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Abstract
In this article, we cover some soliton solutions and breathers for nonlinear Schrödinger
equation with quadratic nonlinear susceptibility like that Breather lump wave solutions,
Interaction between lump periodic and kink wave, lump soliton solution, Lump one kink
solution, Lump two kink solution, multiwave solution, periodic cross kink solution, periodic
cross lump wave solution, periodic wave solution and rogue wave solution. We also explore
some rational solution such asM-shaped rational solutions,M-shaped rational solutions with
one and two kink, kink cross rational solution and periodic cross rational solution. Also, we
acquire homoclinic breather solution, M-shaped interaction with rogue and kink and M-
shaped interaction with periodic and kink. Furthermore we also study the stability of our
solutions. we also represents our solutions graphically such as 3D, 2D, contour, density plot
and stream plot.

Keywords Homoclinic breather · Lump soliton · M-shaped solution · Multiwave · Rogue
wave

1 Introduction

The nonlinear Schrödinger equation (NLSE) is essential for the improvement in optical
communication system. From the mathematical perspective Schrödinger equation combines
the characteristics of both parabolic and hyperbolic equations. The NLSE applied in many
scientific fields to explain nonlinear physical characteristics also have applications in variety
of fields including semiconductor manufacturing, biology, solid-state physics, condense
matter physics, quantum chemistry, nonlinear optics, wave propagation, optical
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communication, protein folding and bending, nano-technology and industry (Ilhan et al.
2022; Li et al. 2022; Mohyaldeen et al. 2022; Yang et al. 2018). At the present time, the
study of NLSE including analysis, numerics and applications becoming significant subject
in computational and applied mathematics (Shen et al. 2021, 2022; Song et al. 2020; Guo
et al. 2020). Some efficient ways for obtaining soliton solutions and optics have grabed the
attention of many researchers because soliton theory is the fundamental and exciting topic in
research (Rizvi et al. 2021, 2022a, b; Seadawy et al. 2021, 2022a, b, c, d; Batool et al. 2022;
Ali et al. 2022; Ashraf et al. 2022).

In this paper, we will study NLSE-QNS given by Biswas et al. (2022):

iyt þ c1yxx þ d1yxt þ b1yþ a1y
�z ¼ ia1yx; ð1Þ

izt þ c2zxx þ d2zxt þ b2zþ a2y
2 ¼ ia2zx: ð2Þ

where x and t represents the spatial and temporal variables respectively. The coefficients aj,
bj, cj, dj, aj (j ¼ 1; 2) are real valued constants. aj are the coefficients of inter-modal
dispersion. cj depict the coefficient of chromatic dispersion, while dj stands for the coef-
ficient of spatio-temporal dispersion. And aj are the coefficient of QN. The function y ¼
yðx; t and z ¼ zðx; tÞ are complex valued function. The functions y represents the wave
profile of the forward harmonic waves and z represents second harmonic waves. And
y� ¼ y�ðx; tÞ is the conjugate of y ¼ yðx; tÞ.

2 LSS

By using following transformation, we obtain solution for LSS Biswas et al. (2022):

yðx; tÞ ¼ 2sðlngÞx; zðx; tÞ ¼ 2ðlnjÞxx: ð3Þ
We have following bilinear form by putting Eq. (3) into Eq. (1),

2b1sg
2j2gx � 2isgj2gtgx þ 2ia1sgj

2g2x þ 4d1sj
2gtg

2
x þ 4c1sj

2g3x � 2a1g
3y�j2x

þ 2isg2j2gxt � 4d1sgj
2gxgxt � 2ia1sg

2j2gxx � 2d1sgj
2gtgxx � 6c1sgj

2gxgxx

þ 2a1g
3jy�jxx þ 2d1sg

2j2gxxt þ 2c1sg
2j2gxxx:

ð4Þ

For LS g and j are the following functions:

g ¼ K2
1 þ K2

2 þ k7;

j ¼ K2
1 þ K2

2 þ k8;
ð5Þ

where

K1 ¼ k1xþ k2t þ k3; K2 ¼ k4xþ k5t þ k6;

where kið1� i� 8Þ are real parameters. Insert Eq. (5) in to Eq. (4). We find some equations
that provide coefficient values, including:

k1 ¼ 0; k3 ¼ 0; k4 ¼ k4; k6 ¼ 0; k7 ¼ 0; k8 ¼ 0; k2 ¼ 4

3
ia1k4; k5 ¼ 4a1k4

3
; ð6Þ

To obtain the LSS of Eq. (1), Insert Eq. (6) in to Eq. (5) and then in Eq. (3)
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yðx; tÞ ¼ 4k4s
4a1k4t

3 þ k4x
� �

4a1k4t
3 þ k4x

� �2� 16
9 a

2
1k

2
4 t

2
: ð7Þ

zðx; tÞ ¼
2 2k24

4a1k4t
3 þ k4x

� �2� 16
9 a

2
1k

2
4 t

2
� �

� 4k24
4a1k4t

3 þ k4x
� �2� �

4a1k4t
3 þ k4x

� �2� 16
9 a

2
1k

2
4 t

2
� �2 : ð8Þ

Now we represent some dynamical representation of solutions (Figs. 1 and 2):

3 LOKS

The LOKS’s solution, which contains the sum of the quadratic functions and an exponential
functions, is obtain in this section for Eq. (1) We use the following function g and j Ren
et al. (2019):

Fig. 1 LS graphs of solution y(x, t) of Eq. (7) are shown as k4 ¼ 0:5; s ¼ 4; a1 ¼ �7: a 3D plot, b 2D plot,
c contour plot

Fig. 2 LS graphs of solution z(x, t) of Eq. (8) are shown as k4 ¼ 5; s ¼ 0:4; a1 ¼ 1:1:
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g ¼ K2
1 þ K22 þ n1e

H1 þ k7;

j ¼ K2
1 þ K2

2 þ n1e
H1 þ k8;

ð9Þ

where

K1 ¼ k1xþ k2t þ k3; K2 ¼ k4xþ k5t þ k6; H1 ¼ r1xþ r2t;

Inserting Eq. (9) in to Eq. (4). By inserting all the coefficient of the
x; t; e4r1xþ4r2t; e3r1xþ3r2t; e2r1xþ2r2t; er1xþr2t; y�ðx; tÞ; y�ðx; tÞe4r1xþ4r2t; y�ðx; tÞe3r1xþ3r2t; y�ðx; tÞ
e2r1xþ2r2t; y�ðx; tÞer1xþr2t to be zero, we get algebraic expression that provide coefficient
values as:

k1 ¼ 0; k2 ¼ k2; k3 ¼ 0; k4 ¼ � 3 k22 � 2k25
� �

2ðk5ð3a1 þ 2b1d1ÞÞ ;

k5 ¼ k5; k6 ¼ k6; k7 ¼ k7; k8 ¼ k8; n1 ¼ n1; r1 ¼ 0; r2 ¼ 1

3
ð�ð4iÞÞb1;

ð10Þ

putting Eq. (10) in to Eq. (9) and then in Eq. (3) to get LOKS of Eq. (1),

yðx; tÞ ¼ �
6s k22 � 2k25
� � � 3x k22�2k25ð Þ

2k5ð3a1þ2b1d1Þ þ k5t þ k6

� �

k5ð3a1 þ 2b1d1Þ � 3x k22�2k25ð Þ
2k5ð3a1þ2b1d1Þ þ k5t þ k6

� �2

þn1e
1
3ð�4Þib1t þ k2t2 þ k7

 ! :

ð11Þ

zðx; tÞ ¼
2 � 9 k22�2k25ð Þ2W2

k25 ð3a1þ2b1d1Þ2 þ
9 k22�2k25ð Þ2 W2þn1e

1
3ð�4Þib1 tþk22 t

2þk8
� �
2k25 ð3a1þ2b1d1Þ2

� �

W2 þ n1e
1
3ð�4Þib1t þ k22 t

2 þ k8
� �2 ; ð12Þ

where W ¼ � 3x k22�2k25ð Þ
2k5ð3a1þ2b1d1Þ þ k5t þ k6:

Now we represent some graphical representation of solutions (Figs. 3 and 4):

4 LTKS

The LTKS’s solution, which contains the sum of the quadratic functions and an exponential
functions, is obtain in this section for Eq. (1). We use the following function g and j:

g ¼ K2
1 þ K2

2 þ n1e
H1 þ n2e

H2 þ k7;

j ¼ K2
1 þ K2

2 þ n1e
H1 þ n2e

H2 þ k8;
ð13Þ

where

K1 ¼ k1xþ k2t þ k3; K2 ¼ k4xþ k5t þ k6; H1 ¼ r1xþ r2t; H2 ¼ r3xþ r4t;

Putting Eq. (13) in to Eq. (4). By putting all the coefficient of the
x; t; er1xþr2t; e2r1xþ2r2t; e3r1xþ3r2t; e4r1xþ4r2t; er3xþr4t; e2r3xþ2r4t; e3r3xþ3r4t; er1xþr2tþr3xþr4t; e2r1xþ2r2t

þr3xþ r4t; e3r1xþ3r2tþr3xþr4t; er1xþr2tþ2r3xþ2r4t; e2r1xþ2r2tþ2r3xþ2r4t; er1xþr2tþ3r3xþ3r4t; y�ðx; tÞ er1x
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þr2t; y�ðx; tÞ e2r1xþ2r2t; y�ðx; tÞe3r1xþ3r2t; y�ðx; tÞe4r1xþ4r2t; y�ðx; tÞ er3xþr4t; y�ðx; tÞe2r3xþ2r4t;

y�ðx; tÞe3r3xþ3r4t; y�ðx; tÞer1xþr2tþr3xþr4t; y�ðx; tÞ e2r1xþ2r2tþr3xþr4t; y�ðx; tÞ e3r1xþ3r2tþr3x þr4t;
y�ðx; tÞer1xþr2tþ2r3xþ2r4t; y�ðx; tÞe2r1xþ2r2tþ2r3xþ2r4t; y�ðx; tÞer1xþr2tþ3r3xþ3r4t to be zero, we
get algebraic expression that provide coefficient values as:

k1 ¼ k1; k2 ¼ 0; k3 ¼ k3; k4 ¼ k4; k5 ¼ � 2k4 3a1k21 þ 3a1k24 þ 2b1d1k21 þ 2b1d1k24
� �

3 k21 � 2k24
� � ;

k6 ¼ 0; k7 ¼ k7; k8 ¼ 0; n1 ¼ n1; n2 ¼ n2; r1 ¼ r1; r2 ¼ 1

2
ið�4b1 þ ir4Þ; r3 ¼ 0; r4 ¼ r4;

ð14Þ
Insert Eq. (14) in to Eq. (13) and then in Eq. (3) to get the LTKS solution of Eq. (1),

Fig. 4 LOKS graphical representation of solution z(x, t) of Eq. (12) are shown as
a1 ¼ 1:5; b1 ¼ 7; d1 ¼ 0:9; k2 ¼ 0:5; k5 ¼ 0:2; k6 ¼ �4; k7 ¼ �2; k8 ¼ �0:07; n1 ¼ 2:2; s ¼ 0:05

Fig. 3 LOKS dynamical representation of solution y(x, t) of Eq. (11) are shown as
a1 ¼ 1:5; b1 ¼ 7; d1 ¼ 0:9; k2 ¼ 0:5; k5 ¼ 0:2; k6 ¼ �4; k7 ¼ �2; n1 ¼ 2:2; s ¼ 0:05
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yðx; tÞ ¼
2s 2k4 k4x� 2k4t 3a1k21þ3a1k24þ2b1d1k21þ2b1d1k24ð Þ

3 k21�2k24ð Þ
� �

þ n1r1er1xþ
1
2itð�4b1þir4Þ þ 2k1ðk1xþ k3Þ

� �

k4x� 2k4t 3a1k21þ3a1k24þ2b1d1k21þ2b1d1k24ð Þ
3 k21�2k24ð Þ

� �2

þn1er1xþ
1
2itð�4b1þir4Þ þ ðk1xþ k3Þ2 þ k7 þ n2er4t

:

ð15Þ

zðx; tÞ ¼
2 Uþ 2k21 þ 2k24
� �

Pð Þ � 2k4 Pð Þ þ Uþ 2k1ðk1xþ k3Þð Þ2
� �

Pð Þ2 ; ð16Þ

where U ¼ n1r21e
r1xþ1

2itð�4b1þir4Þ; P ¼ k4x� 2k4t 3a1k21þ3a1k24þ2b1d1k21þ2b1d1k24ð Þ
3 k21�2k24ð Þ

� �2

þUþ ðk1xþ
k3Þ2 þ n2er4t: and

Now we have shown some graphical representation of above solutions (Figs. 5 and 6):

5 RWS

The RWS’s solution, which contains the sum of the quadratic functions and an exponential
functions, is obtain in this section for Eq. (1) We use the following function g and j Ren
et al. (2019):

g ¼ K2
1 þ K2

2 þ n1 coshðkÞ þ k7;

j ¼ K2
1 þ K2

2 þ n1 coshðkÞ þ k8;
ð17Þ

where

K1 ¼ k1xþ k2t þ k3; K2 ¼ k4xþ k5t þ k6; k ¼ r1xþ r2t;

Insert Eq. (17) in to Eq. (4). Inserting all coefficient of x; t; coshðr1xþ r2tÞ; cosh2ðr1xþ
r2tÞ; cosh3ðr1xþ r2tÞ; cosh4ðr1xþ r2tÞ; cosh5ðr1xþ r2tÞ; cosh6ðr1xþ r2tÞ; sinhð( r1xþ
r2tÞ; sinhðr1xþ r2tÞ coshðr1xþ r2tÞ; sinhðr1xþ r2tÞ cosh2ðr1xþ r2tÞ; sinhðr1xþ r2tÞ
cosh3ðr1xþ r2tÞ; sinhðr1xþ r2tÞ cosh4ðr1xþ r2tÞ; sinhðr1xþ r2tÞ cosh5ðr1xþ r2tÞ; sinh2

Fig. 5 LTKS graphical representation of solution y(x, t) of Eq. (15) are shown as k1 ¼ 0:1; k3 ¼ �5;
k4 ¼ �0:4; k7 ¼ 3:9; r1 ¼ �0:2; r4 ¼ 3; b1 ¼ 1:5; a1 ¼ �4; n1 ¼ 2:5; n2 ¼ 0:2; d1 ¼ 3:1; s ¼ �0:2
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ðr1xþ r2tÞ; sinh2ðr1xþ r2tÞ coshðr1xþ r2tÞ; sinh2ðr1xþ r2tÞ cosh2ðr1xþ r2tÞ; sinh2ðr1xþ
r2tÞ cosh3ðr1xþ r2tÞ; sinh2ðr1xþ r2tÞ cosh4ðr1xþ r2tÞ; sinh3ðr1xþ r2tÞ; sinh3ðr1xþ r2tÞ
cosh ðr1xþ r2tÞ; sinh3ðr1xþ r2tÞ cosh2ðr1xþ r2tÞ; sinh3ðr1xþ r2tÞ cosh3ðr1xþ r2tÞ;
y�ðx; tÞ; y�ðx; tÞ coshðr1xþ r2tÞ; y�ðx; tÞ cosh2ðr1xþ r2tÞ; y�ðx; tÞ cosh3ðr1xþ r2tÞ; y�ðx; tÞ
cosh4ðr1xþ r2tÞ; y�ðx; tÞ cosh5ðr1xþ r2tÞ; y�ðx; tÞ cosh6ðr1xþ r2tÞ; y�ðx; tÞ sinhðr1xþ
r2tÞ; y�ðx; tÞ sinhðr1xþ r2tÞ coshðr1xþ r2tÞtÞ; y�ðx; tÞ sinhðr1xþ r2tÞ cosh2ðr1xþ r2tÞ; y�
ðx; tÞ sinhðr1xþ r2tÞ cosh3ðr1xþ r2tÞ; y�ðx; tÞ sinhðr1xþ r2tÞ cosh4ðr1x þr2tÞ; y�ðx; tÞ
sinhðr1xþ r2tÞ cosh5ðr1xþ r2tÞ; y�ðx; tÞ sinh2ðr1xþ r2tÞ; y�ðx; tÞ sinh2ðr1xþ r2tÞ cosh
ðr1xþ r2tÞ; y�ðx; tÞ sinh2ðr1xþ r2tÞ cosh2ðr1xþ r2tÞ; y�ðx; tÞ sinh2ðr1xþ r2tÞ cosh3 ðr1xþ
r2tÞ; y�ðx; tÞ sinh2ðr1xþ r2tÞ cosh4ðr1xþ r2tÞ; y�ðx; tÞ sinh3ðr1xþ r2tÞ; y�ðx; tÞ sinh3ðr1xþ
r2tÞ coshðr1xþ r2tÞ; y�ðx; tÞ sinh3ðr1xþ r2tÞ cosh2ðr1xþ r2tÞ; y�ðx; tÞ sinh3ðr1xþ r2tÞ cosh3
ðr1xþ r2tÞ to be zero, we get expression that provide coefficient values as:

k1 ¼ 0; k2 ¼ �ð3iÞk3ð2a1d1 þ 3c1Þ
4d21

; k3 ¼ k3; k4 ¼ k4; k5 ¼ 0; k6 ¼ 0; k7 ¼ 0; k8 ¼ k8; n1 ¼ n1;

r1 ¼ � 2d1r2
3c1

; r2 ¼ r2;

ð18Þ
Insert Eq. (18) in to Eq. (17) and then in Eq. (3) to have the RWS solution of Eq. (1),

yðx; tÞ ¼
2s 2k24x�

2d1n1r2 sinh r2t�2d1r2x
3c1

� �
3c1

0
@

1
A

k3 � 3ik3tð2a1d1þ3c1Þ
4d21

� �2
þn1 cosh r2t � 2d1r2x

3c1

� �
þ k24x

2
:

ð19Þ

zðx; tÞ ¼
2 � 2k24x� 2d1n1r2 sinh Xð Þ

3c1

� �2
þ 4d21n1r

2
2 cosh Xð Þ
9c21

þ 2k24

� �
!ð Þ

� �
!ð Þ2 ;

ð20Þ

where X ¼ r2t � 2d1r2x
3c1

and ! ¼ k3 � 3ik3tð2a1d1þ3c1Þ
4d21

� �2
þn1 cosh Xð Þ þ k24x

2 þ k8.

Fig. 6 LTKS graphical representation of solution z(x, t) of Eq. (16) are shown as
k1 ¼ 1; k3 ¼ 5; k4 ¼ 0:4; k7 ¼ 3; r1 ¼ 0:2; r4 ¼ 0:3; b1 ¼ 5; a1 ¼ 4; n1 ¼ 2; n2 ¼ 0:6; d1 ¼ 3:5; s ¼ 2:
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Now we have given some graphical representation of these solutions (Figs. 7 and 8):

6 PWS

The PWS’s solution, which contains the sum of the quadratic functions and an exponential
functions, is obtain in this section for Eq. (1). We use the following function g and j Ren
et al. (2019):

g ¼ K2
1 þ K2

2 þ n1 cosðkÞ þ k7;

j ¼ K2
1 þ K2

2 þ n1 cosðkÞ þ k8;
ð21Þ

Where

K1 ¼ k1xþ k2t þ k3; K2 ¼ k4xþ k5t þ k6; k ¼ r1xþ r2t;

Put Eq. (21) into Eq. (4). The coefficient of x; t; cosðr1xþ r2tÞ; cos2ðr1xþ r2tÞ; cos3ðr1xþ
r2tÞ; cos4ðr1xþ r2tÞ; cos5ðr1xþ r2tÞ; cos6ðr1xþ r2tÞ; sinðr1xþ r2tÞ; sinðr1xþ r2tÞ cosðr1x
þr2tÞ; sinðr1xþ r2tÞ cos2ðr1xþ r2tÞ; sinðr1xþ r2tÞ cos3ðr1xþ r2tÞ; sinðr1xþ r2tÞ cos4ðr1x

Fig. 7 RWS graphical representation of solution y(x, t) of Eq. (19) are shown as
k3 ¼ 0:5; k4 ¼ 7; r2 ¼ 0:1; c1 ¼ 5:5; a1 ¼ 0:06; n1 ¼ 4; d1 ¼ 1:3; s ¼ 2:

Fig. 8 RWS graphical representation of solution z(x, t) of Eq. (20) are shown as
k3 ¼ �0:5; k4 ¼ 7; k8 ¼ 0:8; r2 ¼ �0:1; c1 ¼ �5:5; a1 ¼ 0:06; n1 ¼ 0:04; d1 ¼ 1:3; s ¼ �2:
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þr2tÞ; sinðr1xþ r2tÞ cos5ðr1xþ r2tÞ; sin2ðr1xþ r2tÞ; sin2ðr1xþ r2tÞ cosðr1xþ r2tÞ; sin2

ðr1xþ r2tÞ cos2ðr1xþ r2tÞ; sin2ðr1xþ r2tÞ cos3ðr1xþ r2tÞ; sin2ðr1xþ r2tÞ cos4ðr1xþ r2tÞ;
sin3ðr1xþ r2tÞ; sin3ðr1xþ r2tÞ cosðr1xþ r2tÞ; sin3ðr1xþ r2tÞ cos2ðr1xþ r2tÞ; sin3ðr1xþ
r2tÞ cos3ðr1xþ r2tÞ; y�ðx; tÞ; y�ðx; tÞ cosðr1xþ r2tÞ; y�ðx; tÞ cos2ðr1xþ r2tÞ; y�ðx; tÞ cos3ðr1x
þr2tÞ; y�ðx; tÞ cos4ðr1xþ r2tÞ; y�ðx; tÞ sinðr1xþ r2tÞ; y�ðx; tÞ sinðr1xþ r2tÞ cosðr1xþ r2tÞ;
y�ðx; tÞ sinðr1xþ r2tÞ cos2ðr1xþ r2tÞ; y�ðx; tÞ sinðr1xþ r2tÞ cos3ðr1xþ r2tÞ; y�ðx; tÞ sin2
ðr1xþ r2tÞ; y�ðx; tÞ sin2ðr1xþ r2tÞ cosðr1xþ r2tÞ; y�ðx; tÞ sin2ðr1xþ r2tÞ cos2ðr1xþ r2tÞ
values of the parameters which are given below:

k1 ¼ 0; k2 ¼ k2; k3 ¼ 0; k4 ¼ k22 þ 2k25
2ða1k5Þ ; k5 ¼ k5; k6 ¼ 0; k7 ¼ 0; k8 ¼ 0;

n1 ¼ n1; r1 ¼ 0; r2 ¼ r2;

ð22Þ

Insert Eq. (22) in to Eq. (21) and then in Eq. (3) to have the PWS solution of Eq. (1),

yðx; tÞ ¼
2s k22 þ 2k25
� � x k22þ2k25ð Þ

2a1k5
þ k5t

� �

a1k5
x k22þ2k25ð Þ

2a1k5
þ k5t

� �2

þk22 t
2 þ n1 cosðr2tÞ

 ! : ð23Þ

zðx; tÞ ¼

2
k22þ2k25ð Þ2 x k2

2
þ2k2

5ð Þ
2a1k5

þk5t

� �2

þk22 t
2þn1 cosðr2tÞ

� �
2a21k

2
5

�
k22þ2k25ð Þ2 x k2

2
þ2k2

5ð Þ
2a1k5

þk5t

� �2

a21k
2
5

0
BB@

1
CCA

x k22þ2k25ð Þ
2a1k5

þ k5t

� �2

þk22 t
2 þ n1 cosðr2tÞ

 !2 :
ð24Þ

Now we have some graphical representation of these solutions (Figs. 9 and 10):

Fig. 9 PWS graphical representation of solution y(x, t) of Eq. (23) are shown as
k2 ¼ 1:3; k5 ¼ 0:5; r2 ¼ 0:05; n1 ¼ 6; a1 ¼ 1:5; s ¼ 0:1:
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7 PCKS

The PCKS’s solution, which contains the sum of the quadratic functions and an exponential
functions, is obtain in this section for Eq. (1). We use the following function g and j:

g ¼ e�K1 þ r1e
K1 þ r2 cosðK2Þ þ r3 coshðK3Þ þ k10;

j ¼ e�K1 þ j1e
K1 þ j2 cosðK2Þ þ j3 coshðK3Þ þ k11;

ð25Þ

Where

K1 ¼ k1xþ k2t þ k3; K2 ¼ k4xþ k5t; K3 ¼ k6xþ k7t;

Put Eq. (25) into Eq. (4). We have values of the parameters which are given below:

k1 ¼ 0; k2 ¼ k2; k3 ¼ 0; k4 ¼ k4; k5 ¼ � c1k4
d1

; k6 ¼ k6; k7 ¼ 0; k10 ¼ k10; k11 ¼ � j2k10
r2

r1 ¼ 0; r2 ¼ r2; r3 ¼ r3; j1 ¼ 0; j2 ¼ j2; j3 ¼ j3;

ð26Þ
Insert Eq. (26) into Eq. (25) and then in Eq. (3) to have the PCKS solution of Eq. (1),

yðx; tÞ ¼
2k4r2s sin

c1k4t
d1

� k4x
� �

r2 cos
c1k4t
d1

� k4x
� �

þ k10 þ e�k2t
: ð27Þ

zðx; tÞ ¼
2 j3k26 coshðk6xÞ � j2k24 cos

c1k4t
d1

� k4x
� �� �

Dð Þ � D1ð Þ2
� �

Dð Þ2 ; ð28Þ

where D ¼ j2 cos
c1k4t
d1

� k4x
� �

� j2k10
r2

þ e�k2t þ j3 coshðk6xÞ; and D1 ¼
j2k4 sin

c1k4t
d1

� k4x
� �

þ j3k6 sinhðk6xÞ .
Now we get some dynamical representation of our solutions (Figs. 11 and 12):

Fig. 10 PWS graphical representation of solution z(x, t) of Eq. (24) are shown as
k2 ¼ 1:5; k5 ¼ 2:5; r2 ¼ 5; n1 ¼ �6; a1 ¼ 1:5; s ¼ 0:1:
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8 PCLWS

The PCLWS’s solution, which contains the sum of the quadratic functions and an expo-
nential functions, is obtain in this section for Eq. (1). We use the following function g and j:

g ¼ K2
1 þ K2

2 þ n1 cosðH1Þ þ n2 coshðH2Þ þ k7;

j ¼ K2
1 þ K2

2 þ n1 cosðH1Þ þ n2 coshðH2Þ þ k8;
ð29Þ

Where

K1 ¼ k1xþ k2t þ k3; K2 ¼ k4xþ k5t þ k6; H1 ¼ r1xþ r2t; H2 ¼ r3xþ r4t;

Put Eq. (25) into Eq. (4). We have values of the parameters which are given below:

k1 ¼ k1; k2 ¼ 0; k3 ¼ k3; k4 ¼ k4; k5 ¼ k5; k6 ¼ k6; k7 ¼ k7; k8 ¼ 0;

r1 ¼ 0; r2 ¼ r2; r3 ¼ � d1r4
c1

; r4 ¼ r4;
ð30Þ

Fig. 11 PCKS graphical representation of solution y(x, t) of Eq. (27) are shown as
k2 ¼ 5; k4 ¼ 0:2; k10 ¼ 0:7r2 ¼ 3; c1 ¼ 0:5; d1 ¼ 1:3; s ¼ �2:

Fig. 12 PCKS graphical representation of solution z(x, t) of Eq. (28) are shown as
k2 ¼ 2; k4 ¼ 0:2; k6 ¼ 0:6; k10 ¼ 0:07; r2 ¼ 0:03; c1 ¼ 0:5; d1 ¼ 1:8; s ¼ �5;j2 ¼ 0:5;j3 ¼ 4s:
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Insert Eq. (30) into Eq. (29) and then in Eq. (3) to have the PCLWS solution of Eq. (1),

yðx; tÞ ¼
2s �

d1n2r4 sinh r4t�d1r4x
c1

� �
c1

þ 2k1ðk1xþ k3Þ þ 2k4ðk4xþ k5t þ k6Þ
0
@

1
A

n2 cosh r4t � d1r4x
c1

� �
þ ðk1xþ k3Þ2 þ ðk4xþ k5t þ k6Þ2 þ k7 þ n1 cosðr2tÞ

:
ð31Þ

zðx; tÞ ¼
2 Rþ 2k21 þ 2k24
� �

Nð Þ � �Rþ 2k1ðk1xþ k3Þ þ 2k4ðk4xþ k5t þ k6Þð Þ2
� �

Nð Þ2 ;

ð32Þ

where N ¼ n2 cosh r4t � d1r4x
c1

� �
þ ðk1xþ k3Þ2 þ ðk4xþ k5t þ k6Þ2 þ n1 cosðr2tÞ and

R ¼
d21n2r

2
4 cosh r4t�d1r4x

c1

� �
c21

.

Now we get some dynamical representation of our solutions (Figs. 13 and 14):

9 MWS

The MWS’s solution, which contains the sum of the quadratic functions and an exponential
functions, is obtain in this section for Eq. (1). We use the following function g and j
Seadawy et al. (2021):

g ¼ j0 coshðk1Þ þ j1 cosðk2Þ þ j2 coshðk3Þ þ k10;

j ¼ r0 coshðk1Þ þ r1 cosðk2Þ þ r2 coshðk3Þ þ k11;
ð33Þ

Where

k1 ¼ k1xþ k2t þ k3; k2 ¼ k4xþ k5t þ k6; k3 ¼ k7xþ k8t þ k9;

Fig. 13 PCLWS graphical representation of solution y(x, t) of Eq. (31) are shown as k1 ¼ 1:1; k3 ¼ 0:3; k4 ¼
�0:4; k5 ¼ 0:5; k6 ¼ 6:5; k7 ¼ 0:1; n1 ¼ 4:4; n2 ¼ 2:9; r2 ¼ 1:2; r4 ¼ 1:05; c1 ¼ 8:5; d1 ¼ 1:5; s ¼ 5:
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Put Eq. (33) into Eq. (4). We have values of the parameters which are given below:

k1 ¼ 0; k2 ¼ 0; k3 ¼ 0; k4 ¼ k4; k5 ¼ k5; k6 ¼ 0; k7 ¼ 0; k8 ¼ 0; k9 ¼ k9; k10 ¼ k10;

k11 ¼ 0; r0 ¼ 0; r1 ¼ � 2j1r2 b1 þ 2c1k24 þ 2d1k4k5
� �

j2 2b1 þ c1k24 þ d1k4k5
� � ; r2 ¼ r2; j0 ¼ j0; j1 ¼ j1; j2 ¼ j2

ð34Þ
Insert Eq. (34) into Eq. (33) and then in Eq. (3) to have the MWS solution of Eq. (1),

yðx; tÞ ¼ � 2j1k4s sinðk4xþ k5tÞ
j0 þ k10 þ j1 cosðk4xþ k5tÞ þ j2 coshðk9Þ : ð35Þ

zðx; tÞ ¼
2

2j1k24 r2 b1þ2c1k24þ2d1k4k5ð Þ cosðk4xþk5tÞ nð Þ
j2 2b1þc1k24þd1k4k5ð Þ � 4j21k

2
4 r

2
2 b1þ2c1k24þ2d1k4k5ð Þ2sin2ðk4xþk5tÞ

j22 2b1þc1k24þd1k4k5ð Þ2
� �

nð Þ2 ;
ð36Þ

where n ¼ r2 coshðk9Þ � 2j1r2 b1þ2c1k24þ2d1k4k5ð Þ cosðk4xþk5tÞ
j2 2b1þc1k24þd1k4k5ð Þ .

Now we get some dynamical representation of our solutions (Figs. 15 and 16):

10 LPKW

The LPKW’s solution, which contains the sum of the quadratic functions and an exponential
functions, is obtain in this section for Eq. (1). We use the following function g and j Ren
et al. (2019):

g ¼ K2
1 þ K2

2 þ n1e
H1 þ n2 cosðkÞ þ k7;

j ¼ K2
1 þ K2

2 þ n1e
H1 þ n2 cosðkÞk8;

ð37Þ

where

K1 ¼ k1xþ k2t þ k3; K2 ¼ k4xþ k5t þ k6; H1 ¼ r1xþ r2t; k ¼ m1xþ m2t;

Fig. 14 PCLWS graphical representation of solution z(x, t) of Eq. (32) are shown as k1 ¼ �1; k3 ¼ 3:5; k4 ¼
4; k5 ¼ �5; k6 ¼ 0:6; k7 ¼ �0:1; n1 ¼ �4:4; n2 ¼ 2:9; r2 ¼ �1:2; r4 ¼ 1; c1 ¼ �5; d1 ¼ 1:5; s ¼ 5:
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Put Eq. (37) into Eq. (4). We have values of the parameters which are given below:

k1 ¼ 0; k2 ¼ 0; k3 ¼ k3; k4 ¼ k4; k5 ¼ k5; k6 ¼ 0; k7 ¼ 1

3
ð�2Þk23 ; k8 ¼ 0; ð38Þ

Insert Eq. (38) into Eq. (37) and then in Eq. (3) to have the LPKW solution of Eq. (1),

yðx; tÞ ¼ 2s 2k4ðk4xþ k5tÞ � m1n2 sinðm1xþ m2tÞ þ n1r1er1xþr2tð Þ
k23
3 þ ðk4xþ k5tÞ2 þ n2 cosðm1xþ m2tÞ þ n1er1xþr2t

: ð39Þ

zðx; tÞ ¼
2 2k24 � m2

1n2 cosðhÞ þ n1r21e
r1xþr2t

� �
.ð Þ � 2k4ðk4xþ k5tÞ � m1n2 sinðhÞ þ n1r1er1xþr2tð Þ2

� �
.ð Þ2 ;

ð40Þ
where h ¼ m1xþ m2t and . ¼ k23 þ ðk4xþ k5tÞ2 þ n2 cosðhÞ þ n1er1xþr2t.

Now we get some dynamical representation of our solutions (Figs. 17 and 18):

Fig. 15 MWS graphical representation of solution y(x, t) of Eq. (35) are shown as
k4 ¼ �0:2; k5 ¼ 1:3; k9 ¼ 0:05; k10 ¼ 0:1; s ¼ 5;j0 ¼ 2:5;j1 ¼ 1:9;j2 ¼ 3:5:

Fig. 16 MWS graphical representation of solution z(x, t) of Eq. (36) are shown as k4 ¼ �0:2; k5 ¼ 1:5; k9 ¼
0:05; k10 ¼ 0:1; s ¼ 5; j0 ¼ 2:5; j1 ¼ 1:9; j2 ¼ 3:5; b1 ¼ 5; d1 ¼ 4:5; c1 ¼ 3; r2 ¼ 2:
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11 BLWS

The BLWS’s solution, which contains the sum of the quadratic functions and an exponential
functions, is obtain in this section for Eq. (1). We use the following function g and j
Seadawy et al. (2021):

g ¼ e�hK1 þ m1e
hK1 þ n2 cosðh1K2Þ þ k6;

j ¼ e�hK1 þ n1e
hK1 þ n2 cosðh1K2Þ þ k7;

ð41Þ

where

K1 ¼ k1xþ k2t þ k3; K2 ¼ k4xþ k5t;

Put Eq. (41) into Eq. (4). We have values of the parameters which are given below:

k1 ¼ 0; k2 ¼ k2; k3 ¼ k3; k4 ¼ � d1k5
c1

; k5 ¼ k5; k6 ¼ k6; n1 ¼ n1; n2 ¼ n2 ð42Þ

Insert Eq. (42) into Eq. (41) and then in Eq. (3) to have the BLWS solution of Eq. (1),

Fig. 17 LPKW graphical representation of solution y(x, t) of Eq. (39) are shown as
k3 ¼ �0:9; k4 ¼ 10; k5 ¼ 1:1; s ¼ 0:5; r1 ¼ 3; r2 ¼ 0:3; n1 ¼ 5; n2 ¼ 0:8;m1 ¼ 2:5;m2 ¼ 4:

Fig. 18 LPKW graphical representation of solution z(x, t) of Eq. (40) are shown as
k3 ¼ �0:9; k4 ¼ 10; k5 ¼ �1:1; s ¼ 0:5; r1 ¼ 3; r2 ¼ �0:3; n1 ¼ 5; n2 ¼ �0:8;m1 ¼ 2:5;m2 ¼ �4:
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yðx; tÞ ¼
2d1h1k5n2s sin h1 k5t � d1k5x

c1

� �� �
c1 n2 cos h1 k5t � d1k5x

c1

� �� �
þ n1ehðk2tþk3Þ þ e�hðk2tþk3Þ þ k6

� � : ð43Þ

zðx; tÞ ¼
2 � d21h

2
1k

2
5n2 cos uð Þ n2 cos uð Þþn1ehðk2 tþk3Þþe�hðk2 tþk3Þþk7ð Þ

c21
� d21h

2
1k

2
5n

2
2 sin

2 uð Þ
c21

� �
n2 cos uð Þ þ n1ehðk2tþk3Þ þ e�hðk2tþk3Þ þ k7ð Þ2

;
ð44Þ

where u ¼ h1 k5t � d1k5x
c1

� �
.

Now we get some dynamical representation of our solutions (Figs. 19 and 20):

Fig. 20 BLWS graphical representation of solution z(x, t) of Eq. (44) are shown as k2 ¼ 0:7; k3 ¼ 0:7; k5 ¼
5; k6 ¼ 7; k7 ¼ �0:8; s ¼ 0:5; d1 ¼ �3; h ¼ 0:01; h1 ¼ 0:5; n1 ¼ 0:2; n2 ¼ 0:03; c1 ¼ 6:

Fig. 19 BLWS graphical representation of solution y(x, t) of Eq. (43) are shown as
k2 ¼ �0:5; k3 ¼ 7; k5 ¼ 0:05; k6 ¼ 0:7; s ¼ 0:2; d1 ¼ 5; h ¼ 0:1; h1 ¼ 0:3; n1 ¼ 2; n2 ¼ 3; c1 ¼ 0:5:
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12 Traveling wave transformation (TWT)

To solve Eqs. (1) and (2), the TWT are formed as Biswas et al. (2022),

yðx; tÞ ¼ Y1ðmÞein1ðx;tÞ; ð45Þ

zðx; tÞ ¼ Y2ðmÞe2in2ðx;tÞ: ð46Þ
YjðmÞ for j=1,2 are components of amplitude and wave variables is

m ¼ wðx� qtÞ; ð47Þ
where w and q are the real-valued constants that symbolize the soliton width and velocity,
and the phase components are given as

njðx; tÞ ¼ �pxþ vt þ /; ð48Þ
where p, v and / are the real-valued constants that represents the soliton frequency, soliton
wave number and phase constant respectively.

Next By putting Eqs. (45) and (46) in Eqs. (1) and (2) we have the real and imaginary
parts are

w2ðc1 � qd1ÞY 00
1 þ ðb1 � v� p2c1 þ pvd1 � pa1ÞY1 þ a1Y1Y2 ¼ 0; ð49Þ

pqd1 � 2pc1 þ vd1 � q� a1 ¼ 0; ð50Þ

w2ðc2 � qd2ÞY 00
2 þ ðb2 � 2v� 4p2c2 þ 4pvd2 � 2pa2ÞY2 þ a2Y

2
1 ¼ 0; ð51Þ

2pqd2 � 4pc2 þ 2vd2 � q� a2 ¼ 0; ð52Þ
Equations (49)–(52) shorten to ordinary differential equation by using balancing rule

w2ðc� qdÞY 00 þ ð2cp2 � 2dpvþ apþ vÞY þ aY 2 ¼ 0; ð53Þ
with velocity

q ¼ 4pc� 2vd þ g
2pd � 1

; ð54Þ

and constraints are

Y1 ¼ Y2 ¼ Y ; d1 ¼ 2d; d2 ¼ d; c1 ¼ 2c; c2 ¼ c; a1 ¼ a2 ¼ a;

a1 ¼ 2a; a2 ¼ a; b1 ¼ b2 ¼ b; b ¼ 6cp2 � 6dpvþ 3apþ 3v:
ð55Þ

Now we apply the transformation below for variety of rational solutions

Y ¼ 2ðloggÞf; ð56Þ
Eq. (56) is inserted into Eq. (51) to generate the following bilinear form,
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4cdpw2g2g
000 þ 2cw2g2g

000 � 4d2vw2g2g
000 þ 2dgw2g2g

000 � 4adp2g2g0 þ 2apg2g0 � 8cdp3g2g0

þ 8cdpw2g03 � 12cdpw2gg0g00 þ 4cw2g03 þ 4cp2g2g0 � 6cw2gg0g00 þ 8d2p2vg2g0 � 8d2vw2g03

þ 12d2vw2gg0g00 þ 4dgw2g03 � 8adpgg02 � 8dpvg2g0 � 6dgw2gg0g00 þ 4agg02 þ 2vg2g0

ð57Þ
The remaining part of the paper is structured as following:

13 MSRS

For solving MSRS we use the following transformation (Ashraf et al. 2022),

g ¼ r21 þ r22 þ u5;

r1 ¼ u1fþ u2; r2 ¼ u3fþ u4;
ð58Þ

inserting Eq. (58) into Eq. (57) and we have some values of parameters

u1 ¼
i u24 þ u5
� �

apþ 2cp2 � 2dpvþ vð Þ
2ðau4Þ ;

u3 ¼ � apu24 þ apu5 þ 2cp2u24 þ 2cp2u5 � 2dpu24v� 2dpu5vþ u24vþ u5v

2ðau4Þ ;

u2 ¼ 0; u4 ¼ u4; u5 ¼ u5;

ð59Þ

For MSRS of Eqs. (45) and (46) substitute Eq. (59) into Eq. (58) and then put in Eq. (56),

y1ðx; tÞ ¼
2eið�pxþvtþ/Þ � wb cð Þ

2a2u24
� dð Þ -ð Þ

au4

� �
� w2b cð Þ2

4a2u24
þ -ð Þ2þu5

; ð60Þ

z1ðx; tÞ ¼
2e2ið�pxþvtþ/Þ � wbs

2a2u24
� dð Þ -ð Þ

au4

� �
� w2b sð Þ2

4a2u24
þ -ð Þ2þu5

; ð61Þ

where b ¼ u24 þ u5
� �2

apþ 2cp2 � 2dpvþ vð Þ2, c ¼ x� tð4cp�2dvþgÞ
2dp�1 , d ¼ apu24 þ apu5þ

2cp2u24 þ 2cp2u5 � 2dpu24v� 2dpu5vþ u24vþ u5v, s ¼ x� tð4cp�2dvþgÞ
2dp�1 and - ¼ u4 � w dð Þs

2au4
.

14 MSR1K

For solving MSR1K we use the following transformation (Ashraf et al. 2022),

g ¼ r21 þ r22 þ z1e
V1 þ u5;

r1 ¼ u1fþ u2; r2 ¼ u3fþ u4;

V1 ¼ w1fþ w2;

ð62Þ

inserting Eq. (62) into Eq. (57) and we have some values of parameters
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u1 ¼ 0; u2 ¼ u2; u3 ¼ � 3u4 apþ 2cp2 � 2dpvþ vð Þ
2a

;

u4 ¼ u4; u5 ¼ u5;w1 ¼ 0;w2 ¼ w2; z1 ¼ z1;
ð63Þ

For MSR1K of Eqs. (45) and (46) substitute Eq. (63) into Eq. (62) and then put in Eq. (56),

y2ðx; tÞ ¼ �
6u4eið�pxþvtþ/Þ apþ 2cp2 � 2dpvþ vð Þ u4 � 3u4w apþ2cp2�2dpvþvð Þ x�tð4cp�2dvþgÞ

2dp�1ð Þ
2a

� �

a u4 � 3u4w apþ2cp2�2dpvþvð Þ x�tð4cp�2dvþgÞ
2dp�1ð Þ

2a

� �2

þu22 þ u5 þ ew2z1

 ! :

ð64Þ

z2ðx; tÞ ¼ �
6u4e2ið�pxþvtþ/Þ apþ 2cp2 � 2dpvþ vð Þ u4 � 3u4w apþ2cp2�2dpvþvð Þ x�tð4cp�2dvþgÞ

2dp�1ð Þ
2a

� �

a u4 � 3u4w apþ2cp2�2dpvþvð Þ x�tð4cp�2dvþgÞ
2dp�1ð Þ

2a

� �2

þu22 þ u5 þ ew2z1

 ! :

ð65Þ

15 MSR2K

For solving MSR2K we use the following transformation (Ashraf et al. 2022),

g ¼ r21 þ r22 þ r1e
V1 þ z2e

V2 þ u5;

r1 ¼ u1fþ u2; r2 ¼ u3fþ u4;

V1 ¼ w1fþ w2; V2 ¼ w3fþ u4;

ð66Þ

inserting Eq. (66) into Eq. (57) and we have some values of parameters

u1 ¼ 0; u2 ¼ u2; u3 ¼ � 3u4 apþ 2cp2 � 2dpvþ vð Þ
2a

;

u4 ¼ u4; u5 ¼ u5;w1 ¼ w1;w2 ¼ w2;w3 ¼ 0;w4 ¼ w4; z1 ¼ z1; z2 ¼ z2;
ð67Þ

For MSR2K of Eqs. (45) and (46) substitute Eq. (66) into Eq. (67) and then put in Eq. (56),

y3ðx; tÞ ¼
2eið�pxþvtþ/Þ w1z1e

w1w x�tð4cp�2dvþgÞ
2dp�1ð Þþw2ð Þ � 3u4 apþ2cp2�2dpvþvð Þ eð Þ

a

� �

eð Þ2þz1e
w1w x�tð4cp�2dvþgÞ

2dp�1ð Þþw2ð Þ þ u22 þ u5 þ ew4z2
; ð68Þ

z3ðx; tÞ ¼
2e2ið�pxþvtþ/Þ w1z1e

w1w x�tð4cp�2dvþgÞ
2dp�1ð Þþw2ð Þ � 3u4 apþ2cp2�2dpvþvð Þ eð Þ

a

� �

eð Þ2þz1e
w1w x�tð4cp�2dvþgÞ

2dp�1ð Þþw2ð Þ þ u22 þ u5 þ ew4z2
; ð69Þ

where e ¼ u4 � 3u4w apþ2cp2�2dpvþvð Þ x�tð4cp�2dvþgÞ
2dp�1ð Þ

2a .
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16 HBS

For solving HBS we use the following transformation (Ahmed et al. 2019b),

g ¼ e�uðw1fþw2Þ þ z1e
wðu3fþu4Þ þ z2 cosðu1ðw5fþ w6ÞÞ; ð70Þ

inserting Eq. (70) into Eq. (57) and we have some values of parameters

u ¼ apþ 2cp2 � 2dpvþ v

2ðmw1Þ ; u1 ¼ u1;w1 ¼ w1;w2 ¼ w2;w3 ¼ 0;w4 ¼ w4;w5 ¼ w5;w6 ¼ w6;

z1 ¼ 0; z2 ¼ 0;

ð71Þ
For HBS of Eqs. (45) and (46) substitute Eq. (71) into Eq. (70) and then put in Eq. (56),

y4ðx; tÞ ¼ � eið�pxþvtþ/Þ apþ 2cp2 � 2dpvþ vð Þ
a

: ð72Þ

z4ðx; tÞ ¼ � e2ið�pxþvtþ/Þ apþ 2cp2 � 2dpvþ vð Þ
a

: ð73Þ

17 PCRS

For solving PCRS we use the following transformation (Ahmed et al. 2019a),

g ¼ r21 þ r22 þ z1 cosðV1Þ þ z2 coshðV2Þ þ u5;

r1 ¼ u1fþ u2; r2 ¼ u3fþ u4;

V1 ¼ w1fþ w2; V2 ¼ w3fþ w4;

ð74Þ

inserting Eq. (74) into Eq. (57) and we have some values of parameters:

u1 ¼ 0; u2 ¼ u2; u3 ¼ u3; u4 ¼
3 w2u3 2cdpþ c� 2d2vþ dgð Þ� �

4ðað2dp� 1ÞÞ ; u5 ¼ u5; z1 ¼ 0; z2 ¼ 0;

w1 ¼ w1;w2 ¼ w2;w3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��2adp2þap�4cdp3þ2cp2þ4d2p2v�4dpvþv

2cdpþc�2d2vþdg

q
w

;

ð75Þ
For PCRS of Eqs. (45) and (46) substitute Eq. (75) into Eq. (74) and then put in Eq. (56),

y5ðx; tÞ ¼
2eið�pxþvtþ/Þ

z2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2adp2�apþ4cdp3�2cp2�4d2p2vþ4dpv�v

2cdpþc�2d2vþdg

q
sinh hð Þ

w þ 2u3 qð Þ � w1z1 sin Xð Þ
0
@

1
A

z2 cosh hð Þ þ qð Þ2þz1 cos Xð Þ þ u22 þ u5
;

ð76Þ
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z5ðx; tÞ ¼
2e2ið�pxþvtþ/Þ

z2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2adp2�apþ4cdp3�2cp2�4d2p2vþ4dpv�v

2cdpþc�2d2vþdg

q
sinh hð Þ

w þ 2u3 qð Þ � w1z1 sin Xð Þ
0
@

1
A

z2 cosh hð Þ þ qð Þ2þz1 cos Xð Þ þ u22 þ u5
;

ð77Þ

where h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2adp2�apþ4cdp3�2cp2�4d2p2vþ4dpv�v

2cdpþc�2d2vþdg

q
x� tð4cp�2dvþgÞ

2dp�1

� �
þ w4 and q ¼

3u3w
2 2cdpþc�2d2vþdgð Þ

4að2dp�1Þ þ u3w x� tð4cp�2dvþgÞ
2dp�1

� �
and X ¼ w1w x� tð4cp�2dvþgÞ

2dp�1

� �
þ w2.

18 KCRS

For solving KCRS we use the following transformation (Ahmed et al. 2019a, b),

g ¼ e�V1 þ z1e
V1 þ r21 þ r22 þ u5;

r1 ¼ u1fþ u2; r2 ¼ u3fþ u4;

V1 ¼ w1fþ w2;

ð78Þ

inserting Eq. (78) into Eq. (57) and we have some values of parameters

u1 ¼ 0; u2 ¼ u2; u3 ¼ � 3u4 apþ 2cp2 � 2dpvþ vð Þ
2a

; u4 ¼ u4; u5 ¼ u5; z1 ¼ z1

w1 ¼ 0;w2 ¼ w2;

ð79Þ

For KCRS of Eqs. (45) and (46) substitute Eq. (79) into Eq. (78) and then put in Eq. (56),

y6ðx; tÞ ¼ �
6u4eið�pxþvtþ/Þ apþ 2cp2 � 2dpvþ vð Þ u4 � 3u4w apþ2cp2�2dpvþvð Þ x�tð4cp�2dvþgÞ

2dp�1ð Þ
2a

� �

a u4 � 3u4w apþ2cp2�2dpvþvð Þ x�tð4cp�2dvþgÞ
2dp�1ð Þ

2a

� �2

þuþ u22 þ ew2z1 þ e�w2

 ! :

ð80Þ

z6ðx; tÞ ¼ �
6u4e2ið�pxþvtþ/Þ apþ 2cp2 � 2dpvþ vð Þ u4 � 3u4w apþ2cp2�2dpvþvð Þ x�tð4cp�2dvþgÞ

2dp�1ð Þ
2a

� �

a u4 � 3u4w apþ2cp2�2dpvþvð Þ x�tð4cp�2dvþgÞ
2dp�1ð Þ

2a

� �2

þuþ u22 þ ew2z1 þ e�w2

 ! :

ð81Þ
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19 MSPK

For solving MSPK we use the following transformation (Ahmed et al. 2019b),

g ¼ r21 þ r22 þþz1 cosðV1Þ þ z2e
V2 þ u5;

r1 ¼ u1fþ u2; r2 ¼ u3fþ u4;

V1 ¼ w1fþ w2; V2 ¼ w3fþ w4;

ð82Þ

inserting Eq. (82) into Eq. (57) and we have some values of parameters:

u1 ¼ 0; u2 ¼ u2; u3 ¼ u3; u4 ¼ 3w2u3 2cdpþ c� 2d2vþ dgð Þ
4ðað2dp� 1ÞÞ ; u5 ¼ u5;

w1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2adp2�apþ4cdp3�2cp2�4d2p2vþ4dpv�v

2cdpþc�2d2vþdg

q
w

;w3 ¼ w3;w4 ¼ w4;w2 ¼ w2z1 ¼ z1; z2 ¼ z2;

ð83Þ
For MSPK of Eqs. (45) and (46) substitute Eq. (83) into Eq. (82) and then put in Eq. (56),

y7ðx; tÞ ¼
2eið�pxþvtþ/Þ Cþ 2u3

3u3w
2 2cdpþc�2d2vþdgð Þ

4að2dp�1Þ þ u3w x� tð4cp�2dvþgÞ
2dp�1

� �� �
þ w3z2eH

� �

z1 cos nð Þ þ 3u3w
2 2cdpþc�2d2vþdgð Þ

4að2dp�1Þ þ u3w x� tð4cp�2dvþgÞ
2dp�1

� �� �2
þz2eH þ u22 þ u5

;

ð84Þ

z7ðx; tÞ ¼
2e2ið�pxþvtþ/Þ Cþ 2u3

3u3w
2 2cdpþc�2d2vþdgð Þ

4að2dp�1Þ þ u3w x� tð4cp�2dvþgÞ
2dp�1

� �� �
þ w3z2eH

� �

z1 cos nð Þ þ 3u3w
2 2cdpþc�2d2vþdgð Þ

4að2dp�1Þ þ u3w x� tð4cp�2dvþgÞ
2dp�1

� �� �2
þz2eH þ u22 þ u5

;

ð85Þ

where n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2adp2þap�4cdp3þ2cp2þ4d2p2v�4dpvþv

2cdpþc�2d2vþdg

q
x� tð4cp�2dvþgÞ

2dp�1

� �
þ w2 and

C ¼ �
z1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2adp2þap�4cdp3þ2cp2þ4d2p2v�4dpvþv

2cdpþc�2d2vþdg

q
sin nð Þ

w and

H ¼ w3w x� tð4cp�2dvþgÞ
2dp�1

� �
þ w4 þ u22 þ u5.

20 MSRK

For solving MSRK we use the following transformation (Seadawy et al. 2021; Manafian
et al. 2020),

g ¼ r21 þ r22 þþz1 coshðV1Þ þ z2e
V2 þ u5;

r1 ¼ u1fþ u2; r2 ¼ u3fþ u4;

V1 ¼ w1fþ w2; V2 ¼ w3fþ w4;

ð86Þ

inserting Eq. (86) into Eq. (57) and we have some values of parameters:
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u1 ¼ 0; u2 ¼ u2; u3 ¼ u3; u4 ¼
3 w2u3 2cdpþ c� 2d2vþ dgð Þ� �

4ðað2dp� 1ÞÞ ; u5 ¼ u5;

w1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��2adp2þap�4cdp3þ2cp2þ4d2p2v�4dpvþv

2cdpþc�2d2vþdg

q
w

;w3 ¼ w3;w4 ¼ w4;w2 ¼ w2z1 ¼ z1; z2 ¼ z2;

ð87Þ
For MSRK of Eqs. (45) and (46) insert Eq. (87) into Eq. (86) and then put in Eq. (56),

y8ðx; tÞ ¼
2eið�pxþvtþ/Þ

z1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2adp2�apþ4cdp3�2cp2�4d2p2vþ4dpv�v

2cdpþc�2d2vþdg

q
sinh Uð Þ

w þ 2u3 Dð Þ þ w3z2ex

0
@

1
A

z1 cosh Uð Þ þ Dð Þ2þz2ex þ u22 þ u5
;

ð88Þ

z8ðx; tÞ ¼
2e2ið�pxþvtþ/Þ

z1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2adp2�apþ4cdp3�2cp2�4d2p2vþ4dpv�v

2cdpþc�2d2vþdg

q
sinh Uð Þ

w þ 2u3 Dð Þ þ w3z2ex

0
@

1
A

z1 cosh Uð Þ þ Dð Þ2þz2ex þ u22 þ u5
;

ð89Þ

where U ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2adp2�apþ4cdp3�2cp2�4d2p2vþ4dpv�v

2cdpþc�2d2vþdg

q
x� tð4cp�2dvþgÞ

2dp�1

� �
þ w2, D ¼

3u3w
2 2cdpþc�2d2vþdgð Þ

4að2dp�1Þ þ u3w x� tð4cp�2dvþgÞ
2dp�1

� �
and x ¼ w3w x� tð4cp�2dvþgÞ

2dp�1

� �
þ w4.

21 Stability

Now using Hamiltonian method C framework, we examine the stability (Khater 2019),

C1 ¼ 1

2

Zp
�p

y2 xð Þdx C2 ¼ 1

2

Zp
�p

z2 xð Þdx; ð90Þ

Now we verify the stability as

Fig. 21 Graphical representation of solution y1ðx; tÞ in Eq. (60) are presented via a ¼ 2; a ¼ 0:8; c ¼
0:01; d ¼ �4; g ¼ 2; p ¼ 5; u ¼ 2; u2 ¼ 0:06; u3 ¼ �0:03; u4 ¼ �0:9; u5 ¼ 5; v ¼ 0:3;w2 ¼ 5;w3 ¼
3;w4 ¼ �7; w ¼ 8; z1 ¼ 0:9; z2 ¼ �5;/ ¼ 0:5, (a) 3D plot (b) 2D plot (c) density plot and (d) stream plot
respectively
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Fig. 22 Graphical representation of solution z1ðx; tÞ in Eq. (61) are presented via a ¼ 2; a ¼ 0:8; c ¼
0:01; d ¼ �4; g ¼ 2; p ¼ 5; u ¼ 2; u2 ¼ 0:06; u3 ¼ �0:03; u4 ¼ �0:9; u5 ¼ 5; v ¼ 0:3;w2 ¼ 5;w3 ¼ 3;
w4 ¼ �7;w ¼ 8; z1 ¼ 0:9; z2 ¼ �5;/ ¼ 0:5

Fig. 23 Graphical representation of solution y2ðx; tÞ in Eq. (64) are presented via a ¼ �2; a ¼ �0:2; c ¼
10; d ¼ 0:4; g ¼ 5; p ¼ 1:5; u ¼ �2; u2 ¼ 0:6; u3 ¼ �3; u4 ¼ 1:9; u5 ¼ �0:5; v ¼ �3;w2 ¼ 1:5;w3 ¼
0:03;w4 ¼ �0:7; w ¼ �0:8; z1 ¼ �0:1; z2 ¼ 5;/ ¼ 15

Fig. 24 Graphical representation of solution z2ðx; tÞ in Eq. (65) are presented via a ¼ �2; a ¼ �0:2; c ¼
10; d ¼ 0:4; g ¼ 5; p ¼ 1:5; u ¼ �2; u2 ¼ 0:6; u3 ¼ �3; u4 ¼ 1:9; u5 ¼ �0:5; v ¼ �3;w2 ¼ 1:5;w3 ¼
0:03;w4 ¼ �0:7; w ¼ �0:8; z1 ¼ �0:1; z2 ¼ 5;/ ¼ 15
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Fig. 25 Graphical representation of solution y3ðx; tÞ in Eq. (68) are presented via a ¼ �2:4; a ¼ �0:2; c ¼
1:7; d ¼ 2:4; g ¼ 5:5; p ¼ 6:5; u ¼ 2:5; u2 ¼ �0:6; u3 ¼ �0:03; u4 ¼ �1:9; u5 ¼ 0:5; v ¼ �3:9;w1 ¼
0:4;w2 ¼ 1:05;w3 ¼ 3:7; w4 ¼ 0:7;w ¼ 0:08; z1 ¼ 0:01; z2 ¼ �3;/ ¼ 1:05

Fig. 26 Graphical representation of solution z3ðx; tÞ in Eq. (69) are presented via a ¼ �2:4; a ¼ �0:2; c ¼
1:7; d ¼ 2:4; g ¼ 5:5; p ¼ 6:5; u ¼ 2:5; u2 ¼ �0:6; u3 ¼ �0:03; u4 ¼ �1:9; u5 ¼ 0:5; v ¼ �3:9;w1 ¼
0:4;w2 ¼ 1:05; w3 ¼ 3:7;w4 ¼ 0:7;w ¼ 0:08; z1 ¼ 0:01; z2 ¼ �3;/ ¼ 1:05

Fig. 27 Graphical representation of solution y4ðx; tÞ in Eq. (72) are presented via
a ¼ 5; a ¼ �0:5; c ¼ 0:3; d ¼ 2; p ¼ 3; v ¼ 0:5;/ ¼ 0:2

Fig. 28 Graphical representation of solution z4ðx; tÞ in Eq. (73) are presented via
a ¼ 5; a ¼ �0:5; c ¼ 0:3; d ¼ 2; p ¼ 3; v ¼ 0:5;/ ¼ 0:2
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Fig. 29 Graphical representation of solution y5ðx; tÞ in Eq. (77) are presented via u5 ¼ 7:5; a ¼ 4; a ¼
�0:2; c ¼ �6:7; d ¼ 2:5; g ¼ �5:5; p ¼ �5; u ¼ 2; u2 ¼ �0:06; u3 ¼ �3; u4 ¼ �1; v ¼ 0:09;w1 ¼ 4;w2 ¼
7;w3 ¼ 3:7; w4 ¼ �0:7;w ¼ 8; z1 ¼ �1; z2 ¼ 3;/ ¼ 5

Fig. 30 Graphical representation of solution z5ðx; tÞ in Eq. (77) are presented via u5 ¼ 7:5; a ¼ 4; a ¼
�0:2; c ¼ �6:7; d ¼ 2:5; g ¼ �5:5; p ¼ �5; u ¼ 2; u2 ¼ �0:06; u3 ¼ �3;
u4 ¼ �1; v ¼ 0:09;w1 ¼ 4;w2 ¼ 7;w3 ¼ 3:7;w4 ¼ �0:7;w ¼ 8; z1 ¼ �1; z2 ¼ 3;/ ¼ 5

Fig. 31 Graphical representation of solution y6ðx; tÞ in Eq. (80) are presented via a ¼ 0:5; alpha ¼ 0:08; c ¼
0:2; d ¼ �0:4; g ¼ 0:2; p ¼ 0:5; u ¼ �2; u2 ¼ 0:6;
u4 ¼ �0:4; v ¼ �0:3;w2 ¼ 7;w ¼ �0:5; z1 ¼ 0:9;/ ¼ 3
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where Cj (j=1,2) and c represented as momentum and velocity respectively (Figs. 21, 22, 23,
24, 25, 26, 27, 28, 29, 30, 31,32, 33,34, 35 and 36). Hamiltonian system provides the
stability condition, all solutions we got through this condition is given by (Table 1), ,

Fig. 32 Graphical representation of solution z6ðx; tÞ in Eq. (81) are presented via a ¼ 0:5; alpha ¼ 0:08; c ¼
0:2; d ¼ �0:4; g ¼ 0:2; p ¼ 0:5; u ¼ �2; u2 ¼ 0:6; u4 ¼ �0:4; v ¼ �0:3;w2 ¼ 7;w ¼ �0:5; z1 ¼
0:9;/ ¼ 3

Fig. 34 Graphical representation of solution z7ðx; tÞ in Eq. (85) are presented via a ¼ 0:5; a ¼ 8; c ¼
0:2; d ¼ 0:4; g ¼ �2; p ¼ �3; u ¼ �2; u2 ¼ �0:6; u3 ¼ �0:3; u4 ¼ 0:7; u5 ¼ �8; v ¼ �3;w2 ¼ 5;w3 ¼
�0:3;w4 ¼ �7; w ¼ �0:5; z1 ¼ �0:9; z2 ¼ �5;/ ¼ 5

Fig. 33 Graphical representation of solution y7ðx; tÞ in Eq. (84) are presented via a ¼ 0:5; a ¼ 8; c ¼
0:2; d ¼ 0:4; g ¼ �2; p ¼ �3; u ¼ �2; u2 ¼ �0:6; u3 ¼ �0:3; u4 ¼ 0:7; u5 ¼ �8; v ¼ �3;w2 ¼ 5;w3 ¼
�0:3;w4 ¼ �7; w ¼ �0:5; z1 ¼ �0:9; z2 ¼ �5;/ ¼ 5
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22 Results and discussion

By establishing the proper values for the parameters, we were able to successfully generate
the desired type of solutions which express wave discrepancy. Take note of Figs. 1 and 2
which presents bright soliton solution for Eq. (7–8) by using appropriate values for
parameters. In Figs. (a) 3D plot (b) 2D plot and (c) contour plot respectively. We get some
multiple bright soliton graph for Eq. (11-12) by using the values a1 ¼ 1:5; b1 ¼ 7; d1 ¼
0:9; k2 ¼ 0:5; k5 ¼ 0:2; k6 ¼ �4; k7 ¼ �2; n1 ¼ 2:2; s ¼ 0:05 in Figs. 3 and 4. The geo-
metrical structures of lump wave soliton solutions are presented in Figs. 4, 5, 6, 7, 8, 9 and
10 for various values for parameters. Figures 13, 14, 15, 16, 17, 18, 19 and 20 shows kink
type LSS for different values of parameters. We have computed M-shaped graphs for y1ðx; tÞ
and z1ðx; tÞ with values a ¼ 2; a ¼ 0:8; c ¼ 0:01; d ¼ �4; g ¼ 2; p ¼ 5; u ¼ 2; u2 ¼
0:06; u3 ¼ �0:03; u4 ¼ �0:9; u5 ¼ 5; v ¼ 0:3;w2 ¼ 5;w3 ¼ 3;w4 ¼ �7;w ¼ 8; z1 ¼
0:9; z2 ¼ �5;/ ¼ 0:5 in Figs. 21 and 22, (a) 3D plot (b) 2D plot (c) density plot and (d)

Fig. 35 Graphical representation of solution y8ðx; tÞ in Eq. (88) are presented via a ¼ �0:5; a ¼ 8; c ¼
0:2; d ¼ 0:4; g ¼ �2; p ¼ 5; u ¼ �2; u2 ¼ 0:6; u3 ¼ �0:3; u4 ¼ 0:4; u5 ¼ 8; v ¼ 0:3;w2 ¼ 5;w3 ¼
0:3;w4 ¼ 7; w ¼ �0:5; z1 ¼ �0:9; z2 ¼ �5;/ ¼ 3

Fig. 36 Graphical representation of solution z8ðx; tÞ in Eq. (89) are presented via a ¼ �0:5; a ¼ 8; c ¼
0:2; d ¼ 0:4; g ¼ �2; p ¼ 5; u ¼ �2; u2 ¼ 0:6; u3 ¼ �0:3; u4 ¼ 0:4; u5 ¼ 8; v ¼ 0:3;w2 ¼ 5;w3 ¼
0:3;w4 ¼ 7; w ¼ �0:5; z1 ¼ �0:9; z2 ¼ �5;/ ¼ 3
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stream plot respectively. Figures 23 and 24 represented graph of M-shaped with one and two
kinks. We have attained the breather for y4ðx; tÞ and z4ðx; tÞ with values a ¼ 5; a ¼
�0:5; c ¼ 0:3; d ¼ 2; p ¼ 3; v ¼ 0:5;/ ¼ 0:2 in Figs. 27 and 28. We also obtained some
M-shaped interaction with periodic, rogue and kink profiles are presented in Figs. 29, 30,
31, 32, 33, 34, 35 and 36.

23 Conclusion

In this paper, we explored distinct solutions for NLSE-QNS such as multi, rogue and
periodic waves. we have investigated lump with kink, lump periodic and kink, breather
lump, homoclinic breather. We also categorised MSRS, MSRS with one and two kink, HBS,
PCRS, KCRS, MSPK and MSRK. Additionally, we also manipulated their stability. We
discovered by HS properties that yiðx; yÞ, zjðx; yÞ where (i ¼ 2; 4; 7) and (j ¼ 1; 2) to be
stable solutions.
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