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Abstract
In this paper, we propose a new analytical model for grounded chiral slab waveguides cov-
ered with graphene sheets. The general waveguide is constructed of a graphene sheet sand-
wiched between two different chiral layers (as substrate and cover layers), each one has 
the permittivity, the permeability and the chirality of �

c
,�

c
, �

c
 , respectively. The substrate 

is supposed to be a perfect electromagnetic conductor, which is able to easily convert to a 
perfect electric conductor or a perfect magnetic conductor. A novel matrix representation 
is obtained for the general structure to find its dispersion relation and other propagating 
parameters. To show the richness of the proposed waveguide, two new structures have been 
introduced and investigated. It has been shown that the modal properties of these exem-
plary structures are tunable by changing the chemical potential of the graphene and the chi-
rality. The proposed general structure and its analytical model can be utilized for designing 
tunable plasmonic devices in THz frequencies.

Keywords  Analytical model · Graphene sheet · Chiral medium · Plasmson · PEMC · 
Effective index

1  Introduction

Nowadays, graphene plasmonics is a new emerging science, which studies the excitation 
of surface plasmon polaritons (SPPs) on the graphene (Gonçalves and Peres 2016; Garcia 
de Abajo 2014; Huang et al. 2016). Due to some fascinating features of these SPPs, such 
as high mode confinement, a large variety of graphene-based devices have been reported 
at THz frequencies, such as waveguides (Heydari and Samiei 2018; Heydari and Vadjed 
Samiei 2020; Heydari and Samiei 2020a, b; Čtyroký et al. 2020; Parvaei et al. 2018; Piti-
lakis et al. 2016), and absorbers (Dave et al. 2018; Arsanjani et al. 2019; Patel et al. 2019).

Chiral materials, one of the interesting materials in chemistry science with many remark-
able features such as optical activity and circular dichroism, have opened a new area for 
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researchers to design and report innovative devices such as cloak (Zeng and Song 2017), 
polarization rotator (Ye and He 2010) and microstrip antenna (Pozar 1992). The hybridiza-
tion of graphene and chiral medium in a THz device is very fascinating because the plas-
monic features of the proposed device can be controlled and adjusted simultaneously by 
changing the chirality and the chemical potential of the graphene (Yaqoob et al. 2018, 2019; 
Toqeer et al. 2019). For instance, the modal properties of a graphene-chiral interface have 
been discussed and studied in (Yaqoob et al. 2019). The authors in (Toqeer et al. 2019) have 
been investigated the effect of various factors on the plasmonic modes of a graphene-chiral-
graphene slab waveguide.

In this paper, we aim to analyze and consider the plasmonic features of grounded chiral 
slab waveguides covered with graphene sheets. To the authors’ knowledge, the general pro-
posed structure and its analytical model has not been published in any research article. Our 
presented waveguide is a generalization of all types of hybrid graphene-chiral grounded 
slab waveguides. In our general structure, a graphene sheet has been sandwiched between 
two chiral layers, as cover and substrate layers. The ground is a PEMC boundary condition 
in the general form, which can be easily transformed into PEC or PMC boundaries. In this 
generalized structure, one side of the proposed waveguide is always grounded by a PEMC 
layer and the other side is open. It should be noticed that our presented study considers only 
chiral materials with real-valued chirality and the study of generalized bi-anisotropic mate-
rials with the complex-valued tensors (i.e. epsilon, mu, and gamma) is complicated and is 
outside the scope of this article. The general waveguide supports hybrid plasmonic modes, 
which are split into two kinds of modes, called “Higher modes” and “Lower modes” in this 
paper. Indeed, chiral materials are responsible for generating these modes.

The paper is organized as follows. Section 2 introduces the general waveguide and pro-
poses its analytical model. New matrix representation is obtained in this section that its 
determinant achieves the propagation constant of the general structure. Section 3 explains 
how the dispersion relation can be computed for a specific case of the general structure and 
also review some numerical methods for solving nonlinear equations. In Sect. 4, two new 
graphene-based waveguides with chiral substrates are studied to show the richness of our 
proposed structure. The first waveguide is composed of a graphene sheet located on the 
grounded chiral slab. The ground plane in this structure is supposed to be PEC. We have 
achieved high mode confinement 

(
neff = 28

)
 at the frequency of 20 THz for it. The second 

case is a graphene sheet placed on the chiral slab backed by a PEMC layer. The hybridiza-
tion of graphene with chiral materials allows the designer to tune and control SPPs via the 
chirality and the chemical potential. Finally, Sect. 5 concludes the article.

2 � The proposed structure and its analytical model

In Fig. 1, the configuration of the proposed waveguide has been illustrated. In this struc-
ture, a graphene sheet has been sandwiched between two chiral layers (as cover and sub-
strate layers) and it has isotropic conductivity, which is described by Kubo’s formula 
(Gusynin et al. 2006):
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In the above relation, h is the reduced Planck’s constant, KB is Boltzmann’s constant, 
ω is radian frequency, e is the electron charge, Γ is the phenomenological electron scat-
tering rate ( Γ = 1∕� , where � is the relaxation time), T is the temperature, and �g is 
the chemical potential which can be altered by chemical doping or electrostatic bias 
(Gusynin et al. 2006). Moreover, each chiral layer satisfies the following relations (Pelet 
and Engheta 1990):

where �c,N ,�c,N , �c,N are the permittivity, the permeability, and the chirality of that layer (N 
shows the index of each layer, N = 1, 2), respectively. Furthermore, �0,�0 are the permittiv-
ity and permeability of free space, respectively. In our proposed structure, the ground plane 
is a PEMC layer with the following boundary condition (Lindell et al. 1994):

In relation (4), M is a PEMC admittance that can be transformed into PEC ( M → ±∞ ) 
and PMC ( M = 0 ) boundaries.

To obtain the analytical model for our waveguide, we write the electromagnetic fields 
inside the chiral medium as the superposition of left-handed circularly polarized (LCP) 
and right-handed circularly polarized (RCP) waves (Pelet and Engheta 1990). Here, we 
assume that the electromagnetic waves propagate in the z-direction ( ej�z−i�t ) and they 
have no variations in the y-direction 

(
�

�y
= 0

)
 . Therefore, the Helmholtz’s equation for 

the N-th layer (N = 1, 2) is (Oussaid and Haraoubia 2004):

(2)DN = �c,NEN − j �c,NBN

(3)HN = −j �c,NEN +
BN

�c,N

(4)
⌢

n ×
(
H +ME

)
= 0

(5)
d2ΨR,N

dx2
+ q2

R,N
ΨR,N = 0

(a) (b)

Fig. 1   The configuration of the proposed structure: a the 3D schematic, b the cross-section. The cover and 
substrate are assumed to be different chiral layers



	 M. B. Heydari, M. H. Vadjed Samiei 

1 3

406  Page 4 of 15

where

In (7)–(8), kR,N , kL,N are the propagation constants of RCP and LCP waves (Pelet and 
Engheta 1990):

where

is the refractive index of the N-th chiral layer (Pelet and Engheta 1990). It should be men-
tioned that the impedance of the N-th chiral layer has been defined as follows (Pelet and 
Engheta 1990):

Hence, the electromagnetic fields inside the chiral medium can be expressed as (Dong 
and Li 2012):

Which results in (Dong and Li 2012):

The transverse components of electric and magnetic fields are obtained by utilizing 
Maxwell’s equations:

(6)
d2ΨL,N

dx2
+ q2

L,N
ΨL,N = 0

(7)qR,N =
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�2 − k2
R,N

(8)qL,N =
√

�2 − k2
L,N

(9)kR,N = �

(
nc,N + �c,N

)

(10)kL,N = �

(
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)

(11)nc,N =

√
�c,N�c,N

�0�0

(12)�c,N =

√
�c,N

�c,N

(13)ΨR,N = Ez,N + j �c,NHz,N

(14)ΨL,N = Ez,N − j �c,NHz,N

(15)Ez,N =
ΨR,N + ΨL,N

2

(16)Hz,N =
ΨR,N − ΨL,N

2j �c,N
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where the following definitions have been used in the relations (17)–(18):

Let us suppose that the propagation constants of RCP and LCP waves are:

Now, the Helmholtz’s relations are written as:

where AR,BR,CR,AL,BL,CL are the unknown coefficients and should be determined by 
applying boundary conditions. By using relation (4), boundary conditions at x = 0 are 
obtained as (Lindell et al. 1994):

At x = t , the boundary conditions are written as (Balanis 2012):

(17)

(
Ex,N

Ey,N

)
= −

1

2
QE

N
.
�ΦN

�x

(18)

(
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)
= −

1
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Q H

N
⋅
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�x

(19)QE
N
=

(
j� j�

kR kL

)

(20)QH
N
=

(
� −�

−j kR j kL

)

(21)ΦN =

⎛⎜⎜⎜⎜⎝

ΨR,N

q2
R,N

ΨL,N

q2
L,N

⎞⎟⎟⎟⎟⎠

(22)qR =

{
qR,1 0 < x < t

j qR,2 x > t

(23)qL =

{
qL,1 0 < x < t

j qL,2 x > t

(24)ΨR =

{
AR cos

(
qR,1x

)
+ BR sin

(
qR,1x

)
0 < x < t

CR exp
(
−qR,2x

)
x > t

(25)ΨL =

{
AL cos

(
qL,1x

)
+ BL sin

(
qL,1x

)
0 < x < t

CL exp
(
−qL,2x

)
x > t

(26)Hy,1 +MEy,1 = 0,Hz,1 +MEz,1 = 0

(27)Ez,1 = Ez,2 = Ez,Ey,1 = Ey,2 = Ey
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By applying boundary conditions expressed in (26)–(28), the final matrix representa-
tion is achieved:

In (29), the matrix S is:

Now, by setting det
(
S

)
= 0 , the dispersion relation (or the propagation constant,� ) is 

found. Then, achieving plasmonic parameters such as the effective index ( neff = Re[�]∕k0 ) 
and the propagation loss LProp = 1∕(2Im[�]) is straightforward.

3 � Methods

In this section, we briefly study the calculation of the dispersion relations and also review 
numerical techniques for solving them. First, we will compute the dispersion relation for 
a specific case and second, we will consider the numerical solution of the relation (30) in 
MATLAB software.

Consider the waveguide depicted in Fig. 2, where a graphene sheet has been placed on 
the grounded chiral layer. The ground plane is supposed to be PEC. Hence, we will utilize 
the mathematical procedures of the previous section for M → ∞ . Consider the propagation 
constants of RCP and LCP waves for this structure:

(28)Hz,2 − Hz,1 = �Ey,Hy,2 − Hy,1 = −�Ez

(29)S6,6 ⋅
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0
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(30)
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⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(31)qR =

{
qR 0 < x < t0 < x < t

j q0 x > t



Analytical study of hybrid surface plasmon polaritons in a…

1 3

Page 7 of 15  406

Now, the Helmholtz’s relations are written as:

where AR,BR,CR,AL,BL,CL are the unknown coefficients and should be determined by 
applying boundary conditions. By using the relations (26)–(28) for M → ∞ , the closed-
form of the dispersion relation for the structure is derived:

where

(32)qL =

{
qL 0 < x < t

j q0 x > t

(33)ΨR =

{
AR cos

(
qRx

)
+ BR sin

(
qRx

)
0 < x < t

CR exp
(
−q0x

)
x > t

(34)ΨL =

{
AL cos

(
qLx

)
+ BL sin

(
qLx

)
0 < x < t

CL exp
(
−q0x

)
x > t

(35)

exp
�
−2jq0t

�
×

⎡⎢⎢⎣
P1 cos2

�
qRt

�
+ P2 cos

�
qRt

�
⋅ sin

�
qRt

�
+ P3 cos

�
qRt

�
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�
qLt

�
+ P4 sin2

�
qRt

�

+P5 sin
�
qRt

�
⋅ sin

�
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�
+ P6 cos

�
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�
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�
qRt

�
+ P7 sin2

�
qLt

�
⎤⎥⎥⎦
= 1

(36)P1 = 2�c�k
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0
kRqRkLqL − 2k

0
kRkLq0qRqL + 2k2

R
q2
0
kLqL − �c�q

2
0
kRqRkLqL

(37)
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2
0
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0
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R
q2
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2
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− (4j).kRq
2
L
qR + (2j). k2

R
q2
L
k0q0

(38)P3 = 2�c�k
2
0
kRqRkLqL + 2k

0
kRkLq0qRqL + 2k2

L
q2
0
kRqR − �c�q

2
0
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2
0
kRqRkLqL − 2k

0
kRkLq0qRqL − 2k2

R
q2
0
kLqL − �c�q
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(a) (b)

Fig. 2   The graphene-based waveguide with a chiral substrate backed by a PEC layer: a The 3D schematic, b 
The cross-section of the structure in the z-x plane
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As seen in the above relations, the closed-form relation is so complicated and it is better 
to use numerical methods for solving the general matrix relation of (30). Some numeri-
cal software such as MATLAB can calculate the determinant of a matrix with an arbi-
trary size, by using “Cofactor expansion” (Poole 2014). Here, to obtain the determinant 
of matrix (30), one should define the frequency and the propagation constant as symbolic 
(by using command “syms” in MATLAB) and then utilize the command “det” to find the 
determinant of general matrix (defined in (30)) as a function of frequency and the propaga-
tion constant. Let us assume that the outcome of MATLAB software for the determinant of 
the relation (30) is:

Now, to solve the nonlinear equation of det
(
S

)
= 0 , numerical methods in mathemat-

ics such as Newton–Raphson (Süli and Mayers 2003) can be used, which exist in MAT-
LAB software. Hence, one can utilize MATLAB software to solve the nonlinear equation 

of det
(
S

)
= 0.

4 � Special cases of the proposed structure: results and discussions

This section introduces and studies two new graphene-based waveguides incorporating chi-
ral substrates. Without loss of generality, the cover layer in both structures is supposed to 
be air. The substrate is a chiral layer in both waveguides and it has different parameters in 
them. Also, the ground plane is PEC and PEMC boundary conditions in the first and sec-
ond structures, respectively. Both waveguides support hybrid plasmonic modes, which are 
tunable via the chirality and the chemical potential of the graphene sheet. In chiral-based 
waveguides, hybrid modes are split into two “bifurcated modes”, which is one of the inter-
esting properties of these structures (Samant and Whites 1995; Mahmoud 1992; Pelet and 
Engheta 1990). In this paper, we call them “Higher modes” and “Lower modes” that are 
relevant to high and low plasmon resonance frequencies, respectively. Bifurcated modes 
are hybrid modes with the same cut-off frequency and different propagation constants. In 
our studied structures, chiral materials are responsible for generating these modes. In the 
literature, mode bifurcation has been reported in some structures such as parallel plate 
waveguides (Pelet and Engheta 1990), circular waveguides (Mahmoud 1992), rectangular 
waveguides (Samant and Whites 1995) and diagonal anisotropic chiral waveguides (Aib 
et al. 2017). The nature of bifurcating modes depends on the studied chiral structure. For 
instance, in circular waveguides, modes with e−im� and eim� ( m ≠ 0 ) azimuth variations 

(40)

P5 = 2�c�k
2
0
k2
L
q2
R
+ 2�c�k

2
0
k2
R
q2
L
− 2q0q

2
R
k
0
k2
L
+ 2k

0
k2
R
q0q

2
L
− 2k2

L
kRq

2
0
qR − �c�k

2
L
q2
0
q2
R

+ 2k2
R
kLq

2
0
qL − �c�k

2
R
q2
0
q2
L

(41)
P6 = 2k2

0
kRqRkLqL + (4j). qLkLq

2
R
+ (2j). k

0
k2
L
q0q

2
R
+ (2 + 2j). k

0
kRkLq0qRqL

+ 2k
R
k2
L
qRq

2
0
− �c�kRqRq

2
0
kLqL

(42)P7 = 2�c�k
2
0
kRqRkLqL + 2k

0
kRkLq0qRqL + 2k2

L
q2
0
kRqR − �c�q

2
0
kRqRkLqL

(43)det

(
S6×6

)
= f (�, �)



Analytical study of hybrid surface plasmon polaritons in a…

1 3

Page 9 of 15  406

have different phase constants (above the cut-off frequency) and the same cut-off fre-
quency, which form bifurcated modes (Mahmoud 1992). Our proposed, general structure 
and its specific cases (the first and the second structures) are a kind of parallel plate wave-
guides. In these structures, odd and the next even mode have the same cut-off frequency 
and thus they are a pair of bifurcated modes (Pelet and Engheta 1990; Mahmoud 1992). 
The mathematical explanations of emerging bifurcated modes in parallel plate chiro-wave-
guides have been reported in (Pelet and Engheta 1990).

In all the following analytical results, the temperature is T = 300 K and the relaxation 
time of the graphene is � = 0.4 ps . The chemical potential of the graphene is assumed to be 
�g = 0.3 eV  unless otherwise stated. It is worthwhile to be mentioned that the relaxation 
time of the graphene depends on the phenomenological scattering rate and the quality of 
graphene (Idzuchi et al. 2015; Gonçalves and Peres 2016; Choi et al. 2018; Mihnev et al. 
2016). In what follows, we will investigate the modal properties of these waveguides.

4.1 � The first structure: a graphene‑based waveguide with a chiral substrate backed 
by a PEC layer

The configuration of the first structure was introduced in the previous section (see Fig. 2) 
and a closed-form equation was obtained for its dispersion relation. Here, we will consider 
and investigate the numerical results. In our simulations, the chiral substrate has a thick-
ness of t = 600 nm and the effective index of nc = 1.3 . To indicate the tunability of plas-
monic waves via chirality, two values of chirality (i.e.� = 0.0025, 0.0035 Ω−1 ) have been 
considered here. These values for the chirality and the index of the chiral medium depend 
upon the nature and structure of the organic, inorganic and biochemical molecules, which 
are reported in (Berova et al. 2011, 2012; Hentschel et al. 2017; Wu et al. 2016; Wang et al. 
2009; Ma et al. 2017; Yoo and Park 2019).

Figure  3 represents the analytical results of the effective index and the propaga-
tion length. As mentioned before, two plasmonic modes (Higher and Lower modes) are 
appeared here due to the existence of the chiral substrate. One can observe from Fig. 3a 
that the effective index increases as the frequency increases. While the propagation length 
decreases with the frequency increment, as seen in Fig. 3b. It happens because the imagi-
nary part of the conductivity increases with the frequency increment and thus the propaga-
tion length decreases. Furthermore, it is seen from Fig. 3b that the propagation length of 

(a) (b)

Fig. 3   Analytical results of modal properties for the first structure for various chirality values: a the effec-
tive index as a function of frequency for lower and higher hybrid modes, b the propagation length as a func-
tion of frequency for lower and higher hybrid modes. The chemical potential of the graphene sheet is 0.3 eV



	 M. B. Heydari, M. H. Vadjed Samiei 

1 3

406  Page 10 of 15

higher modes has larger values compared to the lower modes. A large value of the effective 
index, amounting to 28 e.g., is seen for the chirality of 0.0035 Ω−1 at the frequency of 20 
THz for the lower mode.

In Fig. 4, we depict the effective index of higher mode for various chiral thicknesses 
(t = 600, 650, 700 nm). In this diagram, the chirality of the chiral substrate is 0.0025 Ω−1. 
This figure clearly indicates that the effective index increases as the thickness of the chi-
ral slab decreases. It happens due to the extreme penetration of the electromagnetic fields 
inside the waveguide for thinner chiral thickness.

Figure 5 illustrates the normalized profile distributions of Re
[
Ex

]
,Re

[
Ey

]
 and Re

[
Ez

]
 . It 

can be seen from this figure that higher and lower modes have similar field distributions of 
Re

[
Ez

]
 and Re

[
Ex

]
 .. The field distribution of Re

[
Ey

]
 is the main difference between higher 

and lower modes, which can distinguish the different types of modes.

4.2 � The second structure: a graphene‑based waveguide with a chiral substrate 
backed by a pEMC layer

The second structure, as seen in Fig. 6, is a graphene-based waveguide with a chiral sub-
strate, where the ground plane is supposed to be a PEMC. In the second structure, the 
chiral slab has the thickness of t = 750nm and its effective index is nc = 1.4 . The admit-
tance parameter of PEMC is considered M = 0.5 unless otherwise stated. Similar to the 
first structure, two values of the chirality (here � = 0.003, 0.004 Ω−1 ) are considered for 
the chiral substrate to study the effect of chirality on the propagation properties.

Figure 7 illustrates the plasmonic features of the second structure as a function of the 
frequency. As seen in this figure, the effective index increases as the frequency increases 
while the propagation length decreases. Similar to the first structure, the propagation length 
reduces as the frequency increases because the imaginary part of the graphene conductivity 
(or losses) increases with the frequency increment. Moreover, the lower modes have larger 
values of the effective index compared to the higher modes.

Figure  8 represents the dependence of the mode confinement on the chemical 
potential of the graphene. This figure has some remarkable features. First, it allows 
one to design the proposed structure at the desirable effective index. For instance, to 
achieve neff = 8 , one should design the waveguide with the following parameters: 
� = 0.003Ω−1,�g = 0.2 eV  or � = 0.004Ω−1,�g = 0.35 eV  . Second, the diagram deter-
mines the effective index of higher and lower modes at the specific chemical potential. 
Consider �g = 0.5 eV  . In this chemical doping, the effective index of higher and lower 

Fig. 4   The effective index 
of higher mode for the first 
structure for various chiral thick-
nesses (t = 600, 650, 700 nm). 
The chemical potential of the 
graphene sheet is 0.3 eV and the 
chirality of the chiral medium is 
0.0025 Ω−1
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modes for the chirality of � = 0.004Ω−1 are neff = 3, 6 , respectively. The last feature of 
this diagram is its ability for determining the propagation range of the plasmonic waves. 
For instance, hybrid modes do not propagate inside the waveguide for the chemical 
range of 𝜇g > 0.4 eV  for the chirality of � = 0.003 Ω−1 . As seen in Fig. 8, the chirality 
loses its effect when the chemical potential of graphene increases, and thus the structure 
supports only one plasmonic mode (two propagating modes are converged). We called 
these points “cut-off points”, which happens for the chemical potential of 0.4 eV (for the 

(a) (b)

(c)

Fig. 5   Normalized field distributions of higher and lower modes: a Re [Ez], b Re [Ex], c Re [Ey], with 
μg = 0.3 eV, γ = 0.0035 Ω−1 and f = 14 THz

(a) (b)

Fig. 6   The graphene-based waveguide with a chiral substrate backed by a PEMC layer: a the 3D schematic, 
b the cross-section of the structure in the z-x plane
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chirality of 0.003 Ω−1) and 0.7 eV (for the chirality of 0.004 Ω−1) for this studied struc-
ture at the frequency of 10 THz. At these points, two plasmonic modes are converted to 
radiation modes, i.e. the two lines collapse to a neff = 1 line.

The cut-off region for the structure of Fig. 6 can be obtained by supposing and set-
ting. Figure 9 shows the chiral cut-off value as a function of frequency for various chem-
ical potentials. At a specific frequency (for instance, consider), higher cut-off values are 
obtainable for low values of chemical potential.

As a final point, the effective indices of higher and lower modes have been depicted 
for various values of PEMC admittance (M). As seen in Fig. 10, the mode confinement 
increases with the admittance increment. Therefore, one way for achieving a desirable 
effective index is the design of the structure in the appropriate PEMC admittance.

(a) (b)

Fig. 7   Analytical results of modal properties for the second structure for various chirality values: a the 
effective index as a function of frequency for lower and higher hybrid modes, b the propagation length as a 
function of frequency for lower and higher hybrid modes. The chemical potential of the graphene sheet is 
0.3 eV

Fig. 8   The effective index of 
hybrid modes as a function of the 
chemical potential for the second 
waveguide at the frequency 10 
THz
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5 � Conclusion

A new analytical model is presented for the proposed graphene-based waveguides in this 
article. The modal properties of plasmonic waves, propagating inside these waveguides, 
are adjustable by tuning the chirality and the chemical potential of the graphene. As special 
examples of the general rich structure, two novel waveguides have been proposed and con-
sidered. The first waveguide is composed of a graphene sheet deposited on the grounded 
chiral slab. The ground plane in this structure is supposed to be PEC. A large value of the 
effective index, amounting to 28 e.g., is obtained at the frequency of 20 THz. The second 
case is a graphene sheet placed on the chiral slab backed by a PEMC layer. It has been 
shown that the effective index of this structure can be changed by altering the admittance 
of the PEMC layer. The hybridization of graphene with chiral materials allows the designer 
to tune and control SPPs via the chirality and the chemical potential of the graphene. Our 
presented study can be utilized for designing new kinds of THz devices such as cloaks.
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