A)
is of the required form.

Finally, if (S; A) is a quasi-tree semilattice with nucleus Ng, then using the Inclusion-
Exclusion Principle and Eq. 3.10, a computation similar to Eqs. 3.22 and 3.23 yields that

|Con(S; A)| =2""0(32— (4+4+4H +Q2+2+2) —1)=25.2""F,

as required. Also, if the nucleus is F, then a computation similar to Egs. 3.11-3.13 derives
from Eq. 3.10 and the Inclusion-Exclusion Principle that

|Con(S; A)| =2"7%(32 — (4 +4) +1) =25.2"°.
This completes the proof of Theorem 2.3(iv). O

Acknowledgments This research was supported by the Hungarian Research Grant KH 126581

References

1. Czédli, G.: A note on lattices with many congruences. Acta Universitatis Matthiae Belii, Series
Mathematics, Online (2018), 22-28. http://actamath.savbb.sk/pdf/oacta2018003.pdf

2. Cz&dli, G., Muresan, C.: On principal congruences and the number of congruences of a lattice with more
ideals than filters. Acta Sci. Math. (Szeged) (submitted). arXiv:1711.06394

3. Freese, R.: Computing congruence lattices of finite lattices. Proc. Amer. Math. Soc. 125, 3457-3463
(1997)

4. Freese, R., Nation, J.B.: Congruence lattices of semilattices. Pac. J. Math. 49, 51-58 (1973)

5. Gornicka, A., Grygiel, J., Tyrala I.. On the lattice of tolerances for a finite chain. Sci-
entific Issues, Jan Dtugosz University in Czgstochowa. Mathematics 21, 25-30 (2016).
https://doi.org/10.16926/m.2016.21.03

6. Gritzer, G.: Lattice Theory: Foundation. Basel, Birkhduser (2011)

7. Gritzer, G.: The congruences of a finite lattice, A proof-by-picture approach, 2nd edn. Birkhduser (2016)

8. Kulin, J., Muresan, C.: Some extremal values of the number of congruences of a finite lattice.
arXiv:1801.05282

9. Muresan, C.: Cancelling congruences of lattices while keeping their filters and ideals. arXiv:1710.10183

10. Szpilrajn, E.: Sur I’extension de 1I’ordre partiel. Fundam. Math. 16, 386-389 (1930)

@ Springer


http://actamath.savbb.sk/pdf/oacta2018003.pdf
http://arxiv.org/abs/1711.06394
https://doi.org/10.16926/m.2016.21.03
http://arxiv.org/abs/1801.05282
http://arxiv.org/abs/1710.10183

	Finite Semilattices with Many Congruences
	Abstract
	Introduction and Motivation
	Outline

	Quasi-tree Semilattices and our Theorem
	Proofs
	Acknowledgments
	References


