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Abstract
Present work focuses on Hermite-cosh-Gaussian (HchG) laser-induced third harmonic gen-
eration (THG) in plasma on account of self-focusing. HchG laser beam gets self-focused 
due to ponderomotive force while propagating in plasma. Interaction of intense laser pulse 
results ponderomotive force on electrons and induce density perturbation that produces 
density oscillations at second harmonic frequency. Induced density perturbation beats with 
quiver velocity of electrons at laser frequency to produce a third harmonic nonlinear cur-
rent. Application of wiggler magnetic field satisfies the phase matching condition which 
results resonant THG. Significant enhancement in the efficiency of THG is observed by 
using HchG laser profile for mode index m = 2. Small variation in decentered parameter 
also affects the THG efficiency which shows the sensitivity of decentered parameter.
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1  Introduction

High intense laser propagates through the plasma resulting various interesting nonlinear 
phenomena which have been extensively studied by number of researchers in last few 
decades (Nakai and Takabe 1996; Corde et al. 2013; Hernandez et al. 2009; Zhang et al. 
2017; Sointsev et  al. 2011; Oagat et  al. 2018). Due to interaction of intense laser beam 
with plasma medium the density perturbations occur and this result nonlinear change in 
refractive index of plasma medium. This gives rise to nonlinearity which has its impor-
tant widespread applications such as inertial confinement fusion (Nakai and Takabe 1996), 
laser plasma accelerator (Corde et al. 2013), microscopic resonance imaging (Hernandez 
et  al. 2009). The third harmonic generation is one of the most important nonlinear phe-
nomena which was extensively studied by various researchers (Ganeev et al. 2010; Brandi 
2009; Liu and Tripathi 2008; Tyagi 2016; Singh and Tripathi 2010; Kant et al. 2012). They 
observed that third harmonic generation takes place when intense laser beam propagates 
through plasma, created in a semiconductor. Wiggler magnetic field satisfy the resonance 
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condition for higher efficiency of third harmonic pulse. Dhaiya et  al. (2007) studied the 
Gaussian laser beam, where the resonance condition is satisfied by applying the density 
ripple and this results higher efficiency gain for second and third harmonics generated dur-
ing laser plasma interaction. Resonant THG in cluster density was analysed by Vij et al. 
(2016). They observed that the presence of density ripples in clusters are responsible for 
the phase matching condition and this result increase in amplitude of harmonic generation 
takes place. Due to mismatch of group velocity of fundamental laser with that of the third 
harmonic pulse, the pulse slippage takes place. Thakur et al. (2016) had given the effect of 
density on the amplitude of third harmonic pulse, during laser plasma interaction. Shibhu 
et al. (1998) showed that density ripples in plasma are responsible for THG in a plasma 
channel and density perturbation satisfies the phase matching. Wiggler magnetic field was 
also used for resonant generation of third harmonic pulse (Rajput et al. 2009; Sharma et al. 
2019).

Large number of researchers analyzed the properties of HchG laser using different 
approaches for self-focusing and harmonic generations. Nanda and Kant (2014) analyzed 
the HchG laser and presented the effect of density transition on self-focusing at optimum 
values of different laser parameters. Nanda et  al. (2013a) studied the effect of density 
ramp on self-focusing for HchG laser beam for magneto-plasma, at different mode indices. 
Their study reveals that extraordinary mode is dominant over ordinary mode towards self-
focusing. Wani and Kant (2016) studied the properties of HchG laser beam propagating 
through plasma under density transition. Plasma density ramp results stronger self-focusing 
and reduction in spot size is observed up to several Rayleigh lengths. Kaur et al. (2017) 
analyzed self-focusing for HchG laser by considering relativistic nonlinearity. Their study 
revealed that the self-focusing for different mode indices, at particular values of decen-
tered parameter. Nanda et al. (2013b) studied the effect of decentered parameter on relativ-
istic self-focusing of HchG laser beam in plasma and they reported the stronger self-focus-
ing for mode index m = 2. Patil et al. (2010) studied the HchG laser beam in collision less 
magneto plasma and they studied the effect of nonlinearity and spatial diffraction. Kant and 
Nanda (2014) had given the study of self-focusing of HchG laser in plasma and presented 
the effect of decentered parameter and frequency of incident laser on beam width param-
eter. Pathak et al. (2019) analyzed the properties of HchG laser beam, under density ripple, 
for different mode indices. Their study revealed that how the higher order terms affect the 
off-axial properties. Wadhwa and Singh (2019) analyzed the Hermite-Gaussian laser beam 
and studied the SHG and self-focusing in x and y direction at different mode indices and 
at various values of different laser parameters. Chib et al. (2020) studied the propagation 
properties for flattened Hermite-cosh-Gaussian light beam and they observed that Gauss-
ian, cosh-Gaussian and Hermite cosh-Gaussian laser beam are the particular cases of their 
study. Chaudhary et  al. (2020) reported the study of Hermite cosh-Gaussian laser beam 
propagating through hot electron, collisional and density modulated plasma and studied the 
effect of different laser parameters on tera hertz field emitted. Gavade et al. (2020) studied 
the self-focusing, considering elegant Hermite-cosh-Gaussian laser beam. They observed 
the role of decentered parameter for weaker relativistic and ponderomotive non-linearity. 
They observed stronger self-focusing with increasing values of decentered parameter. They 
observed the complex behaviour of beam width parameter at higher mode indices.

Hermite cosh-Gaussian beam is obtained by the superposition of two decentered Her-
mite-Gaussian beams as cosh-Gaussian ones (Belafhal and Ibnchaikh 2000). For m = 0 and 
b = 0, the Hermite-cosh-Gaussian beams can be analyzed like Gaussian beam in nonlinear 
medium but the different values of mode index (m) and decentered parameter (b) are found 
to change the nature of self-focusing/defocusing of the beams significantly. In this study 
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we have analyzed the THG of a relativistic self-focusing HchG laser in plasma. Efficient 
THG is seen due to stronger self-focusing. Section 2 comprise the derivation of normalized 
amplitude for THG, results analysis is given in Sects. 3 and 4 contain the conclusion.

2 � Theoretical formulation

Field distribution for Hermite cosh-Gaussian laser (Pathak et al. 2019) propagating through 
plasma is given as

where k⃗1 is the wave number of incident laser pulse, B⃗w is wiggler magnetic field and k⃗0 be 
the wiggler wave number, �1 be the angular frequency of incident laser and A be the ampli-
tude of the incident laser pulse.

Electrons attain oscillatory velocity under the influence of ponderomotive force.

where, m0 is the rest mass of the electron, ν is the collision frequency of electrons and γ is 
the relativistic factor. Propagating laser exerts ponderomotive force on electrons and elec-
trons attain an oscillatory velocity at 2�1 . This oscillatory velocity combines with density 
ripple and produces perturbation in density at 2�1 . This perturbation further beats with 
oscillatory velocity, at �1 , to produce third harmonic current density J⃗
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Hm is the Hermite function and b is the decentered parameter.
Equations for beam width parameter (Vij et al. 2016) for different values of mode index 

(m) are given as.
For m = 0

For m = 1

For m = 2

where �1 = e2M
/
6m2

0
�2�2kbT0, here, ′M′ is the mass of the scatterer in the plasma, ′k′

b
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the Boltzmann constant and ′T ′
0
 is the equilibrium plasma temperature and �p is the plasma 

frequency.
The particular integral of Eq. (6a) is as

where, A30 is the constant, gives the amplitude of the pulse of THG.
With the help of Eqs. (10), (11) and (6a), we obtain
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3 � Result analysis

Equations (7), (8), and (9) are the derived expressions obtained for beam width parameter 
for different mode indices, whereas the expressions for normalized amplitude of third har-
monic generation is given by Eq. (13). These coupled equations have been solved numeri-
cally for optimum values of different laser parameters as �1 r0∕c = 27 , �p∕�1 = 0.8 , 
�2A

2
10
∕�0 = 1,eA10∕m0�1c = 5, and eBw∕m0�1c = 3 . The behaviour of beam width param-

eter ‘ f  ’ with � at m = 0, 1 and 2 respectively is depicted in Fig.  1. For m = 0, 1 and 2 
we obtained the minimum value of the beam width parameter up to 0.1 for m = 2. This 
shows that the self-focusing becomes stronger for m = 2. When mode index is having 
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odd values then the beam profile becomes the sinusoidal curves modulated by a Gauss-
ian envelope. Whereas, for even values of m the intensity distribution can be regarded as 
the cosine curves as the case of the cosh-Gaussian beams (Chaudhary et al. 2020) due to 
which self-focusing becomes stronger for m = 2. Patil et al. (2008) shows the similar behav-
iour of HchG laser beam and their study outcome showed that for m = 2 the self-focusing 
increases.

The graphical analysis of normalized amplitude of third harmonic pulse with normal-
ized distance � , at different values of normalized intensity is shown in Fig. 2, where other 
parameters are same as in Fig. 1. We obtain the values of normalized amplitude in THG as 
0.035, 0.24 0.525 for different values of normalized intensity. With increase in intensity of 
fundamental laser the ponderomotive force becomes stronger and due to higher oscillatory 
velocity of electrons the stronger self-focusing is observed.

Figure 3 shows the graphical study of the variation of normalized amplitude in THG 
with � for optimum values of normalized wiggler magnetic field and varying the inten-
sity of fundamental laser. It is quite clear from the graph that the normalized amplitude 
of THG increases with increase in normalized wiggler field. Sharma et al. (2013) stud-
ied the THG for Gaussian laser pulse under the effect of wiggler magnetic field and they 
observed that gain is significant on increasing wiggler magnetic field. The peak value 
of normalized amplitude for third harmonic pulse is 0.132, where as in present work, 
for HchG laser beam the peak value of normalized amplitude is nearly 0.54. This shows 
that gain is more prominent when we use the Hermite-cosh-Gaussian laser profile. Fig-
ure 4 gives the graphical variation of normalized amplitude of THG with linear propa-
gation distance, at different values of normalized plasma density �p∕�1 . We observed 
that the normalized amplitude of THG attains its peak values as 0.14, 0.37 and 0.55 at 
�p∕�1 = 0.4, 0.6 & 0.8 respectively. With increase in plasma density the phase velocity 
of pulse decreases, results increase in refractive index due to which gain in efficiency 
increases. Figure 5 shows the variation of A30∕A10 with linear propagation distance, at 

Fig. 2   Variation of A′

30

/
A10 with � for different values of eA10∕m0�1c = 1, 3 &5 . The other parameters can 

be same as in Fig. 1
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different values of decentered parameter taken as b = 0.52, 0.54 &0.56 . It is observed 
that the small variation of decentered parameter results changes in normalized ampli-
tude, thus showing the sensitivity of decentered parameter. The sensitivity of decentered 
parameter was given by Nanda et al. (2013b) for HchG laser beam in magneto-plasma.

Fig. 3   Behaviour of A′

30

/
A10 with � for different values of eBw∕m0�1c = 1, 2 &3

Fig. 4   Behaviour of A′

30

/
A10 with � for different values of �p∕�1 = 0.4, 0.6 & 0.8
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4 � Conclusion

The outcome of study shows stronger self focusing is stronger at higher values of mode 
index and attain its value up to 0.1 for m = 2. Stronger ponderomotive force results higher 
quiver velocity, which is responsible for change in dielectric properties of plasma medium. 
Sharp increase in the amplitude of third harmonic pulse is observed for m = 2 for increasing 
values of intensity of laser propagating through plasma, normalized wiggler magnetic field 
and normalized plasma density. It is necessary to mention that efficiency gain is higher 
in case of HchG laser beam as compared to Gaussian laser beam. The small variation of 
decentered parameter (b) shows the sensitivity of b on THG.
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