Optical and Quantum Electronics (2024) 56:166
https://doi.org/10.1007/511082-023-05562-6

®

Check for
updates

Dynamic investigation to the generalized
Yu-Toda-Sasa-Fukuyama equation using Darboux
transformation

Asghar Ali' - Jamshad Ahmad? - Sara Javed'

Received: 8 August 2023 / Accepted: 8 October 2023 / Published online: 14 December 2023
© Springer Science+Business Media, LLC, part of Springer Nature 2023

Abstract

Numerous variations of cognitive challenges, such as those in fluid mechanics, plasma
physics and nonlinear optics as well as in engineering and mathematics, involve nonlinear
partial differential equations. In this study, we explore the (34+1)-dimensional generalized
Yu-Toda—Sasa—-Fukuyama (YTSF) equation with application in engineering and physical
science. Three (141)-dimensional nonlinear partial differential equations can be acquired
from the YTSF equation. Using a N-fold Darboux transformation technique of Lax pair to
obtain the multi-soliton, resonant and complex soliton solutions of the equation. Also, by
showing the solutions graphically, the completeness of the outcome was confirmed. The
conclusions in this study might be useful for understanding the soliton solutions in math-
ematics and physics.

Keywords The generalized (3+1)-dimensional YTSF equation - Darboux transformation -
Multi-soliton solution

1 Introduction

Investigations on nonlinear partial differential equations (NLPDEs) are crucial and signifi-
cant because these equations describe numerous different tendencies in a variety of sci-
entific fields, including bioengineering, molecular biology, hydrodynamics, fluid mechan-
ics, biogenetics, physiology, fiber optics and many more (Malik et al. 2023; Lin and Wen
2023; Abdulwahhab 2021; Shen et al. 2022; Perumalsamy et al. 2020). NLPDEs in a fluid
mechanic describe the movement of neutrally buoyant plumes in a curving absorbent
media, the authors of Adeyemo et al. (2022), Wen and Yan (2017, 2018) researched it.
The solutions like solitons, breathers, rogue waves and semi-rational solutions on periodic
backgrounds for the coupled Lakshmanan—Porsezian—Daniel equations was investigated by
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Li and Guo (2023). The generalized Korteweg—de Vries—Zakharov—Kuznetsov equation
was also researched in Khalique and Adeyemo (2020). In particular, the authors in Gao
et al. (2021) investigated a (34+1)-dimensional generalized varying Kadomtsev—Petviash-
vili (KP)-Burgers-type equation for several forms of interstellar dust plasma screens that
was supported by observational and experimental data. One of the galactic or laboratory
dust plasmas could be described by this equation as having an acceptor, subatomic or dust-
ion-acoustic wave. Further examples are available for the reader in Raza et al. (2023), Zah-
ran et al. (2023). In addition to the aforementioned, there has been a significant increase
in mathematicians and physicists discovering efficient methods to find an exact solution
to NLPDE:s in recent times. Many of these methods include, the theory of the Lie groups
(Yao et al. 2023), the generalized Riccati equation expansion method (Cakicioglu et al.
2023), the complicated hyperbolic function technique (Leonenko and Phillips 2023), the
kather method (Ali et al. 2023), the tan — cot technique (Muatjetjejaa et al. 2023), the non-
classical strategy (Raza et al. 2023), the variational transform (Golovnev 2023), the trans-
formations (Singh and Ray 2023), the F-expansion technique (Rezazadeh et al. 2023), the
extended simplest approach (Rehman et al. 2022), the Hirota bilinear technique (Ma and
Fan 2011), the bifurcation technique (Ding et al. 2023), the g—;-expansion technique (Walls
and Stein 1973), the Darboux transformation (DT) (Li et al. 2020), the sine-Gordon equa-
tion expansion method approach (Kheaomaingam et al. 2023), the Kudryashov technique
(Barman et al. 2021), the exp-function technique (Shakeel et al. 2023) and so on (Ahmad
2023, 2022).

It has been demonstrated in recent publications (Gilson et al. 1996) that multidimen-
sional NLPDEs can be divided into a few (1+1)-dimensional NLPDEs. As a result, the
latter can be used to deduce accurate solutions. Of the numerous methods, the DT is well
recognized for being successful at identifying soliton solutions for NLPDEs. Geng has
provided a new method for breaking down a YTSF equation into three (1+1)-dimensional
Ablowitz—Kaup—Newell-Segur (AKNS) spectral equations.

It is observed that the YTSF equation is frequently employed to study the dynamics of
solitons together with nonlinear waves that occur in fluid mechanics, hydrodynamics and
weakly scattering media. Consider the YTSF equation (Dong et al. 2019)

=4y + Vi A0V + 200, + 30, =0, 1)

XXXZ XXz XXz
this is a counterpart of the (3+1)-dimensional NLPDEs of the dynamic type defined as
[ —4u, +¥wu,l, + 3u_‘,y =0,

W(u) = 07 + 4u+ 2u, +2u0;", @
which contains the integro-differential component in Eq. (2) was primarily proposed by Ma
et al. (2009) by the use of strong symmetry when creating the three-dimensional extension
from the (241)-dimensional Calogero—Bogoyavlenkii—Schiff equation (Wazwaz 2017)

—4u, + ¥ (wu, =0,

¥(u) =02 +4u+2ud;", )
similar to the manner in which the KdV equation was used to derive the KP equation.
System of Eq. (2) converts to the YTSF Eq. (1), which is an auxiliary of the Bogoyavlen-
skii—Schiff equation by taking u = v,. Furthermore, we see that Eq. (1) becomes the KP
equation if z = x is assumed and it also reduces to the KdV equation if v, = 0 is assumed.
It is worth noting that the YTSF equation Eq. (1) is a hugely important higher dimensional
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nonlinear evolution equation (NLEE) capable of describing several dynamic processes as
well as key phenomena encountered in both physics and engineering. The authors of Verma
and Kaur (2021) used the exp-(y(z))-expansion approach in conjunction with a sophisti-
cated method to obtain some approximations to the Eq. (1). Furthermore, they were able to
derive five different sorts of solutions, including exponentially, hyperbolic, rational, ellipti-
cal function and trigonometric solutions. Feng introduced a Bernoulli sub-ODE approach
in Yang et al. (2015) to get certain accurate wave solutions of Eq. (1). The authors of Kris-
tiansen (2004) used the %—expansion approach to obtain several generalized solitary solu-
tions of various physical structures for the YTSF Eq. (1). Adeyemo et al. (2023) used the
transformations of undefined functions to change Eq. (1) into an integrated equation with
two unique bilinear forms. Furthermore, the authors used Darvishi’s strategy to get certain
modern multi-solutions by the use of homoclinic test technique and three wave techniques.
Additionally, the non-traveling wave solution was realized by way of auto-Bdcklund trans-
formation, as well as the extended projective Riccati equation approaches (Li and Chen
2003). Additionally, several periodic solutions, as well as soliton solutions for the YTSF
equation, were obtained using the Hirota bilinear, exp-function, homoclinic, tanh — coth
and extended homoclinic tests. Recently, Darvishi employed the modified of the homo-
clinic testing method to secure certain closed-form solutions to the YTSF in Eq. (1) (Nai-
doo et al. 2023). In a similar spirit, Zayed and Arnous used the improved simple equation
technique to obtain specific closed-form approximations to the YTSF equation (Wazwaz
2022). Also, by using the multiple (%, é)—expansion technique, Zayed and Hoda Ibrahim
both succeeded in finding some analytical traveling wave solutions to the YTSF equation
(Feng 2012). By using the tanh approach, new closed-form solutions to the problem were
derived after engaging in symmetry reduction of Eq. (1) (Gonze et al. 2020). Zayed and
Arnous (2012) recently introduced

AV = Vi — 6v§ — 6wy, +3v, =0, “4)
the equation is also known as the (2+1)-dimensional YTSF equation. Using symbolic com-
putation and the Hirota bilinear approach, the authors got several closed-form solutions to
Eq. (4) and some lump solutions.

In our study, we used a generalized YTSF equation

—2ev,, +evv,, +2ev v, + v, +avy,, =0, (5)

XX XXz

where parameters e, 6 and a are considered real constants with nonzero values. If
€e=2,6=3and a =1, the YTSF Eq. (5) may be connected to the totally generalized
YTSF Eq. (1). In this study, an explicit N-fold DT (Wen et al. 2015; Guo and Xie 2023) of
the AKNS spectral equations is developed and the DT and decomposition are used to pro-
vide the multi-soliton, resonant and complex soliton solution to the YTSF equation. As an
example, we get the solutions to a variety of solutions interactions. In contrast to the other
approaches, DT is completely algebraic and offers a logical process for creating soliton
solutions for nonlinear equations. By using DT to iteratively combine the solutions to the
associated spectrum problem and nonlinear equation, one is able to generate solutions like
resonant, complex, and multi-soliton solutions.

The article’s layout is set up as follows: Sect. 2 presents the decomposition of the YTSF
equation to the three (1+41)-dimensional ANKS equation. Section 3 implements the DT
technique. Sect. 4 represents the multi-soliton, along with the subsections of resonant and
complex soliton solutions to the YTSF equation. Results and discussions are presented in
Sect. 5 and concluding observations are made in Sect. 6.
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2 The decomposition of a (3+1)-dimensional nonlinear YTSF equation
to the (1+1)-dimensional AKNS equations

Assume that the AKNS spectral equation

— (Vv n
o, =Wo, W—<m _y>, (6)
and the adjunct problem
(r) ()
® ® Ly Ly
9, =L, L'” = " ol )
Ly Ly

where

r—1 r—1

r—1
r) _ i r) _ i r) _ i
L= By + Zci;/‘, L= Zd,«yl, L)) = Zei}/l,
i=0 i=0 i=0

where ¢;, d;and e; (i =0,1,...,r — 1) being function of x and z,, y is a constant spectral
component and £ is a constant. The zero distortion equation W, — LY +[W, L] =0,
which is equal to the AKNS hierarchical, is the compatibility prerequisite of Egs. (6) and

(.
n A n
(), = ()
where
%6)( - n@;lm m);ln
¢ = , )
-md 'm - %dx +md_'n
diy\ _ d;
(e,»_1>_¢<ei>’ (10)
and
d,_, = pn, e,_y = pm. (11)

The three major AKNS hierarchical members are provided by Eq. (8).
The AKNS equation is given forr =2, t, = yand f = -2 1is

n, = —n, + 2n*m, my, = n, — 2nm?, (12)
and the associated adjunct problem,
-2y® +mn —2yn—n,

L = : (13)
—2ym+m, 2y® —mn
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We obtain the AKNS equation forr =3, t; =tand p =4 1is,
n, = n,,, — 6bnmn,, m, = m,,, — 6bnmm,, (14)
and the associated adjunct problem,
4y3 —2ynm —mn, +nm,  4y*n+2yn, +n, —2n’m

LY = : (15)
4y’m — 2ym, +m,, — 2nm?* — 4y 4 2ynm + mn, — nm

X

We obtain the AKNS equation forr =4, t, = zand f = —8is,

n,=—n.. +8nmn, + 6n)2(m + dnnom, + 20°m, — 6n°m?, 16)
m, = m,. — 8nmm,, — 6m§n — 4mn,m, —2m*n_ + 6n*m’,
and the associated adjunct problem,
) “)
. Ly Ly
LW = , (17
[C) )
Ly —Ly

where

LY = N — 4y2nx - 8y3n + 6nmn, + y(4n2m -2n,),
L(24|) = 6nmmx + My — 8]/3111 + 4}/2mx + 7(41’17”’!2 —2m

xx)'

Considering the constraint, Geng recently published a novel decomposition of the
(3+1)-dimensional NEE of Eq. (1)

v(x,y,t,z) = 3nm. (18)

It is noteworthy that the reduction is perfectly connected to the (1+1)-dimensional AKNS
Eqgs. (12), (14) and (16).

Proposition (i) Considering that the (1+1)-dimensional AKNS Egs. (12), (14) and (16)
have a corresponding solution of (n, m). Then, the (3+1)-dimensional NEE of Eq. (1) is
solved by the function of (18).

By creating an exact N-fold DT of the Egs. (12), (14) and (16). The interoperable solutions
(n, m) of Egs. (12), (14) and (16) as well as the constraint provide the multi-soliton, resonant
and complex soliton solution to the (3+1)-dimensional NEE.

3 Darboux transformation

The DT of the spectral Eq. (6) and (7) (with Egs. (12), (14) and (16)) will be discussed. In
actuality, the DT is a gauge transformation.

@ =Uep. (19)
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of the Egs. (13), (15) and (17) from the spectrum Egs. (6) and (7). It is necessary that @
also meets the same criteria as spectral difficulties.

9. =Wg, W= (U, +UW)U", (20)
%=L 5, L =(U+UL?)U", @0
%=L5 L7 =(U+ULdU", 22)
7.=L"%. L =(U+uLU" (23)

The previous potentials 7 and m in W, L®, L®andL® must be replaced with the new
potentials n and m, which implies we must discover a matrix U that accomplishes this goal.
Now assume that

G(r) Q)
U=UQ) = : 24)
R(y) H(y)
where
M-1 ) M-1 )
G =r"+ Y Gy, 0 =), oY, 25)
j=0 Jj=0
M-1 ) M-1 )
Ry)= Y RiY,  H@)=y"+ Y Hjy, (26)
J=0 j=0

with G(y), O(y), R(y) and H(y) (0 <j < M — 1) are functions of x, y, zand .

o) = (@,7), (7)Y and P (y,) = (¥, (7,), P»(7,))Y are two fundamental solution to
Eqgs. (6) and (7), including Egs. (13), (15) and (17). Constants p; (1 <i <2M), which
fulfill Eq. (19), exist.

[GrIe (1) + Q)@ ()] = p; [Ga )P, () + Q)P (v | =0, 27)

[RD@,(r) + H ey (7)) — pi|[RGDY () + H)P, () | = 0. (28)

The Egs. (27) and (28) can also be expressed as a linear algebraic problems.

Gl +0,00) =0, RG)+0,H(r) =0, (29)
or
M-1 ) M-1 .
2 GroQy == YR +oHy] = —on!, (30)
Jj=0 J=0
with
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_0:(r) —p(r)

= , 1<i<2M. 31
o, (v) —pi¥1(rp) 31

i

The consideration of the constants y; (y; #y,asj#1i) and p; ensures that the
determinant of the coefficients in Eq. (30) is non-zero. As a result, determines
Gj, 0., R, and H; (0 £j <M —1)exclusively in Eq. (30). The Egs. (25) and (26) illustrate
that det(U(y)) is a second order polynomial in y,

detU(y;) = G(r)H (7)) — Q(r)R(7)), (32)

from Eq. (29), we obtain
G(r) = —6;,0(rp), R(y;) = —0;H(y)). (33)

As a result, it asserts that
detU(y,) = 0. (34)

This suggest that y; (1 < i < 2M) are 2M root of det U(y), which is

oM
detU(y) = a H(y —v), . .anotdependiny. (35)
i=1

Proposition (i) The matrix W obtained from Eq. (20) possesses the same structure as W,

which is
VV=<1 ')
m =y

where the transformation between n, m and n, m is obtained by

ﬁ:n_ZQM_l’ m=m+2RN_1, (36)
and
Gy, =Ry—p(n =2Qy_1) = mQy_p, (37)
iy, =2Quy-1 = NGy + Hyyy(n = 20y1), (38)
RM—fX =— 2RM—f—1 —mHy_s+ Gy _p(m + 2Ry, (39)
Hyy == nRy_s+ Qu_p(m+2Ry_)), 40)

thatisl] < f<M,G_,=Q_=R_=H_=0.
Proof Suppose U™! = U*/ det U and

g1(r) &)
U, +UW)U* = 41)

8217) 82(7)
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It is unambiguous that g,(y) and g,,(y) are polynomials of (2M + 1)tk order in y, whereas
g12(y) and g,,(y) are polynomials of 2Nth order in y. We explore Eqgs. (6) and (31).

6, = m—2y;6; — no>. (42)

1

All y; (0 < i2M) are roots of g.,(y) (c.,d =1,2), according to Eqs. (33) and (42).
Explored with Egs. (35) and (41), yield us

(U, + UW)U* = (detU)B(y), (43)
where

(1) (O] (0)
by )(y) + b b,
B(y) = , (44)
b(zol) b(l)( )+b(0)

bILf y (e, d=1,2, k=0,1) are unrelated by the variable y. Equation (43) may now be
expressed as

U, + UW = B(»)U, (45)

M+1

observations are made by contrasting the coefficients of y and y¥ in Eq. (45) and

observing Eq. (36).

1 _ @ _ (0) (0)
by, ==by, =1, b =by, =0, (46)
b =n-20y,_, =n, b =m+2R,_ =mn. A7)
Hence, we proved that B(y) = W, with the help of Egs. (20) and (45). a

Proposition (iii) The only difference between the matrix Z(z) and the matrix L® described
by Eq. (21) is the substitution of n and m for n and m. The identical DT in Eq. (19) are used
to transfer the existing potentials (n, m) into new ones Eq. (36).

Proof We write U™! = U* / detU, in a similar manner to proposition (ii) and

a0 ¢
U, + ULP)U* = (48)

) q(z)(y)

(2) (2)

It 1s noteworthy that ¢} and g, are polynomial of (2M + 2)th order in y, whereas q(z) nd
q21 are polynomial of (2M + l)th order in y. Using Egs. (7), (13), (31) and (33), we derlve
that

oy =—2ym+m, + 2(2y% — nm)o; + Qyn + nx)G,-Z’ (49)
G}.(}’i) =- Qy(yi)ai - Q(Yi)aiy’ (50)
Ry(y) =—H,(yjo; — H(y))o,,. (51
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By using Eqgs. (33) and (49-51), we can demonstrate that all y; (1 < i2M) are roots of
q%)(r)(c.d = 1, 2).Eqgs. (35) and (48), together with

(U, + ULP)U* = (det DA(y), (52)
where
(2)}/2 +a(1)y +a(0) <1)(]/) +a(0)
Aln) = 1 0 2 1 ol (53)
a' )(y) + a( ) (22);/2 + a(zz)y + a;;

ag;) (e,d= 0, 1, k=0, 1, 2) are not dependent on y. Equation (52) is now represented as

U, + UL® = A()U, (54)
using Egs. (36-40) and contrasting the coefficients of y*2, yM*! and y™ in Eq. (54), we
obtain

) _ @ 1 1 1
D= =) =) =, o

al) =220y —n) =

(56)
a(211) =—-2(m+2Ry,_) = —2m,
a\) =—a) = —(20y,_, — n)m +2Ry,_,) = 7, 57)
d¥) == 2nGy_, + 40y, +2nHy_ — 40y Hy_, —n, = 20y_, —n), = -7,
(58)

al) =2mGyy_; — 2mHy,_, + 4Gy Ry, — 4Ryy_y +my = QRy_, +m), =m,. (59)
—@
Hence, we proved that A(y) = L., with the help of Eqs. (21) and (54). O

Proposition (iv) The difference between L™ and the matrix Z(3) described in Eq. (22) is the
substitution of n and m for n and m. The similar DT are used to transfer the existing poten-
tials n, m into new ones of Egs. (19) and (36).

Proof From Eq. (19)

U, +UL® = C(y)U, (60)
where
(%)7,3 +C(2)y2 +C(1>y +C<0> (122);/2 +C<112>y +C(0>
Cly) = ) 61)
2 1 0 3 2 1 0
()y2+c( )y+c( ) (22)y3+c(22)y2+c(22)y+c(22)

(k) g (e,d= 0,1, k=0, 1, 2, 3) are not dependent on y. According to Egs. (7), (15), (31)
and (33), we obtain
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6, =4y m = 2ym, — 2nm* + m,, — 2(4y> = 2nm — mn, + nm,)o;

—4(*n+2yn, = 2n*m + nxx)crl.z, (62)
G;(Yi) =- Qt(yi)ﬁi - Q(Yi)ffip (63)
R(yp) =-H/r)o;, — H(y)o, (64)

using Eqgs. (36-40) and contrasting the coefficients of yM+3, yM+2_ yN+land y in Eq. (60),

we have

(3) 3) (2) (2)
== =4 oy =cy =0 (65)
(2) AT (2)
) =4(n—20y_,) =4m, ) =4m+2R-M-1)=4m, (66)
V=) =20 -20,,_)m+2Ry,_)) = -2mn, (67)
Il M-1 M—-1

) = =240y, — 40y Hy_| —2nGy_, + 2nHy,_ —n,) = =2(20y,_, — n), = 271,

(68)
) == 2m, +4Gy_ Ry_y — 4Ry_, +2mGyy_y = 2mHy,_y) = =2(m + 2Ry,_y), = ~2m,
(69)
RONRENON
¢y ==y =nm, — 8GOy Ryt + 80y _oRy_1 +8Qy_1Ry_y — 8Qy_ 1 Ry_ 1 Hy_y
—4nRy_» +4nRy_Hy_y —4mGy_ Oy +4mQy_» — 2n,Ry_ — mn, — 2m,Qy,_,
=—QRy_ +m)((n—=20y_,+ @ —20y_C2Ry_, +m), = —mn,+nm,
(70)
C(lg) =n,, —8Gy_3 — SQQiI_]RM—l + 80y Hy_ | — SQM—]H/%//_] +80y_1Hy o +4nGy_, +4nGy,_,
Ry_y —4nGy_Hy_y +4nH2, | — 4nHy_, —4mQ2, | +4nmQy_y +2n*m + 2n,Gyy_, — 2n.Hy_,
= =2 =20y ) M+ 2Ry_ ) + (n—=204_)y = =20 T+ 7y,
(71)
& =my, —8Gy Ry +8G,_ Ry_y +80y_ 1R, | —8Gy_ Ry, +8Ry_3 — 4nR2, | +4mG2,_,
—4mGy_, +4mQy_ 1 Ry_y — 4mGyy_ Hy_y + dmHy,_, — d4nmRy,_; — 2nm®* + 2m,Gy,_y — 2m Hy,_,
== 21— 20, )m+2Ry_ ) + (m+2Ry_ ), = =20 + 7.
(72)
-3
Hence, we proved that C(y) = L , with the help of Egs. (22) and (60). O

Proposition (v) The only difference between the matrix 2(4) and the matrix L® described by
Eq. (23) is the substitution of n and m for n and m. The identical DT of Egs. (19) and (36)
are used to transfer the existing potentials n, m into new ones.

Proof From Eq. (19)
U, + UL® = S(y)U, (73)

where
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@, 4 3).3 2), 2 (1) (0) 3,3 2,2 (1) )
Sy ST S YT A Sy sy SRy S rT sy sy,

S(y) = ,
3 2 1 :
(74)
sg;) (e,d= 0,1, k=0, 1, 2, 3, 4) are not dependent on y. According to Egs. (7), (17),
(31) and (33), we obtain

G, =M — 8y m + 4y2m1 — bnmm, + 2y 2nm? — m,,.)

—2[-8y* + 4y*nm — 3n*m* — n,m,

75
—2y(nm, — mn,) + mn,, +nm_lo;, — [-8y°n — dy’n, )
+2y(2n*m — n,, + 6nmn,, — nxxx]al.z,
G.(v) =— 0.(y)o;, — O(y))o;, (76)
Rz(yi) =- Hz()’i)o'i - H(yi)o-iz’ ()
using Egs. (36-40) and contrasting the coefficients of yM+4, yM+3 yM+2 N+l apnd yM in
Eq. (73), we have
@) _ @) _ 3 _ B _
Sy == =8, sy =55, =0, (78)
s =—8(n—20y_) =81, s =-8m+2R,_|)=—8m
12 — M-1) — ’ 21 — M-1) — ’ (79)
S(IZI) =—S(222) =4(n —20y_)m+Ry,_,) =4nm, (80)

s =4(=n, + 40y, — 40y Hy_, — 2nGy_, +2nHy,_) -
=—4(n—-20,,_,), = —41,.

s;21> =4(m, + 4Gy _ | Ry_; — 4Ry, +2mGy_, —2mH,,_,

_ (82)
=4(m + 2Ry,_,), = 4m,
1 1
S(] 1) == 5(22) = —2[nm, — 8Gy_ Oy 1Ry,
+ 80y Ry + 80w 1Ry_5 — 80y Ry—1Hy_
—4mRy_, +4mRy_ Hy_ o —4mGy_ Oy +4mQy_, (83)

— ZI”IXRM_l - mnx - 2”nxQM—l]
= = 2[=(m + 2Ry )(n = 20y )y + (n = 20y )2Ry_; + m),]

= —2(-m7n, +7m),
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S(112) =2 +8Gy_3 +8Qy_ Ry, — 80y _>Hy_,
+8Q0y_Hy, | —80y_Hy_, —4nGy_,
—4nQy_Ry_y +4mGy_Hy,_, — 4nH, | +4nH,,_,
+ 4mQ12v171 —4nmQy,_, + 2n*m —2n.G,,_,
+2n,Hy 1= 4(n =20y 1)*(m+2Ry_)) — 2(n = 2Qp_1 )y

J, _
=4n"m - 2n,,,

(84)

s$ == 2[m,, +8G2,_ | Ry_, —8Gy_oRy_,
+80y_ 1R}, | —8Gy_Ry_, +8Ry_3 —4nR;, |
+4mG;, | —4mGy_, +4mQy_ Ry, — 4mGy,_ Hy,_,
+4mH,,_, — 4nmRy;_; — 2nm* + 2m,Gy,_,
—2m Hy, 1=4n—20,_)m+2Ry_)* —2m+2Ry,_|)..

(85)

——2 —
=4nm" - 2m,,,

i1 == sy = =30 = 2040 = (0= 204, 0n + 20y, + (n + 2Ry )2 = 20y)
ot (n =20y DM+ 2Ry 1),
== 300 =, M+ T+ T T

(86)
s =6(n = 20,_1)(m + 2Ry )11 = 2041, — (1 = 204y

87
=—6nmn, — . &7

s =6(=n + 20y )(m + 2Ryy_)(m + 2Ryy_ ) + (m + 2Ry ).

=M, —Onmm,.

(88)

Hence, we proved that S(y) = Z(‘”, with the help of Eqgs. (23) and (74).

The modifications of Egs. (19) and (36), turn the lax pair of Egs. (6), (13), (15) and (17)
into additional lax pair of the Egs. (20-23), as shown by propositions (ii) — (v). It follows
that both Lax pair of Egs. (6), (13) and Egs. (20), (21) lead to the same AKNS equation
of Eq. (12), both Lax pairs of Egs. (6), (15) and Egs. (20, 22) lead to the same AKNS Eq.
(14) and both Lax pairs of Egs. (6), (17) and Eqgs. (20), (23), lead to the same AKNS Eq.
(16). The DT of the AKNS Egs. (12), (14) and (36), are the transformation of Eqs. (19) and
(36). a

4 Soliton solutions
In accordance with the proposition (i)—-(v), we will create the fundamental solution of

Eqgs. (6) and (7) (such as Egs. (13), (15) and (17) and the DT of Egs. (19) and (36)
for the (1 + 1)-dimensional AKNS equations of Egs. (12), (14) and (16). Start by
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substituting n = m = 0 into the spectral Eqs. (6) and (7) (such as Egs. (13), (15) and
(17)). Then select one of the two simple solutions,

exp(¢;) < 0
L) = ! s l{’ L) = s
(7)) ( 0 > () exp(~C) (89)
thatis {; = yx — 2yi2y - Syfz + 4yl.3t (1 £ i< 2M).Eq. (31) implies that,
o; = —p;exp(=2{), (1< i< 2M). (90)

Proposition (vi) We may derive a novel solution for the (3+1)-dimensional NEE of Eq. (1)
using DT of Egs. (19) and (36) and constraints of Eq. (18),

AQM—I ARM—]
vIM] = —-1204,_\Ry_; = —122—, 91)
4
where
1 o 1 ory T eyt
1 o, 72 05Ys yé”_l 62}/34_1
Ay = |- o Sk
L oyt Yom—1 Oom—1Vam—1 - Yapoy Cam—17ap-1
L ooy Yom  ComYom - J’éWM_I GzMY%,_l
Now, we discuss following cases for different values for M.
Case (). (M =1)
Suppose that y;, p; (i = 1, 2), solve the algebraic Eq. (30),
Gy = 0172 — ‘7271, 0, = Y1i™" . Ry= 0,05(ry — 71)’ H00171 - ‘7272. ©2)
03 — 0 03 — 0 0y — 04 03 — 04
A one-soliton solution of Eq. (1) is derived by inserting Eq. (92) into Eq. (91),
o 12p,p3(r1 = 1)°
v[1] = 3n[1]m[1] = =12Q,R, = , 93
O™ Ty exp(8)) — p exp(—6)F ©3)
thatis 0, = {; — &,.
Case (ii). (M =2)
Suppose that y;, p; (i =1, 2, 3, 4), solve the algebraic Eq. (30),
A A
Q, R,
= —, R = —,
Q=7 Ri=7 94)

where
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Loy o Lo n —VE Lo —01}’2 0171
A = Loy 7, 031y A = 1oy r _V% _ 1oy =037, 021, _

Loy ysoiis” "9 7 |loyy —r5|” TR |l o3 —o3r5 oa1;

Loy vy 0474 1o, v —J/f 1 o4 —0'4)/3 64V

A two-soliton solution of Eq. (1) is derived by using Eq. (91),

AQIARI
v2] = -12Q\R, = —12 2 95)

1

Case (iii). (M = 3)
Suppose thaty,, p; (i =1, 2, 3, 4, 5, 6), solve the algebraic Eq. (30),

A
O,=—, Ry=—, (96)

where

Loy o 7’; GlJ’i Loy o Vﬁ _Yz
L oy v, 001s }’% 627;2 L oy v, 001> Y% —}’%
A = Loy 73 o313 732 ‘73732 . Ay, = 1 o573 0373 732 _7% )
Loy v4 0474 }’% 64}% 2 Loy v4 0474 Y% —}’%
1 o5 75 0575 Y5 OsY5 1 o5 75 0575 75 _753
1 06 76 0476 762 66762 1 066 ¥6 0676 762 —s
01 71 01" _0'17§ ‘717§
03 V2 0212 _‘727/% 027%
A = 03 V3 0373 —03Y; O3Y3
R

3 2| -
2 Oy Y4 044 —04Y, 04,

05 V5 Os5Ys —O0sY. 05752
06 V6 O6¥6 —O6Yg O6V¢

— ek

A three-soliton solution of Eq. (1) is derived by using Eq. (91),

49,4k,
v[3] = -120,R, = —12 2 97)

2

and a four-soliton solution of Eq. (1) is derived by using Eq. (91), when substitute M = 4
,we get
2
A 0, AR2
2
45

v[4] = —240,R, = —24

(98)

4.1 Resonant solution
In order to solve the spectrum Egs. (6) and (7) (such as Eqgs. (13), (15) and (17)), we first

start with the simple solutions v(x,y,?,z) = v (a non-zero constant), u(x,y,t,z) = 0, then
select one of the two simple solutions.
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_ cosh Wiy) = sinh
er) = “sinh @, — = cosh§; )° () = % cosh; — " sinh g, )° ©9)
thatis 6, = y;x — Zyl.zy + 4yl.3t - Sy;‘z (1 < i £ 2M).From Eq. (31), we derive

rltanhb v o <o
n(l —p;tanh@, n’ == ' (100)

o; =

We can provide a resonant solution of Eq. (1), when Egs. (99) is used in place of Eq. (90).
A resonant solutions of Eq. (1) is

ntanh6,—p,) 1][Vz(lanh 0,-p;) YZ]
_ 5 = 1-p, tanh 6, 1—p, tanh 0,
VSl = 12(71 72) 7,(tanh 6,—p,) 7,(tanh 0, —p,) ' (101)
—7n- -7l

1-p, tanh 6, 1—p, tanh 0,

4.2 Complex solitons

The complex solution for the Eq. (1) will be created using Eq. (91). We will cover the excep-
tional dynamic to keep problems simple of Eq. (95). Suppose we setn = m = 0,

n=A+ia, r,=p tia, r3=p+ia, y,=p +ia, (102)

now, from spectral Egs. (6) and (7), are

_{ &:1(r) exp(f_)(cos(¢_) + isin({_))
) ‘( (1) > < exp(—0_)(cos(¢_) — isin(¢_) ) (103)
&1(r) \ _ [ exp(8,)(cos({,) — isin(L,))
o) = <¢2(y2)> = <exp< 9+>(cos(c+>+zsm<¢+))> (104)
_{ &1(r3) \ _ [ exp(8_)(cos(E_) —isin({_))
o) ‘< ) > B (exp( 6_)(cos(¢_) +isin(C. >)> (105)
_{ &1(ra) exp(8,(cos(§,) + isin({,))
(rs) ‘< $r(1r2) ) < exp(—8, (cos(Z,) — isin(Z..) > (106)
where
0_ = pix—2(8; — a})y — 8(B} — 61} + o)z — 4BBa; — )1,
0, = —px +2(8; + a)y + 8( B} — 687ar — az +4pBa; — )1,
C_=a (x— 4P + 32, (a7 + D)z + 2367 — a})t),
C, = ay(x — 4P + 328, (a7 + Dz + 2367 — ad)t),
and f,; and @, are constants, from Eq. (31)
o, =exp(—20_)[cos 2a,(¢_) — isin2a,({)], (107)
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o, =exp(—20,)[cos 2a,(, ) + isin2a, (£, )], (108)
o3 =exp(—20_)[cos 2a,({_) + isin2a, (£ )], (109)
o, =exp(—260,)[cos 2a,({,) — isin2a,(L,)]. (110)

Inserting Eq. (102) and Egs. (107-110), to Eq. (95), we get

v[6] = —120,R, = —12[16f,a; exp(w_)(a; cos(2{,) + p, sin(2,))
+ 16p, o, exp(w, )(—a; cos(2_) + B, sin(2L_)1[164,a; exp(£2,)
(o cos(2,) — Py sin(2L,)) — 168, a, exp(£2_)(a, cos({_) + B sin(¢_))]

/16 exp(&)(a;1* cosh(e) — (aF cos(28,) cos(24_) + (287 + a7 sin(2¢,) sin(2C)))],
(111)

and

v[7] = —=120,R| = —12[16p,a; exp(w_)(a; cos(2{,) + f; sin(2{,))
+ 16f,a; exp(w, )(—a; cos(2{_) + B, sin(2L_))1[16,a; exp(£2,)
(a; cos(2¢,) — Py sin(2L,)) — 16, a; exp(£2_)(a; cos({_) + p; sin(£_))]

/\/[6 exp(€)(a,; ]2 cosh(e) — (af cos(2¢,) cos(2L_) + (27 + a sin(2¢,) sin(2¢))))],
(112)

where

w_ = 8p,(4a” — pHt +28(87 — Tp2a? + B)z + 8(B; — a)y — 28 x,
w, = =8B, (4a; — D)t —28(B; — 767} + B}z = 8(B; — a)y + 2B, x,
Q_=7,Baj — Bt + 18(8; — 9p7a; + f)z + 2(f; — o))y — 4B, x,
Q, = —1p,(3a} — i — 18(8] — 967} + B)z — 2(B; — a})y + 4P, x,
E=T(P —a))y+23(B5 — TP + a)z, € =5px+ 158(B — 2a))t.

5 Results and discussion

This section thoroughly contrasts the evaluated results with the previously computed out-
comes to demonstrate the uniqueness of the present investigation. It can be illustrated
that (Adeyemo and Khalique 2022) calculated a relatively small number of solutions by
employing Lei symmetry analysis. However, by utilizing the Darboux transformation, we
have acquired a large number of solutions in this article. We obtain the multi-soliton, reso-
nant and complex soliton solution to the YTSF Eq. (5) in the preceding sections using
the DT. The AKNS hierarchy simplifies all solutions for solving a linear algebraic system,
which is appropriate for generating solutions. Multi-solitons are a type of soliton solution
that can be found in nonlinear wave equations. These solitons are characterized by the pres-
ence of several waves that move at various speeds and engage in nonlinear interactions.
The YTSF equation is one such nonlinear wave equation that accepts multiple solitons. The
DT approach has lately been employed by researchers to look into the dynamics of multi-
solitons. By leveraging existing solutions, the DT method is a mathematical technique
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(a) 3-D when z = 0.1 (b) 3-D when y = 0.2

v[1]

o ) 0 5 10

(c) 3-D when z = 0.4 (d) 2-D

Fig. 1 Physical depiction of Eq. (93) at p; = 1.2, p, = 1.1, y;, =0.22 and y, = 0.13

that enables the construction of new solutions for NLPDEs. This approach has allowed
researchers to examine the behavior of multi-solitons. With the use of DT, we explore
unique multi-soliton, resonant, and complicated solutions in this study. Complex interac-
tions between these solitons can result in phenomena. The analysis of multi-solitons and
the YTSF equation using DT has, all in all, yielded important insights into the dynamics
of nonlinear wave equations. These discoveries are crucial for industries like optics, where
soliton solutions are essential for the movement of light through optical fibers.

The wavelength and frequency of a wave are determined by its period, which is the
duration of time it takes for a cycle to complete, and its soliton solution, which is a wave
with a repeating continuous pattern. Here, we plotted a number of wave profiles that were
taken from the solutions to Eq. (5) and Solutions in the YTSF equation can be repre-
sented graphically in a 3-dimensional plot along with the projection of a contour plot and a
2-dimensional plot. A single, localized wave-like structure is represented by a one-soliton
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(a) 3-D when z = 0.21 (b) 3-D when y = 0.11

v[2]

— x=0.21
e y=0.11

2=0.31

-05

(¢) 3-D when z = 0.31 (d) 2-D

Fig.2 Physical depiction of Eq. (95) at 0, =2.1,0,=2,y, =12, 9, =123, 0;=1- 4,
r3=12and 6,=12, y, =0.6

solution. Two solitons, which are frequently depicted as peaks or waves, are combined to
form a two-soliton solution. Three solitons can travel at once in a three-soliton solution.
Through particular restrictions or mechanisms, such as velocity resonance, resonant soliton
solutions are attained. Solitons with additional characteristics, such as fluctuating ampli-
tudes or phases, are referred to as complex soliton solutions. The one-soliton solution of
Eq. (93) is depicted in Fig. (1) by applying appropriate parameter values. Equation (95)
two-soliton solution is shown in Fig. (2). The three-soliton solution of Eq. (97) is shown
in Fig. (3). The hyperbolic solutions to Eq. (98) are shown in Fig. (4). The resonances of
Eq. (101) are shown in Fig. (5). The complex soliton solution of Eqs. (111) and (112) are
shown in Figs. (6 and 7).
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(c) 3-D when z = 0.34

0
v[3]
1.0
-5
0.5t
-5
0 5 0.0
¥
(b) 3-D when y =0.14
v[3]
; — x:024
3 — 1014
5 2=0.34
P
A A A
VvV
= 4 2 0 2 P G
(d) 2-D

Fig.3 Physical depiction of Eq. (97) ate, =2, 0, =1, v, =02, y, =023, 65 =14, y3=02, 0, = 1.5,

72 =04, 05=1.6, y5=09and 65 =12, y, =0.6
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(b) 3-D when y = 0.14

v[4]

(c) 3-D when z =0.34 (d) 2-D

Fig.4 Physical depiction of Eq. (99) at o, =22, 0, =2.1, y, =23, v, =223, 03 =24,
y3=225,0,=25,y,=24, 05=126, ys=19and o5 = —0.2, y, = 0.7
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(a) 3-D when z = 1.1 (b) 3-D when y = 1.23

2.0

' V5]

—_— =11
2 —y=123

=21
0 / X

ﬁl /

4 -6 -4 -2 0 2 4 6

(c) 3-D when z = 2.1 (d) 2-D

Fig.5 Physical depiction of Eq. (102) at p; = 1.2, y, =0.21, y;, = 1.2, p, =1.23
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(b) 3-D when y = 2.1

v[6]

ald

(c¢) 3-D when 2 = 3.1 (d) 2-D

Fig.6 Physical depiction of Eq. (111) ata; = 0.42, g, =0.9
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(b) 3-D when y = 2.9

v[7]

— =19
— =29

7 I
A

% 4 ¥ E
(c) 3-D when z = 3.9 (d) 2-D

Fig.7 Physical depiction of Eq. (112) ata; = 1.42, , =2.4

These graphical interpretations can be used to examine the propagation and interaction
of solitons in a variety of physical systems and are crucial for comprehending the dynamics
and behavior of the YTSF equation and its solutions.

6 Conclusions

The YTSF equation has multi-soliton, resonant, and complex soliton solutions, which we
obtain in this work. The DT technique, which is based on the Lax pair, can be used to
find these solutions. The study of nonlinear wave dynamics in a variety of physical sys-
tems, such as fluid mechanics, plasma physics and nonlinear optics, will be significantly
impacted by these results. With a few graphical illustrations, the characteristics of the
derived solutions were explored. Through carefully choosing the parameter values, the dif-
ferent dynamical behaviors of derived solutions were explored in order to comprehend the
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physical difficulties. Several soliton features have been thoroughly described by modifying
arbitrary functions. Overall, the paper contributes to ongoing research efforts to understand
the behavior of nonlinear wave phenomena in various physical systems.
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