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Abstract

Nonlinear evolution equations of non-integer order have elaborately been taken place in the
research field for their importance bearing the significant role to delineate the interior char-
acteristics of nonlinear wonders belonging to the nature. In this present effort, the time and
space fractional nonlinear modified Camassa—Holm equation and the Schrodinger equation
are disclosed for diverse and innovative wave structures by formulating accurate solutions.
Adopting a new wave variable alongside the conformable fractional derivative we attain
ordinary differential equations from fractional orders. Thereupon, the execution of directed
extended Riccati scheme has brought out further novel results of the supposed models
which might be presented in the literature newly. Finally, several physical appearances of
the constructed solutions are presented in three dimensional outlines such as kink type, ball
shape, compacton, periodic, peakon etc. The recommended technique is appeared as com-
petent, productive and concise, and claimed to be used for further research.

Keywords Extended Riccati scheme - Wave variable translation - Evolution equations of
fractional order - Soliton - Accurate solution

Mathematics Subject Classification 35C08 - 35R11

1 Introduction

Nonlinear evolution equations of non-integer order over and above the integer order have
drawn the attention of many researchers. These equations have great importance for being
the models of amalgamated physical phenomena of nature world. Earlier, a good number of
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knowledge hunters paid their attention to introduce the underlying mechanisms of nonlin-
earity arise in nature of real world (Oldham and Spanier 1974; Rogers and Shadwick 1982;
Ablowitz and Clarkson 1991; Miller and Ross 1993; Podlubny 1999; Wazwaz 2002). Con-
sequently, many mathematicians and physicists have derived various effective and influen-
tial methods to examine nonlinear evolution equations for accurate analytic solutions and
also numerical solutions. Instantly, we may mention the Adomian decomposition method
(Guo 2019), the (G' / G)-expansion method (Bekir and Guner 2013), the fitted fractional
reproducing kernel algorithm (Omar 2019), the laplace adomian decomposition method
(Shah et al. 2019), the homotopy perturbation method (Golmankhaneh and Baleanu
2011), the improved sub-equation method (Karaagac 2019), the extended simple equation
method (Lu et al. 2017), the improved auxiliary equation technique (Islam et al. 2021a),
the variational method (Seadawy 2011), the finite element technique (Chu et al. 2021),
the g-homotopy analysis transform method (Veeresha et al. 2020), the improved tanh and
the rational (G’ / G)-expansion techniques (Islam et al. 2021b) Haar wavlet, Adams—Bash-
forth—-Moulton methods and Toufik—Atangana methods (Ghanbari et al. 2020; Kumar et al.
2020a, b) and other mentionable recent studies (Goufo et al. 2020; Wang et al. 2020; Xu
et al. 2022; Karthikeyan et al. 2021; Rashid et al. 2022; Shen et al. 2021; Chen et al. 2020a,
b; Jahanshabhi et al. 2021; Zhou et al. 2021).

In this article, we consider to unravel the nonlinear space and time fractional mCH equa-
tion and the space and time fractional Schrodinger equation by means of a new technique.
The nonlinear Camassa—Holm equation and its modification of fractional order and also
of integer order have been taken into account by many researchers with the aid of differ-
ent methods to analyze various wave structures (Camassa and Holm 1993; Wazwaz 2006;
Alam and Akbar 2015; Ali et al. 2018; Lu et al. 2018; Hassan and Abdelrahman 2018;
Islam et al. 2019; Rezazadeh et al. 2019; Zulfigar and Ahmad 2020). Schrodinger types
nonlinear evolution equations are also taken major part in the literature for making vis-
ible numerous exact analytic wave solutions by various techniques such as the space—time
fractional cubic Schrodinger have been studied by imposing new type F-expansion method
(Pandir and Duzgun 2019; Hemida et al. 2012; Saxena and Kalla 2010; Salam et al. 2016;
Younis et al. 2017; Rizvi et al. 2017; Alam and Tunc 2020). Many scholars have intro-
duced several techniques along with the general Riccati equation (Naher et al. 2013; Naher
and Abdullah 2012a, b; Zayed and Arnous 2013; Malwe et al. 2016; Salathiel et al. 2017;
Zhu 2008; Zayed and Al-Nowehy 2017). Being inspired with the above study, we advise a
new approach called extended Riccati scheme together with the general Riccati equation
to demonstrate the suggested equations. The considered governing models are reduced to
ordinary differential equations with the aid of compound wave variable alteration relat-
ing to the conformable fractional derivative (Khalil et al. 2014). Other two recently estab-
lished fractional derivatives are worth mentioning (Alshabanat et al. 2020; Mohammadi
et al. 2021). This study is made us relaxed by providing much more distinct and novel wave
solutions. The acquired wave solutions might bear the great importance to analyze the inte-
rior structure of physical intricate phenomena of nature world and appear in the literature
immediately. Khalil et al. have announced the conformable fractional derivative as follows
(Khalil et al. 2014):

The conformable derivative of a function u(x) is

l—a) _
D;t(u(x»:m%”(””e) . (1)
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where x > 0 and «a indicates non-integer number (0, 1]. This definition yields some proper-
ties as follows:

Theorem 1 Consider a-differentiable functions u(x) and v(x) at any point x>0 for
a € (0, 1], then

(i) DE(x") = nx""*Vn € R.

(i) D¢(4) = 0, where A is any constant.

(ii1) D¥(au(x) + bv(x)) = aD%(u(x)) + bDS(v(x)) for all a,b € R.
(iv) D (u(x)v(x)) = u(x)DE(v(x)) + v(x)DF (u(x)).

() D (u(x)/v(x)) = v()D* @(x»—u(x)DX(v(x)).

v2(x)

N : o _ legdu
(vi) if u is differentiable, then D} (u)(x) = x -

Theorem 2 If u(x) is both differentiable and a-differentiable with 0 < a < 1, then for a dif-
ferentiable function v(x) defined in the same range of u(x) (Moussa et al. 2021),

D3 (u(x) - v(x)) = DJu(v(x))D{v(x).

The study bears significant as adopting new competent tool a heap of wave solutions is
celebrated for the advised nonlinear partial differential equations. Moreover, distinct wave
patterns are displayed in the three-dimensional space such as kink, anti-kink, cuspon, com-
pacton, anti-compacton, bell, anti-bell to depict the interior characteristics of waves.

2 Outline of the scheme

A fractional order nonlinear evolution equation is supposed to be
E(u, D*u, D*u, D>*u, D**u, D*D°u, ... ... ... )=0, 0<a<l 2.1)

where E consists of u alongside its different partial derivatives. The change of wave vari-
able as

u=ulx1n=U&), &==Ex0), (2.2)
reduces Eq. (2.1) to an ordinary differential equation due to &,
Qu,u v U, ) =0. 2.3)

Integrate Eq. (2.3) if permits and set integral constant zero as we seek for soliton solutions.
Suppose the solution formula of Eq. (2.1) stands as

ag+ Y, (a; ') + bip™'(&))
o+ X0, (ed&) +fidi(©)

where i = 1,2,3,...,n; the involved free constants (2.4) will be found later, imposing
homogenous technique provides the value of n and ¢ = ¢(&) satisfies the Riccati differen-
tial equation

ue) =

2.4)
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P'(&) = p+ Ap(©) + v (). 2.5

The solutions of Eq. (2.5) are available in Ref. (Zhu 2008).

Operating Eq. (2.4) alongside Eq. (2.5) in Eq. (2.3) gives a polynomial in ¢. Solve the
algebraic equations formed by setting each coefficient to zero and obtain the values of the
unknown parameters present in Egs. (2.4) and (2.5). Using the parameters values and the
solutions of Eq. (2.5) in Eq. (2.4), we acquire the wave solutions of Eq. (2.1).

3 Construction of solutions

This section formulates the solutions to the considered nonlinear space—time fractional
evolution equations by means of the advised scheme.

3.1 The space and time fractional nonlinear mCH equation
Consider the equation as
3a a3 _
Dfu+6D%u—Du+nDw =0,6, (n>0)€R (3.1.1)

where the derivatives are in the sense of conformable fractional derivative. The wave
variable

ket ot
uGr,1) = u(), &=-—— -, (3.1.2)
a [04
converts Eq. (3.1.1) into the ODE
—cu + kéu' + ckPu" + kn(u) = 0. (3.1.3)

Integrating Eq. (3.1.3) and setting the constant of integration zero yields
(k& — u + ck*u” + knu’ = 0. (3.1.4)
Balancing the terms " and > produces n = 1 and hence the solution (2.4) becomes

-1
. ao+al¢(§)+b1¢_ (f). (3.15)
ey +e &) +f1d71(©)
Equation (3.1.5) and Eq. (2.5) forces Eq. (3.1.4) to be a polynomial in ¢(&). Collect the
coefficients of this polynomial, set them to zero and solve by Maple. Consequently, the fol-
lowing results are obtained:
by A byv

b n(k222—4k2 pv—1)
ligy=",a,="1,¢g=xL\) —mMmM=
Set 1: g, = e = % ,

K222 — 4kpy — 1
Ab, \/’1( uv ), £ =0, =_5—k’ (3.1.6)
26 kK2A2 —4k2 v — 1

by A (A2=2uv)b, b —n(2k2 26k pv+1)
~ pk 25 ’
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iy (28R = o +1) 5
e == . fi= 0, c= .
2[42]( 26 2k2)’2 _ 5k2/ﬂ/ + 1
(3.1.7)
b4 Ab b, [ —n(kR2-4k2pv+2
Set 3: ay = 17,611 == iz_y]k\/@’
Ab —n(k2A%2 —4K2uv + 2
e =+ 1 \/ ’7( H )’ fi=0, c:$’ (3.1.8)
4[42]{ o k22 — 4k2MV +2

tan=F /A [ 5
Set 4: a, = Fk(Aey + 2ue,) ey = Fhieyy /= )

-6 26k
by = 2eyuk , =0, c= ——"———
1T EoOH \/n(kz/lz — 4R pv + 2) h ¢ A2 —4iuv +2 (.1.9)

Equation (3.1.5) with the aid of Eqgs. (3.1.6)—(3.1.9) provides

B 26 A+ v +up'(©
uy(§) = J_r2uk\/n(k2/12_4k2”v_ 3 X G110
25 20+ (A2 =2u)$(©&) + 24771 (&)
uy(§) =+ \/—n(2k2/12 —8K2uv + 1) % 2u + Ap(&)
(3.1.11)
5 4ap + 22PE) + 4297 (©)
= +2k

ua(e) =+ \/—n(k2/12 — 42 pv +2) % 4u +244(S) G112

Fky/ m{(ieo +2pue)) F Ae p(&)} + 2equky / m(ﬁ](é)

uy(§) = '

ey + e (&)

(3.1.13)

The expressions (3.1.10)—(3.1.13) along with the solutions of Eq. (2.5) provide analytic
wave solutions of Eq. (3.1.1). For simplicity, we display here the outcomes only for expres-
sion (3.1.10) as follows:

Solution family 1: When ¢ = 12 — 4uv > 0 and Av # O(oruv # 0),

% 2,1v{/1 ¥ ¢zanh<\/$§/2)} - v{ﬂ n \/Emnhwag/z) }2 —am?
X .

0 {1+ B 573 4{1+ i ]
3.1.14)

= 200 4+ aeorh(\/@£/2) | = v{ 3+ Vo (V/5/2) }2 —4m?

(k222 — 42y - 1) 4/4v{l ¥ ¢coth(\/$§/2)} £ /1{/1 n \/Ecmh(\/ag/z) }2
(3.1.15)

uy, (&) = +2uk

0, (&) = +2puk
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26
n(k2A2 —4k2uv — 1)

200{ 4+ /g (tanh( Vs ) x isech( V5 ) ) }
~v{ 2+ Vo (tanh(y/g¢ )  isech(v/ge) )} - 4

4,4v{/1+ Vo (1anh(V/6¢ ) & isech(v/9¢) ) } ¥ /1{,1 + o (rann (/) = isech(\/aé))}[
31

(&) = % 2uk

X

.1.16)
uy, (&) =+ 2uk m
21v{l+\/$(coth(\/$§)+csch< ))}
y —v{/1+ \/E(coth(\/_ﬁ)+csch( :f))} — 42 y
4;4\/{/1 + \/E(COIh(\/Ef) icsch(\/gf)) } F /1{/1+ \/_(coth(\/gé) icsch(\/gf))}
3.1.17)
aav{ 20+ g (1anh(Ve/4) = com(Ve/4) ) }
2% —v{2A+ ﬁ(lanh(ﬁé/ét) + coth(\/af/4))}2 — 16uv?
(8 = 22pky [ ———=" x .
n(k22% = 4k pv = 1) SMV{zz + ﬂ(mnh(ﬁéﬂ) 1coth(\/$§/4>)}
%2{ 22+ v/ 1anh(V/$e/4) = con(V/de/4) ) }2
(3.1.18)
u, (£)
— 2/1v{—/1 + —W@gx(ﬂ:) } + v{—/l + —W(_;g::(ﬁi) }2 a2
= 124k x 2
B e R e
3.1.19)
uy, (§)
L - 2/1v{—/1— —W@gx(ﬁi) } + v{—i - —WE$+;(M) }2 +am?
= e —ae ) VB Yy eosh () VB yprayEosn(vE) | |
4;4\/{—1— W} 1/1{—/1— W}
(3.1.20)
where A and B are non-zero free constants
u (&) =+ 2uk m
2/1;4c0sh<\/$§/2){ \/gsinh(\/af/Z) - Acash(\/a§/2) } + viZycosh(\/Ef/Z) }2
+ﬂ{\/$sinh(\/$§/2) - Acosh(\/@f/Z)}
X .
4,uzcoxh<\/$§/2>{\/gsinh(\/af/Z) - ﬂcosh(\/af;‘/Z)} + A{Zﬂcmh(\/af/Z) }2
3.1.21)
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26
n(kzﬂz — 4k pv — 1)

2&;45inh<\/$§/2){Asinh(\/af/Z) - \/gcash(\/a§/2> } - viZﬂsinh(\/E§/2> }2
—ﬂ{lsinh(ﬁé/Z) - \/Ecosh(\/aé/Z)}

4,,2smh(\/$.§/2){zxmh(\/Eg/z) - ﬁcash(\/&/z)} F A{zminh(\/ag/z) }2 .
(3.1.22)

(&) = + 2k

X

26
n(k232 = 4k2pv — 1)

Z/IMcosh(\/af){\/Esinh(\/Eé) - ﬂcosh(\/gﬁ) + l\/a} + V{Zucosh(ﬂf) }2
+u{ Vsinh( Ve ) - acosh( /) = i\/E}z

4M2cosh(\/$§){\/$sinh(\/$§) - Acosh(\/a/j) + 1\/5} + l{Zﬂcosh(\/Ei)}z .
(3.1.23)

(&) =+ 2k

X

26

w, (&) =+ 2puky | —— 20
() K (k222 — 42y — 1)

2apsinh(v/9¢ ) { ~asin (/@) + VVcosh(\/BE) £ /b | +v meh(\/_f)}
+M{—Asinh(\/$§) + \/&C()A‘h(\/gf) + }

g 4ﬂzsinh<\/E§){—/lsinh(\/E§> + ﬁcosh(\/@é‘) + \/_} ﬁ{Zusinh(\/aé‘) }2 .
(3.1.24)

26
n(k2A2 = 4k2pv — 1)

4Aminh(\/7¢.§ /4)cosh(\/$§/4) { —2/1sinh(\/$§ /4)cash(\/— 5/4)
v{ 4usinh(\/35/4)cosh(\/$5/4) }
+u{ ~2asinh(( /e /4 )cosh(\/@e/4) + 2/eosh? (V/be/4) - }
) 8,42sinh(\/7¢¢/4)cosh(\/$§/4){—24smh(\/$§/4)cosh<\/—5/) 2/4 ¢cosh2(\/—§/4) \/’} '
iﬁ{4ysinh< \/$.»:/4)coxh(\/$§/4) }

uy,, (€)= = 2uk

+2 ¢cosh2(\/—§/4) \/_}+

(3.1.25)
Solution family 2: When ¢ = 1% — 4uv < 0 and Av # O(oruv # 0),

uy (&) = i2ﬂk\/ E _i‘;w —
2/1\/[—/1 ++y/—dtan (\/:pg/z)] + v[—/l +/—¢tan (\/:1)5/2)]2 + 42
X .
4;4\/[—/1 +/dtan (@5/2)] + /1[—/1 +/dtan (\/—_¢§/2>]2

(3.1.26)
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25
2
1, (8) = 24 \/ (K222 — 4l pv — 1)

ZAV[A+\/_¢COt<\/_§/2>]—v[i+\/_¢cot<r§)] — 42
apv[a+ V=deor (V=¢/2)| = [/l+\/_<;bcot<\/_§/2)] -

(3.1.27)

26
rl(sz2 — 4k — 1)

2/1v[—/1+ M(tan (\/—_d)/;) +sec (@g))lJr :[—l + \/:i)<tan <\/:i)§> + sec <\/—_¢§))]2
e B () 0 (V7)) B () s (V)|
(3.1.28)

u]]5(§)=12/4k

26
n(kz/lz — 4k uy — 1)

e o (V) (V)] oV (V) (V) - o

a4 /= o (V) s (V) )] 7 A+ v con (V) s (Vi) )|
(3.1.29)

Uy, (€)= £2uk

26
uy (&) = +2uk
hy \/n(k2/12 —4keuv —1)

4/1v[—2,1 + V=a(tan (V=0£/4) - cot (v/=9¢/4) )]
+v[—2,1 + \/?z)(tan (H(:/zx) — cot (\/3.»:/4))]2 + 1612
8yv[—2/1+ \/:ﬁ(tan(@) —cot(@))] .

i/l[—Z/l +v=(tan (V=0¢/4) - cot (H§/4)>]2

(3.1.30)
26
=2k, | —m8M ———
ullx(ﬁ) Tip \/n(k212—4k2/4v— 1)
2 [—A+ VAA G ¢“’S(H’f)]
Asln(r§)+3
s 2
+v —ﬂ+ ) AHCOS(H&) + 42
Ailn(ﬁ§)+3
X
e _A+1\/—¢(A2—Bz)—A\/?cos(H§) caloas £4/-p(42-B2) Arcus(ré)
K Asin(ﬁg)w Aqm(ff)ﬂ?
(3.1.31)
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26
u,, (&) = iZMk\/—n T

47v [—ﬂ —

t\/ﬁ#\ﬁ%S(Hﬁ)
Asin(ﬁg)w
2
vl ae +1/-0(A2-B?)+A+/~cos (H:) 4
Asin(ﬁg)w

:\/—¢(ALBZ)+AHCOS(\/$:) ol 1\/7¢(AZ—BZ)+AHCOS(H5) >
Asin(ﬁg>+3 - Asin(ﬁf)w

4pv [—A -
(3.1.32)

where A and B are non-zero real parameters such that A> — B2 > 0.

26
n(k232 = 4k2pv — 1)

244 cos (\/—_¢5/2){\/:bsin (V=¢2/2) + dcos (vV=0¢/2) } - viZ/A cos (v/=0¢/2) }2
—,4{ V=sin (\/:j)fﬂ) + Acos (Hgﬂ) }

442 cos (\/:135/2){ \/:l)sin (\/:1;5/2) + Acos (Hfﬂ)} ¥ /1{2;4 cos (\/:p§/2) }2 .
(3.1.33)

0, (©) = +2pk

X

26

g (&) = +2uk [ ——=2
fa n(k2A2 — 4k2py — 1)

2Aysin (\/:bé/Z){—A sin (\/?pg/z) ++/—pcos (Hg/z) } + Vizﬂ sin (\/?pg/z) }2
+M{—Asin (\/—_q.’)f/Z) + \/—_cos (\/—_d)f/Z)}

44 sin (\/—_q.’)f/Z){—/l sin (\/—_¢5/2) ++/—pcos (\/—_¢§/2) }
1/1{2;4 sin (\/:ﬁf/Z) }2

(3.1.34)

26
n(kzﬂz — 4k v — 1)

2Ap cos (\/:155){ Nsin (\/:155) + Acos (\/:756) + \/:15} — V3 2ucos (\/:ﬁé)}z
—y{\/:bsin(\/:ﬁ) + Acos (\/:bé) + \/:11}2

,,(©) = 2k

4p2 cos (\/:bé){ \/—_¢sin (\/:ﬁf) + Acos (\/—_qb.f) + \/:25} F A{Zﬂcos (\/—_¢5) }2 .
(3.1.35)
uy, (&) = £2uk r](kzﬂz—i—&kzuv—l)
2Ap sin (\/:M){—Asin (\/—_qbé) + Ncos (\/:155) + \/:15} + v 2usin <\/:i>§> }2

+;4{—/lsin (HE) + \/—_cos (\/:151:) + \/_qb}z

sin (Vge) { ~asin (Ve + v Bos (v/0e) + v} 4 2usin (V) )
(3.1.36)

X
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4/1;4Sin(\/—_¢§/4>cos(\/—_¢§/4){ ~2asin(\/=@/4)cos(V=9¢/4) + 2\/—_¢>cox2<\/—_¢§/4) -9 }
+v{4;4sin( V=9e/4 )cos(\/=/4) }2
+{ ~2asin(\/=BE/4)cos (V=BE/4) + 2v/=beos? (V=9¢/4) - \/—_4;}2
) $u2sin(\/=ge /4 )cos(V/=ge/4) { ~2asin(v/=2/4 )cos(v/=Be/4) + 2v/=deos* (V=F¢/4) - V=0 '
11{4;45‘in(\/—_d)§/4)c0s<\/—_¢§/4> }2

(3.1.37)
The solutions (3.1.14)~(3.1.37) are followed by & = £~ + (kﬂ+ku—l)

The above effort serves ample traveling wave solutions in accurate form involving
many unknown constants to the nonlinear fractional mCH equation among which a few
are recorded for making readable. Ali et al. have recently investigated the same equation
applying the modified extended tanh tool and found some analytic solutions involving only
few parameters (Ali et al. 2018). This comparison ensures the novelty and generality of our
achieved outcomes which might be recorded first time in the literature.

3.2 The space and time fractional nonlinear Schrodinger equation

This well-known equation is
iD*u+D*u+2\ulPu=0, t>0, 0<a,f<1 (3.2.1)

where x and ¢ represent the space and the time variables; the equation occurs in non-linear
optics, plasma physics and superconductivity. We introduce a change of wave variable as
follows:

. p a vl o
) = U@, v ="+ £ 6= o <, (3.2.2)

where c, k and m are arbitrary parameters to be calculated later. Equation (3.2.1) with the
support of Eq. (3.2.2) attends

—(k+m*)U+U" +2U° =0, (3.2.3)

cU' +2mU’ =0, (3.2.4)

where the primes in U indicate the order of derivative due to £. Equation (3.2.4) produces
m= —%, so that Eq. (3.2.3) becomes

—(4k+*)U+8U° +4U" = 0. (3.2.3)
Balancing the terms U”" and U offers n = 1 and hence Eq. (2.4) agrees

UeE) = ag +a, &) +b1(ﬂ:11(§).
ey + e 9 +f1971(&)

(3.2.6)

Inserting Eq. (3.2.6) with its indispensable derivatives and Eq. (2.5) into Eq. (3.2.5) makes
a polynomial in @(&). Assigning like terms of this polynomial to zero and solving them we
get the values for ay, a, by, ¢y, e, f1, ¢ and k as follovajs{:

4

Set 1: ay = +% (Aeg +2fv), a; = iegv, by = 71,
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8uv —24% = ¢?
=7 ( )

4>|~

e, =0, x
Set 2: ay = £ (4ey — 2vf}), a, =0, b, = F2 (4f; — 2uey),

(8yv—2/12—c )

-lkl'—‘

e, =0, x

Set 3: a, = +ivf;,a, =0,b, = +’22fl ey =0,

e, =0, k= i(Sﬂv—Zﬂ—cz)

+ i(12—4uv)60’61
4v

Setd:a,=0,a,=0,b, = =0,

Aeg 1
=79, %=3

Set 5: ay = £ (4ey — 2vf}), a, =0, b, = F2 (4f; — 2uey),

(8/4\/—2/12—6 )

e, =0, k= Z(Suv—Zﬂz—cz)

ieg(A2—2uv) e,
—

=0
4v ’

Set 6: a, = +ieyA, a; = +ie,v, b, = +

Aeg

1
=7 k= Z(3zﬂv—8/12—c2)

Set 7: ay = +ieyA, a, = +ie,v,b; = +ie u,e; =0,

Aeo

_ =lur_16p -
h== _4(4,1 16uv — c*)

3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)

(3.2.11)

(3.2.12)

(3.2.13)

Equation (3.2.6) and Eq. (3.2.2) with the aid of Egs. (3.2.7)—(3.2.13) provides

(Aeg +2f1v) + degvep(&) + 24f 0~ 1(5)

uy (&) = xieV x

4{ey +f07'(&)}

Uy(&) = xie" X

(’1‘30 - 2Vf1) - (Afl - Zﬂeo)(P_l(f)

2{90 +f1(ﬂ_l(f)}
uy(&) = iie"‘”{ % +vp() }

(#=4uv)e™'(©)

W s
) = e X e ®)

us(&) = xie" x

(’1‘30 - 2Vf1) - (ﬁf1 - 2M60)¢_1(§)

2{ey +fi07'(©)}

(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)

(3.2.18)
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L MA@ + (A - 2uv) 07 ()
ug(&) = e x 2 ® : (3.2.19)

A+ o) +uep” @)

_ i ol¥
u7(&) = +2ive'” X Wt Ao D)

(3.2.20)

The expressions (3.2.14)—(3.2.20) delivers numerous appropriate analytic traveling wave
solutions of Eq. (3.2.1) among which we record here only for the expression (3.2.14) as
follows:

Solution family 1: When ® = 1% — 4uv > Oand Av # O(or uv # 0),

(deq +2f,v) — 2e0<x + /@ tanh (ﬁg/z))
—42f,v(\ + /@ tanh (\/_ g/z))—l

W(E) = e x 2
{e0—2f, (x+ \/Etanh<\/_g/2>) }
(Rey+2fv) — 2e0(x + v/ coth (\/Eg/z))

—42f,v(\ + /D coth (\/_g/z))— 322

W) = xie" x

{eo—zfl (7»+\/5c0th \/_g/z }

(ﬁe() + 2f1") - 26()(/1 + ﬁ(tanh( ) * iS@Ch( e >>>
—4/lf1v</1+ @(tanh(\/_f) zsech(\/_f)))

4{60_2ﬁv</1+\/5(tanh<\/_5> lsech<\/_5>)) }

(3.2.23)

3 (&) = +ie" x

(,160+2f1v)—2e0(,1+\/5(00th( )+CS°h< @ )))
46 = il a4+ Vo coth (V) 2 esen(Vz) ) )
1 B 4{60—2]‘1‘/()“"\/6<C0th(\/_§)iCSCh(\/_§)>> }

(3.2.24)
(Zey +2fv) eo<2l+\/_(tanh(\/_§/4>+coth(\/_§/4>>>
—8Af,v <2A+\/_(tanh<\/_§/4>+00th<\/_5/4>>>
4{eo—4ﬁv<2z+\/5<tanh<\/5‘§/4)ic"th<\/6§/4))) l}

(3.2.25)

u3(8) = xie™ x
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Asinh (\/5§)+B

-1
+4/1f1\/<—/1 N \/(A2+BZ)-<D—A ® cosh (\/55) )
Asinh (\/55)+B

p .
uj(§) = tieV X )

\/m—A ® cosh (\65) >_l

(Aeg +2fv) + 2e0(—/1 +

\/m—f\ ® cosh (\/&j) )

45¢e, + 2f1v<—/1 +

Asinh(\/E5>+B
(3.2.26)
V(4242044 cosh (V5 )
A 2 2 —A -
( ¢+ flv) + 60( Asinh(\/‘5§)+3
-1
A/ (A2+B2)®+A/® cosh ( /oe
rasfv —a = Y o (V%)
' Asinh<\/$5>+3
ul (&) = +ieV x ,
-1
1/ (A2+B2)®+A/® cosh ( /D¢
Moy +2pv| =1 = Y coh (V&)
Asinh(ﬁg)w
(3.2.27)
where AandB are non-zero arbitrary real parameters.
Sel)uvcosh(\@.f/Z)
A 2
(deo +2f1v) + \/Esinh(ﬁg/z)—xcosh(ﬁg/z)
3, (\/@sinh(V/®E /2)—Acosh(v/DE/2
| 4 M (/@sin ﬁ@%ﬁ (VoLr/2) (3.2.28)
&) = 516" x :
4d o 4 LLO/@sinh(VOE/2)-hcosh(v/E/2)
0 2picosh(v/@E/2)
8eouvsinh( /@& /2
(deg +2fv) = —— (voer2)
Asinh(y/®&/2)—/@cosh(v/DE/2)
Afi (sinh(v/DE/2)—v/Peosh(v/PE/2) 3999
) - - (3.2.29)
u) (&) = +ieV x pinh(V%/2) )
4d o _ L0sinh(V@E/2)—Vcosh(v/ae/2)
0 2psinh(y/0E/2)
Se()yvcosh(\/&f)
Aeg +2 +
(Ao +2f1v) Vasinh(Vas)-rcosh( Vs )xive
LM (V®@sinh(v/&)—Acosh(V D) VD) (3.2.30)

peosh(v/®¢)

{ £,(\/Dsinh(y/DE)—rcosh(v/DE)+i /) }
45 eg+
2pcosh(y/ D¢)

10 i
u (&) = xie" x
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8eoyvsinh(\/$5)

2
(ﬁeo +2/ lv) + —Asinh(V/®E)+v/@cosh(v/@E)+ /@
f, (~Asinh(//@E)+1/@cosh(V/DE)+ /@)

+

ull (&) = xie™ x psinh(v/@¢) . (3.2.31)
4{ e, + 1 (=Asinh(y/®E)+v/@cosh(y/DE)+ /@)
0 2psinh(y/®¢)
(/160 +2f; v) + 16, pvsinh(/DE/4)cosh(1/DE/4)

—2)sinh(y/®E/4)cosh(y/DE /4)+2/Dcosh? (/e /4)— /D
Af; (=22sinh(V/@E/4)cosh(\/DE/4)+2/Peosh? (VDE /)~ /D)
2psinh(v/PE/4)cosh(V/DE/4)
4 fi(=22sinh(V/g /4)cosh(v/DE/4)+2V/Deosh?(V/DE/4)- v/ @)
ey + -
4psinh(y/®E/4)cosh(\/DE/4)

+

(&) = +ie" x

(3.2.32)
Solutions family 2: When ® = A% — 4yv < 0 and Av # O(or uv # 0),

(Aeg +2f1v) + 2¢(—4 + /—Dtan(y/—DE/2))
-1
+4Afv(=\ + \/—Dtan(y/ —DE/2)) (3.2.33)
4{ey + 2f, V(=L + 1/ —cbtan(\/—cpg/z))_1 }

13 i
u;(§) = xie" x

(Aeg +2f1v) — 2e0(A + V/—Deot(y/—DE/2))
-1
—42fv(h + v/ —Dcot(/—DE/2)) (3.2.34)

4{eg — 2 vOh + V/—Deot(v=BE/2) )

14 - i
WM (E) = xie x

(Aeg +2f,v) + 2e9(—A + V/=D(tan(y/—DE) + sec(y/—DE)))
+4Afv(=\ + V=D (tan(y/ —DE) + sec(y/ —CI)§)))_1

4{ey + 2f V(=L + V/—®(tan(/—DE) + sec(\/—cbg)))_1 }
(3.2.35)

(Aeg +2fv) — 2e0(A + V =D(cot(\/ —DE) % csc(\/ —DE)))
—42f,v(\ + V=D (cot(/—DE) + cse(v/=®E))

4{ey — 2fv(A + V=D (cot(\/ —DE) + csc(V/ —<I>§)))_1 }

(3.2.36)
(Aeg +2f1v) + €o(—24 + \/—®@(tan(y/—DE/4) — cot(y/ —DE/4)))
+8Af, V(=2 + V/—®(tan(r/—DE/4) — cot(v/—®E/4))

4{eq + 4f;v(=2\ + \/ —D(tan(y/ —DE/4) — cot(y/ —<I>§/4)))_] }
(3.2.37)

15 .
u’(§) = tie" X

16 . 0
u,(§) = tie" X

uy(€) = xie" x

@ Springer



Novel and diverse soliton constructions for nonlinear space-... Page 150f23 227

_ i\/m—A@cos(ﬁg)
(Aey +2f,v) + 2e0< A+ P arayes
-1
+aaf v —n+ +1/—0(A2—B2)—Ay/—Dcos(y/—DE)
! Asin(y/—®E)+B

uB(&) = xie x

-1 ’
4 ) _ £/~ B(AZ—B2)—-A\/—Dcos(/—DE)
{eo +2h V< A+ Asin(y/—®E)+B

(3.2.38)
4 +/-O(AT-BY+AY=dcos(v/=0E)
(Aey +2f,v) + 2e0< A PR

-1
+aafv( =n - +1/—®(A2—B2)+A\/—Dcos(y/—DE)
1 Asin(v/—DE)+B

u)’(€) = ie" x

—1 ’
4 £V/OATBH+AV=Pcos(v-0F)
4 { ¢+ 2h V< h Asin(y/—®)+B ) }

(3.2.39)
where AandB are non-zero unknown real constants.

8eypveos(\/ —DE/2)
A 2 _ oM
( €+ fl V) V=®sin(y/—DE/2)+Acos(y/ —DE/2)
_ M/ -Psin(y —DE/2)+hcos(V —PE/2))

pcos(@&/Z) (3240)

4d o _ A/ sin(V/=08/2) Hicos(v-0/2)
0 2pcos(v/-0E/2)

20 .
up (§) = tie" X

8equvsin(y/—®E/2)
/1 2 oM
(Aeo +2fiv) + —Asin(y/—®E/2)+y/—~Dcos(v/—E/2)
4 A Chsing V/=®E/2)+y/—Dcos(y/—DE/2))
psin(y/—®E/2) (3.2.41)

4 { o 4 AUCHSInY=0E/2 4y = eos(v/=0E/2) }
0 .
2psin(v/=®t/2)

W21 (€) = xie™ x

8e, vcos(@i)
ey +2fv) — =
( eO+ flv) @sin(@&ﬂkeos(@é&@
_ M0/ ®sin( =00 thcos(v =002 V)
pcos(@@) (3242)

4d o _ AV Bsin(V=00) Hhcos(V-00)1V-0)
0 2picos(v/—E)

22 - 0
W28 = ie x

8eq puvsin(y/—®E)
ﬂ 2 oM
(dey +2fyv) + —Asin(y/—®E)+V/—Deos(v/—DE)+ v/~
L (—Asin(y/—®@E)++/—cos(y/—DE)+ v/~ D)
psin(y/=®¢) (3.2.43)

4 { e+ Jfi(=Asin(y/ =DE)++/ —Dcos(/ —DE)+/ —D) }
0 .
2psin(y/ —DE)

W) = HieV x
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(deo +2/,v) 16ey uvsin(y/—®E/4)cos(v/~@E/4)
0 ! —2hsin(v/—DE/4)cos(V—BE/4)+2/—Deos?(V—DE/4)—/—
M, (=22sin(/—®@E /4)cos(y/—DE /4)+21/—Dcos? (v —DE /4)— /- D)
2psin(y/= @& /4)cos(v/~@E/4)

4d e 4 Fi(=22sin(v/=®E /4)cos(v/—DE /4)+2y/—Dcos (v/—DE /4)—y/— D)
0 4psin(y/—D/4)cos(\/—DE/4)

+

u(§) = e x

(3.2.44)
V=212 —c2 ) o
The solutions (3.2.21)—(3.2.44) are followed by v = —% + W, ¢ = % + %

Solutions family 3: When x4 = O and Av # 0,

4heyd
d+cosh (A&)—sinh (A£)

4{e0 ~ (4 + cosh (48) ~ sinh (,15))}

(eq +2f,v) — 2f Y (d + cosh (A€) — sinh (AE))

U (&) = ie x

3

(3.2.45)
4 Aeg(cosh (A€)+sinh (A€)) 2f, v(d+cosh (A€)—sinh (A€))
A 2 — = -2
W20(&) = +ie™ x ( ¢+ 2/ lv) d+cosh (A€)—sinh (A€) cosh (A8)+sinh (£)
1 - 4l o _ fivie+eosh (G)=sinh (32) ’
0 A(cosh (A€)+sinh (A£))
(3.2.46)
. . P C2424%)1 «
where d is an arbitrary constant; y = —% (Crar)e JE= %
Solutions family 4: Whenv # Oand y = A = 0
2eyv
Y — 2V
27 iy fl vé+c, 32.47
uy' (&) = +ie x , 3.2.47)
2{60 -fi (vf + cl)}
‘ - R e L
where ¢ is an arbitrary constant; y = TR E= 5+t

The above study of space and time fractional nonlinear Schrodinger equation affords
plentiful traveling wave solutions in accurate form. The attained solutions are compared
with the results reported in the literature. Instantly, Pandir and Duzgan have utilized the
new type F-expansion method to disentangle the space—time fractional cubic Schrodinger
equation and obtained ten analytic wave solutions (Pandir and Duzgun 2019), the same
governing model has been investigated by Hemida et al. using homotopy analysis technique
and originated some series solutions (Hemida et al. 2012) while only four solutions to the
declared equation have been constructed by Salam et al. (2016). The comparable study
certifies that our furnished solutions are further new and general with more free parameters
which may be appeared in the literature for the first time.

4 Plot for wave structures of the gained solutions

The solutions of nonlinear evolution equations disclose the underlying structures of natural
phenomena. Accordingly, the above constructed solutions to the considered equations are
outlined to bring out their physical appearances. The plotted 3-dimensional representations
stand for different wave profiles like kink type, singular kink type, cuspon, bell shape, anti-
bell shape, compacton, anti-compacton, peakon, periodic etc. We give some of them as fol-
lows (Figs. 1,2,3,4,5,6,7,8,9, 10, 11, 12):
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Fig. 1 The singular kink shape
soliton of solution (3.1.14) for
a=v=n=k=1,1=22,

6 =c=—1land y = 1.2 within
-10<x,t <10

Fig.2 The kink shape

soliton of solution (3.1.17)
fora=u=v=n=k=1,
A=2.001and 6 = ¢ = —1 within
—65 <x,t <65

Fig.3 The compacton
soliton of solution (3.1.23)
fora=u=n=141=3,
v=4§=k=2andc=-0.01
within 0 < x,t < 1.6

5 Conclusions

The objective of the exploration was to investigate appropriate analytic wave solutions to

@ Springer



227 Page180f23

M.T.Islam et al.

Fig.4 The periodic soliton
of solution (3.1.30) for
a=A=pu=v=n=k=1,
6 = —2 and ¢ = —1 within
-2<x,t<4

Fig.5 The peakon soliton

of solution (3.2.22) for
a=f=v=c=k=¢ =1,
A=11Lpu=-1,m=2and

fi = —2within-0.2 <x,t <0.2

Fig.6 The kink shape soliton

of solution (3.2.23) for
a=f=v=c=k=1,1=2,
u=-1,m=0.1,¢, =0.5and

fi = =5 within-0.3 <x,t <0.5

the nonlinear space and time fractional mCH equation the space—time fraction nonlinear
Schrodinger equation by utilizing the anticipated extended Riccati scheme. The directed
technique has successfully offered attractive and interesting solutions to the suggested
equations and has been ensured its high performance. The physical outlines of the achieved
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Fig.7 The singular kink shape
soliton of solution (3.2.26) for
a=f=v=c=m=k=¢,=f,=1
A=3,u=—-landA =2

within —0.1 < x <0.1and
-03<t<03

Fig.8 The periodic soliton

of solution (3.2.30) for
a=f=v=c=m=k=¢,=1,
A=0.5,uy=-land f; = -0.99
within—1 <x,t <0.3

Fig.9 The compacton soliton
of solution (3.2.31) for
a:ﬂ:v:c:m:k:l,
A=0.6,u=-1,¢,=05
and f; = 1.62 within
-07<x,t<04
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Fig. 10 The anti-compacton
soliton of solution (3.2.32) for
a=f=v=c=m=k=1,
A=0.6,u=-1,¢,=05

and f; = 1.62 within

—-0.7 <x,t <04

Fig. 11 The singular kink shape
soliton of solution (3.2.33) for
a=f=pu=v=c=m=k=1,
A=1.1,¢y=12and f; = -0.01
within 0 < x,t <2

Fig. 12 The anti-bell shape

soliton of solution (3.2.34) for
a=f=pu=v=c=m=k=f,=1
4= 1.1and ¢, = 1.2 within
-1<xt<1
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solutions have been drawn in three-dimensional space which have been appeared in the
shapes of kink, anti-kink, bell, anti-bell, compacton, anti-compacton, periodic etc. The
obtained solutions comprehend numerous arbitrary parameters and assert to be diverse and
novel which might be useful to analyze the underlying characteristics of complex physical
phenomena and take significant place in the literature. So far, we have hunted the literature,
the acquired solutions have not been reported earlier. This method is straightforward, com-
petent and productive which might be considered for further execution to explore any other
nonlinear evolution equations of fractional order arising in numerous fields of engineering
science.
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