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Abstract
This paper studies various forms of analytical solutions for mixed derivative nonlinear 
Schrödinger equation (MD-NLSE) which is used extensively in optical fiber. Our aim is 
to obtain lump solution (which is analytic in all directions), lump with one kink, rogue 
waves, periodic waves and multi-wave solutions for our governing model. We also discuss 
the interaction between periodic and lump, breather wave (which is a localized periodic 
wave solution of either discrete lattice or continuous media mathematical models), general-
ized breather, Ma-breather, Kuznetsov-Ma-breather and their corresponding rogue waves. 
At the end, we also present the dynamical behaviour of our solutions in terms of graphs in 
various dimensions.

Keywords Lump and rogue waves · Breather waves · MD-NLSE · Ansatz transformations

1 Introduction

For the past few decades, the integrable nonlinear partial differential equations (INLPDEs) 
which posses the soliton solutions have gathered a lot of attention and interest due to their 
huge applications in so many areas of science(Yin and Chow 2021; Yin et  al. 2022a, b, 
2021). Soliton wave which firstly appeared in hydrodynamics and then extended to nonlin-
ear optics, ocean engineering, medical physics, condensed matter, geo-chemistry, plasma 
physics, fluid mechanics and so on (Rehman et al. 2021; Seadawy et al. 2021b; Bilal et al. 
2021; Akram et  al. 2021). In soliton theory, some renowned equations are Korteweg-de 
Vries (KdV), nonlinear Schrödinger equations (NLSEs), sine Gordon, Sasa Sastuma equa-
tion, the mixed derivative NLSE and continuum Heisenberg spin equations. In recent years, 
so many integration schemes have been used to obtain soliton solutions for INLPDEs and 
the detailed investigation has generated some new concepts regarding integrability like 
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dromions, conservation laws, Lax pair, Darboux transformation (DT), Painleve property, 
breathers etc., (Sulem and Sulem 2007; Ablowitz et  al. 2004; Mylonas et  al. 2017; Aly 
2020; Ahmed et al. 2019; Aly 2019, 2020; Dianchen 2018).

In literature, different forms of soliton solutions have been studied for example lump 
solutions, rogue waves and breathers (Binder et al. 2000; Kibler et al. 2010; Chabchoub 
et  al. 2012; Tao and He 2012; Zhang et  al. 2015; Yua and Yan 2014). Lump solutions 
play an important role in describing certain complicated physical phenomena. Lump solu-
tion is just like a rational function solutions localized in all space directions. Rogue waves 
(RWs) are also known as killer wave or monster wave, their amplitude may be three to five 
times more than the surrounding waves (Li and Ma 2020). These waves appear in nonlinear 
optics and oceanics, so many approaches like Bäcklund transformation, dressing technique, 
bilinear, DT method, and so on have been utilized to obtain RWs. RWs suddenly appears 
from nowhere and disappears without any trace. The frequency of RWs must be higher 
than that of a classical Gaussian distribution. Breathers wave discusses about the nonlin-
ear stages of the modulational instability, these waves affect the wave height distribution 
and probability density function of the surface elevation. Like RWs, breathers which are 
also localised waves have been observed in water waves. Rogue wave and breather have a 
closed relationship between them (Dudley et al. 2014; Zakharov and Gelash 2013). Some 
of the types of breathers are Ma-breather (Akhmediev et  al. 1987), generalized breather 
(Guan and Li 2019), Kuznetsov-Ma breather (Kuznetsov and Li 1977). A lot of work has 
been done by various scientists to find lump, rogue wave and breather solutions like Tang 
et  al. studied some NLPDEs for lump solitons. (Tang et  al. 2016). Deng et  al. obtained 
lump solitons and rogue waves for Melnikov system (Deng et  al. 2019). Liu et  al. stud-
ied Boiti-Leon-Manna-Pempinelli equation to obtain multi-wave, breather wave (Liu and 
Xiong 2020). Guan et al. retrieved some lump soliton and their interactions of KP equa-
tion Guan et al. (2020). Zhou et al. computed lump soliton solution for the Hirota-Satsuma 
model (Zhou et  al. 2019). Kol et  al. studied the rogue waves of Lugiato-Lefever model 
(Kol et al. 2014). Ren et al. worked on the NLPDE to get some lump soliton and its vari-
ous types (Seadawy et  al. 2021a). Hao et  al. studied breather solitons for mixed NLSE 
(Hao et al. 2014). Rizvi et al. worked on time fractional NLSE to get rogue wave and lump 
solitons (Rizvi et  al. 2021a). Younas et  al. retrieved various types of exact solutions for 
(2+1)-dimensional NLSE (Khater et  al. 2000). Ahmad et  al. computed kinky-breathers, 
lump and multi-waves solitons solution for Dym equations Ahmad et al. (2021). Seadawy 
et al. retrieved lump, lump with one kink and breather solitons to the Hunter-Saxton equa-
tion Seadawy et al. (2021a). In this paper, we consider the following MD-NLSE for vari-
ous forms of lump, rogue waves and breathers solutions (Bhrawy et al. 2014; Rizvi et al. 
2021b; Ren et al. 2019b),

where P(x,  t) is a complex valued wave profile, x and t are space and time co-ordinates 
respectively. Group velocity dispersion and spatio-temporal dispersion are represented by a 
and b respectively.

The rest of the paper is arranged in the following manner: In Sect. 2, we will provide 
mathematical analysis, In Sect. 3, we will study the lump soliton, in Sect. 4, we will discuss 
lump with one kink. In Sect. 5, we will attain the rogue wave. In Sect. 6, we will obtain 
periodic wave, in Sect. 7, we will retrieve periodic cross-lump wave. In Sect. 8, we will gain 
multi-wave solution. In sec. 9, we will discuss breather lump wave solutions. In Sect. 10, 
we will discuss Kuznetsov-Ma-breather solutions. In Sect. 11, we will discuss Ma-breather 

(1)iPt + aPxx + bPxt + F(|P|2)P = 0,
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solutions. In Sect. 12, we will study generalized breather solutions. In Sect. 13, we will dis-
cuss our results in details and finally in Sect. 14, we will give concluding remarks.

2  Mathematical analysis

We use Kerr law, F(P) = P , so Eq. (1) becomes,

Now we use following transformation,

After substituting Eq. (3) into Eq. (2), we get the real and imaginary parts given as;

Firstly, we will make bilinear form with the help of following ansatz transformation (Yang 
et al. 2018),

Now putting Eq. (3) into Eqs. (1) and (2), we get following bilinear form,

and

3  Lump soliton

For lump soliton, we consider the following function h (Tang et al. 2016):

where

(2)iPt + aPxx + bPxt + |P|2P = 0.

(3)P(x, t) = q(x, t)ei�(x,t), �(x, t) = −wx + kt + �.

(4)aqxx + bqx − (aw2 + k + bk)q + q3 = 0,

(5)(1 − bw)qt − (2aw − bk)qx − kw = 0.

(6)q(x, t) = 2(lnh)xx.

(7)

− kh4(hx)
2 − bkh4(hx)

2 + aw2h4(hx)
2 − 2bh3(hx)

3 + 6ah2(hx)
4 + 4(hx)

6

+ kh5hxx + bkh5hxx + aw2h5hxx + 3bh4hxhxx − 12ah3(hx)
2hxx

− 12h(hx)
4hxx + 3ah4(hxx)

2 + 12h2(hx)
2(hxx)

2

− 4h3(hxx)
3 − bh5hxxx + 4ah4hxhxxx − ah5hxxxx = 0,

(8)
− bkwh3 + 4ht(hx)

2 − 4bwht(hx)
2 + 4bk(hx)

3 − 8aw(hx)
3 − 4hhxhxt

+ 4bwhhxhxt + 2hhthxx + 2bwhhthxx − 6khhthxx + 12awhhthxx

+ 2h2hxxt − 2bwh2hxxt + 2bkh2hxxx − 4awh62hxxx = 0.

(9)h = �2
1
+ �2

2
+ a7,

�1 = a1x + a2t + a3, �2 = a4x + a5t + a6,
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However ai(1 ≤ i ≤ 7) are real parameters to be determined. Now Putting Eq. (9) into Eqs. 
(7) and (8) and taking the coefficient of the x, t to be zero, we get some algebraic equations 
which on solving give following values:

After Substituting Eq. (10) into Eq. (9) and then by using Eq. (6), we obtain lump solution 
of Eqs. (4) and (5),

Now, we study some graphical representation of the above solution.

4  Lump with one kink soliton

In this section, we discuss the lump with one kink soliton in the form of the sum of quad-
ratic function and one exponential function, we obtain the lump with one kink solution for 
Eqs. (4) and (5),

For lump with one kink soliton, we use the following function h (Ren et al. 2019a):

where

However ai(1 ≤ i ≤ 7) and b1, b2,m1, are real parameters to be determined. 
Now putting Eq. (9) into Eqs. (7) and (8) and equating all the coefficient of the 
x, t, eb2t+b1x, e2b2t+2b1x, e3b2t+3b1x, e4b2t+4b1x, e5b2t+5b1x, to be zero, we gain some algebraic 
expression which give values of coefficient given as:

Now substituting Eq. (13) into Eq. (12) and after using Eq. (6), we get lump with one kink 
solution of Eqs. (4) and (5),

(10)

a1 =0, a2 =
−(3(3aa2

4
+ 10a2

6
k + 10a2

6
bk + 10aa2

6
w2))bkwa3

(k + kb + aw2)a2
4
(5 − 3kb + 6aw − 3bw)

,

a3 =

√
−(6aa2

4
+ 21a2

6
k + 21a2

6
bk + 21aa2

6
w2)

(k + kb + aw2)
,

a4 =a4, a5 = 0, a6 = a6, a7 = a7.

(11)q =

(
2(−4a2

4
(a6 + a4x)

2 + 2a2
4
)

(
a3 −

( 3bktw(3aa2
4
+10a2

6
k+10a2

6
bk+10aa2

6
w2)a3

(a2
4
(5−3bk+6aw−3bw)(k+bk+aw2))

)))

((
a3 −

( 3bktw(3aa2
4
+10a2

6
k+10a2

6
bk+10aa2

6
w2)a3

(a2
4
(5−3bk+6aw−3bw)(k+bk+aw2))

))2

+ (a6 + a4x)
2

)2
.

(12)h = �2
1
+ �2

2
+ m1e

G1 + a7,

�1 = a1x + a2t + a3, �2 = a4x + a5t + a6, G1 = b1x + b2t,

(13)

a1 =0, a2 =
√
−3a5, a3 = 0, a4 = a4, a5 = a5,

a6 =a6, a7 =
a2
4
(−3b +

√
9b2 + 32ak + 32abk + 32a2w2)

2(a(−(11∕8)b + (1∕8)
√
9b2 + 32ak + 32abk + 32a2w2))

,

b1 =
(−3b +

√
9b2 + 32ak + 32abk + 32a2w2)

8a
, b2 = 0,m1 = m1,
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Now we study some graphical representation of the above solutions.

5  Rogue wave

In this section, we study RWs containing the hyperbolic trigonometry function and sum 
of quadratic function. For RWs, we consider the following function h (Rizvi et al. 2021a):

where

However bi(1 ≤ i ≤ 2) , ai(1 ≤ i ≤ 7) and m1 , are real parameters to be determined. By put-
ting Eq. (15) in to Eqs. (4) and (5) and equating the coefficient of the 
x, t, cosh(b2t + b1x), cosh(b2t + b1x)

2, cosh(b2t + b1x)
3, cosh(b2t + b1x)

4,

cosh(b2t + b1x)
5, cosh(b2t + b1x)

6, sinh(b2t + b1x),

cosh(b2t + b1x) sinh(b2t + b1x), cosh(b2t + b1x)
2 sinh(b2t + b1x),

cosh(b2t + b1x)
3 sinh(b2t + b1x), cosh(b2t + b1x)

4 sinh(b2t + b1x),

cosh(b2t + b1x)
5 sinh(b2t + b1x), sinh(b2t + b1x)

2, cosh(b2t + b1x) sinh(b2t + b1x)
2,

cosh(b2t + b1x)
2 sinh(b2t + b1x)

2, cosh(b2t + b1x)
3 sinh(b2t + b1x)

2, sinh(b2t + b1x)
3,

 to be 

zero, we obtain some equations which give values of parameters such as:

After putting Eq. (16) into Eq. (15) and after using Eq. (6), we obtain RWs for Eqs. (4) and 
(5),

Here we present some graphical representation of the above solution.

(14)q =

(
2(−(eb1xm

1
b
1
+ 2a

4
(a

6
+ a

5
t + a

4
x))2 + (2a2

4
+ eb1xm

1
b2
1
(eb1xm

1
− 3a2

5
t2 − a

7
+ (a

6
+ a

5
t + a

4
x)2)))

)

(
eb1xm

1
− 3a2

5
t2 − a

7
+ (a

6
+ a

5
t + a

4
x)2

)2
.

(15)h = �2
1
+ �2

2
+ m1 cosh(�) + a7,

�1 = a1x + a2t + a3, �2 = a4x + a5t + a6, � = b1x + b2t,

(16)

a1 = ia4,

a2 =
−(−8b3

1
b2a + 8b

5

1
b2 − 4b1b2k − 4b1b2bk − 4b1b2aw

2 + 8bb
3

1
b2wa − 8bb

5

1
b2w + 4bb1b2wk + 4b2b1b2wk + 4bb1b2w

3
a − 9b2kw)a4

3i(b2
1
(1 − 3bk + 6aw + bw)(2ab2

1
− 2b

4

1
+ k + bk + aw2))

,

a3 =
(−3a4b + 2aa6b

2

1
− 2a6b

4

1
+ a6k + a6bk + aa6w

2)

3i(2ab2
1
− 2b

4

1
+ k + bk + aw2)

, a4 = a4, a5 = a5, a6 = a6, a7 = 0, b1 = b1, b2 = b2,m1 = m1,

(17)
q =

(
2(b2

1
m1 cosh(�)((a7 + ia3 − ia4a2t + ia4x)

2(�2)
2 + m1 cosh(�)) − (2ia4(ia3 − ia4a2t + ia4x) + 2a4(�2) + b1m1 sinh(�))

2)

)

(
(a7 + ia3 − ia4a2t + ia4x)

2(�2)
2 + m1 cosh(�)

)2
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6  Periodic wave

In this section, we discuss periodic wave for Eqs. (4) and (5) which contain quadratic 
functions as well as periodic function. We assume that (Ren et al. 2019a):

where

ai(i = 1, 2, ..., 7) , bi(i = 1, 2) and m1 , are real constant to be determined. After using Eq. 
(18) into Eqs. (4) and (5). By equating the coefficient of 
x, t, cos(b2t + b1x), cos(b2t + b1x)

2, cos(b2t + b1x)
3, cos(b2t + b1x)

4,

cos(b2t + b1x)
5, cos(b2t + b1x)

6, sin(b2t + b1x), cos(b2t + b1x) sin(b2t + b1x),

cos(b2t + b1x)
2 sin(b2t + b1x), cos(b2t + b1x)

3 sin(b2t + b1x), cos(b2t + b1x)
4 sin(b2t + b1x),

cos(b2t + b1x)
5 sin(b2t + b1x), sin(b2t + b1x)

2, cos(b2t + b1x) sin(b2t + b1x)
2,

cos(b2t + b1x)
2 sin(b2t + b1x)

2, cos(b2t + b1x)
3 sin(b2t + b1x)

2, cos(b2t + b1x)
4 sin(b2t + b1x)

2,

sin(b2t + b1x)
3, cos(b2t + b1x) sin(b2t + b1x)

3, cos(b2t + b1x)
2 sin(b2t + b1x)

3, cos(b2t + b1x)
3 sin(b2t + b1x)

3,

 

we retrieve values of the parameters given below:

Substituting Eq. (19) into Eq. (18) and using Eq. (6), we obtain periodic wave solution,

Here we discuss the dynamical behaviour of our solutions;

7  Periodic cross‑lump wave

In this section, we study periodic cross-lump wave solution for Eqs. (4) and (5) contain-
ing quadratic functions as well as periodic function and hyperbolic periodic function. 
We assume that (Ren et al. 2019a):

(18)h = �2
1
+ �2

2
+ m1 cos(�) + a7,

�1 = a1x + a2t + a3, �2 = a4x + a5t + a6, � = b1x + b2t,

(19)

a
1
= ia

4
, a

2
= a

2
, a

3
= 0, a

4
= a

4
, a

5
= 0, a

6
= 0,

a
7
=

8ia
2
(−1 + bw)a

4

((−2a + 2

√
a2 + 2k + 2bk + 2aw2)(−bk + 2aw))

,

b
1
=

�
−2a + 2

√
a2 + 2k + 2bk + 2aw2

2
, b

2
= 0,m

1
= m

1
,

(20)q =

(
2

(
−m1b

2
1

4
cos(b1x)(a7 + a2

4
x2 + (a2t + ia4x)

2 + m1 cos(b1x)) −

(
2a2

4
x + 2ia4(a2t + ia4x) − m1b1 sin(b1x)

)2))

(
a7 + a2

4
x2 + (a2t + ia4x)

2 + m1 cos(b1x)

)2
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where

ai(i = 1, 2, ..., 7) , bi(i = 1, 2, 3, 4) and m1,m2 , are real coefficient to be determined. After 
putting Eq. (21) into Eqs. (7) and (8). By comparing the coefficient of 
x, t, cos(b2t + b1x), cos(b2t + b1x)

2, cos(b2t + b1x)
3, cos(b2t + b1x)

4,

cos(b2t + b1x)
5, cos(b2t + b1x)

6, cosh(b2t + b1x), cos(b2t + b1x) cosh(b4t + b3x),

cos(b2t + b1x)
2 cosh(b4t + b3x), cos(b2t + b1x)

3 cosh(b4t + b3x),

cos(b2t + b1x)
4 cosh(b4t + b3x), cos(b2t + b1x)

5 cosh(b4t + b3x),

cosh(b2t + b1x)
2, cos(b2t + b1x) cosh(b4t + b3x)

2, cos(b2t + b1x)
2 cosh(b4t + b3x)

2,

cos(b2t + b1x)
3 cosh(b4t + b3x)

2, sin(b2t + b1x), cos(b2t + b1x) sin(b2t + b1x),

cos(b2t + b1x)
2 sin(b2t + b1x), cos(b2t + b1x)3 sin(b2t + b1x),

cos(b2t + b1x)4 sin(b2t + b1x), cos(b2t + b1x)5 sin(b2t + b1x),

sin(b2t + b1x)
2, cos(b2t + b1x) sin(b2t + b1x)

2, cos(b2t + b1x)
2 sin(b2t + b1x)

2,

cos(b2t + b1x)
3 sin(b2t + b1x)

2, cos(b2t + b1x)
4 sin(b2t + b1x)

2, sin(b2t + b1x)
3,

cos(b2t + b1x) sin(b2t + b1x)
3, cos(b2t + b1x)

2 sin(b2t + b1x)
3, cos(b2t + b1x)

3 sin(b2t + b1x)
3,

 we 

retrieve values of the parameters given below:

Substituting Eq. (22) into Eq. (21) along with Eq. (6), we attain the periodic cross-lump 
wave solution of Eqs. (4) and (5),

(21)h = �2
1
+ �2

2
+ m1 cos(G1) + m2 cosh(G2) + a7,

�1 = a1x + a2t + a3, �2 = a4x + a5t + a6, G1 = b1x + b2t, G2 = b3x + b4t,

(22)

a1 =a1, a2 =
(12w2a2 − 12awbk + 18aw2b − 14aw − 9b2kw + 7bk + 3b2k2)a1

6(−1 + bw)2
,

a3 =
2a1(4k + 4aw2 − 22ab2

3
+ 8b4

3
+ 9a2 + 4bk)

9(b(3a − 2b2
3
))

,

a4 =0, a5 = 0, a6 = a6,

a7 =a7, b1 =

√√√√ (bk − aw2 − ab2
3
+ k)

(3a − 2b2
3
)

, b2 =

−

√
−(−bk−aw2+ab2

3
−k)

(3a−2b2
3
)

(−bk + 2aw)

(−1 + bw)
,

b3 =b3, b4 = b4,m1 = m1,m2 = m2
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(2
3)

q
=

(2
((
a
2 6
+
a
7
+
(a

3
−
a
2
t
+
a
1
x)

2
)
+
m

1
c
o
s(
b
2
t
−
b
1
x)

+
m

2
c
o
sh
(b

4
t
+
b
3
x)
(2
a
2 1
−
m

1
b
2 1
c
o
s(
b
2
t
−
b
1
x)

+
b
2 3
m

2
c
o
sh
(b

4
t
+
b
3
x)
)
−
(2
a
1
((
a
3
−
a
2
t
+
a
1
x)

+
m

1
b
1
si
n
(b

2
t
−
b
1
x
)
+
b
3
m

2
si
n
h
(b

4
t
+
b
3
x
))
2
))

(
a
6
2
+
a
7
+
(a

3
−
a
2
t
+
a
1
x)

2
+
m

1
c
o
s(
b
2
t
−
b
1
x)

+
m

2
c
o
sh
(b

4
t
+
b
3
x)

)
2
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Here we discuss graphical representation of the above solution.

8  Multiwave

In this section, we study multi-wave solution for Eqs. (4) and (5) possessing periodic func-
tion and hyperbolic periodic functions. We suppose that (Seadawy et al. 2021):

where

ki(i = 0, 1, 2) , ai(i = 1, 2, ..., 10) , bi(i = 0, 1, 2) are real constant to be determined. After 
putting Eq. (24) into Eqs. (7) and (8). and comparing the parameters of 
cosh(a3 + a2t + a1x), cosh(a3 + a2t + a1x)

2, cosh(a3 + a2t + a1x)
3,

cosh(a3 + a2t + a1x)
4, sin(a6 + a5t + a4x), cosh(a3 + a2t + a1x) sin(a6 + a5t + a4x),

cosh(a3 + a2t + a1x)
2 sin(a6 + a5t + a4x), cosh(a3 + a2t + a1x)

3 sin(a6 + a5t + a4x),

sin(a6 + a5t + a4x)
2, cosh(a3 + a2t + a1x)

2 sin(a6 + a5t + a4x)
2, sin(a6 + a5t + a4x)

3,

cosh(a3 + a2t + a1x) sin(a6 + a5t + a4x)
3, sinh(a3 + a2t + a1x),

cosh(a3 + a2t + a1x) sinh(a3 + a2t + a1x), cosh(a3 + a2t + a1x) sinh(a9 + a8t + a7x)
3,

sinh(a9 + a8t + a7x)
3, cosh(a3 + a2t + a1x) sinh(a3 + a2t + a1x) sinh(a9 + a8t + a7x)

2,

cosh(a3 + a2t + a1x) sin(a6 + a5t + a4x) sinh(a9 + a8t + a7x)
2,

cosh(a3 + a2t + a1x) sin(a6 + a5t + a4x)
2 sinh(a3 + a2t + a1x), cosh(a3 + a2t + a1x)

3 sinh(a3 + a2t + a1x),

 we 

obtain values of the parameters which are given below:

Now putting Eq. (25) into Eq. (24) along with Eq. (6), we get the multi-wave solution of 
Eqs. (4) and (5),

Here we provide some graphical representation of the above solution.

(24)h = b0 cosh(�1) + b1 cos(�2) + b2 cosh(�3) + a10,

�1 = a1x + a2t + a3, �2 = a4x + a5t + a6, �3 = a7x + a8t + a9,

(25)

a1 =0, a2 = a2, a3 = a − 3, a4 = 2
√
2a,

a5 =
−
√
2a(−bk + 2aw + 9b2k2 + 36a2w2 − 36bkaw − 5b2kw + 10bw2a)

(−6aw + 6bw2a + 3bk − 3b2kw + b2w2 − 1)
,

a6 =0, a7 = 2
√
a, a8 =

4
√
a(−bk + 2aw)

(1 − 3bk + 6aw + bw)
, a9 = a9, a10 = a10, b0 = b0, b1 = b1, b2 = b2.

(26)

q =

(
2

((
a10 + b1 cos(�2) + b0 cosh(a3 + a2t) + b2 cosh(�3)

)(
− 8ab1 cos(�2) + 4ab2 cosh(�3)

)
−

(
− a4b1 sin(�2) + a7b2 sinh(�3)

)2))

(
a10 + b1 cos(�2) + b0 cosh(a3 + a2t) + b2 cosh(�3)

)2
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9  Breather lump wave solutions

In this section, we discuss breather lump wave solutions for Eqs. (4) and (5) having peri-
odic and exponential functions. We assume that (Seadawy et al. 2021):

where

However m1,m2, and ai(1 ≤ i ≤ 6) are real constant to be determined. Put Eq. (27) in to 
Eqs. (7) and (8). By putting all the coefficient of the 
e−5q1(a3+a2t+a1x), e−4q1(a3+a2t+a1x), e−3q1(a3+a2t+a1x), e−2q1(a3+a2t+a1x),

e−q1(a3+a2t+a1x), eq1(a3+a2t+a1x), e2q1(a3+a2t+a1x), e3q1(a3+a2t+a1x), e4q1(a3+a2t+a1x),

e5q1(a3+a2t+a1x), e−5q1(a3+a2t+a1x) cos(q2(a5t + a4x)), e
−4q1(a3+a2t+a1x) cos(q2(a5t + a4x)),

e−3q1(a3+a2t+a1x) cos(q2(a5t + a4x)), e
−2q1(a3+a2t+a1x) cos(q2(a5t + a4x)),

e−q1(a3+a2t+a1x) cos(q2(a5t + a4x)), cos(q2(a5t + a4x)), e
q1(a3+a2t+a1x) cos(q2(a5t + a4x)),

e2q1(a3+a2t+a1x) cos(q2(a5t + a4x)), e
3q1(a3+a2t+a1x) cos(q2(a5t + a4x)),

e4q1(a3+a2t+a1x) cos(q2(a5t + a4x)), e
5q1(a3+a2t+a1x) cos(q2(a5t + a4x)),

cos(q2(a5t + a4x))
2 sin(q2(a5t + a4x))

4, eq1(a3+a2t+a1x) cos(q2(a5t + a4x)) sin(q2(a5t + a4x))
4,

e−q1(a3+a2t+a1x) cos(q2(a5t + a4x)) sin(q2(a5t + a4x))
4,

 

to be zero, we obtain some equations which give values of coefficient such as:

Substituting Eq. (28) into Eq. (27) along with Eq. (6), we obtain the breather lump wave 
solutions of Eqs. (4) and (5),

Now we provide some graphical representation of the above solution.

10  Kuznetsov‑Ma‑breather, generalized breather and their 
corresponding Rogue wave

Now we consider the following h function (Kuznetsov and Li 1977),

(27)h = e−q1�1 + m1e
q1�1 + m2 cos(q2�2) + a6,

�1 = a1x + a2t + a3, �2 = a4x + a5t,

(28)

a1 =0, a2 =
3abkw

2q1(k − 3bk2 + 6akw + bkw + bk − 3b2k2 + 6abkw + b2kw + aw2 − 3aw2bk + 6a2w3 + aw3b)
, a3 = a3,

a4 =

√
−(k + bk + aw2)∕a

q2
, a5 = −

−
√
−(k + bk + aw2)∕a(−bk + 2aw)

(q2(−1 + bw))
, a6 = a6,m1 = m1,m2 = m2,

(29)

q =

(
2

(
m2q

2

2
a4 cos(q2(a5t + a4x))

(
a6 + e−q1 (a3+a2 t) + eq1 (a3+a2 t)m1 + m2 cos(q2(a5t + a4x))

)
− m2

2
q2
2
sin(q2(a5t + a4x))

))

(
a6 + e−q1 (a3+a2 t) + eq1 (a3+a2 t)m1 + m2 cos(q2(a5t + a4x))

)2

(30)h = e−q1(x−�t) + �1 cos(z(x + �t)) + �2e
q1(x−�t),
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where �1, �2,�, �, q1, z are real parameters. Inserting Eq. (30) into Eqs. (7) and (8), we gain 
values of the parameters.

Now inserting these values of parameters in to Eq. (31) and then substituting into Eq. (30) 
along with Eq. (6), we obtain the following solution of Eqs. (4) and (5).

(31)

� =
−(−bk + 2aw)

(1 − 3bk + 6aw + bw)
, z = z, q1 = (

−(bkw − 3b2k2w + b2w2k + 6aw2bk)

(12b2k2 − 48bkaw + 48a2w2 − 8b2kw + 16aw2b)
)
1

3 ,

� =�, �1 = 0, �2 = �2.

Fig. 1  Plot 3D, Contour of q(x, t) in Eq. (11)

Fig. 2  Plot 3D, Contour of q(x, t) in Eq. (11)
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11  Ma‑Breather and its corresponding Rogue wave

Consider the following function h (Akhmediev et al. 1987),

where �, �, �, �, q1 are real coefficient. Inserting Eq. (33) into Eqs. (7) and (8), we get val-
ues of the parameters.

After putting Eq. (34) into Eq. (33) along with Eq. (6), we obtain the following solution;

(32)

q =

(
2b

(
−

(
− e−q1(�t+x)q

1
+ �

2
eq1(�t+x)q

1

)2

+

(
e−q1(�t+x) + �

2
eq1(�t+x)

)(
e−q1(�t+x)q2

1
+ �

2
q2
1
eq1(�t+x)

)))

(
e−q1(�t+x) + �

2
eq1(�t+x)

)2

(33)h = 1 + �(eiq1x + e−(iq1x))e�t+� + �e2(�t+�),

(34)

� =�, q1 = (
−((27i)b2k2w − (18i)bkw − (54i)w2abk)

(18b2k2 − 10bk − 72bkwa + 20wa + 72w2a2 − 2b2wk + 4bw2a)
)
1

3 , � = �,

� = −
−(4�2(12wa − bw − 6bk + 5))

(18wa + bw − 9bk + 5)
,

� =
3bkw

(18wa + bw − 9bk + 5)

(
−((27i)b2k2w−(18i)bkw−(54i)w2abk)

(18b2k2−10bk−72bkwa+20wa+72w2a2−2b2wk+4bw2a)

) 2

3

.

Fig. 3  Plot 3D, Contour of q(x, t) in Eq. (11)
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12  Generalized breather

Consider the following function h (Guan and Li 2019),

(35)

q =

(
2

(
− eq1 t+2�

(
− ie−iq1xq

1
+ ieiq1xq

1

)2

� + e�t+�
(
− ie−iq1xq2

1
+ ieiq1xq2

1

)
�(1 + e�t+�

(
e−iq1x + eiq1x

)
� − �e2(�t+�))

))

(
1 + e�t+�(e−iq1x + eiq1x)� − �e2(�t+�)

)2

Fig. 4  Plot 3D, Contour of q(x, t) in Eq. (14)

Fig. 5  Plot 3D, Contour of q(x, t) in Eq. (14)
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where �, c, z are real coefficient. Inserting Eq. (45) into Eq. (38), we get following values of 
the parameters.

(36)h =
(1 − 4c) cosh(�t) +

√
2c cos(zx) + i� sinh(�t)

√
2c cos(zx) − cosh(�t)

eit,

(37)c =
(−15a2 − 4aw2 − 4k − 4bk + 3

√
20a3w2 + 75a4 + 20bka2 + 20ka2)

4(15a2 − 2aw2 − 2k − 2bk)
, z =

�
(k + bk + aw2)

5a
, � = 0

Fig. 6  Plot 3D, Contour of q(x, t) in Eq. (14)

Fig. 7  Plot 3D, Contour of q(x, t) in Eq. (17)
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Now inserting Eq. (37) into Eq. (36) along with Eq. (6), we attain the following solutions

(38)

q =

�
2e−2it(−1 +

√
c cos(zx))2

�
−

�
−eitz

√
c sin(zx)

√
10(−1+

√
c cos(zx))

+

�
(eitz

√
c(1−c+

√
c cos(zx)))

√
10(−1+

√
c cos(zx))

�2�2��

�
1 − c +

√
c

√
2
cos(zx)

�2

Fig. 8  Plot 3D, Contour of q(x, t) in Eq. (17)

Fig. 9  Plot 3D, Contour of q(x, t) in Eq. (17)
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13  Results and discussion

In this section, we present a detailed comparison between our and previous results of our 
governing model. Yildrim et al. retrieved soliton solutions of MD-NLSE in Kerr and non-
Kerr nonlinearities using Kudryashov technique (Yildirim et al. 2017). Zhang et al. used 
N-Fold DT to achieve the breather solitons for the MD-NLSE (Hao et al. 2014).

Fig. 10  Plot 3D, Contour of q(x, t) in Eq. (20)

Fig. 11  Plot 3D, Contour of q(x, t) in Eq. (20)
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Equation (11) display the lump soliton of MD-NLSE. In Fig.  1, various bright lump 
faces appear. Equation (14) displays the lump with one kink solution for MD-NLSE. Fig-
ures 4 and 5, show one bright face, Fig. 6 show the one bright and one dark lump face. 
We change the graph by change the values of parameters. Equation (17) expose the rogue 
wave solutions for MD-NLSE. In Fig. 8, bright solitons occur. Figure 9 expresses the dark 
soliton. Equation (20) expresses the periodic wave solutions. Figure 11 represents many 
bright and dark faces with large amplitude. Equation (23) exposes the interaction between 

Fig. 12  Plot 3D, Contour of q(x, t) in Eq. (20)

Fig. 13  Plot 3D, Contour of q(x, t) in Eq. (23)
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lump and periodic wave. Figure 13, displays the one bright face, Fig. 14 displays the dark 
and bright waves and Fig. 15 displays one bright wave with large amplitude. Equation (26) 
shows the multi-wave solution for MD-NLSE. Figure 16 expresses the multi-peak waves. 
Equation (29) explores the breather lump solitons. Figure 19, expresses many bright and 
dark waves with large amplitude. Equation (32) represents the Kuznetsov-Ma breather 
solutions for MD-NLSE. In Fig. 22, we explore the bright lump wave with large amplitude 

Fig. 14  Plot 3D, Contour of q(x, t) in Eq. (23)

Fig. 15  Plot 3D, Contour of q(x, t) in Eq. (23)
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that depend on parameters. In Eq. (35), we gain the Ma-breather solitons for MD-NLSE. 
Figure 25 displays the first-order breather. In Eq. (38), we explore the generalized breather 
wave. Figure 26 explores the interaction between various parallel breather with fixed veloc-
ity and different periods. We have also studied the contour graphs of our solutions. All of 
these results may be useful in optical fiber industry.

Fig. 16  Plot 3D, Contour of q(x, t) in Eq. (26)

Fig. 17  Plot 3D, Contour of q(x, t) in Eq. (26)



 S. T. R. Rizvi et al.

1 3

177 Page 20 of 27

14  Conclusion

We have obtained different analytical solutions for MD-NLSE such as lump soliton, 
lump with one kink, rogue wave, periodic wave, periodic cross-lump, multi-wave, 
breather lump wave solutions, generalized breather, Ma-breather, Kuznetsov-Ma-
breather and its corresponding rogue wave. We also present the graphical representation 
of these solutions which contain 3D and contour plots. To the best of our knowledge, 
these results have never been obtained before for our governing model. At the end, we 
present the geometry of our solution in the result and discussion section.

Fig. 18  Plot 3D, Contour of q(x, t) in Eq. (26)

Fig. 19  Plot 3D, Contour of q(x, t) in Eq. (29)
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Fig. 20  Plot 3D, Contour of q(x, t) in Eq. (29)

Fig. 21  Plot 3D, Contour of q(x, t) in Eq. (29)
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Fig. 22  Plot 3D, Contour of q(x, t) in Eq. (32)

Fig. 23  Plot 3D, Contour of q(x, t) in Eq. (32)
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Fig. 24  Plot 3D, Contour of q(x, t) in Eq. (35)

Fig. 25  Plot 3D, Contour of q(x, t) in Eq. (35)
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Fig. 26  Plot 3D, Contour of q(x, t) in Eq. (38)

Fig. 27  Plot 3D, Contour of q(x, t) in Eq. (38)
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