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Abstract Let P be the ordered set of isomorphism types of finite ordered sets
(posets), where the ordering is by embeddability. We study first-order definability
in this ordered set. We prove among other things that for every finite poset P, the
set {p, p°} is definable, where p and p? are the isomorphism types of P and its
dual poset. We prove that the only non-identity automorphism of P is the duality
map. Then we apply these results to investigate definability in the closely related
lattice of universal classes of posets. We prove that this lattice has only one non-
identity automorphism, the duality map; that the set of finitely generated and also
the set of finitely axiomatizable universal classes are definable subsets of the lattice;
and that for each member K of either of these two definable subsets, {K, K%} is a
definable subset of the lattice. Next, making fuller use of the techniques developed
to establish these results, we go on to show that every isomorphism-invariant relation
between finite posets that is definable in a certain strongly enriched second-order
language L, is, after factoring by isomorphism, first-order definable up to duality
in the ordered set P. The language L, has different types of quantifiable variables
that range, respectively, over finite posets, their elements and order-relation, and
over arbitrary subsets of posets, functions between two posets, subsets of products
of finitely many posets (heteregenous relations), and can make reference to order
relations between elements, the application of a function to an element, and the
membership of a tuple of elements in a relation.
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1 Introduction

The set P of isomorphism types of finite posets, or as we say, finite order types,
is denumerable. This set becomes itself a poset under the order induced by the
substructure relation—we put py < p;, where p; is the type of the finite poset P;,
iff Py is isomorphic to a sub-poset of P;. In this way we obtain a poset (P, <). In this
paper, we explore the scope of first-order definitions in the structure (P, <). It is an
interesting topic because that scope is surprisingly wide: we shall see that in a quite
precise sense, first-order definability over this poset is equivalent to second-order
definability in the domain of finite posets.

The preceding remarks illustrate, by way of example, what we mean by the phrase
“definability in substructure orderings”. This paper is the second in a series of
four exploring definability in substructure orderings. The paper [3] dealt with finite
semilattices; [4] deals with finite distributive lattices; and [5] treats finite lattices. The
idea for these explorations arose during our study of some combinatorial properties
of these sub-structure orderings (see [1, 2]). We realized also that certain kinds of
results on definability in substructure orderings would yield definitive results on
definability in the lattice of universal classes of the structures.

The application of definability results for the substructure ordering to obtain
definability results for the lattice of universal classes works smoothly for semilattices,
for ordered sets and for distributive lattices, but breaks down for lattices because
lattices do not form a locally finite class of structures. The results we obtain for the
substructure ordering over finite structures are pretty much the same in all four cases,
but the proof details are sufficiently different for the different kinds of structures that
we did not think it wise to unify all our results in one paper.

By a universal class of posets we mean a class K defined by a set of first-order
universal sentences, equivalently, a class K closed under forming substructures and
ultraproducts. Since every poset is the union of its finite sub-posets, the lattice of
universal classes of posets is naturally isomorphic with the lattice of order-ideals of
the ordered set (P, <), and within this lattice, the principal order-ideals are the same
as the strictly join-irreducible elements of the lattice, and they constitute a definable
subset of the lattice that is order-isomorphic with P. Thus every subset or relation
over the elements of P that can be shown to be definable in (P, <) gives rise to a
definable subset or relation in the lattice of universal classes.

A simple but important property of posets is that for every finite collection F of
finite posets, there is a finite poset A such that all members of F are embeddable into
A. From this fact, it is clear that a universal class of posets is finitely generated iff it
is contained in a strictly join-irreducible member of the lattice of universal classes.
Thus the set of finitely generated universal classes is a definable subset of the lattice.
It is easy to show that a universal class K of posets is finitely axiomatizable (in the
first-order language of posets) iff up to isomorphism, there are only a finite number
of minimal (in the sense of embedding) finite posets lying outside of K. Thus it is
easy to write a first-order definition in the language of lattice theory for the class of
finitely axiomatizable universal classes: A universal class K is finitely axiomatizable
iff there is a strictly join-irreducible universal class O such that for every universal
classM,M £ K= MnNO £ K.

We have just proved two of the principal results about universal classes of posets
announced in the abstract. The remaining result, that for any universal class K that
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is either finitely generated or finitely axiomatizable, the set {K, K’} is definable in
the lattice of universal classes, is not so easy. Our approach is to exhibit two three-
element isomorphism types, p; and p?, and show that {p;, p{} is definable in (P, <),
and that when p; is taken as a parameter, every member of P becomes definable.
This we accomplish in Section 2 of the paper. We then conclude Section 2 with a
derivation of our result that {K, K%} is definable in the lattice of universal classes
whenever K is a finitely generated, or a finitely axiomatizable, universal class. All
these results about universal classes are collected in Theorem 2.35.

In Section 3, building on results obtained in Section 2, we develop a different
perspective on first order definability in (P, <). In both parts, our principal object
of investigation is actually the quasi-ordered set QPoSET whose members are all the
posets (A, <4) with A a finite subset of the non-negative integers, quasi-ordered
by embeddability, so that (A, <,4) < (B, <p) means that there is a one-to-one map
f:A— Bsuchthat x <4 y < f(x) <p f(y) holds for all {x, y} £ A. Members of
Qroskr will usually be identified notationally with their universes, so that we write
A € Qroser with a specific choice of a partial order <4 on A understood. An
exception is that special posets that are to be held fixed throughout our study will
be denoted with boldface letters. Here is the first example of this practice: We define
E, to be the poset with elements 0, 1, 2 and covers 0 < 1 and 0 < 2 (see Fig. 1). We
can say more precisely that both in Sections 2 and 3 of the paper, we shall be studying
first-order definability in the countable structure QPoser’ = (QPOSET, <, Eg) with
one binary relation and one constant.

In Section 3, we introduce the category CPoSET whose objects are the members
A € Qproset with universe identical to [n] ={0,1,...,n — 1} for some n > 0, and
whose morphisms are the monotone maps between these posets. The set of mor-
phisms from A to B where A and B are two objects in Cposer will be denoted
CP(A, B).

Here we shall be considering first-order definability in the enriched category
Croser’ obtained by adding to the category structure four fundamental constants.
The constants denote two objects, Cy = ({0}, <¢) and C; = ({0, 1}, <;) (where this
poset has one cover 0 < 1) and the two members of CP(Cy, C,), namely f; : Cy — C,
with £;(0) =i (for i € {0, 1}).

Our goal in Section 3 will be to prove that the structures Qroser’ and CPOSET
are almost equivalent in terms of the expressibility of first-order language applied to
them.

But in fact, we shall show that this equivalence extends to expressibility in a very
strong second-order language L, applied to the family of structures (posets) which
constitutes the set of objects of Cposer’. This language L, is an expansion of the
first-order language of CPOSET’, containing not only variables ranging over objects
and morphisms of CPosET but also quantifiable variables ranging over elements of
any object, over arbitrary subsets of objects, over arbitrary functions between two
objects, over arbitrary subsets of products of finitely many objects (heteregenous
relations), dependent variables giving the universe and the order relation of an

Fig.1 E, \/
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object, and the apparatus to denote order relations between elements, application
of a function to an element, and membership of a tuple of elements in a relation.
Specifically, we shall prove (Theorem 3.8) that for any positive integer N, any N-
ary relation R over QPoser is first-order definable in Qposer’ iff there is an N-ary
relation S over the set of objects of CPoseT such that S is definable in L, and we have

R=1{(Ay,...,An_1) € Qroser : there are objects By, ..., By_;

in CposeT with B; = A; fori < N and (By, ..., Bny_1) € S}.

The above-described result is surely the central contribution of this paper. Here is
a reformulation of it. Let ¢y denote the isomorphism type of the poset E;. An n-ary
relation S over QPOSET (or over the object set of Croser) will be called isomorphism-
invariant iff whenever A¢ = By, ..., A,_1 = B,_; then (Ay,..., A,_1) €S iff
(Bo, ..., By_1) € S§. Then we have: The isomorphism-invariant relations over the
objects of CposkT that are L,-definable are the same as the isomorphism-invariant
relations first-order definable in Cposer’, and the same, after identifying isomor-
phic posets, as the relations first-order definable in the enriched ordered set P’ =
(P, =, eo).

An easy corollary of Theorem 3.8 is this.

Corollary For every sentence ¢ in the second-order language of posets, there is a
formula @ (x) in the first-order language of the structure Qproser’ = (QPoskr, <, Eo)
such that a poset A in Qroser models ¢ if and only if QPOSET = ®(A).

Specializing the corollary, we find that the set QLATT of members of QPOSET
that are lattice-ordered sets, is first-order definable in QPOSET/, as is the set QSLATT
of meet-semilattice-ordered members of QroseT and the subset QDLATT of QLATT
consisting of the lattice-ordered sets where the lattice is distributive. Moreover, the
relation A <; B that holds between A and B in QrATT iff there is a lattice-embedding
of A into B is definable, as is the relation A <y B of semilattice embeddability in
QstLatT. Each of the quasi-ordered sets (QSLATT, <), (QLATT, <;) and (QDLATT, <g)
is therefore definably present in Qproser’. The authors have studied the first-order
definability in these structures in the papers [3, 4] and [5], reaching conclusions
parallel to those obtained in this paper.

Birkhoff duality between finite distributive lattices and finite posets yields a
second way of definably recovering (QDLATT, <4) in Qroser’. (This application will
be discussed briefly near the end of Section 3.1.)

Finally, we wish to observe that every subset of P is the set of all isomorphism
types of all finite models of some set of first-order sentences in the language of posets:
Let S be a subset of P, and for every positive integer n, let A, 1, ..., A, p, be a list
of representatives of all the isomorphism types of n-element posets that belong to
S. Let ¢, be a sentence such that a poset A is a model of ¢, iff |[A|=n= A= A;
for some 1 <i < p,. Clearly, a finite poset A represents an isomorphism type in
S iff A | ¢, for all n > 1. Consequently, our results imply that every subset of P
is defined by the simultaneous satisfaction in P’ of some set of formulas {v,(x) :
n > 1} in the first-order language of the structure P’. However, there are subsets of
P that can be defined by a single formula v (x) in the first-order language of P/,
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but cannot be defined as all isomorphism types of finite models of a single sentence
in the language of posets. For example, the set of isomorphism types of finite
connected posets is such a set. (For the formula v (x) see Theorem 2.19 below. A
standard model-theoretic argument shows that no single first-order sentence defines
the property of connectedness among all finite posets.)

We show in Section 2 (Theorems 2.27 and 2.15) that the relations {(A, B,C) : A =
B + C} (cardinal sum) and {(A, B,C): A= B® C} (ordinal sum) are definable
in Qproser’. Let us finally remark that it will become obvious in Section 3 that the
relation {(A, B, C) : A = B x C} is definable in QPoser’ (since it is definable in the
category CPOSET).

Let us remark that the results of this paper imply that the elementary theory of
(P, <) is undecidable. Indeed, it is well known that where NV is the set of nonnegative
integers, the structure (Np, +, x) has undecidable elementary theory; from this it
easily follows that also the elementary theory of (N, +, x), where N is the set of
positive integers, is undecidable; an obvious mapping is a bijection of N onto the set
A of isomorphism types of finite chains; and we will see that A is a definable subset
and the images of both 4 and x are definable operations in (P, <).

2 Part 1
2.1 Notation and First Results

The elements of Qroser are the finite posets whose elements are non-negative
integers. For A, B € Qposer we put A < Biff A isisomorphic with the poset induced
by B on a subset of B. We put A C B iff A is contained in B as a set, and the order
in A is the restriction to this set of the order in B—in other words, A is a poset
induced by B on a subset of B. Note that A and B are isomorphic, written A = B, iff
A < Band B < A. We denote by E, the poset with elements 0, 1, 2 and covers 0 < 1
and 0 < 2, and by E; its dual. We set QproseT’ equal to the pointed quasi-ordered set
(QrosET, <, Eoy).

When we say that a subset of QPoOSET or a relation over QPOSET is first-order
definable in Qroser’, we shall mean definable by a formula in the first-order language
with two non-logical symbols, < and E,, and without the equality symbol. As noted
above, {(A, B) : A = B} is definable in Qroser’, and it is easily proved (say by
induction on the complexity of formulas) that for every formula ¢(xo, ..., x,_1) in
this language and for Ay, By, ..., An—1, Bn—1 € QPOSET with A; = B, for i <n we
have QPOSET |= ¢(Ao, ..., A,_y) if and only if QroSer’ = ¢(By, ..., B,_1). Thus
with our convention about the language (omitting equality) first-order definability in
QproskT’ is only “up to isomorphism”. In particular, {Eg} is not definable, although
{A: A= Ey} is definable. However, we write that “E is a definable member of
Qroser’”, meaning that it is definable up to isomorphism; and we shall generally use
this language with respect to all definable elements, definable subsets and definable
relations over QPOSET'.

The relation of isomorphism, definable in QPoseT’, is an equivalence relation over
QproskT that gives rise to the pointed ordered set of isomorphism types, P’ = (P, <,
¢o). Via the map sending A € QPOSET to A/= € P, definable relations over QPOSET’
become definable relations over P’, and conversely. Thus working over QPOSET’ is
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simply a convenient means to give a more concrete feel to the study of definability
over P'.
For every n > 0 we denote by C,, the chain of height n,

C,=(0,1,....n}, <)

in which < is the usual order. For every n > 0 we denote by A, the n + 1-element
antichain, A, = ({0, 1, ..., n}, <), in which < is the discrete order—x < y iff x = y
for any elements x, y in A,,. Note that Cy = A,.

The height, ht(P), of a finite poset P, is the largest n such that C, < P (i.e., such
that P has an n + 1-element chain).

The cardinal sum, A + B, and ordinal sum, A @ B, of two posets are defined only
up to isomorphism. Thus C = A + B if and only if C is the disjoint union of ordered
subsets isomorphic respectively to A and to B, such that there are no order relations
in C between elements of the two subsets; and C = A @ B if and only if C is the
disjoint union of sub-posets isomorphic respectively to A and to B, such that for
every element x of the copy of A in C and for every element y of the copy of B, we
have x < yin C.

If A, B € QroseT we write A < B to indicate that A < B and not B < A, and we
say that A is covered by B if A < B and there is no C € Qposer with A < C < B.
We write A < B, or QPoSET’ |= A < B, to denote that B covers A in QPOSET .

The cardinality of A is the number of elements of A, written | A|.

For an element e of a poset, e denotes the principal ideal of the poset generated
by e.

Proposition 2.1 Letaand b be members of Qposer. Then A < Biff A < Band |B| =
[A] + 1.

This fact is obvious.

Theorem 2.2 {C,/ =:n > 0} and {A,/ =: n > 0} are the only infinite order-ideals in
P that are chains. The set of finite chains is a definable subset of QPoSET and each
finite chain is a def inable member of QPoseT. The set of finite antichains is a definable
subset of QposeT’ and each finite antichain is a definable member of QPOSET .

Proof 1If a finite poset A is neither a chain nor an antichain then A; < A and C; < A,
so that (A/ =)/ is not a chain in P. In Fig. 2 below, we diagram the lowest four
levels of P. The top row consists of the following posets (from left to right): Cs,
Co ® Eg, Cy_ (introduced later), Eg ® Cy, Cy & A,, C; + Cy, C,_, (introduced
later), E; & Cy, E¢ + Cy, the four-element fence, A; ® A, C; + C;, C; + A, E; +
Co, A> ® Cy, As. The next row consists of C,, Eg, C; + Cy, E|, A,; the atoms are C;
and A;. We see that A,/ = has six covers in P while C,/ = has seven covers. Thus
P € QposkeT is a chain iff for every A, B € Qposer with A < P and B < P we have
either A < Bor B < A, and there is Q € Qposer with either Q < Por P < Q such
that {R € Qposker : R < Q} has precisely three non-isomorphic members, all of them
pairwise comparable, and up to isomorphism Q has precisely seven covers in QPOSET.
From this, it readily follows that the set of chains is definable, the set of antichains is
definable, and each individual chain or antichain is a definable member of QPOSET’
(meaning, “up to isomorphism”, of course). O
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Fig. 2 The lowest four levels of P

Proposition 2.3 Every finite poset of at most five elements is a definable member of
QrosET’.

Proof With a little ingenuity, the reader can extract from Fig. 2 the fact that {E,, EJ}
is definable in (QPOSET, <), and thus that each poset of at most three elements is
definable in QposeT’. Then it can be shown that each poset of four or five elements
is determined up to isomorphism by the posets that properly embed into it. (The
verification that this is so will be left to the reader.) O

Proposition 2.4 For every positive integer n, the set of finite posets of cardinality n is
a definable subset of QPOSET'.

This is obvious, from Proposition 2.1.

Remark 2.1 We remarked above that each poset of four or five elements is deter-
mined up to isomorphism by the isomorphism types of its proper sub-posets This is
not true for smaller posets; as witnessed by Ej and E,. It may be that every poset of no
fewer than four elements is determined up to isomorphism by the set of isomorphism
types of its proper sub-posets. If this were true, it would yield a direct proof of one
of the principal results of this paper, that every finite poset is definable in QPoSET'.
(See J. X. Rampon [6].)

2.2 Covers of Chains, and Cutpoints

We have C, < C,; of course. We introduce notation for all the remaining covers
of C,,.

For 1 < ¢ <n, C,_ is the poset with elements ay, ..., a,+) and covers a; < a;;;
forO0 <i<nanda,. < a,.
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For 0 < k < n, C, . _ is the poset with elements ay, ..., a,1; and covers a; < a;y
forO <i<nanday < a,.
For0 <k <t <nwithk+1 < ¢,C,, is the poset with elements a, . . ., a,4+; and

covers a; < a;11 for0 <i <nanday < a,, and a,q; < a,.

Proposition 2.5 The covers of C,, are C,.4, C, + Cy, and the posets C,, _ 4, C,, k., and
C,.x.¢ defined above.

The proof is very easy, using Proposition 2.1.

Proposition 2.6 For each integer n > 0, every cover of C, is a definable member of
Qroser’. Each of the sets {C,,_1 :n> 1}, {Cp_pp:n>1}, {Chpoy— :n > 1}, {Cpo— :
n > 1}, {Cyxks2 : n —2 > k > 0} is definable in QPOSET.

Proof For n > 1, we have that C, _ | is the only cover of C, of height n that does
not embed E, does embed E;, and does not embed C,__ ,. (The posets E; and C, _ »
have fewer than five elements and so are definable, by Proposition 2.3.)

It is easy to verify that for n > 1, C,, _, is the only cover of C, of height n that
does not embed Ej, does embed E; and does not embed E; @ C;. (The posets E,
and E; @ C, are definable, by Proposition 2.3.)

When 0 < k and k+ 2 < ¢ < n, we have that C, x, is the only cover of C, which
has height n; embeds Ej and E;; embeds C,,_,, —; and does not embed C,,_;4> _ 1;
embeds Cy k,— and does not embed Cyy2 41, —-

For n > 2 we have that A = C,, y y4> for some k > Owith k+2 <niff A= C,
for some k, £ and A does not embed Ns (the five-element non-modular lattice).

Finally, we observe that C, + Cy is the only cover of C, of height n that embeds
neither Eg nor E;. O

By a cutpoint of a poset A we mean an element x € A that is comparable to all
members of A. Note that if A is a finite poset, say of height n, and A has a cutpoint
¢ of height m, then c is the unique element of A of height m, the co-height of c is
n — m, and c belongs to every maximal chain in A.

Theorem 2.7 The relation {(C,, Ci, Cy) : n = k + £} is definable in QPOSET.

Proof For chains C,, Ci, C;, we have that n = k + ¢ iff either £ =0 and n = k, or
£=1and C; <C,, or £ >2 and C,4; has a cover A (= Cy41.4x+2) Of height n+ 1
that embeds Cyy k- and does not embed Cy k41—, and does embed C,_; and
does not embed Cyyg — ;. O

Theorem 2.8 The relation {(A, C,,) : A has a cutpoint of height m} is definable in
Qproser. The set of topped finite posets (those with the largest element) and the set of
bottomed finite posets (those with the least element) are definable subsets of QPOSET'.

Proof A has a cutpoint of height m iff where n = ht(A), C,, < C, and if Q is any
cover of C, with Q < A, then Q is not isomorphic to C, + C; or to C, 4 _ for a
k<m,ortoC,_,forat > m,ortoC,y, forak,¢satisfying k < m < ¢£.
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Indeed, if c is a cutpoint of height m in A, and C, < O < A, then we have a sub-
poset C of A isomorphicto C, and apointqg € A \ C with C U {q} (the induced poset)
isomorphic to Q. The cutpoint ¢ must be the element of height m in the chain C, and
it must be comparable to g. This forces the claimed restrictions on the possibilities
for Q. On the other hand, suppose that 0 < m < n = ht(A) and A has no cutpoint of
height m. Choose a sub-poset C of A order-isomorphic to C,. Let a,, be the element
of height m in the induced order on C. Then the height of a,, in A is also m. Since
a,, is not a cutpoint of A, there is an element g € A that is incomparable to a,,.
Clearly, g ¢ C. Where Q = C U {q}, the induced poset on Q is a cover of C,. The
incomparability of ¢ and a,, yields that Q is isomorphic to one of the posets listed in
the previous paragraph.

Now, A is topped iff where n = ht(A), A has a cutpoint of height n. A is bottomed
iff A has a cutpoint of height 0. ]

2.3 Definability of Some Cardinality Properties

For n > m > 0 denote by Y, ,, the poset with elements

ag, - .., Ay, Ap42

and coversag < --- < a, and a,, < a,41 and a,, < ayy0-

Lemma 2.9 The binary relation
{(A,B): A=ZC, and B=Y,,, for somen > m > 0}

is definable in QPOSET.

Proof Suppose that A =C,. Then B=Y,, for some n>m=>0 iff: A is a
<-maximal subchain of B; there is Q with A < Q < B; Co® A, < B; E; £ B; and
Co@(CO—i-Eo)fB [m]

Theorem 2.10 The following relation is definable in QPOSET :

{(A, B): forsomen=>0, A=A, and B=C,}.

Proof This will be a consequence of the following claim.
Suppose that A = A, and B = C,,. Then m < n iff there is a finite poset P with
these properties:

1) ht(P) =n,i.e., B < Pandif Cisachainand B < Cthen C £ P.
2) Pisarooted tree, i.e., Pis bottomed and E; £ P.

3) Y, £ Pwhenevern >m > 0.

4) Cod(C,+C) £ P

5) A<P

We remark that there is a largest poset with properties 1)-4), namely the tree T,
pictured in Fig. 3 for n = 4.

To prove the claim, we observe that clearly T, satisfies 1),2), 3) and 4) and embeds
A, and does not embed A, ;. Thus it suffices to show that if S satisfies 1), 2), 3) and
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Fig.3 T4 ay b
as b
a3 by
ax bo
ago

4) then S is obtained from T, by removing some subset (possibly the empty set) of
the set of points {by, ..., b,_1}.

Thus suppose that § satisfies 1), 2), 3) and 4). Let C be an n + 1-element chain
in S, say C = {ao, ..., a,} with ag < --- < a,. Now S is a tree with root ay, by 1) and
2). By 3), for i < n, a; has at most one successor other than a;;;. If i <n —1 and a;
has two successors, a;1 and b;, then by 4) it follows that b; is a maximal element of
S.If i = n — 1 and a; has two successors, a,, and b,,_;, then since ht(S) = #n it follows
again that b,_; is a maximal element. These considerations imply that S consists of

the elements ay, ..., a, and, for possibly some or all of i =0,i=1,...,i=n—1,
a maximal element b; # a;;; that has g; as its unique subcover. This completes our
proof. O

Lemma 2.11 The relation {(A, E, F): A= E® F and E is a chain} is definable in
QPOSET.

Proof (A, E, F) belongs to this relation iff there are n, m, £ with ht(A) = n, E = C,,
ht(F) =¢ and n = m + £; and either F = C, and A =C,, orelse: thereis0 <k < ¢
such that F has a cutpoint of height i for every 0 <i < k and F has no cutpoint of
height k, and A has a cutpoint of height j for every 0 < j <m + k and A has no
cutpoint of height m + k, and there is a finite un-bottomed poset Q such that Q < A
and Q < F and whenever R is a finite un-bottomed poset and R < A or R < F, then
R < Q. O

Theorem 2.12 The following relation is definable in QPOSET':

{(A, B): forsomen>1, B=C,and|A|=n}.

Proof Let n > 1. To prove this theorem, it will suffice to show that for any finite
poset A, we have |A| > n iff either A; £ A (i.e., Ais achain) and C,_; < A, or else:
A < A (i.e., Ais not a chain) and for some m > 0, ht(A) = m and every finite poset
P with the following properties embeds C,. The properties are:

1) ChpA<P
(2) For every chain C and finite poset Q with C,, < QO < A and C® Q < P there
is Q" with C,, < Q' < Q and there is a chain D withC < Dand D& Q' < P.
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To prove that this characterizes the relation | A| > n, we assume first that A is not
achainand |A| > n,and say ht(A) = m. We need to show that every P € QPosET that
satisfies (1) and (2) embeds C,,. So assume that P satisfies (1) and (2). By induction
on k = |A| — |Q|, using (1) for the base step k = 0, and using (2) in the induction
step, we can obviously show that for 0 < k < |A| —m — 1, we have C; & Q < P for
some Q € Qroskr satisfyingC,, < O < Aand |A| — |Q| =k. Atk =|A|—m —1,it
follows that |Q| = m + 1 and since C,, < Q then Q = C,,: for this k we have C; ®
C,, < P. Thus

P>CiaC,=Chput1 =Ci4=>C,.

Next, we assume that A is not a chain, |A| < n, and ht(A) = m. We need to find a
poset P € QposkT that satisfies (1) and (2) and does not embed C,.. Let Qy, ..., Qp—i
be a list that contains exactly one isomorphic copy of each poset O € QPOSET such
that C,, < O < A. Then we put

P=Y C,®0Q
O<i<p
where k; = |A| — | Q;| for i < p. Clearly, ht(Q;) =m and ht(Cy, @ Q;) = ki + m + 1
so the component Cy, & Q; of largest height is the one with the largest value of k;,
that is, when Q; = C,,. For this Q; we have

Cr, ® Qi =C, ®Cp = Crpymi1 = Qg

It follows that we have ht(P) = |A| < nandso C, £ P.

It remains for us to show that P satisfies (1) and (2). The truth of (1) for Pis trivial.
To prove (2),let C, Q € QroserwithC = CyandC,, < Q < Aand C® Q < P.Now
Cd Q= C, @ Qisconnected, because it has a bottom element. Thus we have that

CdQ=C @ Qi

for some iy. This implies that
C+m+1 :ht(Cg (&>) Q) < h'[(ck,.0 b Qit)) :kio +m+1.

Thus ¢ < k;,. We can assume that C® Q C Cki0 @ Q;, (sub-poset).

Since C,;, < Q < A then Q is not a chain. Choose a chain U € Q, U =C,,,
and incomparable elements gy, g; in Q. One of these elements, say g, must lie
outside U. Both elements gy, g, belong to Q;,, since elements of Ck,o are cutpoints in
Cy,, ® Qi Thus there is i; so that Q;, = O;, \ {qo}; and if we put Q" = O\ {qo} then
C,. < QO < Q. Moreover, C® Q' C Ck,.“ @ 0, \ {qo} = Ckil) @ Q,,. Clearly, Cki. =~
Co® Cki,_)' Thus where D = Cy @ C, we have C < D, D is a chain, and D& Q' <
C, ® Q;,, as required. This completes our proof that P satisfies (2). ]

2.4 Definability of the Relation A= E@ F

Lemma 2.13 The relation {(A, E, F): A= E® F and F is a chain} is definable in
QPOSET.

Proof The proof follows the same pattern as our proof of Lemma 2.11. O
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Lemma 2.14 The relation {(A, E, F): A= E® Cy ® F} is definable in QPOSET.

Proof We have that (A, E, F) lies in this relation if and only if ht(E) = m, say, and
ht(F) = n, and ht(A) = m + n + 2 (see Theorem 2.7), and A has a cutpoint of height
m + 1 (see Theorem 2.8) and for every finite poset R, C,,11 ® R < Aiff R < F, and
R&C,; . < Aiff R < E (see Lemmas 2.11 and 2.13). O

Theorem 2.15 The relation
{(AE,F): AZE® F)}

is definable in QPOSET.

Proof We have that (A, E, F) lies in this relation iff ht(E) = m, say, and ht(F) = n,
and ht(A) =m+n+1,and C,, & F < A and E® C, < A, and either E is topped
and there is a unique R with £ = R @ C; and for this Rwehave A= R® Cy @ F, or
F is bottomed and there is a unique R with R = Cy @ R and for this R we have A =
E & Cy @ R, or finally: E is not topped and F is not bottomed and there is a finite
poset A’ such that A’ = E @ Cy & F and we have A < A’ and A has no cutpoint of
height m + 1 or of depth n + 1. O

2.5 Definability of the Relation A = E+ F

Lemma 2.16 The relation
{(A, E,F): EandF are chains and A = E + F}

is definable in QPOSET.

Proof First, a finite poset A is the cardinal sum of two (nonvoid) chains iff A is not
achain, A, £ A,Ey £ A,and E; £ A.

Next, a finite poset A satisfies A = C,, + C,, with m < n iff A is the cardinal sum
of two nonvoid chains, ht(A) =n > m,and |A| = (m+ 1)+ (n + 1). O

Lemma 2.17 The relation
{(A, E, F): Eistopped, F is a chain,and A = E + F}

is definable in QPOSET.

Proof Suppose that E is topped and F is a chain. To begin, assume for the moment
that also ht(F) > ht(E) and E is not a chain. Then E £ F £ E. Under all these
assumptions, we claimthat A= E+ Fiff E < A, F < A, |A| = | E| + | F|, whenever
R<Aand E<R and F < R then RZ A, and finally, if F < QO < A then O =
Co+ F.

Now drop the assumptions that ht(F) > ht(E) and E is not a chain. We claim
that A = E + F iff: either E is a chain and A = E + F; or else E is not a chain,
and there is a chain C > F such that ht(C) > ht(E) and where A’ = E + C then E <
A < A’ and |E| + |F| = |A|. (Use Theorem 2.7 and Theorem 2.12 to see that this
characterization is first-order expressible.) O
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Lemma 2.18 The relation
{(A, E, F): Eand F are incomparable and topped, and A = E + F}

is definable in QPOSET .

Proof We have that (A, E, F) belongs to this relation iff |A| = |E| + |F|; E and F
aretopped; E £ F£ E; E< A; F < A;forall A’ < A,if E< A’ and F < A, then
A= A; whenever E < Q < A then Q = E + Cy; and whenever F < Q < A then
0 = F+C,. O

Theorem 2.19 The property of A that it is a connected finite poset is definable in
QrosET'.

Proof We claim that a finite poset A is disconnected iff A is neither topped nor
bottomed; and either A is the cardinal sum of two nonvoid chains, or else A is not
the cardinal sum of any two nonvoid chains, and there are B < A and C < A and
(nonvoid) chains Dy, D,, D3, Dy such that where E' = D @ B® D, and F' = D; &
CO®DythenE £ F £ Fand A< E + F'.

Proof of the claim: (<) If A is connected, then clearly the condition fails.

(=) Assume that A is disconnected and is not the cardinal sum of two chains. We
can write A = B + C where B is not a chain. Let & be the maximum of ht(B), ht(C).
Put D, = Ch-H, D> =Cy= D3,and Dy = C2h+3, and define £/ = D; ® B® D, and
F' = D;®C® Dy. Now clearly A < E' + F'. We have that E’ £ F’ because E’ has
a non-cutpoint b (belonging to the copy of Bin E’) of height at least 2 + 2 and F’ has
no such element. Also, F' £ E' because ht(E") < 2h + 3 while ht(F') > 2h + 4. O

Lemma 2.20 The relation
{(A, E, F): Eand F are incomparable and connected, and A = E + F}

is definable in QPOSET .

Proof A triple (A, E, F) belongs to this relation iff £ and F are connected and
E£LF£E E<A F<A,|A|l=|E|+|F|,whenever R< Aand E< Rand F <
R then R= A, whenever E < Q < Athen Q = E + Cy, and whenever F < Q < A
then Q = F + C,. O

Lemma 2.21 The relation
{(A, E, F): Eisachain, F is connected and A = E + F}

is definable in QPOSET.

Proof The proof is the same as the proof of Lemma 2.17, using now that the property
of being connected is definable. O

By a maximal connected component of a finite poset P we shall mean a connected
poset Q such that O < P and for every R with O < R < P, R is disconnected.
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Lemma 2.22 The relation
{(A, E): Eisconnectedand A = E + E}

is definable in QPOSET.

Proof Suppose that E is connected. If E is a chain, then E+ E is definable
relative to E as in Lemma 2.16. If E is not a chain, then Ay ® E and £ & A, are
incomparable and connected. Then B = (Ag & E) + (E & Ay) is definable relative to
E via Theorem 2.15 and Lemma 2.20. Now E + E is, up to isomorphism, the unique
finite poset A such that for some O, A < Q < B, A is not connected and E is the
only maximal component of A. O

Lemma 2.23 The relation
{(A, E, F): Eand F are connected and A = E + F}

is definable in QPOSET.

Proof Let E, F be connected. If E and F are incomparable, or isomorphic, we can
define E + F via the formula of Lemmas 2.20 or 2.22 respectively. Assume otherwise,
and say, £ < F. We claim that A = E + F iff the following is true.

A is disconnected, F is a maximal connected component of A, and for every finite
poset P that satisfies the conditions below, we have that

[Co+ (ADAND]ID Ay

is a maximal connected component of P.
Let n = |F| — | E|. The conditions for P are:

(i) [Ch+{(E+E)DAy]DAjisamaximal connected component of P.

(i) Every maximal connected component Q of P is of cardinality 3 + | E| + |F]|
and has the form Q = [C + (S ® A()] & A where C is a chain and S is discon-
nected. S has a unique (up to isomorphism) maximal connected component R,
and |C| + |R| = |F| + 1.

(iii) Let Q= [C+ (S® Ap)] ® Aj be a maximal connected component of P with
|C| > 1. There is a maximal connected component Q" of P such that:

1) O=[C+(SDA)I®Awhere S < S and C' < C.
(2) ' is disconnected (of course), and where R and R’ are the unique max-
imal connected components of S and 8’ respectively, then R < R’ < F.

To prove the claim, we first tackle the necessity. Suppose that in fact, A =
E + F. Let P be any member of Qproskgr that satisfies (i), (ii) and (iii). Using the
conditions recursively, we get a sequence of maximal connected components of P,
of the form Qq, Q1,..., O, where Q; = [C,,_; + (SiDANI B Ay; So=E+ E; S;
is disconnected and §; < Si+1 for 0 <i < n; and where R; is the unique maximal
connected component of §;, we have

E=ZRy< R <---<R,.

Since R, < F and |R,,| = |F| then R, = F.
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We claim that S; = E + R, for all 0 <i < n. This is true for i = 0. We prove it for
i = 1 and then inductively for I <i < n.

For i=1, §; has a sub-poset UUV where UNV =@, each of U and V is
isomorphic to E, and there are no order relations between elements of U and
elements of V. We have §;\ (UU V) = {x}, say. Since S, is disconnected, the
element x; cannot be related both to some element of U and to some element of
V,in S;. If x| were related to no element of U U V then U = E would be a maximal
connected component of S, which is false. Thus the connected components of S, are
U and V U {x,}, say (or V and U U {x;}). Clearly, R, must be isomorphic to V U {x;},
and we have S| = E + R;.

Now suppose that n > i > 1 and that S; = F+ R;. We have that S;=UUW
where U = E and W = R;. Since S; < S;;, we can assume that S;;1 = S; U {x;1}.
Again, we have that the connected components of S;;; must be, either U U {x;;}
and W, or U and W U {x;,}. If the first case were to hold, W could not be properly
embedded into U U {x;;} because |W| > |U|, so R; = W would be a maximal con-
nected component of S;1, giving R; = R, ; but this is false. Thus R;11 = W U {x;4}
and Si+1 = E+ Ri+1.

This completes our proof that S; = E+ RiforO <i<n.Since E+ R, EE+ F=
A, we now have that [Cy + (A & Ay) ® Ay is a maximal connected component of P,
as required.

Next, we tackle the proof of sufficiency of our proposed condition to characterize
the relation A = E + F when E and F are connected and E < F. Since E and F
are connected, and we are assuming that £ < F, it is easy to construct a sequence
of connected posets R; € QPoseT (0 <i <n)suchthat E= Ry < Ry <--- < R, <
R, = F.Define P to be the cardinal sum of the posets [C,,_; + ((E + R;) @ Ay)] ® Ay
(0 <i < n) (the cardinal sum of n + 1 connected posets). Since all of the cardinal
summands of P are connected, pairwise non-isomorphic, and have the same cardi-
nality, then each connected component of P is a maximal connected component of
P. 1t is obvious that R; is the unique maximal connected component of E + R; for
each i. In fact, it is obvious that P satisfies (i), (ii) and (iii). Clearly, [Co + (E + F) &
Ap)] ® Ay is the only maximal connected component of P of the form [Cy + T] & Ay
with 7 connected. Thus if [Cy + (A & Ay)] ® Ay is a maximal connected component
of P,then A= E+ F. O

Lemma 2.24 The relation

{(A,U,V): A=ZU+V, U is a maximal connected component of A,

and V is disconnected}

is definable in QPOSET.

Proof (A, U, V) belongs to this relation iff U is a maximal connected component
of A; V < A and every maximal connected component M of A satisfies M = U or
M < V; A and V are disconnected; A < U + (V @ Ay); and A is not isomorphic to
any Z + W with Z, W connected.

The necessity of these conditions is obvious. For sufficiency, suppose that they are
satisfied. We have a poset W € Qposkr, isomorphic with U 4 (V & Ay), such that
W=AU{x},x € A, and A is a sub-poset of W. We can write W = U’ U (V' U {a})
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where U' =2 U, V' =2V, U NV =@, there are no order relations between elements
of U'and V', and a > y for all y € V' while a is incomparable to all elements of U’.

If x=athen A=U"UV' Z U+ V. Itis impossible to have x € V' because then
A is the union of its two connected sub-posets U" and (V' U {a}) \ {x}, contradicting
that A is not isomorphic to the cardinal sum of two connected posets.

It remains to consider the case where x € U’. In this case, Q = V' U {a} is a
connected subset of A, and we must have Q < M for some maximal connected
component M of A. Since Q is bigger than V, then Q < M < U. But also,

A=U\{xhuOo=WU'\{xh+Q

in this case, so the connected poset U satisfies U < Qas U £ U’ \ {x}. Thus Q = U.
Hence U’ Z U has a top element b, and U'\ {b} = V. If b # x then U’ \ {x} has a
top element and is connected. But then, the displayed formula above shows that A is
isomorphic to the cardinal sum of two connected posets, a contradiction. We are left
with the conclusion that x = b. But now U’ \ {x} = V. Combining this with the fact
that QO = U, the displayed formula now becomes A =V + U. O

Lemma 2.25 The relation
{(A,U,V): AZ U+ Vand U is a maximal connected component of A}

is definable in QPOSET .

Proof (A, U, V) belongs to this relation iff either (1) it belongs to the relation of
Lemma 2.24; or (2) U, V are connected, A = U + V and either U = Vor U £ V.In
case (2), Lemma 2.23 shows that the conditions are first-order expressible. O

Lemma 2.26 The relation
{(A,E,C): A= E+ Cand C is a chain}

is definable in QPOSET .

Proof If E is connected, we can use the formula of Lemma 2.21.

Suppose that E is disconnected. Then (A, E, C) belongs to this relation iff (1)
there are U, V such that E = U + V and U is a maximal connected component of
E of largest cardinality among all maximal connected components of E; (2) C is a
chain; (3) there is B = A such that B= V + [(U + C) @ Ay]; and (4) every maximal
connected component of A (other than possibly C) has cardinality no greater than
|U].

Note that B is first-order definable relative to U, V by Lemma 2.21, Theorem 2.15,
and Lemma 2.25.

The necessity of these conditions being obvious, we focus on their sufficiency.
Suppose that E is disconnected and the conditions hold. We can assume that B =
{x} U A and A is a sub-poset of B. We can write B = V' U W’ where there are no
order relations linking an element of V’ to an element of W/, and V' = V and W' =
(U + C)® Ay. Thus W’ has a top element. If x is not that top element of W’ then
either W or W\ {x} is a connected component of A; but this set is bigger than U
and bigger than C, contradicting (4). So we must have A = V' U (W’ \ {x}) where
WA{x}=Z2U~+C.Thisgives AZV+(U+C)= E+C. O
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Theorem 2.27 The relation
(A, E,F): A= E+ F)

is definable in QPOSET .

Proof Let C be the chain of cardinality max{|E|, |F|} + 3 = k + 3. Define E =
E+ Cand FF = F+ C. Then put B=(E & Ay) + (F & Ap). We know that B is
definable relative to E, F. It is the case that E'+ F’ is up to isomorphism the
unique finite poset A" of height k 4 2 such that for some Q, A’ < Q < B, and
every connected subset of A’ that is not a chain has at most k elements. We have
that E + F is, up to isomorphism, the unique poset A of height k — 1 such that

A+ C+ C = A'. The proofs of our assertions are straightforward, and we urge the
reader to reconstruct them. O

A poset Q € Qrosker will be called a connected component of A € Qposkgr iff A =
O + R for some R € QposkT, and Q is connected.

Corollary 2.28 The relation {(Q, A) : Q is a connected component of A} is definable
in QPOSET'.

Proof This follows from Theorems 2.19 and 2.27. O
2.6 Individual Definability of the Members of QPOSET

We can now prove a key result of this paper:

Theorem 2.29 Every member of QPOSET is a definable member of QPOSET .

The proof will be finished at the end of this section. Let us start with some
definitions and lemmas.

Definition 2.30 Let 0 <i < k be integers. 1, (i) is defined up to isomorphism, as a
certain member of QPOSET that encodes the pair (k, i). Namely,
k(@) = Ci2 ® Ay & Cr; -

Also, we define

=y m),

0<i<k

the cardinal sum of the posets 7 (i). The posets 1, (i) will be called o-numbers. The
poset 1, will be called the k-list of o-numbers (Fig. 4).

Lemma 2.31 The relation
{(Ci, Ci, (D) : 0 <@ < k}
and the relation

{(Cr, i) : 0 < k}

are definable in QPOSET'.
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Fig. 4 75(2) and 15(2)

Proof The definability of the first relation is obvious, from Theorems 2.2 and
2.15. Note that ht(nx(i)) = k + 4. For the second relation, observe that ny is, up
to isomorphism, the <-least member of QPoser of height k 4+ 4 whose connected
components are precisely 7x(0), ..., nx(k — 1). (See Corollary 2.28.) ]

Definition 2.32 Let 0 <i < k be integers. We define 7, (i) € QPOSET up to isomor-
phism by the formula

(@) ={Co+ (C2 DA ®Cri_)} @ Co .
See Fig. 5.

Definition 2.33 Suppose that A € QPoSkT, |A| = k. Let B be any member of QPOSET
such that the set of elements of Bis [k] = {0, 1,..., kK — 1} and B is isomorphic to A.
We define, up to isomorphism, a member of Qproser that we denote by Px(A, B).

First, make a poset Bt isomorphic to B &® A, ® Cy by adjoining k, k + 1, k +
2,k +3 to B and defining the order so that B € B* as posets, the new elements
are above all elements of B, and k, k + 1, k + 2 are incomparable and below k + 3.
Next, find an isomorphic copy of n, say nx = Ny € Qproser with N; disjoint from
{0,1,..., k+3}. The set of elements of Px(A, B) is the disjoint union of N; and
{0,1,...,k+3}. For 0 <i < k let p; be the top element of the unique copy of 7. (i)
in Ni. The order on Px(A, B) is defined so that its covers are those of N together
with those of BT and, for each 0 < i < k the coveri < p;.

Thus Py(A, B) is the union of its disjoint sub-posets Ny and B* and the only
order relations in P (A, B) besides those in Ny or in Bt are x < p; when x € B and
B = x <i. Every poset Pr(A, B) will be called an o-presentation of A.

For example, see Fig. 5 where Px(A, B) is pictured for k = 5, A is the (isomor-
phism type of) pentagon, and B is the pentagon labeled as shown in the picture.

Lemma 2.34 Let A, B, k be as above.

(1) The isomorphism type of the o-presentation of A, Pr(A, B), encodes the poset
B exactly. That is to say, let B be a poset with universe {0, ...,k — 1} and
B’ be a poset with universe {0,...,£ — 1} and let B= A € QPOSET and B' =
A’ € QPoSET. Then Py(A, B) = Py(A', B)) iff k = £ and B = B’ (implying that
A=A
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Fig.5 Ps5(A, B) fora
pentagon

(2) Each o-presentation Py(A, B) is a definable member of Qposgt’ (only up to
isomorphism, of course).

(3) Therelation {(A, P) : where |A| =k, P= Py(A, B) for some B} is definable in
QPOSET'.

Proof To prove (1), we begin with the assertion that it should be obvious that
if k=¢ and B =B then Py(A, B) = P;(A’, B’). Conversely, suppose that
Pir(A, B) = Py(A’, B'). The height of Pr(A, B) is k+ 4 and of P;(A’, B)) is £ + 4,
thus k = ¢. The posets B and B’ thus have the same universe. We need to show that
they have the same order. This follows from

Claim: Let 0 <i,i’ < k with i # 7. Then B =i < i iff n, (@) +n @) £ Px(A, B)
(and of course B’ =i < i iff 0, (i) + ni (@) £ Pr(A’, B)).

To prove the claim, suppose first that i £ i’ in B. We have that the unique copy
of ni(i) in Pr(A, B) together with the element i constitutes a sub-poset of Py (A, B)
isomorphic to 7, (i). The unique copy of 1, (i) in Pr(A, B) is disjoint from this copy
of 1 (i); and the only possible relation involving elements of the two sets is that the
top element of the 7, (i) might be above i. Since i £/, then this does not happen.
Thus 7;, () + nk (') < Pe(A, B).

For the converse, assuming that 1, (i) + 17« (') < Pir(A, B), then there must be an
element x € Py(A, B) thatis below the top element of the 7, (i) and incomparable to
all other elements of the 1, (i) + nx(i'). This element x can only be an element of B,
and in fact, where p; and p; are the top elements of the nx (i) and nx(i'), then we must
have p; > i > xand p; # xin Px(A, B).Since py > i and Bl=i > xthen B =i #i.

To prove (2), we write first-order properties of the element Px(A, B) € QPOSET
that determine it up to isomorphism. In fact, Pr(A, B) is, up to isomorphism, the
unique member P of Qposer’ satisfying: there is a k-element poset B € QPOSET such

that where B' = B @ A, @ C, we have

(a) ht(P) =k +4.
(b) m <P, B <P and|P| = |nl +k+4.
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(¢) If T € Qroser, T < P,n, < T and B <TthenT = P.
(d) The <-maximal topped posets embedded in P are, up to isomorphism, B
and, for each 0 < i < k, a poset isomorphic to

{R+Ci®A @Cii)} @ Cy

for some topped R < B.
(e;) (HereO<ii <k.i#i)n,)+ml) £ Pift Bi<i.

That Px(A, B) satisfies all of the above properties is easily obtained from the
proof of (1) provided that we can show that P;(A, B) has a unique subset isomorphic
to nx and a unique subset isomorphic to B*. In order to prove this, recall that
Pi(A, B) is the disjoint union of Ny and B*, and that Ny = n;. Suppose now that
T C Pr(A, B), T = B*. Let T denote the top element of 7. Below T we have three
incomparable elements a,, a,, a; with a copy of B below all three of the a;. If T € Ny
then T can only be the top element p; of the copy of a n.(i) inside Ny, and one of
ay, ap, a3 must be below i in B (since 1 (i) has no three-element antichain). But then
the copy of B below ay, a; and a3 must lie properly below i and actually be a proper
subset of B, which is impossible by cardinality considerations. It follows then that
T € B™. This forces T € B™ since BT is an order-ideal in Py(A, B). Since T = BT,
then T = B™. Thus there is only one copy of BT in P,(A, B).

Now let S be a copy of ni in Px(A, B). We need to prove that § = Ni. Take any
i € [k] and let S(i) be the unique copy of 7, (i) inside S, and let T; be the top element
of S(i). Then the height of T; in Px(A, B) is at least k + 4. The only elements of
Pr(A, B) having height not less than k + 3 in Px(A, B) lie inside Ng; thus T, € Ng.
In fact, T; must be the top element of the unique copy of nx(j) inside N, for a
certain j € [k]. Let r be the unique element of height k + 3 in S(i). Then likewise,
r € Ni, and then r must in fact be the element of height k& + 3 in the copy of n«(j) in
Ni. Now T; together with r and the elements below r in Pr(A, B) just constitute this
copy of n,(j). Then by cardinality considerations, S(i) is identical with this copy of
nk(j). This implies that j = i. Our reasoning gives the conclusion that for each i € [k],
the copy of k(i) in Ny is included in S. By cardinality, we conclude that § = Ny, as
desired.

This completes our proof that Py (A, B) satisfies the properties. Now assume that
P satisfies these properties. The first three, (a), (b), (c), imply that P is the disjoint
union of a subset N, isomorphic to 7, and a subset isomorphic to B and that P
contains just one subset isomorphic to 1 and just one subset isomorphic to B'.To

simplify notation, we can assume that the copy of B inPis
— =
B = BU{aj,a, a3} U {1}

where ay, a,, a; are incomparable, above all elements of ‘B, and below .
Now if  were above some element of N, then ¢ in P would be a proper extension

of B', and so by (d), BU {a, a», a3} would be order-embeddable into
R+ Ci2®A ®Ciimy)

for some i € [k] and R a topped subset of B. This is clearly impossible, since it would
force B to be properly embeddable into itself. Hence the only comparabilities in P
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between an element of N, and an element of B must be of the form x > y with
xe N,’{andyeﬁf

For i € [k] let p; and r; be the elements of height k + 4 and k + 3 in the copy of
nk (@) inside N,. We claim that the only elements of NV, that can possibly be above an

element of B are the p;. If this fails to be the case, then for some i we have r; > y
with y € B By (d), every <-maximal topped subset of P has height at most k + 4.
(Note that ht(B) < k.) Thus p;| in P is clearly a <-maximal topped subset of P and
by (d), 7l < Bor

ril= Cipr @A @ Criy -

Since the height of 7; in P is at least k 4+ 3 and the height of the order-ideal B is
less than k, then the second alternative must prevail. But this implies that r;| in P is

contained in N, and so we have a contradiction (to the assumption thatr; > y € §+).
Thus the only relations between N; and B are of the form pi>y, ye€ B

Actually, (d), with height considerations, now implies that for each i € [k], p;| nB"
is nonvoid and this set has a largest element, y;, and this element y; belongs to B.

From what we have shown up to here, it is easily established that P has a unique
copy of (i) for each i € [k]. Then the conditions (e; ;) yield that the map i > y; is
one-to-one. Since | B| = k, then this map is also onto B. Finally, conditions (e) show
that B =i < i iff B = y; < y;, so we have B = B. This ends our proof of (2).

To prove (3), suppose that A € QroseT and |A| = k, and that P € Qposgt. Then
we claim that P = P (A, B) for some B if and only if the following hold:

(¢) ht(P) =k +4.

(B) mk <P, A" < P,and |P| = |nx| + k +4.

(y) T eQroser, T < P,ny <Tand At < TthenT = P.

(8) The <-maximal topped posets embedded in P are, up to isomorphism, A"
and, for each 0 <i < k, a poset isomorphic to {R+ (Ci1o DA & Cr_i_1)} &
C, for some topped R < A.

(eiy) (Here 0<i,i' <k, i#1{, and otherwise i, i’ are arbitrary.) Either n, (i) +

nk(@) = Porn (i) + @) < P.

The proof of this claim parallels our proof of (2), and is left for the reader to
supply. O

Let us finish the proof of Theorem 2.29. Let A € QPoseT. Say |A| = k. Choose
B = A with the universe of B identical to {0,1,...,k— 1}. By Lemma 2.34(2),
Pi.(A, B) is a definable member of Qposer’. Now A is, up to isomorphism, the unique
R € Qrosker such that R @ A, @ C, is a <-maximal topped sub-poset of Pr(A, B).

2.7 Universal Classes of Posets
For a class K of posets, denote by K? the class of the posets dual to the posets of K.
The mapping K > K? is clearly an automorphism of the lattice of universal classes

of posets.

Theorem 2.35 The lattice of universal classes of posets has only two automorphisms:
the identity and the map K > K?. The set of all finitely axiomatizable and also the set
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of all finitely generated universal classes of posets are definable subsets of this lattice,
and each member of either of these two definable subsets is an element definable up
to the two automorphisms of this lattice.

Proof As we mentioned in the introduction, the lattice of universal classes of posets
is isomorphic to the lattice of order-ideals of the poset (P, <), and also isomorphic
to the lattice L of order-ideals of the quasi-ordered set (QproskErT, <). The members
of L are the subsets K € Qposkr such that A < B € K implies A € K. Under the
isomorphism between these lattices, the finitely generated order-ideals are carried
onto the finitely generated universal classes, and the set-complements of the finitely
generated order-filters are carried onto the finitely axiomatizable universal classes.
We proved in the introduction that the set of finitely generated universal classes is a
definable subset of the lattice, and the set of finitely axiomatizable universal classes
is definable.

Thus let I be an order-ideal in QposkT that is either finitely generated or the
complement of a finitely generated order-filter. We need to show that {1, 1%} is first-
order definable in the lattice L. There are finitely many finite posets A, ..., A, so
that either we have

I ={B e Qproser: B < A;forsomel <i<n}
or we have
I ={BeQproser: foralliwithl <i<n B # A;}.

For A € Qproser put A= {B € Qproser: B < A}. The set of strictly join-
irreducible members of L, definable in L, is precisely the set of order-ideals of
Qrosker of the form A] (for A € Qposir). Thus Theorem 2.29 implies that each
of Ajl,..., A,] is a definable member of the pointed lattice (L, EqJ). Thus for
1 <i < n there is a first-order lattice-theoretic formula ¢;(x, y) so that A;| is the
unique member x of L such that L = ¢;(x, E¢l). Also, there is a formula (x) so that
Eol, Eg¢ are the only elements of L that satisfy ¢(x). (Because the set {E,, Eg} is
definable in QproseT’; see the proof of Proposition 2.3.)

Define ®(x) to be the formula

(3)’)(3)51,---,)6”)[8()’)/\ /\ @i(Xi, y) ANx = x4 +'~'+Xn:|;

I<i<n

and W (x) to be the formula

ANEx, LX) EM A N\ @il )

1<i<n

/\(Vz)[zsxe /\ xifz].

1<i<n

In the first formula, + is the symbol for the lattice join operation in L.

We claim that for x € L, L = ®(x) iff x = I or x = I? where I is the order-ideal
generated by Ay,...,Ay;and LEV(x) iff x=J or x = J? where J is the largest
order-ideal containing none of Ay, ..., A,.

We shall prove just the claim for W(x) and J. Suppose first that U € L and
L =¥ (U).LetY and X1, ..., X, be the elements of L that witness the satisfaction of
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Y(U). ThenL Ee(Y)and L = ¢;(X;, Y) fori=1,...,n. It follows that Y = Eg| or
Y = E}|. If Y = Eo/, then it follows that X; = A, fori =1, ..., n. In this case, the
fact that L = W (U) tells us that U is the largest member of L that fails to intersect
{Al,..., A}, ie, U =J. In the case that Y = EJ, consider U’ (= {A’: A € U}).
Since 9 is an automorphism of (QPOSET, <), it induces an automorphism of L. It
follows that L |= W(U?) with witnesses Y? = Eq| and X/. This puts us in the first
case, and we can conclude that U? = J. So it follows that U = J? in this case. Since
it is more or less obvious that L = ¥(J) and L = ¥ (J?), we regard the proof of
Theorem 2.35, as regards definability, to be finished.

It remains to show that U + U? is the only non-identity automorphism of L. Here
is a proof. Let o be any automorphism of L. Since {Ey, ESL} is a definable subset of
L then o (E¢|) belongs to this set. Thus if o (E¢l) # EoJ then t(Ey]) = E¢| where t
is the automorphism U + o (U)?. We now show that any automorphism which fixes
the element E(| must be the identity. It will follow that o is the identity, or o followed
by the map ‘dual’ is the identity; so that ¢ is the identity or the map U ~ U?.

So finally, suppose that o is an automorphism of L and that o (Ey|) = E¢|. For
every A € QPosEeT there is, as we noted above, a lattice-theoretic formula ¢(x, y) such
that A| is the unique element U € L for which L = ¢(Al, Epl). Since L = ¢(AJ,
Eol) then L = ¢(c(Al), o(Egl)); but since o fixes Eq| then L &= ¢(o(Al), Eol),
and o(A]) = A} is forced. Thus the fixed points of o include all the A| and,
consequently, every point of L is fixed by o, as every member of L is the join in
L of some subset of the family of members of the form A . O

3 PartII
3.1 Introduction to Definability in CposeT and CPOSET’

The category CpPosET has for its set Obj of objects the members of Qproser of the
form A = ([n], <4) where [n] ={0,...,n— 1}, n > 0. For every A, B € Obj the set
CP(A, B) of morphisms in CPosEeT is the set of triples f = (A, «, B) where « is a
monotone map from A to B, i.e., a map from the universe of A to the universe of
B such that whenever x < y in A then a(x) < «a(y) in B. The identity morphism in
CP(A, A)isdenotedas 1 4. Thus 14 = (A, id4, A) where id 4 is the identity function
on A. Composition of morphisms in CPOSET is, for every triple of objects A, B, C a
mapping CP(A, B) x CP(B,C) - CP(A,O). If f=(A,a, B) e CP(A, B) and g =
(B, B8, C) € CP(B, (), the composition f o g (written also as fg) is

fog=(A,Boa, )

where for x € A, {Boa}(x) = B(x(x)) € C. When f € CP(A, B), the domain of f
is A and the co-domain of f is B. Note that since a morphism f is actually of the
form f = (A, a, B), the domain and the co-domain of f are unique. That is to say,
for objects A, B, C, D € Obj, we have CP(A, B) N CP(C, D) = unless A = C and
B=D.

It happens to be true that a morphism f € CP(A, B) is one-to-one on elements
iff whenever g, h € CP(U, A) for some object U then gf = hf < g = h. Also, f is
onto the set of elements of B iff whenever g, h € CP(B, V) for some object V then
fg = fh < g = h. Thus the properties of a morphism that it is injective, or surjective,
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are (first-order) definable in Croser. We have that f € CP(A, B) is an isomorphism
iff there is g € CP(B, A) with fg =14 and gf = 1.

A morphism f = (A, «, B) (or the monotone map «) is called an embedding iff
for all x, y € A it is the case that x < y in A iff «(x) < «a(y) in B. The property of
being an embedding is definable in CposkT as well, but this requires a little care.

To see it, note that Cy is the unique terminal object in CPOSET; i.e., for every object
A there is a unique morphism A — Cy. Thus Cj is definable. There are two objects
C with the property that |CP(C, C)| = 3, namely ([2], <), with < the usual order,
and its dual, ([2], >). These two objects are isomorphic, and in that sense, either one
deserves to be labeled as C;. Now one can verify that a morphism f € CP(A, B) is an
embedding iff whenever C € Obj and |CP(C, C)| = 3 and CP(Cy, C) = {9, &1}, and
u,v € CP(Cy, A) and there is g € CP(C, B) with eoq = uf and &g = vf, then there
is p € CP(C, A) withggp =uand e p = v.

Thus not only the properties of a morphism that it be injective, or surjective, or
an isomorphism, but also the property that it be an embedding, are all first-order
definable in Croskr. It follows that the quasi-order relation < of QPOSET, restricted
to CposET, is definable in CposET. Since every member of QPOSET is isomorphic to a
member of CPoSET, then every subset or relation first-order definable in QPOSET is
first-order definable in CposEgT (or rather its restriction to CPOSET is s0).

Our goal in the remainder of this paper is to obtain a converse to the result of
the last paragraph. Namely, we shall show that every isomorphism-invariant relation
on objects in CroseT that is definable in the first-order language of Croser’ (or even
definable in the second-order language L, described in the introduction) is actually
first-order definable in the much more modest structure Qproser’. We hope that the
following observations will render the more technical work in the next section more
readable.

In Qroskr, we have only the posets as objects, and the relation of embeddability
between objects, to work with. The internal structure of an object (the elements, and
the order relation) are officially unavailable. In CproseT, we have only the objects
and the morphisms and their compositions. The internal structure of the objects is
officially unavailable in CrosSeT. Nevertheless, we have a way of reading the elements
of an object in CposkT: Clearly, [n], the set of elements of A = ([n], <4) is naturally
bijective with CP(Cy, A). In Croser’, we can name C; = ({0, 1}, <) and also name
the maps fy = {(0, 0)} and f; = {(0, 1)}, and with this help we can also read the order
<4 in the object A. In fact, where f, g € CP(Cy, A) and say f = (Cy, o, A) and g =
(Co, B, A) and @ (0) = x and B(0) = ythen x <4 yiff thereis h € CP(C,, A) such that
foh = f and fi = g. In fact,

A =([n], <a) = (CP(Cy, A), <g) = A

where the order <; on CP(Cy, A) is defined by the formula expressed in the last
sentence. The isomorphism is via the map i — (Co, {(0, 1)}, A) for 0 <i < n. Here,
both the set of elements and the order of the second poset A have first-order
definitions in the language of Croser’. This means that first-order language applied
to the structure Cposer’ is equivalent in expressive power to a certain second-order
language L’ applied to another structure that exists inside Cposer’. This second-order
language L' has variables ranging over the collection {A : A € Obj}, has for each
A € Obj variables ranging over the elements of A, and has for every A, B € Obj
variables ranging over the set of monotone maps from A to B. All these variables can
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be quantified. In this language L' we can express equality of elements, of structures,
of monotone maps, the application of a map to an element, order-inclusions between
elements.

To illustrate the power of these ideas, note that the property that the range of
a monotone map f: A — B is a convex subset of B can be easily expressed by a
formula in L'. This formula can be converted to a formula ¢ (x, Y, Z) in the first-order
language of Cposer’ so that Croser’ = ¢(f, A, B) iff A, B € Obj, f € CP(A, B) and
the range of the underlying function of the morphism f is a convex subset of the
poset B. In this way, the relation between A, B € Obj that holds iff A is a surjective
monotone image of a convex subset of B, is first-order definable in Cposer’. Via the
results proved in the next section, this relation is definable in QPOSET'.

According to Birkhoff duality, there is an order « on P under which it becomes
isomorphic to the set of isomorphism types of finite distributive lattices ordered by
embeddability. The observation in the previous paragraph establishes that this order
is first-order definable in P’.

We can go further. The language L' can be enriched to full second-order language
L, without changing the situation. To show that L,-expressibility is no stronger
than first-order expressibility over Cposer’ requires only one additional simple
observation. Let Ay, ..., A, be any objects of CposeT and R be any nonvoid subset
of the Cartesian product A; x --- x A,. Setting k = |R|, there is a bijective map
B : [k] — R. Via projections, this gives maps f; : [k] — U(A;) (where U(A,) is the
set of elements of A;) such that (x,...,x,) € R (where x; € U(A))) iff for some
y € [k], Bi(y) = x; fori e {l,...,n}. Now where A = A, = ([k], <) is the k-element
antichain, we have that A is an object of Croser and the maps f; are actually
monotone, A — A;. Thus we have morphisms p; = (A, §;, A), i€ {l,...,n}. In
particular, choosing n = 2 for illustration, we find that arbitrary (non-void) relations
R cU (Z]) x U (ZZ) can be parameterized by triples (B, p;, p») where B ranges
over all objects of Cposet’ while p; ranges over CP(B, A;). Here with the proper
choice of (B, pi, p») we have

R ={(q1, q2) € CP(Cy, A;) x CP(Cy, A,) : for some g € CP(Cy, B)
qi=gqp;ifori=1,2}.

3.2 Interpreting CroseT’ in QPOSET

We wish to build a copy of the structure Cposer’ inside QPoSET, in such a way that
the fundamental relations of CPoser—“A € Obj”; “ f € CP(A, B)”; “g € CP(A, B)
and f € CP(B,C) and h = gf € CP(A, C)”—are translated to relations in QPoser’
that are first-order definable in that structure. The relation that links a member
A of Qposer’ to a member P of Qroser’ that plays the role (in the copy) of some
B € Crposker that is isomorphic to A, should be first-order definable in QPosetr’
as well. In this way, we shall be enabled to construct a translation (or mapping)
sending any first-order formula ® (X}, ..., X)) over Cposer whose free variables
X1, ..., X, range over Obj to a first-order formula 5(x1, ..., Xy) over QPOSET" sO
that Qposer’ = 6(141, ..., A,) (for elements A; € Qroser) iff for some B; = A;,
B; € Obj we have CPoSer’ = ®(Bj, ..., B,). From the observations with which we
concluded Section 3.1, it will follow also that such a translation can be extended to
all formulas ® (X, ..., X,,) of L,.
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Most of the technical work involved in building this copy of Cproser’ inside QPOSET’
has already been accomplished in Section 2. Given A € QPOSET, k = |A|, and B €
Obj with A = B, we have the poset Px(A, B) € Qrostr (Definition 2.33). In a sense,
this poset has both an existence in the quasi-ordered set Qposer, and a parallel
existence in the category CpostT: A is encoded in Px(A, B) in terms definable in
Qrosker’, as the up-to-isomorphism unique Q € Qposer such that O is isomorphic
to a <-maximal topped subset of Px(A, B). A presentation of B € Obj is encoded in
Pr(A, B) also, by a first-order formula over QPosgT'.

Much as the elements of B are encoded in Croser’ by the members of CP(Cy, B),
and the relation over CP(Cy, B) encoding the order relation in B is defined by a first-
order formula over Cposer’, we have that the elements of B are encoded in QPoSeT’
by the posets 7, (i) (0 < i < k), taken up to isomorphism, and the relation between
the n, (i) that corresponds to the order in B (again taken up to isomorphism between
posets) is first-order definable in Qposet’. This is the content of Definition 2.33 and
Lemma 2.34.

Thus in our model of Cproser’ built inside QposeT’, the role of members of Obj will
be played by the posets P = Py (B, B) (corresponding to B € Obj with k = | B|). We
have seen in Lemma 2.34(3) that the set of all such P is definable in Qposer’ (and this
will be critical in ensuring that our translation of formulas works as advertised). The
role of equality in Croser’ (between objects, or between morphisms) will be played
by the relation of isomorphism in QPoSET'.

It is now time to reveal how we propose to encode the morphisms of CPOSET by
members of QPOSET'.

Definition 3.1 Suppose that 0 <i < k are integers. Recall the definition of 7, (i) and
1k in Definition 2.30. We now put

M) ZCo® Ay ® i)

e = Z A (D)

O<i<k

For example, A3 can be easily recognized in the right-hand part of Fig. 6 (without
the bottom element).
Observe that all of the posets 1« (i) and A, have height k + 6.

Lemma 3.2 The relation
{(Ci, Cr, 2 (D)) : k>0and 0 <i <k}
and the relation
{(Ci, Ap) = k > 0}
are definable in QPOSET'.
The proof is similar to that of Lemma 2.31
Definition 3.3 Suppose that m and n are positive integers and « is a function [m] —

[#]. We define F(m, a, n), up to isomorphism, as a member of Qroser. The poset
F(m, o, n) will be called the f-presentation of «.
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Fig. 6 F(3,a,?2) with
a(0) =a(l) =0and x(2) =1

The universe of this poset is the disjoint union of subsets isomorphic to Cy @ A,
and to A, ® A, @ Cy. The order in F(m, a, n) is defined so that the covers are those
in the copy of Cy & 1,,, together with those in the copy of A, & A, & Cy, and where p;
is the maximal element in the copy of Cy & A,, which is the top element of a copy of
Co ® Ap(i) in Cy @ A,y (for 0 < i < m), and g, is the unique element x in the copy of
An ® Ay @ Cp such that x| is isomorphic to A, (j) (for 0 < j < n), an additional cover
qui) < piforeach 0 <i < m. (See Fig. 6.)

Definition 3.4 Suppose that m and n are positive integers,0 <i <mand 0 < j < n.
We define a poset 1, , (i, j) up to isomorphism by the formula

AL DEHC @ ARC LA @C, i1} +2,(N]DCo.

Lemma 3.5

(1) Fm,a,n)=Fm', o . n)iffm=m/,n=n"anda = o'
(2) The relation

{(Cn,C\,Ci,Cj, L) : 0<i<m 0= j<nand L =i, ,(, )}

is definable in QPOSET .
(3) The relation

{(C,C, F): m>0,n>0and
F = F(m, a, n) for some « : [m] — [n]}

is definable in QPOSET .
Proof The proof of (2) is straightforward.

For the proof of (1) and (3), it is necessary to show that F = F(m, «, n) con-
tains a unique copy of Cy @ A, and a unique copy of X, & A, @ Cy. This task is
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straightforward, if tedious, and is left to the reader. F(m, o, n), then, can be char-
acterized up to isomorphism as the member Q € Qroser such that Cy @ A, < O,
MmB®ADCy <O,

|Q| = [Am| + |Aul + 5,

every P < Qsuchthat Cy d X, < Pand A, & A; & Cy < P satisfies P = Q, and the
<-maximal topped posets R < Q are A, ® A, & Cy and for every 0 <i < m, the
poset Ay (@, 2 (7).

This characterization easily yields both (1) and (3). ]

Now suppose that B, B, € Obj and
f = (Bl,Ot, B2) € CP(Bl, B2) .

Say B; = ([m;], <i), i € {1, 2} so that « : [m;] — [m,]. We are encoding B; as (any
member of QPoSET isomorphic to) P; = P,,(B;, B;)). We encode f as (any triple
coordinatewise isomorphic to) M( f) = (Py, F(my, a, my), P,).

Proposition 3.6 Let B, B, € Objand U, V, W € QPOSET.

1) If (U, V,W)=M(f), f=(By,a By)eCP(By, B,), then f (and «) are
uniquely determined and for all i € [m,] and j € [m;], we have that a(i) = j is
equivalent to Ay, m, (i, j) < V.

2) WU, V, W)= M(f) forsome f = (B}, «, B,) € CP(By, By) iff: where m; = | B,
we have U = P, (B, By), W Z P,,,(Ba, By), and V = F(m,, a, my) for some
a : [my] = [my]; and whenever we have 0 <i,i' <myand0 < j, j <my, j# |,
and A, m, (@, j) <V and rpym,(@, j) <V, then n, (j) + 1m,(j') < W implies
My, )+ 1, (@) < U.

The proof is straightforward.

Pl‘OpOSiﬁOH 3.7 Let B], Bz, B3 € Ob], f € CP(B], Bz), S CP(BQ, B3) and, say
|Bil =m; and f = (B),a, By) and g= (B,, B, B3). Let M(f) = (P, F, P;) and
M(g) = (P2, G, P3). Then M(fg) = (P, H, P3), where H is, up to isomorphism, the
unique member of QPOSET of the form F(my,y,ms) that satisfies: for all i € [m,],
j€ mal, k € [m3] we have that hy, m,(i, j) < F and A, m,(j, k) < G imply that
Doy i k) < H.

The proof is straightforward.

Theorem 3.8 Let N be a positive integer and R be an isomorphism-invariant N-ary
relation over QPOSET. Then R is first-order definable over QPOSET iff the restriction
of R to Obj is first-order definable over the category CpoSer (or equivalently, is
L,-definable over CPOSET).

Proof Since the property that a morphism is an embedding is definable in CPoOSET,
the non-obvious direction in this theorem is the passage from Cposer’ definability to
Qrosket’ definability.
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Solet R € Qroser” be isomorphism-invariant and let S = RN Oij , and assume
that

S ={(By,..., By_1) € Obj" : CroseT’ |= ®(By, ..., By_1},

where ®(Xy, ..., Xy_1) is a formula of the first-order language of Croser’ whose
free variables are the object variables Xj, ..., Xy_;. We need to build a formula
®(x, ..., xny_1) in the first-order language of QPoseT’ so that for any Ao, ..., Ay_; €
Qrosker and where A; = B; € Obj and k; = | A;| for 0 <i < N we have

CPOSET = ®(By, ..., Bn_1)
) iff
QPOSET’ = ®( Py, (Ao, Bo), - .., Pry ,(An—1, Bn_1)).

We can then take ¥(xy, ..., xy_1) to be:

there exist u; (0 < i < N) so that ®(uy, ..., uy_;) and
“u; = Py, (x;, y;) for some y; where k; = |x;|,for 0 <i < N”

and it will follow that
R ={(Ay, ..., Ay_1) € Qroser" : QPoseT &= W (A, ..., An_1)}.

To construct ®, we extend the list of free variables in ® to a list of all the object

variables that have an occurrence, free or bound, in ®; say this list is Xy, ..., Xy
(M > N). We make a list fy, ..., fx—; of all the morphism variables that occur in ®.
We introduce variables xo, ..., xy—; and yy, ..., yx—; from the first-order language

of QPosET’ to correspond to the X; and f;. Now by induction on length of a formula,
we define a mapping that sends all the sub-formulas ¢ of ® to corresponding formulas
¢ in the first-order language of QPOSET'.

(1) IfqbisX,—:X]—thenq,’;isx,-fx]-/\xjfx,-.
(2) Ifgis fy= fithendis ys < ye Ay < ys.
(3) Ifg¢is f; e CP(X;, X;) then ¢ is

(Ju;, u;)(“there are v;, v; so that where k; = |u;], kj = |u;| we have
x; = Py (ui, vy) and x; = Py (uj, v;) and
(xi, ys, Xj) = M(f) for some f € CP(v;, vj)”)
(@) Ifgis
fro € CP(XS‘ov XS]) A ﬁ’l € CP(XVI ’ XYZ)/\
A= fro0 [
then ¢ is
(HuSos uS] ) usz)(“there are vSO’ USI » Us, SO that
where ki — |Ms,-| we have X5, = Pki (uSi’ vsl.) fori e {0, 1, 2}
and (Xs), Yry, X5,) = M([) for some f € CP(vy,, vy,)

and (xy,, yr,, X5,) = M(g) for some g € CP(vy,, vs,)
and (xsm Yrys xsz) = M(fg)”)

(5) Ifpis—yr,or ¥ A x then ¢ is =/, or ¥ A %.
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(6) Ifpis (3X;)y then ¢ is

(3x:)([(3u;) (“there is v; so that where k; = |ui], Xi = P, (i, v)™)] A V) .
(7) Ifpis (VX;)y then ¢ is

(Vx;) ([(3u;) (“there is v; so that where k; = [u;], x; = Py, (ui, v;)”)] — ).
(8) Ifgis Af, € CP(X:, X))y then ¢ is

Ay, (3w, uj)(“there are v;, v; so that
where k; = |u;|, k; = |u;| we have x; = Py, (u;, v;)
and x; = Py (uj, vj) and (x;, ys, x;) = M(f)
for some f € CP(v;, Uj)”)/\lZf].

(9) Ifgis (Vf; € CP(X;, X;)¥ then ¢ is

(Vy)[Qu;, uj)(“there are v;, vj so that
where k; = |u;] and k; = |u;| we have x; = Py, (w;, v;)
and x; = Py (uj, vj) and (x;, ys, x;) = M(f)
for some f € CP(v;, v;)”)— V1.

One can prove by induction on the length of ¢ that for all sub-formulas ¢ (X, f)
of ®,and forall B; € Obj,0 <i < Mand f; = (Uj,a;, V;) € CP(U;,V;),0 < j < K,
and where |B;| = b;, |U;| = u;and |V;| = v; we have

E:POSET/ E¢(Bo, ..., By_1; fo...., fx_1) iff Qproser’ =
¢ (Py,(Bo, Bo), ..., Poy  (By—1, By—1); Fug, ag, vo), .. .,
Flug—_1,ax-1,vg-1))-

Taking ¢ = ® we then have the desired result. O

Remark 3.1 We have organized and written the material of Section 3 in a way that we
hope makes it readable for most algebraists and order-theorists. It is quite possible
that there is a more elegant way to express the essential fact of Theorem 3.8 within
set theory. Specifically, we believe that if one deals directly with the quasi-ordered
set (HJF, <) whose members are the posets (A, <) such that A belongs to the set
HF of all hereditarily finite sets, quasi-ordered by embeddability <, then it should
be possible to prove that every isomorphism-invariant finitary relation over H.F that
is first-order definable in the model (HF, &) (where ¢ is the membership relation in
the domain H F), is also first-order definable in the quasi-ordered set (HF, <). (HF
is the smallest set containing the empty set and closed under the binary operation
x U {y}; with the restricted membership relation it is a model of finite set theory.)
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