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Abstract

Higher order squeezing has been investigated in interaction of a multimode strong radia-
tion field with an assembly of two 2-level atoms in various atomic states such as ground,
super radiant and excited states. The variations of squeezing parameter for different atomic
states closer to minima with coupling time for different photon numbers have also been dis-
cussed and shown graphically. Using Mandel’s Q parameter, it has been found that all the
atomic states show sub-Poissonian behavior.

Keywords Minimum noise - Poissonian statistics - Multimode radiation field - Two level
atoms

1 Introduction

There are number of issues in quantum optics that are observed in the Jaynes Cummings
(JC) model in interaction of a single mode and multimode radiation field with two or
more-level atoms (Li et al. 1989; Xiao-shen and Nian-yu 1984; Abdel-Aty et al. 2013;
Abo-Kahla et al. 2018; Abo-Kahla 2016a, 2020a; Enaki and Rosca 2012). This investiga-
tion is connected with multi-level system as g-bits in quantum computing and quantum
processing information (Enaki and Eremeev 2005; Huang 2018; Abo-Kahla et al. 2021;
Abo-Kahla and Farouk 2019; Abo-Kahla 2021, 2020b, 2016b; Abo-Kahla and Abdel-
Aty 2015). Observations of revivals and collapses in a one atom maser lead to interest
in researchers to moving from academia to experimental realm (Rempe et al. 1987). This

< Jawahar Lal
laljawahar456 @ gmail.com

Priyanka
chauhan7101 @gmail.com

Savita Gill
savita2015 @kuk.ac.in
Department of Applied Science, University Institute of Engineering and Technology, Kurukshetra

University, Kurukshetra 136119, India
2 Department of Physics, Markanda National College Shahabad Markanda, Shahabad 136135, India

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11082-023-04678-z&domain=pdf

417 Page2of26 Priyanka et al.

allows us to investigate the potential of the model to produce other non-classical effects i.e.
squeezing (Mahran 1992; Fakhri et al. 2021; Zou and Fang 2016), sub-Poissonian statistics
(Zhang and Fan 1992; Failed 2006; Osad’ko 2005), antibunching (Ye et al. 2022; Hen-
nrich et al. 2005; Kimble et al. 1977), revivals and collapse of Rabi oscillations (Alexanian
2022; Ozhigov et al. 2016) etc. theoretically as well as experimentally. Due to less quantum
noise and large value of signal to noise ratio in one quadrature components (Failed 2022;
Rani et al. 2007; Priyanka and S. 2021), such states have potential applications in gravi-
tational wave detection (Chua et al. 2014; Caves 1981), optical communication systems
(Yamamoto and Haus 1986) and quantum information (Fiurasek 2022). The concept of
squeezed states has been extended to atoms (Wodkiewicz 1985) which was earlier investi-
gated in radiation fields in nonlinear interaction processes. The atomic squeezing shown a
great interest to generate squeezed states experimentally owing to their potential applica-
tions in high-resolution spectroscopy (Agarwal and Puri 1990; Kitagawa and Ueda 1993),
high-precision atomic fountain clock (Sgrensen and Mglmer 1999), high-precision spin
polarization measurements (Sgrensen et al. 1998), etc. Furthermore, squeezing has been
experimentally realized for an interaction of field with atoms (Kuzmich et al. 1997; Takano
et al. 2009; Muessel et al. 2014). Several authors have already investigated the squeezing
in the Dicke model (Li et al. 1990; Seke 1995; Ramon et al. 1998; Saito and Ueda 1999).
Li et al. (1990) studied normal and higher order squeezing in interaction of initial coher-
ent light with multiple excited atoms in an optical cavity and found no analytic expression
for quadrature variance and did not give the actual values of minimum value of squeezing
parameter. Seke (1995) looked on same problem without using rotating wave approxima-
tion and found that there was no discernible change in non classical effect owing to rotating
wave approximation. Ramon et al. (1998) studied the interaction of a single mode radiation
field with two 2-level atoms in the ground, super radiant and excited states and conclude
that the atoms in super radiant state experience the maximum squeezing. Further they used
the factorization approaches valid for a strong field without any analytic expressions for
excited and ground states. The squeezed atomic state was examined by Saito and Ueda
(1999), who came to the conclusion that the non-classical effect might be exploited as a
controllable source of squeezed radiation.

Sub-Poissonian photon statistics is an another nonclassical phenomenon (Zhang and Fan
1992; Ueda et al. 1996; Short and Mandel 1983) in which the variance of photons num-
ber is less than the average of photon number. Prakash and Chandra (1970) investigated
that a nonlinear interaction with realistic light input can provide antibunching in the output
light. They observed the two-photon attenuation of a laser beam with a noise component
and found that antibunching can occur under specific situations. Theoretical predictions of
photon antibunching in the resonance fluorescence have also been made (Carmichael and
Walls 1976; Kimble and Mandel 1976). Joshi et al. (1990) and Agarwal et al. (1977) also
showed the cooperative behavior of a two-atom system reduces antibunching significantly
when compared to a single-atom example.

Hari Prakash et al. (2007) and some other authors (Kumar and Prakash 2010; Joshi and
Puri 1989; Ficek et al. 1984; Eiselt and Risken 1991) investigated the squeezing of initially
single mode radiation field caused by interactions with two identical 2-level atoms in dif-
ferent atomic states and reporting results for random coupling time. They have concluded
that sub-Poissonian photon statistics had not been detected for the super radiant state. In
the present work, we extended the results of authors (Prakash and Kumar 2007) to higher
order squeezing for multi-mode radiation field with interaction of two 2-level atoms in dif-
ferent atomic states. It has been found that the squeezed light also show sub-Poissonian
photon statistics in all the atomic states.
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The present work is divided into the following sections. In Sect. 2, we obtain the unitary
operator for the interaction of two 2-level atoms with multimode radiation field. Section 3
gives condition of higher order squeezing and in Sect. 4 we discuss the quantum noise with
numerical value of squeezed parameter, when both the atoms in different atomic states.
Sub-Poissonian photon statistics in all the atomic states has been discussed in Sect. 5. All
the results are shown graphically.

2 The unitary operator for two 2-level atoms

Consider a system of two 2-level atoms interacting with a multimode tuned resonant mode
of radiation field which can be described by a parametric down conversion model.

Then, the Hamiltonian of the system for the proposed model is given as (Dicke 1954;
Tavis and Cummings 1968).

H=Hp+H, +H,where H; = w,a'a + 0,b"b + wyc’c, Hy = »,S, and

H, = g(ab’c'S, +a'bcS_) (1)

where H,, Hp and H, are the atom, field and interaction Hamiltonian respectively, g is
coupling constant and S, are the Dicke’s atomic operators (Dicke 1954). a(a'), b(b"),
c(c*) are the annihilation (creation) operators at frequency w,, @, and w;, respectively.
If |I), and |u), are the interacting lower and upper energy states of k" (k = 1,2) two level
atoms, then

Sy = Z Sips Sz= Z Sz S =Wyl S = D) (ul and
k=12 k=12 )

Sk =1/2[|u>kk<”| - |l>kk<l|]
These operators satisfy the uncertainty relation

[SZ’SJ_r] = £S5, (3)

1
Szlom) =1GFm)(GFm+ DIE,mF1) 4)
where |j, m) are the atomic states.
By solving Eq. (1) with [H,, H,| = 0, then the unitary operator is given as
U = U,yU,; where U,, = exp(—iHt) and U; = exp(—iH,t) (5)

here U, and U, are the unitary operators in interaction picture. Representing matrices in the
basis states |1, 1),|1,0) and |1, —1), the interaction Hamiltonian is obtained as

0 abict 0
H, = \/EgY , Y=|datbe 0 abfct (6)
0 abc 0

whereas the exact expression for the unitary operator for the interacting system is given as
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ap dpp a3
U=\ ay ay ay @)
a3y dzp ds3

with

{cos(gt\/2(PM +2)(P,, — DP,. — D) +2(P,,+ 1DP,P,)—1}

=1+, + 1P, P,
“u Pra + DP P P, +2)P,, — DP,.— 1)+ (P, + 1)P,P,

Asin(gt\/2(P,,, +2)(P,, — D(P,. — 1) + 2(P,, + DP,,P,)} bt ct
a
VP + 2P, — D(P,. — D+ (P, + DP,,P,.

ap =

{cos(gt\/Z(Pml +2)(P,, — D(P,. — 1) +2(P,, + P, P,.)—1

}azbwcﬁ2
P +2)P,, - DP,.— D)+ (P, + DP,P,

a3 =

Ib {sin(gt\/Z(Pna + 2)(Pnh - 1)(Pnc -D+ 2(Pna + I)Panm‘)}
C

a, = —ia
VP +2)(P,, — VP, — D+ (P, + DP,, P,

ayy = cos(gt\/2(P,, + DP,, P, + 2P,,(P,, + D(P,, + 1))

i{sin(gt\/Z(Pna + D(P,,)(P,.) + 2P, )P, + D(P,. + 1))} et
\/(Pna + 1)(Pnb)(Pnc) + (Pna)(Pnb + 1)(Pnc + 1)

dyz = —

22 {cos(gt\/Z(Pna +2)(P,, — D(P,. — D +2(P,,+ DP,P,)—1}

a1 P,, +2)P,, — )P, — )+ (P, + PP,

na

b {sin(gt\/Z(P,w + D(P,,)(P,) + 2P, )P, + D(P,. + 1))}
\/(Pna + 1)(Pnb)(an) + (Pna)(Pnb + 1)(Pnc + 1)

dzp =

e ~ D(Prp

(P,

{cos(gt1/2(P, )P, + D(P,. + 1) +2(P +2)(P,. +2) - 1}
wp + Dy + 1)
PPy + Dy + D+ (P = DPyy + (P, +2)

ne

a3 =1+P,

na

where P,, = a'a, P,, = b'h and P, = ¢'c are the number of photons associated with fre-
quencies w;, @, and w; respectively.
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3 Condition of quantum noise squeezing during interaction
of multi-mode radiation with two 2-level atoms

3.1 Condition for normal squeezing

For normal squeezing, we define the quadrature components in general only in the
direction of # and 6 + g as (Prakash and Kumar 2007)

X, =(1/v/2)(aexp(=i6) + a’ exp(i6)) and
Xpoz =<1/\/5)(aexp<—i<0 + %)) +a" exp(i(6 + %)))

2

®)
Commutation relation of X, and X, = is given as [Xg,Xngg] =i and the uncertainty
2 2

() ) (a%,:) ) > 4 ©)

A state is squeezed in X, variable if

<(AX9)2> <

relation is given as

(10)

N —

Equation (8) leads to

((8%,)") =172[((a) = (a")" ) expC2i0) + ((a*) = @)?) exp(=2i0)]| + (a'a) = (a'Ma) +1/2 (11)

3.2 Higher order squeezing

The operators Y, and Yy, = are used to define amplitude squared squeezing as (Prakash
2
and Kumar 2007)

Y, = 1/2(a" exp(i0) + a* exp(—if)) and

Y, = 1/2<a+2 exp(i(8 + %)) +a* exp(—i(0 + %))) (12

The commutation relation is given as [Yg, Y0+g] =(2P,, + 1) where P,, = a'a.
2

Therefore, uncertainty relation leads to

((AY9)2)<(AY9+;)2> > (P +1/2)° (13)
A state is squeezed in Y, variable if
((a,)") < (Pu+1/2) (14)
Equation (12) leads to

((87)7) = 174]((@*) = (@) ) expC2io) + ((a*) = () ) exp(=2i0) — 2(a™>) (@) + 2(aa?)| + (a'a) +(11 /52)
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4 Discussion of squeezing in different atomic states

Here, we shall discuss the interaction of multimode radiation field with two 2-level
atoms in three atomic states i.e. excited, ground and super radiant state.

4.1 Initially when both the atoms in excited state

At t =0, we assume that the two atoms and multimode field are in non interacting mode
and the atoms are in excited state. After quantum interaction, the quantum state |y) using
Eq. (7) is represented as

{cos(gt/2(P, + 2Py, — D(P,c — 1) +2(P,,, + DP,,P,.) — 1}
(P +2)(Byp = DPye = 1) + Py + DPy Py

na

lw) = [1 + Py + DP Py, ]Ilsl)la)

e [ {sin(gry/2(P,, + 2)(P,, — D(P,. — D)+ 2(P,, + DP,,P, )}
VP + 2Py = DPy = D)+ (P + DP, P,
{cos(gty/2(P,, + D(P,, — D(P,. = D +2(P,, + DP,P,.)— 1}
Pra +2)(Pyp = D)(Pye = ) + (P + DP Py,

]|1.o>|a> (16)

+a$2b2c2|: ] |11, -1)|a)

ne na

We define the expectation values of annihilation and creation operators i.e. {a) and <aT>
using Eq. (16) as

(a) = y*ay and <af> =yra'y 17)
Therefore, we obtain

(a) =B, exp(if,), (a*) = B, exp(2if,), (a") = Byexp(—if,), (a'?) = B, exp(=2i6,),
(a'a) =B, (aa*) = By, (a*) = B, exp(4if,), (a™) = By exp(—4i,)
(18)
The coefficients B, B,, ......... Bq are defined in Appendix from Eqs. (41-47)

After substituting the average values of (a) and (a’f) from Eq. (18) in Eq. (11) for nor-
mal squeezing, we get

(AX,)” = 1/2[(B, - B)e @0 4 (B, — B0 — BB, +Bs+1/2  (19)

. 2, . .
Minima of (AXH) i.e. maximum squeezing occur at 6 = 6,.
Therefore, we get

2
(AXy)" = 1/2=1/2[(B, — B}) + (B, — B})| — B3B, + B; (20)
Similarly, after substituting Eq. (18) in Eq. (15) of amplitude squared squeezing, we get

(AY,)” = 1/4[(By — B)e 200 4 (B, — B2)e*%~) _2B,B, + 2B(| + Bs +1/2

2D
Minima of(AYg)2 i.e. maximum squeezing occurs at § = 26,
Therefore, we get
(AY,,)Z — (Bs+1/2) = 1/4((Bs — B}) + (B; — B}) — 2B,B, + 2By (22)
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Fig.1 Variation of normal squeezing (Sg,) with coupling time (gt) fora P,, =10, P, =4,P,. =4b
pP,=10,P,=6,P, =6
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Fig.2 Variation of amplitude squared squeezing i.e. (Sgy) with coupling time (gr) with a
p,=10,pP, =4, P, =4,bP,=10,P, =6,P,. =6

Figures 1 and 2 show the short time behavior of normal squeezing
LeSgx) = (AX9)2 —1/2 as given in Eq. (20) and amplitude squared squeezing parameter
ie. Spy = (AYQ)2 — (Bs + 1/2) as given in Eq. (22) for different values of number of pho-
tons, respectively. It is clear from Figs. 1 and 2 that Sp, x, and Sg(y, exhibit rapid and continu-
ous oscillations whose amplitude increases and showing less noise with number of photons.
For a large number of photons, the phenomenon of revivals and collapses is quite predictable.
We have found that the minimum value of Sg x, (i.e. maximum normal squeezing) in Fig. la
and b are —1.1 X 108 and —6.19 x 10%° at gt = 0.92 and gt = 1.26, respectively. Similarly
the minimum value of S y,( i.e. maximum amplitude squared squeezing) in Fig. 2a and b are
—3.45x 10" and —1.90 x 10*' at gt = 1.18 and gt = 0.76, respectively.
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4.2 When assembly of atoms in super radiant state

Now, we consider the case when both the atoms are in super radiant state. Then one can find
the quantum state |y ) at r > 0 using Eq. (7) as

) {sin(gt\/2(P,,a +2)(P,, — D(P,. — 1) +2(P,, + DP,P,)} .
lw) = |—i ab’c" | [1,1)]a)
VP + 2Py, = D(P,. = 1)+ (P, + DP,, P,

na n

+(cos(gt\/2(PM +DP,P, +2P, (P, + (P, + 1))) I1,0)]a)

_ia-‘-bc [ {Sin(gt\/Z(Pna + 1)(Pnb)(Pnc) + Z(Pna)(Pnb + 1)(Pm + 1))}
\/(Pna + 1)(Pnb)(Pnc) + (Pna)(Pnb + 1)(Pnc + 1)

] 1, =1)|a)
(23)
Using Eq. (23), we get average value of creation and annihilation operator as
(ay =C, exp(ib,), {a*) = C,exp(2ib,), {(a') = Csexp(=if,), (a™*) = C, exp(=2i6,),
(a'a) =Cs, (aa®) = Cq, (a*) = C; exp(4ib,), (a™) = Cy exp(—4ib,)
(24)

The coefficients C|, C,, ......... C; are given in Appendix from Egs. (48-55).
Now, using Eq. (24) in Eq. (11) for normal squeezing, we get

(AX9)2 =1/2[(C, = Ce 20D 4 (C, = CH? D] — 3¢, + C5+1/2 (25)

- 2. . .
Minima of (AXQ) 1.e. maximum squeezing occurs at 6 = 6,,.
Therefore, we get

2
(8X,)" = 1/2=1/2[(C, = C) +(C, — C3)] = C5C, + Cs 26)
Now, using Eq. (23) in Eq. (15) of amplitude squared squeezing, we get

(AY,) = 1/4 [(Cs — Ce 22070 4 (C; = C)e¥ ™ —2C,C, +2C¢| + C5 + 1/2
@7

Minima of (AY9)2 i.e. maximum squeezing occurs at 6 = 26,.

Therefore, we get

5.0x10""

00 (a) 004 ®
-5.0x10"7 4
-2.0x10%° 4
-1.0x10" 4
£ 15x10% . -4.0x10%
x =
& &
D 2.0x10" 4 3
-6.0x10%° 4
-2.5x10"% 4
-3.0%10"€ 4 Nommal squeszing e -8.0x10% —— Normal squeezing curve
3.5%10'8 4 = Value of maximum squeezing = Value of maximum squeezing
’ - - -Linear fiting curve Linear fiiing curve
4.0x10® R?=0.9825 -1.0x10%" 4 R =0.9673
T T T T T T T T T T T T T T
00 02 04 06 08 10 12 14 16 00 02 04 06 08 10 12 14 16
gt gt

Fig.3 Variation of normal squeezing i.e.Sgg x, With coupling time (gf) with a P,, = 10, P,
bpP,=10,P,=6,P, =6
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2.0x10'
00 @ e 0
-2.0x10™ 4
4.0x10% 4 -1%10%
-6.0x10" 4 _
= Z 21
< 8.ox10% o "2x10
9 73
D 4 0x10' 4
21 |
-1.2x10"% 4 310
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gt gt

Fig.4 Variation of amplitude squared squeezing i.e. Sg(y) With coupling time (gf) with a
P,=10,P,=4 P, =4bP, =10,P,=6,P, =6

na

(AYH)Z —(C5+1/2) = 1/4[(Cy = C3) + (C; — C3) = 2C,C, + 2C¢] (28)

Here, we discuss the case when both the atoms in super radiant state, Figs. 3 and 4 show
the short time behavior of normal squeezing i.e. Sgpy) = (AXQ) —1/2 as given in
Eq. (26) and amplitude squared squeezing parameter i.e. Sgg(y) = (AY9)2 - (C5+1/2)
as given in Eq. (28), respectively. In Figs. 3 and 4, we find that after a few periods, the
amplitude of oscillations decay and Sgg x) and Sgg vy become nearly constant. When neigh-
boring revivals overlap, this decay is linked to a loss of regularity in the behavior of the
atomic inversion. For all values of number of photons which we have taken into consid-
eration, the minimum value of Sgg x) (i.. maximum normal squeezing) in Fig. 3a and b
are —3.87 x 10'® and —9.58 x 102 at g = 0.06 and 0.04, respectively and similarly mini-
mum value of Sgg y( i.e. maximum amplitude squared squeezing) in Fig. 4a and b are
—1.72x 10" and —4.31 x 10! at gt = 0.06 and 0.04, respectively. We also found addi-
tional minima of Sgg x) and Sgg vy parameters, but they are not so deep. It can also be seen
from Figs. 3 and 4 that the decrease of minimum values of Sgg (x, and Sgg vy is linear fit and
can be very much approximated by the empirical formula Sg, = f(n,, n;,, n.)(gt) + ¢ where
¢ is intercept on y axis when extrapolated.

4.3 Initially when both the atoms in ground state

At t =0, we assume that the two atoms are in ground state and multimode fields are in
non interacting mode. After quantum interaction, the quantum state |y ) using Eq. (7) is
represented as

Prq + 2Py = D(Pye = 1)+ (Pyg + Dy Py

)= K {c05(811/2(P,,, + D(P,, = NP, — ) +2(P,, + DP,,P,) — 1) >az bncﬂ] 1L Dl

$in(gty/2(P,, + DBy Pre) + 2B, )Py, + Dy + 1 ,
_i<{s1n(gt\/ Poo + DP)Po0) + 2P, )Py + NPy + >>}>aw“’0>|a> (29)
Voo + DP)Po) + (Puo) (P + DPyc + 1)
{cos(g1y/2P, )Py, + D(P,. + 1) + 2(P,, = D(P,, + (P, +2) — 1}
* [1 * PoaPp + DB + D (Po) Py + Do + 1) + (P = (P, + 2)(Py +2) ] 11, Dle)

Then straightforward calculations yields to
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(ay =D, exp(ib,), (a*) = D, exp(2if,), (a") = Dyexp(-if,), (a™*) = D, exp(-2if,).
(a'a) =Ds, (aa*) = Dg, (a*) = D; exp(4ib,), (a™) = Dy exp(~4i6,)
(30)
The coefficients D, D,, ......... Dy are defined in Appendix from Eq. (56-63).
After substituting Eq. (30) in Eq. (11), we get

(AX9)2 =1/2[(Dy = DY)e ?%? + (D, — D})e*®~?| —D;D, + D5 +1/2  (31)

. 2, . .
Minima of (AXH) i.e. maximum squeezing occurs at 0 = 0,,.
Therefore, we get

2
(AX,))" = 1/2=1/2|(Dy - D}) + (D, — D})| = D3D; + Ds (32)
Similarly, after substituting Eq. (30) in Eq. (15), we get

(AY,)” = 1/4[(Dg — D2)e 2@ 4 (D, — D2~ _2D,D, + 2Dg] + Dy + 1/2

(33)
Minima of (AY9)2 i.e. maximum squeezing occur at 6 = 26,.
Therefore, we get
(Aya)2 — (D5 +1/2) = 1/4|(Dg — D}) + (D; — D}) — 2D, D, + 2D;] (34)

In this case, the short time behavior of normal squeezing parameter
LeSgu = (AXg) —1/2 as shown in Eq. (32) and amplitude squared squeezing param-
eter i.e. Sgy, = (AYy)" = (Ds+1/2) as shown in Eq. (34) are representing in Figs. 5
and 6.We found that the minimum value of squeezing parameter enhanced with increase
in the coupling time. An interesting feature for this atomic state is that the minimum
value of Sgxy and Sgy, is achieved after a relatively large number of oscillations. We
observed that the minimum value of Sgy, (maximum normal squeezing) in Fig. 5a and
b are —5.09 x 10'% and —3.16 x 10'! at gt = 1.46 and 1.6, respectively and minimum value
of S¢(yy (maximum amplitude squared squeezing) in Fig. 6a and b are —1.76 X 10" and
—1.07 x 10" at gt = 1.46 and 1.42, respectively. It has also been observed from Figs. 5 and
6 that the increase in the minimum values of Sg ) and Sgy, is also linear fit with slope

5.0x10"°
04
0.0 4
1x10'0 4 -5.0%10" 4
-1.0x10" 4
-2x10"°
< £ 1.5%10" 4
® e i
9 310" 2.0x10"" 4
-4x10"° 4 -2.5%10" 4
Normal squeezing curve 3.0x10" 4 Normal squeezing curve
0 = Value of maximum squeezing e = Value of maximum squeezing
-5x10" 4| — _ - linear fiiting curve 1+ ]| - - -Linear fiiting curve
R?=0.9024 -3.5%10" 71 g2 =0 7669
-6x10" T T T T T T T -4.0x10" T T T T T T T T
00 02 04 06 08 10 12 14 16 00 02 04 06 08 10 12 14 16
gt gt

Fig.5 Variation of normal squeezing i.e. Sy, with coupling time (g7) with a P,, =10, P, =4, P,, = 4;
bpP,=10,P,=6,P, =6
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Fig.6 Variation of higher order squeezing ie.Sgy, Wwith coupling time (gr) with a
pP,=10,P,=4,P, . =4bP, =10,P, =6,P, =6

negative (reverse to case II) and can be very much approximated by the empirical formula
Sq =—f(n,,ny,,n.) gt +c.

5 The Mandel’s Q parameter for both the atoms in different atomic
states

The Q parameter is given as (Mandel 1979)

o ((aP.)) = (P.0) .

(Pllll>
where <(APM)2> = <Pﬁa> — () <Piu> = <a+a> + <a+2a2> and P,, = a'a. After

substituting all these values in above Eq. (35), we get

2
- M (36)
(a*a)

When Q < 0, the photon statistics is called sub-Poissonian photon statistics.

5.1 When both the atoms are in excited state
Using Eq. (18) in Eq. (36), we get

0~ [{(BG—(BS)Z)}}

B (37

5.2 Initially when both the atoms are in super-radiant state

Using Eq. (24) in Eq. (36), we get
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_ [ = (€)™}
0= [T (38)
5.3 When both the atoms are in ground state
After substituting Eq. (30) in Eq. (36), we get Q parameter as
{(Dg — (D5))}
0= [6D—5] (39)
5

Above Egs. (37-39) show that the photon statistics for different atomic state.

Figure 7 shows the photon statistics using Mandel’s Q parameter from Eqs. (37-39) in
all the atomic states. We found that as we increase the number of photons, Q parameter
becomes more negative and we get more sub-Poissonian photon statistics behavior. It is
evident from Fig. 7 that the curve is polynomial fit in all the atomic states.

6 Conclusion
We have investigated that the two 2-level atoms interacting with multimode strong radia-

tion field produce normal squeezing and amplitude squared squeezing. We found that nor-
mal and higher order quantum squeezing increase with increase of number of photons and

-8.0x10° 0.0
oxigod (@) 1.®
X -2.0x10°
-1.2x10"
. s
1.4x10" 4010
6.0x108 -NQ
-1.6x10" o —— Sub-poissonian curve (n,=10,n,=4 and n,=4)
w 10 % —— Sub-poissonian curve (n,=10,0,=5 and n,=5)
Qo -1.8x10" QO -8.0x10% 4 ~ Polynomial Fit (R?=0.9934)
= Sub-poissonian curve (n,=8,n,=4 and n.=4) - Polynomial Fit (R?=0.9919)
-2.0x10"° - —— Sub-poissonian curve (n,=10,n,=4 and n=4) o
o e -1.0%10° -
iynomial Fit (R2=0.99671)
2.2x10"° ~ ~ Polynomial it (R=0.99694)
B o |
2t ] 1.2x10f
2.6x100 -1.4x10° -
-2.8x10"° T T T T T T T -1.6x10° T T T T T T T
00 02 04 06 08 10 12 14 16 00 02 04 06 08 10 12 14 16
gt
gt
(c)
0.0-=
-2.0x10° o
s
© -4.0x10
g
-6.0x10° -
o —— Sub-poissonian curve (n,=10,n,=4 and n,=4)
-8.0x10° Sub-poissonian curve (n,=10,n,=5 and n,=5)
- Polynomial Fit (R?=0.9983)
- Polynomial Fit (R*=0.9987)
-1.0x10* T T T T T T T
00 02 04 06 08 10 12 14 18
gt

Fig.7 Variation of Mandel’s Q parameter versus g¢ with different number of photons when both the atoms
in different atomic states
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coupling time. The results show the lowest limit to quantum noise for super radiant state
among the other atomic states. Further, it is also found that resonant oscillations increase
per period with coupling time and increase in sub-Poissonian photons statistics with
increase of number of photons in all the atomic states. It is also found that the squeez-
ing give more noise reduction than the models proposed in literature for the interaction of
radiation field with atoms (Prakash and Kumar 2007; Kumar and Prakash 2010; Joshi and
Puri 1989; Ficek et al. 1984; Eiselt and Risken 1991). This will help to improve the outputs
of quantum information channels.

Appendix

In the Appendix, all possible measurements of the coefficients in the expectation value of
creation and annihilation operators in all the atomic states are cited in order to preserve the
paper structure.

2 W o
By = lafexp(=lal®) Y, ——
Pp=0 na:

{cos(gt\/Z(Pna +2)P,, — DWP,. — 1 +2P,, +1DP,P,)—1}
P +2)Py—DP,. — D)+ (P, + DP,,P,.

nce

(1 + (P, +DP,P,.

{cos(gt\/Z(Pna +3)P,, - DWP,. — 1D +2(P,, +2)P,P,)—1}
P +3)P,y — D(P,. — 1)+ (P, +2)P,,P,.

(1 + (P, + 2P, P,

+< {sin(g1/2(P,, + 2)(P,, = D(P,. — 1) +2(P,, + DP,,P,)}
VP + 2Py, = VP, = D+ Py + DP,P,,

{sin(g1/2(P,, +3)(P,, = D(P,. — 1) +2(P,, + 2)P,,P, )}

( VP + 3Py, = DPye = ) + (P + 2Py P,. )

. < {cos(gt\/2(P,, + 2)(P,, — D(P,. — 1) + 2(P,, + DP,,P,.) — 1} )(PM )
P, +2P, — (P, — 1)+ @, +1P,P,.

>(Pml + 2)Panm‘

(P, +3)P1P?

b" nc

{cos(gt\/Z(Pna +3)P,, — (P, — 1) +2(P,, +2)P,,P,.)— 1}
P +3)P,y — D(P,e — D+ (P, +2)P,, P,

(40)
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B, = |af® exp(~|al®) Y,
le=0
[ cos(@\ /2P +DP—DP. D +2® .+ DP.P)—1}]
1+(Pna+1)PnthC{ (g \/ ( na )( nb )( nc ) ( na ) nb m‘) }
P, +2(P, — (P, - D+ (P, +1)P,P,.

2P, + H(P,, — NP, — 1) + 2P,y + 3PP, — 1
(1 +(Pna+3)PnthC {COS(gZ\/ ( na+ )( nb )( nc )+ ( na+3) nb m‘) }>

P +HP, —DHP,. — 1)+ (P, +3)P,,P,.

. < {sin(gty/2(P,, + 2)(P,, — D(P,. — D) + 2(P,, + DP,,P,)}
V@, + 2Py = DP,. = D+ (P, + DP P,
{sin(gz\/Z(P,m +4HP,, - DHP,.— 1D +2(P,, +3)P,,P,.)}
( VP +HPy = D(Pye = 1) + (P + 3PP >

+< {cos(gl\/Z(P,m +2)(P,, — D(P,. — 1) +2(P,, + DP,P,.)—1} )(PM 13
P +2)(Py — D(P,. — D+ (P, + DP,P,,

>(Pna + 3)Pannc

(P, + PP

P +DP,, —DP,. — 1)+ (P, +3P,,P,.

<{Cos(gt\/2(Pna +4)(Pnb - 1)(PnL - 1) + Z(Pna + 3)Pannc) - 1}>

40
S el

By = lalexp(=lal’) Y, ——

Pna=0 na:

(1 P+ 1P P {cos(gt\/Z(PM +2)P,, - P, — 1 +2P,, +1DP,P,)—1} >
P +2P,y, — D(P,. — D)+ (P, + DP,,P

na nc

(Pna + 1)(Pnb - 1)(Pnc -D +PnaP anc

n

cos(gt\/2(P,, + (P, — D(P,.— 1) +2P,,P,,P,)—1
(1+P"“Pnhpnc{ (g\/( na )( nb )( nc ) na” nb nc) })

.\ < {sin(gt\/2(P,, + 2)(P,, — D(P,. — D) + 2(P,, + DP,,P,)}
V@i + 2Py = DP,c = D+ Py + DP P,
{sin(gty/2P,, + D(P,, — D(P,. — D +2P,,P,,P,)}
< V@ + DP,, = DP,e = D + PuPyP,e )
. ( {cos(g11/2(P,, + 2)(P,, — D(P,. — 1) +2(P,, + DP,,P,) — 1} )

>(Pna + I)Pnthc

P+ 1

na

Py +2)P,y, — DP,. — D)+ (P, + 1)P,,P,.

P + PP <{Cos(gt\/2(Pna T D®,, — (P, — D)+ 2P, P, P, — 1}>
na nb” nc

P+ D, —DWP,. — 1)+ P, P,P,

nc
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a| 2P,

P)‘l(l !

[so]
B, = |af® exp(~|al®) Y,
P,,=0

{cos(gt/2(P,, +2)(P,, — D(P,. — D) +2(P,, + DP,,P,.)— 1}

1+ (P, + 1P,,P
( Fra+ DPusPrc Py + 2Py = DP,e = 1) + (P, + DP,, P,

{COS(gt\/Z(Pm)(Pnb -, - H+22P,, - DP,LP,.)— 1}
(Pna)(Pnb - 1)(Pm‘ -D+ (Pna - l)Pannc

(1 + (Pna - 1)Pnthc

+ {sin(gt\/Z(Pm, + 2)(Pnb - 1)(Pm- - 1) + 2(Pna + l)Panm‘)}
VP + 2P, — DP,. — D+ (P, + DP,,P,.
< {sin(g7y/2(P,) (P, — D(Pye — 1) + 2(P,, — DP,,P,.)} )
\/(Pna)(Pnb - 1)(Pnc - 1) + (Pna - ])Pnthc
N < {cos(gt/2(P,q + 2)(P,y, — D, — D)+ 2(P,, + DP,,P,.) — 1} )(PM o

>(Pna + 1)Pannc

P +2)(Py — D(P,. — D+ (P, + DP,P,,

Pr )Py = DPe = 1) + (P = DP P

{cos(gt /2P )Py = NPy — 1) + 2Py — NP P — 1}
P, + 2)PihPic< b b )

|a|2Pna
P,

0
Bs = exp(—lal®) ¥
Prm=0

{cos(gt\/Z(P,m +3)P,y — D(Ppe — D)+ 2Py +2)P,,Ppe) — 1}
(Ppg +3) Py, — D(Ppe — D)+ (P +2)P, P,

|a|2<1 + Py +2)P,y P

p p ((A5GEVEPL DBy = Do = D+ 2P+ DP P}
e VP ¥ DPry — DPre — D) + (Pry + DP,, P,

{sin(gt\/Z(PM +3)(P,y — DPpe — D)+ 2P, + 2P, P00} )2

+3]al*Py, P,
VP + 3P, — D@y — D+ (P + 2P, Py

{sin(gt\/Z(Pna + 4Py, — DPpe — D)+ 2(P,, + 3PP, } )2

+|a|4P »P, <
e VP +DPpy = DPpe = D+ Py + 3PP

{cos(gt/2(P,, + 2)(P,, — D(Ppe — D + 2P, + DP,,P,) — 1} :
Ppa + )Py, — D(Ppe — D)+ (P + DP P,

+4P2, P?

nb" nc

{cos(gt\/Z(Pna +3) Py — D(Ppe — 1) + 2Py + 2P, Ppe) — 1} )2

+14|a| 2P, P?
P (P + 3Py = DPye = 1) + (P + 2P, P,

2
Slal*P2, P {cos(gt\/2(Ppy + D(Pyy — D(Ppe = D)+ 2(Pyy + 3Py Pyc) — 1}
o ne Pra +HDPyp = DPe = D+ (P + 3PPy

+|a| .
nb ne (sz + 5)(Pnb - 1)(Pnc -+ (Pna + 4)Pnthc

op2 p2 ( (coS(81y/2Pry + )Py = D — 1) + 2Py + HP P — 11\

A sp

)

(43)
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|a|21’m

P!

(o]
Bg = exp(=|al®) Y
Ppy=0

{cos(gt\/Z(P,m +4(P,y — D(Ppe — D)+ 2Py +3)P,,Ppe) — 1} >2

4
al*( 14 (P, + 3PP
e < na e Poa + D Py = DPye = D)+ Py + 3PP,

{sin(gt\/Z(Pna +3)(P,y, — D(P,. — D) +2(P,, +2)P,,P,)} )2

+4|a|2Panm<
VP + 3Py, — D(P,e — D+ (P + 2P, Py

{sin(gt\/Z(P,,a + 4P,y — DPpe — D)+ 2P, + 3PP, } )2

+5|a|4Pan,w<
VP + D@, — D@ — D+ (P + 3PPy

{sin(gt\/Z(Pna +5)(P,y, — DPpe — D)+ 2(P,, + 4P, P,)} )2

+|a|®P,,P (
e VP + 3Py = DPye = D)+ Py + DP,y P,

{cos(gt/2(P,, + 2)(P,, — D(P,e — D+ 2(P,q + DP,,P,) — 1} :
Ppa +2)(Ppy, — D(Ppe — D)+ (P + DP P,

+4P2, P2

nb" nc

{cos(gt\/Z(Pna +3) Py — D(Ppe — 1) + 2Py + 2P, Ppe) — 1} :
(Ppa +3) Py, — D(Ppe = D)+ (P + 2P P,

+32|a|2PibPﬁC<

+38]a

2
ap2 p2 {Cos(gt\/Z(Pna +4(P,, — D(P,. — D)+ 2P, + 3P, P,)— 1}
nb ne (Pna + 4)(Pnb - l)(Pm‘ - l) + (Pna + 3)Pannc

+12|a|°P2, P? <

nc

{Cos(gt\/z(Pna + 5)(Pnb - 1)(Pnc -D+ Z(Pna +4)Pannc) -1} ’
Py +5) Py, — D(Ppe — D)+ (P + PP,

+|a|*P2, P’

nb" nc

(coS(81y/2(Prg + 6)(Pry — DPrp — 1) + 2Py + PP — 11\
P+ 6)(P,y, — (P, — D+ (P, +5)Py Py

2Py + 2)(Pry — D(Pre — 1) + 2Py, + NP, Pr) — 1
<1 + (P,m + I)PannC {cos(gt\/ ( na + )( nb )( nc )+ ( na + ) nb nc) }>
Py +2)(Py, — D, — D)+ (P, + DP P,

2 -1 —1D+2 )—1
<1 PP {co8(g1\/2(Ppy + O)(Pryy — D(Ppe — D) + 2(Ppy + 5P,y P,) — 1) )
(Pml + 6)(Pnb - 1)(Pnc -D+ (Pna + S)Panmr

+ {sin(gt\/Z(Pna +2)(P,, — D(P,. — D) +2(P,, + P, P,)}
V@ + 2Py, — D(P,e — D+ (P + DPyPy.
{sin(gt\/Z(P,m +6)(P,, — D(Ppe — 1)+ 2(P,, +5)P,,P,.)}
\/(Pna + 6)(Pnh - 1)(Pnc -D+ (Pnu + S)Pannc
+< {Cos(gt\/Z(Pm +2)(P,, — V(P — D +2(Pp, + DP, P — 1} >(P,,,, )

>(Pna + S)Panm‘

(Pna +2)(Pnb - 1)(Pnc - 1)+(Pna + l)Pannc

{Cos(gt\/Z(P,,a + 6)(Pnb - 1)(Pm7 -D+ Z(Pna + S)Pnthc) -1}
2 p2
Pra + 6P, "C< Pra + 60Pry — D(Pre — 1) + (Pry + 5Py P )

(46)
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|a|2Pna

0
By = |al* exp(—lal) Y ——-

C, = lalexp(=lal®) Y,

<1 + (P, + DPP,.

<1 + Py — 3PP

+< {sin(gt\/Z(Pna + 2)(Pnb - 1)(Pn5 - 1) + 2(Pna + I)Pannc)} >

!
Pp=0 Pna ’

{cos(gl\/Z(Pna +2)P,, — D(P,. — D+ 2Py, + DP,,P,.) — 1} )

Py +2)Py, — Dy — D+ (P, + DPP,.

{Cos(gt\/Z(P,m -2)(Py, — D(Ppe — D)+ 2Py — 3P, Ppe) — 1}
(Pna - 2)(Pnh - 1)(Pnc -D+ (sz - 3)Panm‘

(Pna + I)Pannc
\/(Pna +2)P,, — DPp. — D+ Py, + DP P,

< {sin(g7\/2(P oy — )Py — D(Ppe — 1) + 2(Ppg — 3)PppPrc)} >

\/(Pna - 2)(Pnh - 1)(Pm‘ - 1) + (Pna - 3)Panm‘

P +2)Py, — D(Ppe = D)+ (P + DPP,.

+( {cos(gt\/2(Ppg + 2)(Pyy — D(Ppe — D) + 2(Pyq + DPPp) — 1) )(PM o

2 p2
P, + 2)PannC<

{Cos(gt\/Z(P,m -2)(Py, — D(Ppe — D +2(Ppy — 3P, Ppe) — 1}
(Pna - 2)(Pnb - 1)(Pm‘ -D+ (Pna - 3)Panm

| *Pna
P!

P,,=0

na

si 2P, +2)P, - D@, . -D+2@,,+DP,P. )} \]
|a|2(p,,,,+1)<pm+1)<{““(g’\/( va + Dy = Dy =D+ 2Py + DPy m>}>

\/(Pna + 2)(Pnb - 1)(Pn(‘ -D+ (Pna + I)Pannc
{Sin(gt\/Z(Pna +3) P, — DPpe — 1)+ 2(P,, + 2)P,,P,0)}
\/(PM +3)(P,y — V(P — D+ (P +2)P,, P,

+<cos(gt\/2(P,w +1)P,,P,. +2P, (P + NP, + 1)))

(cO3(81 V2P, + 2Py Poc + 2Py + DPyy + D(Pye + 1)))

. [{sin(gt\/Z(Pna FDP@,p)Poo) + 2P, )Py + D, + 1)} ]
\/(Pml + 1)(Pnb)(Pnc) + (Pna)(Pnb + 1)(Pnc + 1)

(P + 2Py Pre [ (sin(g1y/2Pq + 2(Pp)Prc) + 2Pyq + DPyy + DPyc + D)) ]

VP + 2Po)Pr) + Prg + NP,y + D(P, + 1)

47)

48
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|a|?Pna

o
€y = lal? exp(—lal®) Y ——-

C; = lalexp(=lal®) Y,

Pty Pra!

{sin(gt\/Z(P,,a +2)(P,, — D(Ppe — D)+ 2(P,, + DP,,P,.)} i
V@ + 2Py, = D@y = D+ Py + DP Py, >
{sin(gty/2(P,, + D(Pyyy — NPy — 1) + 2P,y + 3P, Py))
< VP + Dy = DPye = 1)+ (Pug + 3PPy )

|a|?(Py, + (P + 1)<

+(cos(gt\/2(Pna F DPyPr + 2Py (P + NPy + 1)))

(cos(gt\/2(Pm +3)P,, P + 2Py + 2)(Ppy, + D(Ppe + 1)))

+ |:{Sin(gt\/2(P,w + D(P)(Ppe) + 2(Po )Py, + D(P,. + 1))}:|
\/(Pna + 1)(Pnb)(Pm‘) + (Pna)(Pnb + 1)(Pm‘ + 1)

i 2(P, 3)P,, )P, 2(P, 2)(P 1)(P 1
(Pm+3>Pn,,PM[{5m(gt\/( o + 3 Pp)Pr) + 2Py + )Py, + D(Pe + )>}]

\/(Pm +3)(P,)(Ppe) + (P +2)(Py + D(P, + 1)

| *Pna
P!

Pya=0

{sin(gr1/2(P,, + 2)(P,y, — NP, — 1) + 2(P,, + DP,,P,)}
V®ra+ 2Py = DPye = D + Py + DP P
{sin(gr/2(P,, + Dy, — NP, — 1) + 2P, Py P,)}
( V@pa+ DPyy = DPpe = D+ PyyPy Py >

+<cos(gt\/2(P,m + )P, P,.+2P, (P, + D(P,. + 1)))

(al* = DP,y, + (P, + 1><

(cos(gt\/ZP,mPannc +2(P,, — Dy + D(P,, + 1)))

N [ {sin(gt\/Z(Pna + D(Py)(Ppe) + 2P )Py, + D(P, + 1))}]
\/(Pnu + 1)(Pnb)(Pnc) + (Pna)(Pnh + 1)(Pnc + 1)

(oot VPP [ (5in(gr4/2(P ) (Ppp) (Prc) + 2(Ppg — D(Pppy + D(Pre + 1))}]

\/(Pna)(Pnh)(Pnc) + (Pna - 1)(Pnb + 1)(pnc + 1)
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LJ 2P,

5 5 |a| na
Cy=laPexp(-lal®) Y, ——
P,,=0 ' na:

na

{8in(gty/2(P g + 2)Pry — D(Ppe = D) + 2Py + DPyPr)} \ |
VP + 2Py = DPye = D+ (P + DPy Py, >
{5in(g1y/2(P, )Py — D(Ppc = 1) +2(Pg — DP P}
< VP )Py = D(Ppe = D)+ (Pyg = DP Py >
+(cos(gt\/2(Pna + DPyPr + 2Py (P + D(Pyo + 1)))

(al* =2)(P,, + (P, + 1)(

(cos(gt\/Z(Pna “DP,,P,. +2(P,, — )Py + D(P,. + 1)))
. [ {sin(gty/2(Pry + Do) (Pro) + 2(P) Py + D(Pre + 1)) ]
V@, + D@)P,) + P, )Py, + D(P,. + 1)
{sin(gr\/2(P,, — NPy (Pro) + 2Py — )Py + D(Pro + 1))}]
VP = DPRP,) + Py = D@y + DP, + D

(Pna + 1)Panm‘ |:

(51)
oo 2P,
Cs = exp(—|a|?) Z lal—,
Ppa=0 Pna-
_ 27
i 2(P, - -
|a|4(Pnb + 1)(Pnc + 1) {Sln(gt\/ ( na T 3)(Pnh 1)(Pm‘ 1) + 2(P"“ + Z)P”bP"C)}
VN, +3)WN, - DN, — 1) + (N, +2)P,, P,
+|a|2(COS(gt\/ 2Py + 2Py Py + 2Py + D(Pyy + D(Pye + 1)))2
PP [{sin(gt\/Z(PM + D(Py)(Ppe) + 2(P )Py, + D(P + 1))} ] 2
b ne VP + (P ) Pro) + PPy + D(Pre + 1)
3(af2P,P [{sin(gt\/Z(Pna + D) Ppe) + 2Py + (P, + D(Pe + 1))} ] 2
e \/(Pna + 2)(pnb)(Pnc) + (Pna + 1)(Pnb + 1)(pnc +1)
Hal*P,P {sin(gt /2P, + D, Po) + 2P,y + D(Pyy + NP, + D)} |
e \/(Pmt + 3)(Pnb)(Pnc) + (Pnu + 2)(Pnb + 1)(Pm? + 1) -
(52)
s |a|2Pna
Co = eXP(—IwIZ)PZ;0 P
_ _ 27
8P, + 1P, + 1) {sin(gr V2P + Py = D(Ppc = D) + 2Py + 3IPupPrc)}
V@ + D@y — (P, = D + (P, + 3PP,
+|a|4<cos(gt\/2(P,,a + 3Py Pre + 2(Pyy + 2)(Pyp, + (P + 1)))2
aloP.p {sin(gt/2(P,q + H(P,)(Py) + 2Py + 3Py + D(P,e + D)} 2
nb* ne \/(P,m +D(P,)(P,e) + (Poy +3) Py, + D(P,. + 1)
+5|(1|4P P, {Sin(gt\/z(Pna + 3)(Pnb)(Pnc) + Z(P)w + 2)(Pnb + 1)(P"f' + 1))} ’
nbtne \/(Pm +3)(P,)Po) + Py +2)P + D(P,. + 1)
4{a2P,, P {sin(gt\/Z(Pm +2)(Py)(Ppe) + 2(Py + (P, + D(P, + 1))} 2
i nbt ne \/(Pna +2)(Pp)(Pp) + (P + (P + (P, + 1) i
(53)
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|a|?Pna

o
Cr = lal* exp(—lal) Y ——-

[s<]
Cy = lal* exp(—|al®) Y

Pty Pra!

{sin(gt\/Z(P,,a +2)(P,, — D(Ppe — D)+ 2(P,, + DP,,P,.)} i
V@ + 2Py, = D@y = D+ Py + DP Py, >
{sin(gty/2(P,, + 6)(Py, — D(Pye — 1) + 2P,y + )P Py))
< VP +0)(Pyy = DPye = 1) + (Pyg + 5Py Pre )

a2 (P, + D(P,, + 1)<

+(COS@ V2P, + PP+ 2P Py + NPy + 1)

(cOS(ErV2P oy + 9P Prc + 2Py + D Py + NPy + 1)

+ |:{Sin(gt\/2(P,w + D(P)(Ppe) + 2(Po )Py, + D(P,. + 1))}:|
\/(Pna + 1)(Pnb)(Pm‘) + (Pna)(Pnb + 1)(Pm‘ + 1)

i 2(P, S5)P,, )P, 2(P, 4)(P, 1)(P 1
(Pm+5)PanM[{sln<gt\/< o + ) Prp)Pro) + 2Py + H)(Pyy, + D(Pe + )>}]

L \/(Pna + 5)(Pnb)(Pnc) + (sz + 4)(Pnb + 1)(Pnc + ])
|| *Pna
P !

Ppe=0 na:

{sin(gr1/2(P,, + 2)(P,y, — NP, — 1) + 2Py, + DP,,P,))
V®ra+ 2Py = DPye = D + Py + DP P
{sin(gr1/2(P,, = 2)(Ppyy — NPy — 1) + 2P,y — 3Py, Py))
( V@i =Py = Dy = D+ Py = PPy )

+<cos(gt\/2(P,m FDP P + 2P, (P + D(Ppe + 1)))

(la|> = H(P,, + )P, + 1)<

(cos(gt\/Z(Pna = 3PP + 2Py = D(Pyy + (P + 1 )))

.\ [ {$in(811/2(P g + D(Prp)Pye) + 2(Po)(Pry + )P + 1)} ]
V@ + DP)(Po) + PPy + D(Pre + 1)

(Pra+ DP Py [ {sing1 2Py =3Py (Prc) + 2Py = DPp + Dy + 1))}]

\/(Pna - 3)(Pnb)(Pn£) + (Pna - 4)(Pnb + 1)(Pnc +1)
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® 2p,

2 la|™na

Dy = lalexp(-laf’) ¥, ——
Pna=0 na*

Py +2)Py, = D(P,e = D)+ (P, + DP P,

ne

lal*(P2, +4P,, + 2)(P*, + 4P, + 2)(

{cos(gt\/2(P,, + 3)(P,, — DP,. — 1) +2(P,, + 2)P,,P, ) — 1}
Py + 3Py, — D(P,e — D)+ (P, +2)P,, P,

HalP(P,, + (P, + 1)( {sin(gt4/2(P,, + D(P,,)(P,.) + 2P, )P,y + D, + 1)} )

VP + DPR)Py) + (P) Py, + D(Pye +1)
{sin(gr1/2(P,,, + 2)(P,1)(P,) + 2(P,, + D)(P,, + D(P,. + 1)}
VP +DP)P,) + Ppy + (P, + D, + 1)

{cos(gty/2(P, + (P, = D(Pye = D) + 2P, + DPyP,c) — 1} > |

+<1 +PraPrp + Dy +1) P,)Pyy+ D, + D+ (P, — D(P,y, +2)(P,. +2)

{cos(gl\/Z(Pm,)(P,,,, + D(P,e + D) +2(P,, — D(P,y, +2)(P,. +2)) — 1} )

<1  Prg + Doy + DB +1) P+ Dy + D@y + D)+ (P )Py, +2)(P, +2)

) 2p,

2 2 ||~ a

D, = |a|” exp(—|a|°) Z e
Ppa=0 na*

ne

{cos(gt\/Z(P"u + (P, + D(P + 1)+ 2(P, )P,y +2)(P,. +2))— 1} )

(56)

la|*(P%, + 4P, + 2)(P* +4P,. +2)
b b ¢ (Pna+2)(Pnb_])(Pnc_])+(Pna+1)Pannc

{cos(gt\/2(P,, + H(P,, — D(P,. — 1) +2(P,, + 3)P,,P,.) — 1}
Py +HP,y, = D(P,. = D+ (P, + 3PP,

HlalX P,y + P, + 1)( {sin(gt4/2(P,,, + D(P,,)(P,e) + 2(P, )P,y + D(P,e + 1))} )

VP + DP)Pr) + PPy + D(Pye + 1)
{sin(gty/2(P,,, + 3)(P,,)(P,) + 2(P,,, + 2)(P,, + D(P,. + 1)}
V@, +3)PP,) + P,y + 2Py, + DR, + 1)

{cos(gt\/Z(Pm)(Pnb + D(P,. + 1) +2(P,, — D(P,y, +2)(P,. +2)) =1}

{cos(gty/2(P,, + (P, = DP,. = D) + 2P, + DP,P,c) = 1} >

+<1 * PraPup + DBy +1) P, )Py, +D(P, .+ D)+ (P, — D(P,y, +2)(P, +2)

)

i (1 + Prg + D Fy + DPye +1) (Poa + 2Py + DPpe + D+ (P + D(Ppy + (P +2)

na

{cos(gt\/2(P,, + (P, + D(P,e + 1) +2(P,, + D(Pyy, + 2)(P,c +2)) — 1} >

N
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o ||
D; = lalexp(-lal®) ¥, =

Pa=0 'na

(lal* = 2]al* +2)(P2, +4P,, + 2)(P2 + 4P, +2)

ne

{cos(gt/2(P,, + 2)(P,, — D(P,, — ) +2(P,, + DP,,P,) — 1}
P, +2)(P,, — D)(P,. — 1)+ (P,, + P, P,

na ne

{cos(gty/2(P,, + D(®P,, — D(P,, — 1) +2P,,P,,P,.) — 1}
P+ D(Pyy = DPye = 1) + PPy P,

na

in(gt\/2(P,, + D(Pp)(Pe) + 2P, )P,y + D(P, + 1
+(|a|2-1>(pnb+1><p,,(_+1><{s‘“(“\/( vt + D) (Pre) + 2B, )Py + DBy + m)

V@ + DPP,) + (P )Py + D, + 1)
< (sin(g1y/2(P, )(Py)(Pye) + 2P, = D(Py, + D(P,. + 1)) >
VPIPE,) + (Pog = Dy, + DBy + 1)

(COS(gI\/Z(PM)(Pnb + D, + 1D +2(P,, — P, +2)(P,.+2)—1}
*(] Pt D+ 1) PPy + Dy + D+ Py = DXPy + 2Py +2)

na

(Pug = D@y + DPye + D+ (Pyg = D(Pyy, +2)(Py. +2)

ne na

S 2 -1 1 A+ D +2 -2 2 +2) -1
<1+ . 1><P,,,,+1)<P"c+1>{°°§(gt‘/ Pra = DPyy + Dy + D + 2P, = 2Py + DP,c +2) })

(58)

IZPM

= e
Dy = |a* exp(~|al) Z e

Pna=0 na
(lal* — 4lal* + 6)(P%, + 4P, + 2)(P* +4P,. +2)

{cos(gt\/2(P,, + 2)(P,, — D(P,. — 1) +2(P,, + DP,,P,.) — 1}
P +2)(Py, — D(P,e =D+ (P, + DP P,

na

{c0s(gty/2(P, )Py = D(Py. = D) +2(P, = DPP,.) = 1}
Pr)Pyp = DBy = 1) + Py = DPyp Py

Si 2(P (P, )P, 2(P, (P, 1)(P, 1
= 2Py + 1P+ l)<{sm<gtv Pra + D) (Pp) + 2Py )Py + DB, + >)}>

V@, + DPP,) + P )Py + D, + 1)
( {5in(gr/2(P,y — D(P)(Pp) + 2(Ppy — )Py + D(P,e + D)} >
VP = DPP,) + Py — 2P, + D(P, +1)

{cos(gty/2(P, )Py, + D(Pye + D + 2Py, = DBy, + (P, +2) = 1) >

+<l + PuaPop + Dy +1) P, )Py, + D+ 1)+ (P, — D(P,y, +2)(P,. +2)

2(P,, — 2)(P, DP,. + 1) +2(P,, —3)(P 2)(P,.+2) -1
(1+<P,m—2)<Pn,,+1><Pm+1>{c°s(g’\/ Prg =Py + DPye + D) +2(Py = 3Py + (P, +2)) })

P =P, + D(P,e + 1)+ (P, =3P,y +2)(P,. +2)

(59)
2 N el
D5 = exp(—|al?) Y, ]
Pna=0 na:
) }
{cos(gty/2(P,y + 3)(Ppy = V(P — D) +2(P,, + 2P, P,) — 1}
6/p2 2
|a|®(P,, +4P,, +2)(P, +4P, + 2)< Pt 3P, —DP -1+ (P, + PP, >
. 2 (60
2(P, 2)(P,,)(P, )+ 2(P, 1)(P, nep,. +1
Y {sin(gry/2(P,, + 2)(P,)(P,0) + 2(P,, + D(Py, + D(P, + 1))
\/(P,m +2)(P,)(P,.) + (P, + D(P,y, + D(P,. + 1)
2
{cos(g1/2(P,, + (P, + D(P,. + 1) + 2(P,)(P,;, + 2)(P,. +2)) — 1}
2
*lal <1 + P+ DEp + D+ P+ D(Pyy + D + D)+ (P )Py +2)(P, +2) >
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®© 2P
af?Pra
D =exp(-lal®) Y 12

Ppa=0 na*

ne

(Png + 3Py = DPpe = 1) + (P + 3)PypPyc

ne

2
c0s(gt/2(Pyg + (P — D(Pye = 1)+ 2(Ppyy + 3)PpPpe) — 1
(a2, + 422y + 2 +4Pm_+2)<{ (V2o + D Pty = DPrc Pua +3)Pup ))

+a | (P + D(Pye + 1)(

(5in(g1y/2(Pg + 3)(Prp)(Pc) + 2(Pyq + 2Py + D(Pye + 1)} :
VP +3)Prp)Puc) + Prg + 2)(Pyp + DPpe + 1)

+\a|4<| + (Ppg + 2Py + (P + 1)

{cos(81\/2(Pyg + 2)(Pyp + DPpe + 1)+ 2(P g + D(Ppp + 2)(Ppe +2)) — 1} ?
(Ppg + D(Pppp + DPpe + 1) + Pug)(Prpy +2)(Pye +2)

(61)
o o)
D, = |a|“exp<—|a|2>Pz;0 T
(s {c08(81y/2(Py + DPyy = DPye = D + 2Py + DPyyPu0) = 1}
4,p2 2
Vel B+ 4P + 2P+ 4P+ 2)< Py + Dy, = DPy = D+ Py + DP P,
{cos(gl\/Z(Pm +6)(P,, — (P, — 1) +2(P,, +5P,,P,)—1}
Py + )Py = Dy = D+ Py + PP,
i 2(P, D(P,p)(P,.) + 2(P,,)(P, 1)(P, 1
et Py + DX, + |>< (5in(gr/ 2Py, + DP)P,0) + 2P, )Py + D, + 1)) )
V@ DPP,) + P )Py + DP, + D
{sin(g1y/2(P,, + SNP,,)(Po) + 2P, + AP,y + DP, + D))
V@r + )PPy + (Pry + DPyp + D, + 1)
(cos(gt\/2(P,,“)(Pnb +DP,.+ D) +2(P,, — D(P,y, +2)(P,. +2))— 1}
+<1 * FralPos + DEpo +1) o) Py + D+ 1)+ Py = DBy + 2Py +2)
(c05(3y/ 2Py + DPyy T DPre + D) F 2Py + )Py + DP,c +2) — 1}
»<1 + Py +HPy + DP, + 1) Pt DPy+ Pt D+ P+ 3Py + P +2) )
(62)
S
Dy = lal*exp-le®) 3 Sy
[ (lal* = 8lal? +20)(P2, +4P,, + 2)(P2, + 4P, +2) ]
{cos(gl\/Z(Pm +2)(P,, — D(P,. — D) +2(P,, + DP,P,)—1}
P+ DBy = Dy = D+ Py + DPyP,,
{cos(gt\/Z(P,m -2)(P,, — D(P,. — 1) +2(P,, —3)P,,P,.)— 1}
Pra = DBy = DPye = D+ Py = 3PP,
i 2(Poy + D(Pp)(Poe) + 2(Po)(Pryy + D(Py + 1
el — Py + TP+ 1)< {sin(gt/2(P,, + DP,,)(P,.) + 2P, )(P,, + D(P,, + 1)} )
V@ DPP,) + P, )Py + DP, + D
< {sin(gt\/Z(P,m =3)P,,)(P,.)+2P,, — (P, + D(P, + 1)} >
Vot =P Pr) + Py = DPry + NPy + 1)
{co8(81y/2(P, )Py, + D(P, + 1)+ 2(P,,, = D(P,y, + (P, +2) — 1)
+<1 P D D B+ Dy + 1D+ By~ DBy + 2P, +2) )
{cos(gt\/Z(P,m -4(P,, + D(P,. + 1)+ 2(P,, — 5P, +2)(P,. +2)— 1}
I <1 * Pog = Dy + DEe+ 1) Pra = DPyy + DPye + D+ (P = 5P,y + 2P, +2) )
(63)
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