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Abstract

In this work, we use symbolic computation and ansatz function schemes, to investigate
the soliton solutions for the nonlinear Schrodinger equation (NLSE) along with Kudryash-
ov’s quintuple self-phase modulation system (KQSPMS) including dual-form of nonlocal
nonlinearity (DFNLN). We initially determine the ordinary differential (OD) form for this
model through a variable transformation. Then we introduce numerous new dynamical
soliton types: the M-shaped rational soliton, the M-shaped interaction between one and two
stripe solitons, the periodic cross-M-shaped rational (PCMR) soliton, the periodic cross-
kink (PCK) soliton, multi-waves, and the homoclinic breather soliton. Secondly, we deter-
mine the partial differential (PD) form for this model through a variable transformation.
Moreover, a lump soliton, a periodic wave, a rogue wave, a lump interaction with a peri-
odic and kink wave, and three different types of breather soliton will obtain. We’ll dem-
onstrate these solutions’ unique structure and extremely interesting interaction behavior.
We’ll also use graphs (3-D and contour plots) to discuss the dynamics of the results after
setting the parameters to the proper values.
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1 Introduction

In the domains of mathematics and physical sciences, including chemistry, biology, and
engineering, nonlinear partial differential equations (PDE) play a fundamental role in the
resolution of numerous problems. Higher order NLSEs are the main nonlinear optics sec-
tors in nonlinear PDEs that interpret the proliferation of nonlinear optics, particularly short
pulses in optical fibers, and have significant applications in telecommunication systems and
ultrafast signal routing, etc (Arora et al. 2022; Hager and Pfister 2018; Nandi et al. 2022;
Aly 2015; Ma and Li 2018; Li and Ma 2018; Ma et al. 2023; Li et al. 2024). The proposed
NLSE is the most realistic optical fiber theory that can explain the spread of ultra-short
beats, unstable media, and time-unsettling impact in an imperceptibly steady manner. This
model has numerous applications in the fields of medicine, media communication, mate-
rial science, clinical research, and other branches of science. Nonlinear models in fluid
mechanics, condensed matter physics, and optics are significantly impacted by the NLSE
(Aly 2014; Inc et al. 2019; Ma 2019; Guan and Li 2020). There are many well-known
NLSEs, including the derivative NLSE, the Fokas-Lenells equation (Aly 2016), the Bis-
was-Arshed (BA) equation (Igbal et al. 2019; Safi-Ullah et al. 2022), the coupled NLSE
(Jhangeer et al. 2021), and various others.

Soliton solutions exist for many precisely solvable models, such as the NLSE, coupled
NLSE, and KdV equation (Rahman et al. 2021). There are various new methods for obtain-
ing soliton solutions, including; generalized exponential rational function technique (Wang
et al. 2023), (%) -expansion scheme (Bilal et al. 2021), ®° -model expansion technique
(Seadawy et al. 2021), exp((—"’;/)(n)) -expansion method (Ghaffar et al. 2020), sub-ODE

approach (Rizvi et al. 2020), Kudryashove scheme (Gaber et al. 2019), and many others.

Solitary waves can arise when the effects of dispersion and nonlinearity are precisely
balanced. While nonlinearity tends to make the slope steeper, dispersion attempts to flatten
it. The solitary wave emerges between these two dangerous, destructive forces. So, the bal-
ance between nonlinearity and dispersion is what causes solitary waves to exist (Ma 2019;
Chen et al. 2022; Li 2020; Gai et al. 2019). As a result, the solitary waves are enormously
strong. Solitons or solitary waves cannot be accurately described by linear equations. Soli-
tons are single elevations, such as thickenings, which propagate as a singular entity with a
specific speed, as opposed to ordinary waves, which represent a temporal periodical repeti-
tion of crests and troughs on a water surface and compressions of a density. Solitons have a
unique history. Solitons can be categorized in a lot of different ways. As an example, here
are topological and non-topological solitons (Seadawy et al. 2019; Aly 2024). By compar-
ing their profiles, all solitons can be split into two groups: permanent and time-dependent,
regardless of their topological nature. For example, all breathers have internal dynamics,
even though they are static, but kink solitons have a permanent pattern. As a result, their
shape changes over time. The third technique for categorizing solitons is to use nonlinear
equations to explain their evolution (Ma and Li 2024a, b).

Many of the solitons are also classified on the basis of shapes like lump, kink, rogue,
M-shaped, and breather solitons. Analytically, lump solitons are localized throughout
all space. Lump wave applications are very wide, just like distant ghost waves that form
and dissolve unpredictably and uncertainly. Rogue waves with an amplitude of more
than 18 ms are powerful nonlinear waves capable of causing massive damage, even
to giant ships. They are noticeably larger than regular sea waves. There is no consist-
ency in how and when they appear (Olagnon 2017; Korpinar et al. 2020; Aly 2024; Jia
et al. 2021; Guan and Li 2019; Aly 2020). Rogue wave solitons are extremely potent
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solutions that have been seen in a wide range of physical systems, from oceanography
to optics. These rogue waves are very unpredictable because they appear suddenly and
unexpectedly. As a result, when trying to solve nonlinear equations, researchers must
pay particular attention to them. Kinky solitons, which are nonlinear waves with self-
trapping characteristics, are also closely related to them. Bell-type solitons are another
type of solitons, similar to rogue wave solitons but with lower energies or amplitudes.
Bell-type solitons are typically employed in shallow water modeling and for research
into how turbulence affects rogue wave solitons (Ma 2022; Feng and Zhang 2018; Belié
et al. 2022). These different kinds of soliton are all interconnected and can be used to
resolve a wide range of nonlinear equations. Researchers can better understand rogue
waves, kinky solitons, and other physical phenomena by making use of the power of
lump and breather solitons (Li and Guan 2021). In hybrid wave solutions, the inter-
action of a bell-type soliton and a rogue wave soliton produces bright and dark faces.
Breather is characterized as a type of soliton that can occur and propagate periodically
in a local and oscillating manner. For the sine-Gordon equation, the detailed breather
solution was initially determined. The breather solution to the focused NLSE is another
typical example. The generalized breather, the Kuznetsov-Ma breather, and the Akhme-
diev breather are the three different types of breathers (Guan and Li 2019; Kuznetsov
1977; Ma 1979; Li and Ma 2020; Ma 2020; Ali et al. 2024). Some soliton solutions of
these kinds are studied in (Rizvi et al. 2022; Ashraf et al. 2022; Rizvi et al. 2020, 2022;
Uthayakumar et al. 2024; Seadawy et al. 2021; Safi-ullah et al. 2020; Safi-Ullah et al.
2022; Rizvi et al. 2022, 2021, 2021; Ma et al. 2020; Younas et al. 2022; Seadawy et al.
2022, 2022; Bashir et al. 2022; Batool et al. 2022; Seadawy et al. 2022). By focusing on
smooth and finite-valued solutions like solitons, breathers, rogue waves, periodic waves,
etc., researchers can learn more about the system’s underlying dynamics and how vari-
ous parameters affect the solutions. For instance, the interaction and energy transition
between breathers and rogue waves in a generalized NLSEs with two higher-order dis-
persion operators is crucial because it can provide insight into how different nonlin-
earities interact in optical fibers (Li and Ma 2023; Meng and Guo 2022). By examining
mixed structures of optical breathers and rogue waves in an inhomogeneous fiber system
with a variable coefficient, it is also possible to comprehend the implications of various
sorts of inhomogeneities on the solutions (Seadawy et al. 2022; Rizvi et al. 2022a, b,
c; Uthayakumar et al. 2020). The dimensionless structure of NLSE having KQSPMS
together with DFNLN studied in this paper is given by Ekici (2022),

l.l//t+b1//xx+ [Cl|w|2m—2n +62|W|2m—n +C3|W|2m+c4|wl2m+n +C5|W|2m+2n

1
+eo(lW | + (Y P Jw = 0. M

Here w(x, t) is the complex-valued nonlinear wave function, and the independent variables
x and t are, correspondingly, the spatial and temporal components. The first term denotes
linear temporal evolution, with b expressing the coefficient of group velocity dispersion,
while ¢, for 1 <j <5 is the self-phase modulation, suggested by Kudryashov (2021). The
coefficients of two types of nonlocal nonlinearity are ¢, and ¢, respectively. m represents
the order of the medium’s nonlinear response. It is usually a positive integer and relates to
how strong the nonlinear effect is in the medium. The quintuple power law of the refractive
index’s order is denoted by n. It is typically a positive integer as well. The nonlocal non-
linearity’s range is denoted by r. It is usually a positive real number and relates to the area
over which the medium’s nonlinear response is averaged.
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2 Mathematical analysis of the NLSE in OD form

Here, we’ll discuss the transformation of our model into an ordinary differential form. In order
to begin with the solution to Eq. (1), the initial structural form is described as Biswas et al.
(2017),

w1 = ug) &) @

where u(£), is known as the wave envelope and describes the shape of the wave. The func-
tion of space and time, @(x, t), is known as the wave phase and describes the space and time
dependence of the wave.

E=x—t, o(x, 1) =—Ix+pt+q.

Here v is the speed of soliton, [ is the frequency, p is the wave number and g represents the
phase constant. By using Eq. (2) into Eq. (1) we obtain real and imaginary parts. The real
part gives;

_ (blz +p)u2n+2 + clu2m+2 + C2u2m+n+2 + C3u2m+2n+2 + C4u2m+3n+2 + C5u2m+4n+2+
cer(r = DuP (') + 2¢,r2r — Du® ')? + b " + coru® " 3)
+ 267ru2"+2’+1u” =0,
while the imaginary part leads the soliton’s velocity to rise as;
v = -2bl. (€))
Balancing u?™**"*2 with u?"+?" (u')? or u?"+**+14"" leads to,
mN +nN =rN+ 1. 5)
Suppose that r = n. Then Eq. (1) can be written as,
i, + by + [ w7 4 el P+ eslw P 4 el [P+ esly |
g+ ey ) Jw = 0. ©
and Eq. (3) shapes up,

— (B + PP Pyt o e BIR PEI  q amn
cen(n — D) + 2¢7n(2n — Du*)? + b + c6nu3”+lu" + 2c7nu4"+lu" =0.
(N
From Eq. (5) or by balance principle applied in Eq. (7), one reaches N = 1/m. Therefore
the transformation is:

1

u=gn. ®)
By using this transformation, Eq. (7) turns into:
n 2n 2n 3n 4n
et + cmPpitt — (bl + )y + c3m2¢7+4 +omipn T+ c5m2¢7+4
2n 3n 4n 2n
= b(m = D) (@) + cen(n — m)d'n (¢')* = 2c,n(m = 2m) (¢')* + bmgpn*' ¢
3n 4n
+cgmngn @ + 2c;mngp @ = 0.

(€))
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Now, choosing n = Sm for § > 1 in Eq. (9), the model under examination can recover
from soliton and other solutions. Let’s say n = 2m. In this scenario, Eq. (9) becomes,
cym* + c,m* @° + esm*® + (b — bm) (') + m* (¢, — bI* — p + 2¢4(¢')?)

+m2 (e + 12¢7(')) + bmpd” + 2cam®* P> @ + de;m* $> @ = 0. (19)

In the next sections, we’ll use symbolic computation and ansatz function schemes to evalu-
ate the soliton solutions for our governing model.

2.1 M-shaped rational soliton

By using logarithmic transformation ¢ = 2(Ing), Eq. (10) transforms into the following
form,

clngg + 256(cs + 507)m2g2 —4b(2 + m)g5g§g§5 - 16006m2g3g2g5§ - 23O4c7m2gg2g55+
32m°g g} ((2cy + 3ce)gs + 24078}, + 8¢18:8z¢¢) + 48° (m*(c; — b = p)g; — b(m — D+
bmgégéég) + 4g4g§((b +bm + 4c3m2)g§ + 866m2g§§ + 866m2g¢g§§§) =0.

an

For M-shaped rational solution we choose a positive quadratic function g of the following
type (Rizvi et al. 2022);

8 = (a,& + ay)* + (a3€ + a,)* + as, (12)

where a,(1 < k < 5) are all real parameters to be examined. Put g into Eq. (11) and com-
pute the all powers of & to get subsequent results on the following components:

2. 2
a,a, agcy —2ap
a; = ——-=, == =

- . a.=0. 13
a, 26{%12 5 ( )

Using these values in g, which implies the following solution in the form of ¢, we then use
u = ¢n and Eq. (2) to get the required solution.

afl(aiclt + af(lx - 2pt)) > m a4
ajci? + al(lx — 2p0)? + a2al (I — 4c\pi? + 2c, lix)

y(x, 1) = 4ief(q+pt—lx) (

2.2 Interaction of M-shaped rational soliton with one stripe soliton

To attain this solution we choose a positive quadratic function with an exponential function
of the following type (Rizvi et al. 2022);

8(&) = (a,& + ay)* + (a3€ + ay)* + €% + ay, (15)

where a,(1 < k < 7) are all real parameters to be examined. Put g into Eq. (11) and com-
pute the various powers of £ and exponential function, to get subsequent results on the fol-
lowing components:
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\/Zag(—cz +p)— Saicl 5(c, — p)? 16¢,m?
a, = s G =—", = —-— 1—617—0

\/a 16¢; 1+m

(16)

Using these values in g which implies the following solution,
2(ase’st¢ + 2a3(a, + asé))

$(&) = o : (17)

—4aj + ete+ast — S(Tip) +2a3a,& + 438

Using Eq. (17) into Eq. (8) and then in Eq. (2) to get the required solution.

+as(Q 1
win 1) = 2t gilatpr-ix) < ase @ + 2a; (a, + as(Q) ) o
’ 2 32d3¢ ) B
—da + et — 2+ Daa,(Q) + a3(Q)°
— 32¢,Im’t
where Q = —=—==— +x.

2.3 Interaction of an M-shaped rational soliton with two stripe solitons

To attain this solution we choose a positive quadratic function with two exponential functions
as follows Rizvi et al. (2022);

2(8) = (a,& + ay)* + (a5 + ay)* + 55F% + 5+ 4 g (19)

where a,(1 < k <9) are all real parameters to be measured. Put g into Eq. (11) and com-
pute the various powers of & and exponential functions, to get subsequent results on the
following parameters:

2 2 2,2 4
ay +a; aj +a; ) —9b + 64ajc;m
= , ag = , =bl"+p, =——77-+-—7T-—7,
3asa, asay 144m
2. 2, 4, 20)
LG 20d5¢; o _3(27b + 36ajcgm + 128a5¢,m) =0
‘T g 9 7 7 128a%m o
Using these values in g which implies the following result,
(a%+u%)g’ (n%+a%);“
24 2,67 Bazay 24 28" Tway
o ek + e + 262 + 2a5(a, + asé)
3azay asay b (2 ])
$(&) = —
ag+—L hel ag+ ST 2
e’ mu et wa +aiE? +(ay + azé)?
Using Eq. (21) into Eq. (8) and then in Eq. (2) to get the required solution.
112 a2 = llz llz
I Gt gt 5 4 0D gt 2022l +x) + 205 (ay + ay 2Dl +)) &
W(x’ [) — 2”’61 q+pt—Ix 3%4 - 364 5 ,
€T + et + a2 (2blt + x)2 + (a4 + a3(2bl + 1))
(22)
where A = Mﬂ.
asay
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2.4 PCMR soliton

To attain this solution we choose a positive quadratic function with cosine and hyperbolic
cosine function as follows Rizvi et al. (2022);

g =(aé+ 02)2 + (a3é + a4)2 + z; cos(asé + ag) + z, cosh(a; € + ag) +aq,  (23)

where a,(1 <k <9)and z;, z, are all real parameters to be measured. Put Eq. (23) into Eq.
(11) and compute the various terms of &, cos and cosh functions, to get subsequent results
on the following parameters:

\/8a§c6m2 — b —bm — 4cym?

= _./ 2 — g =
a; = —y/4aza, — a3, as » Gy =ag =0,
24/cem

\/g\/ 2C4 + 366 637(;2 206 b 4C3m2

“ aye T 2500e, TS TT T Tem

Using Eq. (24) into Eq. (23) which implies the following result;

2a2E + 2a3(ay + a3&) — asz, sin(ag + asé) + a;z, sinh(a7§)>
. (25)

=2
¥ < ag + a2 + (ay + a3€)? + 2, cos(ag + asé) + z, cosh(az&)

and the values of the parameters are mentioned in Eq. (23). Using Eq. (25) into Eq. (8) and
then in Eq. (2) to get the required PCMR solution.

Q= 125v/26¢,1 ] L2 (1 + m)z, sin(A,) + 125y/T3¢,cgm(1 + m)z, sinh(A,) :
Voo 2

Wi, 1) = 625 et ( . ) ,
Vfesem(l +m)(ag — az(as — 4a)A? + (ay + a5(A))” +z, cos(A ) + 2, cosh(4,))

(26)
13¢2 m?

27 (8) A= V/13c6(A)
N 2 104/e;
and Q = 4aya, \/am( - 5096c§ Im?t + 625¢5(1 + m)(1 + 4x)).

1274¢% Im?t

where A = x —
625¢,(1+m)”’

A =ag+

2.5 PCK soliton

We construct the following cosine and hyperbolic cosine function assumption with double
exponential functions to seek this solution (Rizvi et al. 2022);

g(&) = e ¥ 4 7 o NSH) 4 7 cos(asé + ay) + 25 cosh(asE + ag) +a;,  (27)

where a,(1 <k <7), zy, 2;, and z, all real parameters to be measured. Put Eq. (27) into
Eq. (11) and compute the various terms of exp, cos and cosh functions, to get subsequent
results on the following components:
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\/—a2b = 26ym + 2bLm + 2mp | 3

a = s cy = _ZC6’ ¢ = —§C7,
\/319 + 16c3m + 8a§c6m
(28)
\/—Zagb — azbm + 6¢,m> — 6bI>m? — 6m*p
a3 = , a;=0.
vV —10b + bm
Using Eq. (28) into Eq. (27) which implies the following result;
HE) = 2( —ajem %N 4 q etz — aaz, sin(ay + asé) + asz, sinh(ag + asé)
- e~ ME  ertaily) + 7, cos(ay + az€) + z, cosh(ag + asé) ’
(29)

and the values of the parameters are mentioned in Eq. (28). Using ¢ into Eq. (8) and then
in Eq. (2) to get the required PCK solution.

. —ay— A (2blt+x) ( 2+ A CBIFY) 1Y — A o . i
v = 5t e‘(qﬂ,,_,x) Aje® 7 '7 (e ! 79 — 1) = Ayz; sin(ay + A, (2blt + x)) + asz, sinh(Q) i (30)
=M @b 4 gty +A QDI 7 4 7, cos(ay + A, (2bIE + X)) + z, cosh(€)
—a2b42m (=, +bP+p) \/ —a2b+m)+6m? (b2 —p)
where A = s A, = s and

\/3b+8 (203 +a§c‘6)m \/h(—10+m)

Q = ag + as(2blt + x).

2.6 Multi-waves soliton

To arrive at this solution, we construct the following double hyperbolic cosine relation-
ship with a cosine function (Rizvi et al. 2022);

8(&) =z cosh(a, & + a,) + z, cos(asé + ay) + z3 cosh(asé + ag), 31)

where a,(1 <k <6), z;, z, and z5 all real parameters to be measured. Put g into Eq. (11)
and compute the various terms of cos and cosh functions, to get subsequent results on the
following components:

4at(m—1) 9¢,c2
a, = ST, ay = — 2a§+\/§\/2a‘1‘+a4, cz=—%,
6

4(C3 - 8a§c6 + 48a‘5‘c7)m2

14+m

(32)
b=—

Using Eq. (32) into Eq. (31) which gives the following result;

HE) = 2( —a37, sin(ay + as&) + a,z; sinh(a, + a,&) + asz; sinh(ag + asé) ) 33)

2, cos(ay + a3€) + z; cosh(a, + a,&) + z3 cosh(ag + as&)

and the values of the parameters are mentioned in Eq. (32). Using ¢ into Eq. (8) and then
in Eq. (2) to get the required multi-waves solution.
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) . 4u§ (m-1)
daz(m=1)z, smh(a2+TA2) 1

A,z sin(ay — AA,) + asz; sinh(ag + asA,) +

m*
4a§(mf 1)

m?

u/(x, t) — ziei(pt—lxﬁl)(

zy cos(ay — A A,) + zz cosh(ag + asA,) + z; cosh(a, + A,)

m8 1+m

512a8(m—1)* 8( c;—8a2cs+48atc, ) im?t
where A, = \/2a§+\/§ at+ 250 and Ay = (x— (crbgritetc) )
2.7 Homoclinic breather

In order to find this solution, we build the following double exponential assumption with a
cosine function (Rizvi et al. 2022);

8(&) = e %sH®) 4 7,7 4 7 cos (Alasé + ag)), (35)

where a,(1 < k < 6), zj, z;, 6 and A are all real parameters to be investigated. Put g into Eq.
(11) and compute the various terms of exp and cos functions, to get subsequent results on

the following parameters:
V26 -2v2)a6 L _ 4120V = Daiegns?

a=03-2Va; a5 = 7 365 +7m)
13(~239 + 266m)(c, — p)

c3=- , a, =
72(15612m2 + aX(—67 + 58m)A2)

" (36)

Using Eq. (36) into Eq. (35) and then we use g into ¢ = 2(In g), to get the following result;

3((2/2 — 3)eCVIDa3t 4 ghasrardi )5~/ 23 -2V2)ayz sin(agh + \/ 2 (3~ 2/2)a;6¢) >
COVINSIE 4 ghlaatasdiz 47y cos(agh + ) 23— 2/2)ay88)

Using ¢ into Eq. (8) and then in Eq. (2) to attain the required solution.

P& = 2<
37

m
a3((2/2 = 3)e@VEIR 4 gudvay )5 — \/2(3 —22)a32,6 sin(\/%(3 —22)Q +agh)

V230 1 g5 17 cos(y/ 2 (3 - 2v2)Q + ag)

824(=3+2V/2)aclm15 )
3(5+7m) :

wx ) = 2% £l P1=lx+q)

(38)
where Q = a;6 (x +

3 Mathematical analysis of the NLSE in PD form

In this section, we’ll discuss the transformation of our model into a partial differential
form. In order to start with the solution to Eq. (1), the initial structural form is described as
Taghizadeh et al. (2017),

w(x, 1) = u(x, 1) €% (39)

where u(x, 1) is the soliton’s amplitude component and the soliton’s phase is indicated by,

@ Springer



1243 Page 10 0f 28 M. A. Ashraf et al.

@, t) = —Ix+ pt+q.

Here [ is the frequency, p is the wave number and g represents the phase constant. By using
Eqg. (39) into Eq. (1) we obtain real and imaginary parts;
_ (b12 +p)u + bum + Clu1+2m72n + C2u1+2mfn +C3ul+2m + C4u1+2m+n + C5M1+2m+2n _ 0612',
(uz” + ru3+r) - 2c’7lzr(u2+2r + 2ru3+2") + c6ru1+'(ru§ + uﬂ) + 207ru1+2"(2ru§ + uxx) =0,
u,—21(b + ceru' ™+ et + 2c '+ 4c7r2u2+2')ux =0.
(40)
Using real part of Eq. (40) and suppose that r = n. Then Eq. (40) shapes up,
_ (b12 +P)M+buxx + C1M1+2m_2n + C2u1+2m—n + C3M1+2m + C4u1+2m+n +C5u1+2m+2n
_ 0612n(u2+n
+ ) = 20, Pn (WP + 20t + conu " (nui? + )
+ 2c,nu' (2nu? + u,, ) = 0.
(41)
By balance principle applied in Eq. (41), one reaches N = 1/m. Therefore the transforma-
tion is:
1
u=gn. (42)

Using this transformation, Eq. (41) turns into:
m? ((cl —-bP —p)¢>2 + 02¢3 + c3¢4 + c4qb5 + 05¢° - cﬁlzmzd)/%Jr3 - 2c7lzm¢%+4
_ 4c712m2¢%+4)
= bl = D — cglm— D+ @ + deympn 27 (43)
+ cémzqs%“(pf + bmep, — m2¢%” (clm
—2erhy,) = mpn ™ (2esm — D = cmbyy) = 0.

Now, choosing n = Sm for S > 1 in Eq. (43), the model under examination can recover
from soliton and other solutions. Eq. (43) becomes,

—m* (b + p)¢* + b(d)i - mq,')i + md)qux) + clm2¢2 + czmz(],')3 + c3m2q§4 + c4m2¢5+
csm*@® — cgm(PmP ¢ + Pm’ ¢ — ¢ + mdp> — mpd? — mp,. ) d* — 2c,m(Pm*P*
+20m* P — 7 + m@? — 2mpdp — mp,, )¢’ = 0.
(44
In the next sections, we’ll use symbolic computation and ansatz function schemes to evalu-
ate the lump soliton, periodic wave, rogue wave and different forms of breather solutions
for our governing model.

3.1 Lump soliton

To obtain the solitary wave solutions we use the following travelling wave transformation
as;
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b="2(l0gf),. 45)

where k is a nonzero constant. Equation (45) transforms Eq. (44) into the following bilin-
ear form;

— 5184c,m*f — 216mff® (x(cgm + 2¢; + 2c;m)f, — 48¢;mf.,)

+ 3 f2( = 6c,m*f, + 2bkf,, + brmf, ) — 36mf2ff<(cﬁtc2 + cek>m + 36m(cs — dc; Pm?) ) f?

— 12k (cgm + 2¢; + c;m)f fo + 144c7mffr> + o (m*@P +p— Cl)sz + b(m — l)ffx — bif f)

- K fif? ((b;«2 + bim + 36m*(c3 — col*m))f? — 36c,(m — Dymf2 + 36cﬁm2fxﬁ»>

+ 36xmf>f? ((6lzm2(207 + cgm) — 6mey )f? = 6Q2c,(1 — m) + cem)f2 + £ (2¢6Kf + coimfy, — 1207’"fm)> =0.
(46)

To seek the lump solution, we assume f as a polynomial function in the form Rizvi et al.
(2022);

f=87+B+f (47)
where
B, = ayx + at + as, B, = a,x + ast + ag,

whereas a,(1 < k < 6) and f are all real parameters to be examined. Put finto Eq. (46) and
compute all coefficients of x and 7 to get subsequent results on the following components:

13, B 864cel2m — 864c;
Q=N T BTN T a0m — 176b
8a2b(149m — 176)(Pm(2c; + cgm) — c;)

45¢c,m?(—c3 + cgl>m)

(48)

0 , a;=a3=0.

Using these parameters in f and fin Eq. (45), we then apply Eqgs. (42) and (39) to obtain the
following outcome,

a4(3ag + 3ast — 10a,x)

O
WD = 25350 ¢ (g-tceir+)

s

A ( 8a26(149m-176)(PmQerbegm—c,)  13a2

2
45¢c,m?(—c3+cql2m) T3 + (a6 + ast + a4x) >
where A = m+/ _Gzeelm
- 176b—149bm "

3.2 Periodic waves

(49)

To seek the periodic wave solution, we assume f as a polynomial function with a cosine func-
tion as Rizvi et al. (2022);

f=8B>+8B. +dcos(e;x+eyt) +f, (50)
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where
B, = ayx + ayt + as, B, = a,x + ast + ag,

whereas a,(1 < k < 6), d, e|, e; and f;, are all real parameters to be examined. Put finto Eq.
(46) and compute all coefficients of x, ¢ and cos function to get subsequent results on the
following components:

cy 3c;

el=% 122m2 = =, a;=ag=f=0. (51)

a3 =2a44 | ————,
: *V 12¢;2m? = 3c; ¢y

Using Eq. (51) into Eq. (50) and then we use f'into Eq. (45) to get the following result;

6G%wg+%@—%M—%+l%mmeﬂ+%M—ﬁ+lwm%0
7 7
K<(2a41 /—m + ayt)? + (ast + ayx)? + d cos(e,t + %‘ /—30—675 + 1212m2x)>

(52)
Using Eq. (52) into Eq. (42) then in Eq. (39) to attain the required periodic wave solution.

2ay(ast + azx) — %, /—% + 1212m2d sin(e,t + %, /—% + 122m2x)
[ 2 2 1 opme — 3
K((Za4 ey + ay1)* + (ast + asx)* + dcos(eyt + 54/ 12Pm - x)>

P, 1) =

1

wxf) = 6% ilatpt=1

(53)

3.3 Interaction between lump, periodic, and kink waves

For this solution, we suppose f as a polynomial function along with a cosine and expo-
nential function as Rizvi et al. (2022);

=8B +8B. +7z cos(ex + ey1) + 5,4 4 £, (54)
where
B, = a;x + at + as, B, = ayx + ast + ag,

whereas a;,(1 <k <6), ¢,(1 <k <4), zy, 2, and f, are all real parameters to be investi-
gated. Put f into Eq. (46) and compute all coefficients of x, 7, cos and exponential function
to get subsequent results on the following parameters:

_a,as B K(267+c6m—207m) _50304(m+2) u—f =0
B T T Gem ST Gemen s T %=h=0
(55)

Using these parameters in Eq. (54) and then we use f into Eq. (45) to get the following
result;
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2 —a2t+ ) .
6 <204(a5t + ayx) + M + e3¢ — e,z sin(eyt + elx)>
2

dx, 1) = - (56)
K <(a5t + ayx)? + (at — azﬂ)z + etltestz, + 7, cos(eyt + elx)>
2

Using Eq. (56) into Eq. (42) then in Eq. (39) to attain the required interaction solution.

2a,as(~a3t+a,asx)

. 2a,(ast + azx) + —Q—ez;sin(eyl +€x) ¥
v = 67 lrmt) < >
2 Ay4dsX o eyt+ ey (1'7""7])7%/”) x
K ((ast + a0 + (at = “)2 e sem 2 + 2, cos(ert + e1x))
(57
x (21»7(”,71)—(”)
ST Eam (—2c7 (m—1)+c[,m) ko)
where Q = :
64c,m

3.4 Rogue wave

For this solution, we suppose f as a polynomial function along with a cosine hyperbolic
function as Rizvi et al. (2022);

=9 +8. +cosh(e,x + e,1) + f. (58)
where
B, = a;x + at + a;, B, = ayx +ast + ag,

whereas a,(1 <k <6), e, e,, and f; are all real parameters to be measured. Put f into
Eq. (46) and compute all coefficients of x, ¢ and cosh to get the following subsequent
parameters:

41942 13d? \3mi 216¢41°m?
T_T, e = ——, h=——moo-o-— a2=a3=0.

a, = — ,
: 1 5k2Q2 + m)

(59
Using these parameters in Eq. (58) and then we use f into Eq. (45) to get the following
result;

6(2a?x + 2a,(aq + ast + a,x) + e, sinh(e,t + elx))

d(x, 1) = (60)

K (fo + a2x® + (ag + ast + a,x)* + cosh(e,t + ¢,x)) ’

where the values of the parameters are mentioned in Eq. (59). Using Eq. (60) into Eq. (42)
then in Eq. (39) to attain the required rogue wave solution.

3

\/3lm sinh(e,t+ RVEITAN
§a4<5a6 +5ast +4(\/19 = 2)a,x) + ————=V1

W(x. 1) = 6 I VT
k(fo+ é(4 V19 = 13)aix? + (ag + ast + a,x)* + cosh(e, + %))

(61)
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3.5 Generalized breather solution

To obtain this solution we choose the following hypothesis (Li and Ma 2020);

(1 — 4e) cosh(at) + V/2e cos(px) + ia sinh(az) |,

— e 9
V/2e cos(fx) — cosh(at)

where a = 1/8e(1 — 2¢), f =21/1 — 2e, and e is the real-valued parameter. Put f into Eq.

(46) and compute various coefficients of cos, cosh, sin, sinh and exp functions, to get the
following subsequent parameters:

V A%m +(2=3m)p? 12¢cgm?(c, — p) C5Cq
2m C VT Nemt g rmpt T deym—cg2 + 3m)pE
(63)
Using these parameters in Eq. (62) and then we use f into Eq. (45) to get the following
result;

f

(62)

2
== =
=5

48 sin(%)( cosh() +2i sinh(%))
P, 1) =

K<2 5 cos(%) -5 cosh(%)) <2 5 cos(%) — 3cosh() +4i sinh(%))
(64)

The wave function ¢(x, ) can have complex values. However, |psi(x)|?, which is always

a real, non-negative quantity, provides the probability of finding the particle in a specific

position. In this case, instead of dealing with complex numbers, we can calculate physi-
cally significant quantities using the modulus.

2304 Si“(\z/—xg)z < Cosh(%)2 +4 sinh(“;’)2>
|¢(x, t)|2 =

> .
2x 4t . 4t 2x 4t
K2 (20 cos(\—g)2 -25 cosh(g)2> + 64k2 smh(;)2 (2 5 COS(T_E) -3 cosh(g)>
(65)
Using this equation into Eq. (42) along with Eq. (39) to attain the required solution.

sin(2£)? (= 3+ 5 cosh(¥)) :

‘(—"”r)( ( : Vi )

K2 (ZOCOS(%)Z—25cush(%)z)2+64(2 SCOS(%)—3cosh(%))zsinh(%)3>

oo = 11527 ¢/ lem

(66)
3.6 The Ma-breather and its corresponding rogue wave
To obtain this solution we choose the following hypothesis (Ma 2020);
[ =148 +e7)e ™ 4y @), (67)
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where a, f, 8, y are real valued parameters and a is complex number to be investigated. Put
finto Eq. (46) and compute various coefficients of exponential functions, to get the follow-
ing subsequent parameters:

vV deym? — a®b(2 +
a=6\/§m c3 l=a m b= cym” —a“b(2 +m)

-2
8b + 3bm’ 2m 4m?

, ¢;=0.

(68)
Using these parameters in Eq. (67) and then we use f into Eq. (45) to get the following
result;

iaeta+ﬂ(_1 +62iax)5

P, 1) = : ©9)
] iax iax+2ta+2p ta+p 2iax+ta+pf
T <e +e y +elvths + e 5)
Using this equation into Eq. (42) along with Eq. (39) to attain the required solution.
_ I(4/112(l{+L|I)fzuzblfnm(nbli»z\/ij)) s ta+f -1 2iax
W = Zﬁe - iae™tP (=1 + e™)6
] ia iax+2ta+2p ta+p 2iax+ta+p
8bmﬂﬂ(e"”+e‘”‘ at2by 4 elath § 4 e2iaxtia 6)

(70)

3.7 Kuznetsov-Ma breather, generalized breather, and their corresponding rogue
waves

To attain this solution we choose f'in the following form Ma (2020);
f=e 071 1+ 5 cos (a(x + vi)) + 8,e 7, (71)

where 6,, 6,, p, v are real and a, a, are complex parameters. To get the values of these
parameters we Put f into Eq. (46) and compute various coefficients of cos and exp func-
tions, to get the following subsequent results:

15Pm? + 4a;(29 + 28m) 15a,c, 25a3bcs(m + 1)
a= 4+8m CEE dey ST e
' (72)
25¢]
= —=.
¢ 64c?

Using these parameters in Eq. (71) and then we use f into Eq. (45) to get the following
result;

8¢, < —ajem a4 g e -G, — ) sin(a(x + tv)))

Px, 1) = (73)

5a,c, <e‘”1x+“1’” + eG4+ 8, cos(alx + tv)))

@ Springer



1243 Page 16 of 28 M. A. Ashraf et al.

Using this equation into Eq. (42) along with Eq. (39) to attain the required solution.

ISP +4a2 (28m+29) . ISP 0 +4a? (28m+29)
. =1, tp—.
¢ (aye6=m 5, — a et — \/ s 8, sin( o (x+1v)))

1512m2+4a? (29+28m)
ayc; (emar+ain 4 (=g, + 6, cos(y / %(x.‘. )

w(x, 1) = (§)$ ia+pi=x)
’ 5

- (74)

4 Result and discussions

The investigation of new imposed solutions for NLSE having KQSPMS together with
DEFNLN is extremely important among researchers. Much work has been done on our pro-
posed model, like as Ekici studied bright, dark, singular and dark-singular solutions for
NLSE with KQSPMS and two types of non-local law (Ekici 2022). Ozisik et al. investi-
gated various analytic solutions for NLSE with Kudryashov’s sextic power-law nonlinear-
ity (Ozisik et al. 2022). Zayed et al. studied dark, bright and singular optical solutions for
NLSE along with Kudryashov’s sextic power-law nonlinearity (Zayed et al. 2022). Zayed
et al investigated bright, singular optical solitons and their conserved quantities for cubic-
quartic NLSE with Kudryashov’s sextic power-law (Zayed et al. 2020). Elsherbeny et al.
obtained dark and singular soliton solutions for highly dispersive NLSE having Kudryash-
ov’s arbitrary form along with generalized nonlocal and sextic-power law (Elsherbeny et al.
2021). Nofal et al. recovered dark, bright, singular and combo bright-singular solutions for
perturbation NLSE having Kudryashov’s arbitrary form along with sextic-power law and
generalized non-local nonlinearity (Nofal et al. 2022).

In this study, we designed our proposed model in OD and PD forms to generate several
soliton solutions using Wolfram Mathematica and the suggested methodologies. We also
gave figures to demonstrate the behavior of the solutions using proper parameter values.
These figures show distinct acquired solutions in the form of 3D and contour plots. Fig. 1

(a) M-shaped soliton 3D plot

-10F

(b) M-shaped soliton contour plot

Fig.1 Plots of Eq. (14),atm =1, [=0.5, p=-0.1, ¢ =2, a; = -3, a, = -2, ¢, = 4, respectively
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Fig.2 Plots of interaction solution between M-shaped rational and one stripe soliton Eq. (18), at
m=5,1=1,p=-2,9g=2,a3;=5,a,=-3,as=3, ag=-7, ¢, =4, ¢, =—0.08, ¢; =0.06, respec-
tively

(a) J /
-10F

(b)

Fig.3 Plots of interaction solution between M-shaped rational and two stripe soliton Eq. (22), at
m=5,p=0051=-1,¢g=008, b=3, a =4, a3 =-5, a, =3, ag =4, ag = =3, respectively

presents M-shaped soliton solutions for Eq. (14). Figures 2 and 3 show the interaction of
M-shaped soliton with kink waves in which dark and bright solitons appear respectively.
Figure 4 presents the PCMR soliton solution for Eq. (26) in which two waves travel with
constant speed while maintaining their permanent structures. Figure 5 show PCK soliton
solution for Eq. (30). The multiwaves solution is presented in Fig. 6 that shows the interac-
tion of two periodic waves. Figure 7 displays the homoclinic breather solution for y in Eq.
(38). Figure 8 displays the lump soliton solution in Eq. (49); these solitons appear in the
form of dark and bright leaf petals. Figure 9 shows the periodic wave solution with dark
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=]
T

(b)

Fig.4 Plots of PCMR soliton solution Eq. (26), at m=5,p=-1,1=2,g=-2, a3 =2, a, =17,
ag =9, ag=-3, cg =6, c; =8, 7 =9, z, =5, successively

Fig.5 Plots of PCK soliton solution Eq. (30), at m=3p=041=-074¢=05b=-2a=8,

ay=3,a5==3,a5==1, c; =—4 c3=4,¢,=3, zp =5, 7 = =2, 1, =2, successively

and bright leaf-petals for Eq. (53). Figure 10 represents the interaction solution of three
waves. Figure 11 presents the bell-type rogue wave solution. Figures 12, 13, and 14 show
the degeneracies of first- and second-order hybrid waves. The interaction of the breather
and rogue wave is seen in Fig. 12. We attained bell-type solitons with dark and bright leaf
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(b)

Fig.6 Plots of multi-waves solution Eq. (34), at »p=-051=05¢g=-1,m=5 a=-4 a3=-2,

a5 =02, ag=-3, c;=-24,¢cs=4,¢,=-25,2=82=7,2,=-6, successively

(b)

Fig.7 Plots of homoclinic breather solution Eq. (38), at p=0.5,1=-1.5, g=-0.5,
m=1,a3;=-03,a,=2, ag=-6, c4 =5, 6 =-2, A=4, z5 =3, z; = 0.5, successively

petals for different domains of x, and we can see the symmetry of hybrid waves along the
t-axis. The projecting plots on the x, ¢ plane are a and c. The breather transfers energy to
the rogue wave. The hybrid solution produces the graphs. The interaction behavior between
the breather and rogue wave is shown to be influenced by different time intervals, and
these waves are symmetrical along the #-axis. In Fig. 13, solitons travel in a zig-zag pattern
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(b)

Fig.8 Plots of lump soliton solution Eq. (49), atb =2, ¢g=3,1=-2, m=1, a, =1, a5 = -5, a5 = -2,
¢, =2, c3=-2, ¢, =4, ¢4 = —8, ¢; =5, successively

(b)

Fig.9 Plots of periodic waves solution Eq. (53), at p=—-0.5, /=08, g=-2, m=3, a, = -5, a, = -7,
as =-5,¢e,=3,c5=-6, c; =8, d=3, k =5, successively

furthermore when we change the value of the y they follow an elliptical path, and corre-
spondingly we can see the symmetry of these waves along #-axis. In Eq. (70), f is the trave-
ling wave parameter that allows soliton to move left or right along the x-axis. Figure 14
shows the hybrid first-order rogue and second-order breather solitons. Here we can see the
interaction of two hybrid waves in different time intervals.
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[

Fig. 10 Plots of interaction solution between lump periodic and kink wave Eq. (57), at
p=21=-3,g=-2, m=3,ay=-5,a,=5,as;=-15,¢,=7,¢,=2,¢,=3,c6=-2,¢;,=8,2,=6,=-1, k=5 ,
successively

Fig. 11 Plots of rogue wave soliton Eq. (61), at p=2, g=3,l=-5 m=3,f,=8,a,=1, as =—1,
a, = —3, e, =5, k =4, successively

5 Conclusion

In this study, the soliton solutions for the NLSE with KQSPMS and the DFNLN were
examined. The OD and PD forms of this model have been established through a variable
transformation. We have introduced numerous new dynamical soliton types in addition to
the previously known soliton types and have obtained various solutions for both the OD
and PD forms. Using symbolic computation and ansatz function schemes, we have intro-
duced a large number of new dynamical soliton types, including the M-shaped rational
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(d)

Fig.12 The interaction between the bright X-like soliton and rogue wave for Eq. (66), at
p=4,qg=-2, m=3, c3=5, ¢g = 15, k = 8, successively

soliton, the M-shaped interaction between one and two-stripe solitons, the PCMR soliton,
the PCK soliton, multi-waves, and the homoclinic breather soliton. Using the PD form, we
have also formed a lump soliton, a periodic wave, a rogue wave, a lump interaction with a
periodic and kink wave, and three different kinds of breather soliton. The unique structure
and unusual interaction behavior of these solutions have been demonstrated using 3-D and
contour plots.
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Fig.13 Plots of Ma-breather and its corresponding rogue wave soliton Eq. (70), at
g=-3,a=-1,b=3, m=5,¢;,=5,¢3=8, a=3, f=-1, 6 =6, successively

Our findings greatly advance our understanding of the NLSE with KQSPMS, includ-
ing the DFNLN, and provide insight into how solitons behave in these systems. Solitons
play a significant part in optical fiber communication systems, which is one potential
use in the area of optics. With the assistance of KQSPMS and the DFNLN, the soliton
solutions obtained in this study can be used to study the behavior of solitons in optical
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(b)

Fig. 14 Plots of Kuznetsov-Ma breather, generalized breather, and their corresponding rogue waves soliton
Eq. (74), at p=2,q=4,1=-2, m=5,¢;=-8,¢,=5,a, =3, u=5, v=-01, § =25,6, =10,
respectively

fibers, which can aid in the development and improvement of optical fiber communica-
tion systems. Furthermore, to study the behavior of waves in materials, these soliton
solutions can also be used in condensed matter physics. The results of this study can be
used to design and improve materials with specific wave behavior by studying the act of
waves in materials using the DFNLN and KQSPMS.
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