Optical and Quantum Electronics (2024) 56:865
https://doi.org/10.1007/511082-024-06528-y

®

Check for
updates

Novel solitary waves solutions of the extended
cubic(3+1)-dimensional Schrodinger equation
via applications of three mathematical methods

Aly R. Seadawy'%3 . Asghar Ali">3 . Ahmet Bekir'%3

Received: 13 December 2023 / Accepted: 3 February 2024 / Published online: 5 April 2024
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2024

Abstract

In this manuscript, solitary wave solution of the extended (3+1)-dimensional cubic Schro
dinger equation are constructed by application of three mathematical methods. These
methods are namely called, extended simple equation method, modified extended auxiliary
equation mapping method and (G’ /G)-expansion method respectively. We have derived
different types solutions in the form of trignometric, hypberbolic, exponential and rational
functions. For the physical phenomena of the concern equation, some solutions are plotted
2-dimensional and 3-dimensional by assigning the particular values to the parameters
under the constrain conditions with the assistance of Mathematica software. The extended
(3+1)-dimensional cubic Schrodinger equation is used to describe the propagation of pulses
in highly nonlinear optical systems. Hence all results obtained by our proposed methods
are novel and have not been yet reported in any literature. Moreover, this study will support
physicists to envisage certain novel hypothesis and theories in nonlinear optical systems.

Keywords 3D-CNLSE - Nonlinear optical systems - Mathematica software

1 Introduction

Solitons are nonlinear solitary waves that keep their shape according to propagation without
change so it is very important and has many applications in physical science especially
in optics. A evolving attentiveness has been enthralled in the research of analytical and
numerical solutions of nonlinear evolutions equations during the prior eras (Islam et al.
2020; Asaduzzaman and Ali 2022; Gharami et al. 2022; Ananna et al. 2022; Rozenman
et al. 2020; Al-Ghafri et al. 2022). NLEEs are used to determine phenomena in divergent
pitches of science and engineering such as plasmas, biology, fluid mechanics, acoustics,
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and numerous others (Houwe et al. 2020a; 2020b; 2020c; Kudryashov 2012; 2013a; b;
Zayed and Arnous 2012; Ryabov et al. 2011; Wang et al. 2008; Ismail and Turgut 2009;
Nestor et al. 2020a, b, c, d, e; Abbagari et al. 2020a). Exact and solitary wave solutions of
nonlinear partial differential equations were made conceivable with the instigation of the
choice of mathematical tools (Kudryashov 2012; 2013a; 2013b; Zayed and Arnous 2012;
Houwe et al. 2020b; c; 2021; Ryabov et al. 2011; Wang et al. 2008; Ismail and Turgut
2009; Nestor et al. 2020a, b, ¢, d, e; Abbagari et al. 2020a, b, 2011, 2012, 2017; Mukam
et al. 2018a; Yepez-Martinez et al. 2019; Mukam et al. 2018b; Inc et al. 2020). Presently,
miscellaneous categories of nonlinear evolution equations have been established using an
influential reductive perturbation method or a multiscale analysis (Wang et al. 2020a, b;
Zhang and Yang 2021, 2019). Further specially, the investigation of exact solutions called
soliton-like solutions has advanced quickly today, which is one of the important topics
of nonlinear science. Solitons have enormous features because of their stuff (stability,
robustness, and the ability to preserve their velocity and shape after interaction) (Nestor
et al. 2020b, c, d, e; Abbagari et al. 2020a), and they occur in various forms such as bright,
dark, kink, pulses, breather, and so on.Furthermore, latterly, novel forms of bright and
dark solitons known as W-shape and M-shape have been exposed in Elsayed et al. (2019);
El-Taibany et al. (2019); Sabry et al. (2008); El-Shiekh and Al-Nowehy (2013); Munro
and Parkes (1999) and also many others methods to find the extact and travelling wave
solutions of nonlinear problems discussed in Haci et al. (2021); Dipankar et al. (2020);
Sadia et al. (2024); Khalid et al. (2020); Abdel-Gawad and Osman (2013, 2014); Sachin
et al. (2022); Sania et al. (2023); Farhana et al. (2023); Ismael et al (2023); Rahman et al.
(2024); Rehman et al. (2023); Akinyemi et al. (2023); Abdel-Gawad et al. (2016, 2013);
Fahim et al. (2022); Islam et al. (2024); Chen et al. (2021). However, searching for the
exact traveling wave solutions still carriages a problem at times due to not all the known
methods can be applied to NLEEs.

The extended (3+1)-dimensional nonlinear Schrodinger equation is used to describe the
pulse propagation in nonlinear optical fibers and has the following mathematical form as
mentioned in El-Shiekh et al. (2023); Wazwaz and Mehanna (2021);

iU, +P,\U,, +P,U,_ +P;U_+i(Q,U, +Q,U, + Q;U.) + rU|U* - U,, - Uy, — U, =0,
ey

This In this present research, we have discovered solitary wave solutions by applying three
mathematical methods, Enhanced simple equation method, modified extended auxiliary
equation mapping method and (G’ /G)-expansion method (Seadawy and Lu 2018; Seadawy
et al. 2021a, b). The derived solutions have great probable to handle nonlinear problems in
mathematical physics.

The remaining part of work is prearranged as: In Sect. 2, demonstrate the fundamental
steps of proposed three methos. In Sect. 3, we apply the declared methods to display wave
solutions.Finally, Sect. 4 delivers abridgment for the current work.

2 Description of methods

Consider a nonlinear partial differential equation (NPDE)

F(U,U,U,,U,,U,U,,U,

yrr

Uxz,U_,...) =0, 2)
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Let the traveling wave transformation
Uy, z,t) = V(E) €M,  E=px+my+usz+6t, n=ax+py+yz+ot (3)
Subsituting Eq. (3) into Eq. (2),

Fy(V, V., Vv L)e” 4)

2.1 Extended simple equation method

Assume that Eq. (4) has the following solutions form;

N
V=) AW 5)
i=—N
Let ¥ satisfy,
¥ =cy+c; ¥+, P + P ©6)

Putting Eq. (5) with Eq. (6) in Eq. (4). Solved the achieved system for solutions Eq. (2).

2.2 Modified extended auxiliary equation mapping method

Suppose that solution of Eq. (4) is,

N -N N N
V=AY + Y B W+ CYY 4+ Y Di<
i=0 i=1

i=—1 i=2

&

) )

W=\ L ®)

<]

Let W’ satisfiy,

Puttinh Eq. (7) with Eq. (8) in Eq. (4). Solved the achieved system for solutions Eq. (2)
(Figs. 1,2,3,4and 5).

2.3 The (G’ /G)-expansion method

Suppose that Eq. (4) has following solutiion form as;
N o
V=A0+;A,»<E> ©)
Let
G" = -G - uG (10)

Put Eq. (9) with Eq. (10) in Eq. (4). Solved the achieved system for solutions Eq. (2).
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Fig.1 The 3D and 2D plot of periodic waves of U, with
a=01=0,¢g=1,¢,=150¢=1,7y=0,6=03, u; =23, u, =0.03, u3 =0.2, & = 0.007,

P, =03, P,=004 P,=04, 0, =23, 0, =2, Q3 =31, r=25y=1,7=1.

3 Applications

By putting Eq. (3) in Eq. (1), we have the real and imaginary parts as;
The real parts as;

(=12 = 13 = 13 + i Py + pzpty Py + piy iz Py) V" + 1V3

2 2 _ .2 an
—(—a —-p -y +aﬂP1+ayP3+ﬁyP2+aQ1+ﬂQ2+yQ3+w)V=0,

The imaginary parts as;

Fig.2 The 3D and 2D plot of bright waves of U, with
a=03,=02,¢c,=15¢,=1,7y=05,6=03, g =23, u, =0.03, u3 =0.2, & = 0.006,
P =02, P,=004, P;=04, 01 =23, 0,=2,03=31,r=25,y=1;,z=1.
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Fig.3 The 3D and 2D plot of bright waves of Uy, with
a=02,/=03,cy==15,¢,=1,y=06,6=03, u; =23, up =03, p3 =0.3, £ =0.04,

P, =03, P, =03, Py=07, 0, =24, 0, =21, 03 =32, r=201,y=1,z=1.

V(84 Oy + Qoty + Qapiz + P B+ Prpya + yPopiy + PusPy + Py + Pypza)

12
= 2(ap; + Buy +ypz)V' =0 (12)

Suppose that the imaginary part is finished so we have the following condition on the
constants
6=- (Qlﬂl + OQopy + Qspz + Py B+ Prpya + yPopiy + BusPy + Py + P3ﬂ30’)

+2(au + Puy +yps) =0
(13)

Then, Eq. (11) has the following form as;

Fig.4 The 3D and 2D plot of kink waves of U, with
=02, =001, g =1,p5=2,p=1,y=16,6=13, yy =23, u, =03, u3=0.3, § =-0.1,

& =-0.1, P, =03, P, =03, P,=07, Q; =24, 0, =2.1, 03 =002, r=201, y=1,z=1,e=1.

@ Springer



865 Page 6 of 20 A.R.Seadawy et al.

it A S

Fig.5 The 3D and 2D plot of periodic waves of Uy with
a=06,=001,y=16,6=12, A=2, u=1, py =23, uy =03, u3 =0.3, L, =2.03, L, = 0.03,

P =03, P, =03, P;=07 0,=24, 0,=21, 0, =002, r=201, y=1, z=1.

o (- = p* = y> + apP, + ayPs + fyP, + aQ, + fO, + 703 + w) v
_ﬂ% - Mg - u§ + po Py + 3 Py + py s Py

(14)
r V3
_ﬂ% - ﬂ% - M§ + o Py + pspiy Py + ppy s Py

3.1 Application of extended simple equation method

Suppose solution of Eq. (14) is,
A
V=A1‘I‘+?+A0 (15)
Putting Eq. (15) with (6) in (14), We the following solutions Cases as;

Case I: c; =0,
Family-1

ﬁcz\/ﬂf + ﬂ% + ll§ = Moy Py — pap Py — po s Py

\/;

A, =04 =-

2, 2, .2
4 9] \/ﬂl + py + s — My Py — psp Py — pp pis Py (16)
0=~

Vv

= (a> + > +7v° — apP, — ayPy — pyP, — aQ, — fQ, — yQ;)+

w
1
5 (€ = 4eoes) (] + 43 + 5 = 1 (1aPy + 13P3) = apisPs)
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Put (16) in (15)
\/M% + /4% +/1§ - I (MZPI + /43P3) - /42/43P2<\/4cocz - cf tan <%\/4cucz - cf(f +§0)> +c,>
V, =—
1 \/E\/;
C1\/H%+H§+M§—M2M|P|_ﬂzﬂlpz—ﬂzﬂspz )
, dcypey > ¢
Vavi
7
From Eq. (3) and Eq. (17) the solution of Eq. (1) can be written as;
\/Mf +M§ +M§ — 1y (2P + u3P3) —M2M3P2<\/45002 —c%tan (%\/45052 —C%(§+§o)> +Cl> _
U =- in
1 \/E\/; €
Cl\/ldf‘*'ll%‘*'ﬂg—ﬂzﬂlpl—H3I41P3—Hzﬂ3pz ) N
_ e, 4cyc, > cy.
ViV
(18)
Family-11
A1+ 18+ 18 =y (1P, + aP3) = bty P
A =0, 4, =|- :
Vayr
s \/ECO\/Mf + /43 + P’g - M (/42P1 + /43P3) — o3P, (19)
-1 =~
\/;
1

o= 5(0% - 40002) (/‘% + ﬂ% + ﬂ§ - /41(/42P1 + M3P3) - H2H3P2)
+ (@ + 2+ > —apP, — ayP;s — ByP, — aQ, — O, — vQ;)

Substitute Eq. (19) in Eq. (15)
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6‘1\/#f+#§+ﬂ§—ﬂ1(#zf’1 +/43P3) — U pi3P,

VI

Vy=

\/Eco\/ﬂ% + M% + /4§ - /41(/42P1 +.U3P3) — o3P,

\r (20)

2c,

\/4coc, — ¢ tan <%\/4coc2 - c%(§+§0)) +¢

From Egs. (3 and 20) the solution of Eq. (1) can be written as;

2
, 4egep > ¢

Cl\/:“% + iy + i~ #1 (HaPy + H3P3) = HapisP

vy

U2=

\/Eco\/ﬂf + M% + ﬂ% - M1(M2P1 + #3P3) — Wiz Py in
- e

\/;

2c,

\/4ccy — ¢ tan <%\/4cocz —c3(¢ +:§O)> + ¢

e, 4dcyc, > c%

(21)
Case2: cy=c3=0,
\/502\//4% + {3 + 4 — oy Py — H3p Py — pypisP
A—l = O, Al =
\r
€ \/ﬂf + 13 + U — Hay Py — H3p Py — pypisP
Ay =
\/5\/;
1 2.2 2.2 2.2 2 2 2
w = 5(01'“1 +CiHy + iy — i Py — cip Py — a3 Py )+
o’ + > + 71> — aPPy — ayP; = fyP, — aQ, = fQ, — Q;)

(22)
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Putting Eq. (22) in Eq. (15)

(crexp (e (6+&))) <\/§c2\/yf + U5+ Hy = oy Py — p3p Py — /42/43P2>
V3 = +
Vr(1=crexp (e (£ +4)))
2 \/Mf + 4y + 15 = o Py — u3p Py — oz Py
, ¢ >0.
N
(23)
From Egs. (3 and 23) the solution of Eq. (1) can be written as;
(crexp (e (6 +&))) <\/EC2\/14% + H3 45— oy Py — pypy Py~ ﬂ2M3P2>
U = eirl_,’_
’ Vr(L=cyexp (e (6 +4)))
Cy \/Mf + /4§ + Ié = Ho iy Py — Uz Py — pyus Py
e, ¢, > 0.
v
(24)

y C1\/”f+/4§+/‘§—/42!41131 = M3 Py = papi3 Py ( crexp (e (E+&)) >
=

\/5\/; _czexp (e (E+&))+1

\/Ecz\/ﬂ% + M% + M§ — Mo Py — p3p Py — s Py

\/;

, ¢; <0.

(25)
From Egs. (3 and 25) the solution of Eq. (1) can be written as;

U cl\/”]2+ﬂ§+'u§_”2”lpl_HSMIPS_”2”3P2 i ( crexp (e (E+&)) )
= e’ —

\/5\/; crexp (¢ (E+&)) +1

\/562\/14% + M% + M§ — M Py — p3p Py — iy i3 Py

\/;

e, ¢, <0.

(26)

Case3: ¢; =0, c¢3=0,
Family-1
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\/502\/Mf + U3 + U = Hay Py = H3 i Py = it P
7

w=a>+ ﬁ2 + y2 - 26002;4% + 2cocy iy o Py — afPy — ay Py — pyP, — aQ — fQ, — 05
- 200c2;4§ - 2C062M§ + 2coCy a3 iy Py + 2coCo iy 3 Py

A_1=0,A1= - ,A():O,

(27)
Put (27) in (15),
( CoC, tan (\/cocz(f + fo))) <\/§C2\/ﬂ% + 1y + 1y — Moy Py — pypy Py — ﬂ2/43P2>
Vs =— i
5 Cz\/;
cocy > 0,
(28)
From Egs. (3 and 28) the solution of Eq. (1) can be written as;
( CoCy tan (\/Cocz(f + fo))) (\/502\/14% + M% + :Mj24 — Moy Py — 3y Py — H2H3P2>
Us=-— ",
’ 92\/; ‘
cocy > 0,
(29)
(\/—0062 tanh (\/—6062(5 + 50))) <\/562 \/M,Z 12+ 12— o Py — p3 Py — ﬂ2H3P2>
V. =| - R
’ Cz\/;
cocy < 0.
(30)
From Egs. (3 and 30) the solution of Eq. (1) can be written as;
(\/—Cncz tanh (\/—Cocz(f + fo))) <\/562\/l412 + H% + ﬂg = Hap\ Py = p3p Py — M2M3P2>
Us =| - &
‘ Cz\/; ‘
¢y < 0.
(31
Family-11

\/Eco\/ﬂlz + ﬂ% + M% — Wi Py — p3 iy Py — pp 3 Py
A =- LA =0,4,=0,
Jr
w=a>+ ﬁz + yz - ZCoczyf + 2cocopty o Py — afpP; — ayPy — fyP, — aQ, — O, —y0O5—
20062[45 - 200c2,u§ + 2coCo i3 o Py + 2co0o iy 13 Py

(32)
Put Eq. (32) in Eq. (15)
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\/Eco\/ﬂ]z + ﬂ% + /4§ = o Py = 3 Py — po iz Py
Vi=- s Coca > 0, 33
\/;( CpCy tan (\/Cofz(f‘*‘fl)))) ( )

C

From Egq. (3) and Eq. (33) the solution of Eq. (1) can be written as;

\/ECO\/Mf + M% + l‘§ = Mo Py = 3 Py — o3Py |
U, =- e, coc, >0, (34
\/;( coc, tan (‘/coc2(§+50)>> ( )

]

\/Eco\/ﬂf + I4§ + /{% — Mot Py — p3p Py — i 3 Py

\ﬁ(mtanh (m(é“*f{))))

Gl

Vg=—

, ¢y < 0. (35)

From Eq. (3) and Eq. (35) the solution of Eq. (1) can be written as;

ﬁ%\/ﬂ%*‘ﬂ%*’ﬂ% — o Py — 3 Py — pr i3 Py |
Ug =— e, coc, < 0. (36
\/}(,/—cocz tanh (‘/—cocz(§+§0))> ( )

]

Family-111

\/502\/#12 + ﬂ% + /4% — Hp 1 Py — pzpy Py — pppus Py
r

o=+ +7+ 4C062/412 —dcocypty Py — afpPy — ayPy — fyPy —aQ, — fQ, — 705
+ 4c062;4§ + 4coczy§ —dcocopz Py — 4coCy iy 3P

A = , Ay =0,

\/Eco\//lf + #% + /4§ — Yoty Py — pspty Py — o us Py
A =|-

‘ v

37
Put Eq. (37) in Eq. (15),

( €pCy tan (\/C()Cz(f + f()))) <\/552\/ﬂ% + M% + M% = o Py — pap Py — 142143P2>
9=~
Cz\/;

V26, \/ I3 18— ot Py =ty 1y Py —pa s P
v
+ , oy >0,
coc, tan (‘ /cocz(§+§q))

€2

(38)
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From Eq. (3) and Eq. (38) the solution of Eq. (1) can be written as;

( CoC, tan (\/%%(5 +§o))> <\/§cz\/;4|2 +H; + ﬂ% — Moy Py — pzp Py — M2ﬂ3P2>

9 — (,‘2\/)_’

\/502 \/Mf+ﬂ§+ﬂ§—!¢zﬂ1pl—Msﬂlps—ﬂzlﬁpz
\/;
+ e, coc, > 0,
cocy tan (‘/cocz(§+§0))

)

Vio=|—

(\/—Cocz tanh (\/—5002(5+fo))) <\/§Cz\/l4f + U3+ 15— g Py — pap Py — 142/43P2>

Cz\/;

V2es \/ W HE— oty Py—pis i Py—piy 03P
w
+ , Cocy < 0.
\/=¢oc; tanh (‘ /=coy (§+§0))
2

c;

From Egq. (3) and Eq. (40) the solution of Eq. (1) can be written as;

(\/—Cocz tanh (\/—Cocz(ﬂf + 50))) (\/Ecz\/lﬁz + ﬂ% + ﬂ§ — Mo Py — pu3p Py — M2M3P2>

Uy =~

Cz\/;

V2o, \ KB+ =ty Py —is 1 Py—pia 43P
\/;
+ e, coc, < 0.
y/=¢o¢, tanh ( V=t (6+6 ))

€

3.2 Application of modified extended auxiliary equation mapping method
Assume Eq. (14) has solution,
lP/

B,
V=AY+A —+ D, =
WA+ + ‘<\P>

Put Eq. (42) with Eq. (8) in Eq. (14),

@ Springer
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\/ﬁs\/ﬂ% + 5 + H% — My Py = 3 py Py — py 3 Py
V24/r
o= (@’ + >+ 7> = afP, — ayPy — fyP, = aQ, — fO, — 70; )+

1
E(ﬁm% + ﬂ1lvl§ + ﬂ1/4§ — Bipy iy Py — Byz i Py — By iz Py

Ay=0, 4, =

(43)

\/ﬂ% + 45+ 45 = oy Py = pspy Py — iy pi Py

Vi

D, =

Put Eq. (43) in Eq. (43)
Case I

<\/ﬂ_3\/l4f + 03+ 45 = o Py = p3 i Py —Mzﬂzpz) (—ﬂl(fcmh(%\/ﬂ_l(f"'fo)) + 1))
5 (V2vr)

\/M? +I4§ +ﬂ§ = Mo Py = 3 Py — o s Py (ﬂ?ﬂECSChZ(%\/ﬁ] (5+§o)))

(el (G 1))
b

Vi =

5

p >0, ﬂ22—4ﬂ1ﬁ3 =0

(44)
From Egq. (3) and Eq. (44) the solution of Eq. (1) can be written as;
(\//7_3\/14% +M§ +M§ — Mo Py — 3 Py — ﬂ2H3P2> (—ﬂl (ecoth (%\/ﬂ—l(f"’fo)) + 1))
U, =
5 (V2Vr)
\/lll + M2 + M; Moty Py — pzp Py — ﬂzﬂzpz(ﬂl SCSChZ( \/ﬂ_|(§ +50))) i
(VEVE)(C) (- (ccom (3 V(4 +1) ) ’
123
p >0, ﬂzz —4p,8; =0.
(45)
Case II

\/7LLOSh VB (E+&)) \/7L S‘“h2 \F(5+50)
cosh (/A1 (+¢0))+x (cosh (/A7 (5+50) +1

ﬂ] ( esinh (/B (£+&))
493 \ cosh (v/B1 (6+80))+1 +;(

\/13_3\/141+M2+/43—/42/41P1 Py — szng] esmh \/ﬁ_(‘g‘+.§o))
+

\/”1 + 45+ 1 = o Py — sy Py — py 3Py

Vv

\/E\/; — +1

4ﬂ‘ cosh B (§+EO))
B >0, B> 0, fy = (45,85)'"
(46)
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From Eq. (3) and Eq. (46) the solution of Eq. (1) can be written as;

by VBrecosh (VB (¢+40)) _ VBresinn® (VB (6+5)) ——
B3\ cosh (/B (&+&))+x (cosh (/AT (£+60))+7)° \/Ml +Hy + u5 = oy Py — w3 Py = pa ps Py

Uy, =| = 4
B[ _esinh (VB (¢+%)) \/5
2<‘\/ (ot + 1>> v
\/ﬂ_3\/”12+”§+”§_”2”lpl_”3”1P3_”2”3P2 B €Si“h(\/ﬁ_1(§+§o)> e
+ =1/ +1]¢
Vv Vas| (Vi an) 1
B> 0, B> 0, by = (48,8)'.
47
Case III
\/Eecnsh(\//T,(g+éo)) _ Ve sinh(\m(iﬁﬁo))(sinh (\m(§+50))+P)
! cosh(\/E(§+¢“))+ Prrly (cosh (\/E(¢+5u))+ P3+11)3
Vis =[ -
e(sinh (VB (+60) )+P)
ﬂ2<7ﬁ'<w~h(\/ﬂ(¢+5o))+ P2+u+l>)
123
\/Mf+/4§+ﬂ§—;42;4,P, — Uz Py — pr 3Py e(sinh(\/ﬁ_l(/;+§0))+P) 1 (48)
+ +
V2y/fr cosh(\//i_l(f+§o))+ P11y
\/ﬂ_s\/ﬂf +M§ +M§ =ty Py — 3y Py — iy i3 Py 550
, ;> 0.
Vv 1
From Eq. (3) and Eq. (48) the solution of Eq. (1) can be written as;
Virecosh (Vi (&+60)) _ Viesinh (Vi (5+&)) (sinh (VA (e+60) )+P)
! COSh(\/lTl(ﬁ“fo))*' Py (cosh(\ml(i-*—io))-# PZ+1;()Z
Ui =[-
- ¢((sinh (V7 (+40))+P)
ﬂ2<7ﬂl<(0‘h(\/ﬂ(5+§\)))+m1+1))
ﬁl
\/ﬂf"’ll;‘*‘ﬂg—ﬂzlﬁpl—M3M1P3—M2M3P2 . S(Sinh(\/ﬁ_1(§+§o))+P) |
e + +
\/5\/; cosh(\/E(§+§0)>+ P24+1y
\/E\/Mf +ﬂ§ +M§ — Mo Py — 3 Py — o3Py |
e, p, > 0.
Vv
(49)
3.3 Application of (G’ /G)-expansion method
Assume that Eq. (14) has solution form as,
G
V=A]<E>+AO (50)

Put Eq. (50) with Eq. (10) in Eq. (14),
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A\/ﬂ%"‘ll%"‘ﬂg_#l(ﬂzlﬁ +M3P3) — Hyu3P,

A= ,
V2r
\/5\//4% + U3+ 5 — Hay Py — s Py — pp 5 P
A= (51)
7
w = %(2052 +28% + 277 — 2afP, — 2ayP; — 2hyP, — 200, — 20, — 27 Qs )+
1
5((/12;4? + APud = dupt — Al — P uypup Py — A pgpusPs + A Py )
Put Eq. (51) in Eq. (50),
Case I: A —4u>0
Vi = 4;4<L1§ sinh (%\//12 - 4;4) + Ly cosh (% . 4,4)) ;
Via= -5
Z(Lzésinh<%\/ﬂz—4;4>+L1§cosh<%\//12—4,u)) 2
ﬁ\/M% + U3 + 1 — oy Py — H3p Py — popisPy
+ (52)
ﬁ
ﬁ\/ﬂ% + 45+ 15 = Hopty Py — Hapy Py — itz Py
Vayr
From Eq. (3) and Eq. (52) the solution of Eq. (1) can be written as;
iz = 4;4<L1§sinh (g\m Z 4,4> + L,&cosh (%\/,12 Z 4,4)) .
Uy = -5
2<L2§sinh<%\//12—4u) +L1§cosh<%\//12 —4,4)) 2
V20K + 1+ 12 = i Py = i Py — Py |
\/— e (53)
,

/1\/”12 + 43 +”§ = Moy Py = 3 p Py — py 3 Py in
+ e

Vv

Case II: A—4u<0
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\/m<L2§cos (%m) —Llésin<%\/m>>

2(Latsin (Lv/ar—72) + Lyzcos (Lvan— 7))

\/5\/#% +/4§ +M§ = Mo Py — p3p Py — pp 3Py

+

\/;

i¢ﬁ+£+%—%mﬂ—mm&—mm&

Vv

From Eq. (3) and Eq. (54) the solution of Eq. (1) can be written as;

\/m(Lzéjcos (%\/m) — L&sin <%\/m>)

Ujs =

Case III-

Vie =

2<L2§ sin (%\/m) + L& cos (%m))

\/E\/ﬂf + M% + M§ — Mot Py — p3p Py — pr i3 Py

in

e
v
A¢ﬁ+@+@—mmﬁ—%mﬂ‘hkﬁ
+ <"
\/5\/;
P —4u=0
24,20 .2 .
\/5\//41 Ty oy — /‘1(”2})1 + M3P3) B ﬂ2H3P2<L1+5L2

1)

\/;

i\/ﬂf + M% + M§ — Mot Py — p3p Py — pr i3 Py

Vv

From Eq. (3) and Eq. (56) the solution of Eq. (1) can be written as;
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(54)

(35)

(36)



Novel solitary waves solutions of the extended... Page 17 0f20 865

2. 2 L P
\/5\//‘1 + 4y + 45 — 1y (HaPy + p3P3) _/42M3P2<L1+—2L’ - g) ,

.y
\/; 4

Ui =

(57)

IS W+ K2+ K2 = ot Py = i Py = ot Py

Vv

el

4 Conclusion

Solitons are nonlinear solitary waves that keep their shape according to propagation without
change so it is very important and has many applications in physical science especially in
optics. In this work, we have built abundant various solitary waves solutions of Eq. (1)
by employing three mathematical methods (Seadawy and Lu 2018; Seadawy et al. 2021a,
b) to obtain many distinct solitary wave solutions in the form of hyperbolic functions,
trigonometric functions, exponential functions and rational functions. To represent
the physical phenomena of Eq. (1), some solutions are plotted in 2-dimensional and
3-dimensional by assigning the specific value to the parameters. The whole calculations
and figures are handling by assistance of Mathematica software.The offered mathematical
methods are more powerful and investigated results have fruitful applications in optical
fibers.
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