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Abstract
We investigate numerically and analytically light propagation in a single spiral wave-
guide formed in a nonlinear dielectric medium, in the regime of low spatial frequency of 
the waveguide rotation. We present a general variational approach for computing soliton 
parameters analytically, which includes various types of nonlinearity. In the particular case 
of media with cubic-quintic nonlinearity, analytical expressions found are in very good 
agreement with the numerical findings.
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1  Introduction

Spatial optical solitons are self-localized wave packets which propagate in a nonlin-
ear medium without changing their internal structure, originating from a robust balance 
between dispersion and nonlinearity (Kivshar and Agrawal 2003). They usually propagate 
along a well-defined propagation direction, but in general, the beam propagation need not 
proceed along a straight line. More interesting dynamics can be found in rotating propaga-
tion systems, because the centripetal force modifies the interaction with the medium or 
other beams, as well as the effect of external potentials present.

Solitons in rotating periodic lattices were investigated in Cuevas et al. (2007), Longhi 
(2007), Jia and Fleischer (2009), Sakaguchi and Malomed (2009); it was shown that the 
nonlinear light propagation in a rotating waveguide array couples Bloch modes both 
within and between bands, and that these non-inertial effects can lead to mode conversion, 
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enhanced transport, and vector (gap) soliton formation (Jia and Fleischer 2009). Truncated 
rotating square waveguide arrays support localized modes that can exist even in the lin-
ear case (Zhang et al. 2016). The first experimental evidence of localization in nonlinear 
rotating structures was the photon tunneling in a twisted multicore fiber system that can 
display a chiral geometric phase accumulation, analogous to the Aharonov–Bohm effect 
(Parto et  al. 2019). Recently, robust light bullets were demonstrated in strongly twisted 
fiber arrays pumped with ultrashort pulses (Milián et al. 2019).

On the other hand, edge states in a hexagonal array of helical waveguides are responsi-
ble for the photonic “topological insulation,” in which light that propagates along the edges 
of a photonic structure is topologically protected from the scattering on defects (Rechts-
man et  al. 2013; Lumer et  al. 2013). The topological protection in “photonic graphene” 
was accomplished by making the waveguides helical; topological protection is impossible 
to accomplish for a wave packet populating a single site only (Lumer et al. 2013). Beam-
splitting and adiabatic stabilization of light can be achieved in a periodically curved sin-
gle-mode optical waveguide (Longhi et  al. 2003). Adiabatic stabilization also exists in a 
three-dimensional waveguide with helicoidal axis bending; this phenomenon is the optical 
analogue of the adiabatic stabilization of a two-dimensional atom in a high-frequency and 
high-intensity circularly polarized laser field (Longhi 2005).

The starting point in understanding these interesting optical phenomena is the deep 
analogy between paraxial beam propagation in an optical waveguide with a bent axis and 
the single-electron dynamics in an atomic system (Longhi et al. 2003). The origin of this 
analogy is formal equivalence of the scalar paraxial beam propagation equation for the 
waveguide and the one-electron temporal Schrödinger equation represented in the Kram-
ers–Henneberger (KH) reference frame (Henneberger 1968). The KH transformation is a 
transformation to the moving coordinate frame of the entirely free charged particle inter-
acting with the applied electromagnetic field, and was first introduced in atomic physics 
to explore the interaction of a bound electron with superhigh intensity and high-frequency 
laser fields.

We considered stable and quasi-stable rotating solitons supported by a single spiraling 
waveguide in Petrović et al. (2018), Strinić et al. (2018). In our earlier publication (Petrović 
et  al. 2018), we introduced the concept and the most important ideas of the variational 
approach (VA) to helical waveguides and illustrated the main challenges and problems. In 
this paper we will present the complete VA procedure for “slow” helical waveguiding in 
media with arbitrary nonlinearity.

2 � Basic equations

We start from the most general paraxial wave equation for the beam propagation in a die-
lectric medium, which responds to light by changing its refractive index. In the steady state 
and three dimensions, the model equation in the dimensionless computational space is 
given by:

where E is the slowly-varying beam envelope, △ is the transverse Laplacian, 
V(x − x0, y − y0) is an external potential, � is the coupling constant, I = |E|2 is the laser 
light intensity measured in units of the background intensity, and F(I) is the nonlinearity. 

(1)i
�E

�z
+△E − V(x − x0, y − y0)E + �F(I)E = 0,
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The functions x0 = x0(z) = � cos(�z) , y0 = y0(z) = � sin(�z) represent the helical wave-
guide, where � is the helix radius, � is the spatial frequency, and Λ = 2�∕� is the period 
of rotation. A single spiral waveguide is presented in Fig. 1 (left).

We transform the coordinates and the electric field into a reference frame where the 
waveguide is straight, using the gauge transformation:

where ′ denotes the moving coordinate frame, and ḟ = 𝜕f

𝜕z�
 . The governing Eq. (1) after the 

gauge transformation becomes:

with an effective potential

We assume that the imprinted spiral waveguide profile is in the form of a Gaussian:

with the “depth” � and the “width” W. Effective potential in the moving coordinate frame 
is presented in Fig. 1 (right).

If the next condition is satisfied:

(2)x ⟶ x� = x − x0(z
�), x0(z

�) = � cos(�z�),

(3)y ⟶ y� = y − y0(z
�), y0(z

�) = � sin(�z�),

(4)z ⟶ z′,

(5)E ⟶ E exp

[
i

2
x�ẋ0(z) +

i

2
y�ẏ0(z) +

i

4 ∫
z

0

ẋ2
0
(z�)dz� +

i

4 ∫
z

0

ẏ2
0
(z�)dz�

]
,

(6)i
�E

�z�
+△�E − Veff(x

�, y�, z�)E + �F(I)E = 0,

(7)Veff(x
�, y�, z�) = V(x�, y�) +

1

2

[
x�ẍ0(z

�) + y�ÿ0(z
�)
]
.

(8)V(x�, y�) = −� exp
(
−x�2∕W2 − y�2∕W2

)
,

Fig. 1   Schematic picture of the spiral single waveguide (left). Effective potential in the moving coordinate 
frame for �z� = 0 (right)
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then the potential Veff(x
�, y�, z�) has a nonstationary minimum at 

(
x�
m
(z�), y�

m
(z�)

)
 , where 

��x�m(z�)��∕W ≤ 1∕
√
2 ≈ 0.7 and ��y�m(z�)��∕W ≤ 1∕

√
2 ≈ 0.7 . We see that the potential barrier 

minimum rotates around the spiral waveguide center, where the radius of this circle 
Q =

√
x�2
m
+ y�2

m
 is given by the relation:

For smaller values of 𝛽 ≪ 1 we have Q = �W∕2 (dashed line in Fig.  2 left). Effective 
potential profile for � = 0.5 at several different propagation distances is presented in Fig. 2 
(right).

3 � Variational approach

In order to better understand dynamical phenomena concerning beam propagation along a 
helical waveguide, we apply a powerful VA approximate technique (Aleksić et al. 2012). 
The idea is to decouple nonlinearity from the waveguide, which is possible in the shallow 
waveguide approximation.

The Lagrangian density corresponding to Eq. (6) is:

where the asterisk ∗ denotes complex conjugate. An appropriate variation of Lagrangian 
yields Eq. (6) as the Euler–Lagrange equation.

After the transformation to the moving coordinate frame, we assume a Gaussian beam 
solution (whose parameters vary with z′ ) in the Lagrangian density formalism, and make 
an ansatz:

(9)𝛽 =
𝜌W𝛺2

2𝛼
<

√
2

e
≈ 0.86,

(10)� = 2
Q

W
exp

(
−
Q2

W2

)
.

(11)L =
i

2

(
�E∗

�z�
E −

�E

�z�
E∗

)
+ |∇E|2 + Veff(x

�, y�, z�)|E|2 − � ∫
|E|2

0

F(I)dI,

Fig. 2   The distance of potential minimum Q as a function of the parameter � , given by Eq. (10) (left). 
Effective potential profile for � = 0.5 and several different values of �z′ (right)
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where A is the amplitude, X and Y are beam widths, ( XC , YC ) is the transverse position of 
the beam’s center, CX and CY are the wave-front curvatures along x and y, SX and SY are the 
drift velocity components, and Ψ is the nonlinear phase shift.

By substituting the trial functions into Eq. (11) and averaging Lagrangian over the trans-

verse coordinates ⟨L⟩ =
+∞∫
−∞

+∞∫
−∞

Ldx�dy� , one gets the following expression:

where P = �A2XY  is the beam power and

is the potential, with the G term standing for the transformed nonlinearity,

The set of explicit Euler–Lagrange equations can be derived under the condition that the 
variation with respect to each of the unknown functions should be zero, i.e. �⟨L⟩/�T = 0 
where T ∈ {P,X, Y ,XC, YC,CX ,CY , SX , SY ,�} . After some algebra, one obtains the follow-
ing set of ordinary differential equations:

(12)
E = A exp

[
−
(x� − XC)

2

2X2
−

(y� − YC)
2

2Y2

]

∗ exp
[
iCX(x

� − XC)
2 + iCY (y

� − YC)
2 + iSX(x

� − XC) + iSY (y
� − YC) + iΨ

]
,

(13)
⟨L⟩ = P

�
��

�z�
+

1

2
X2

�
4C2

X
+

�CX

�z�

�
+

1

2
Y2(4C2

Y
+

�CY

�z�
)

�
+

+ P

�
SX(SX −

�XC

�z�
) + SY

�
SY −

�YC

�z�

�
+ U(P,X, Y ,XC, YC)

�
,

(14)U =
1

2X2
+

1

2Y2
− �

XY

P
�G

(
P

�XY

)
+ U1,

(15)U1 = −
𝛼W2 exp

�
−

X2
C

W2+X2
−

Y2
C

W2+Y2

�

√
(W2 + X2)(W2 + Y2)

+
1

2

�
XCẍ0(z

�) + YCÿ0(z
�)
�
,

(16)G(A2) =
1

� ∫ dx�dy� ∫
A2 exp(−x�2−y�2)

0

F(I)dI.

(17)
dP

dz�
= 0,

(18)d2X

dz�2
= − 4

�U

�X
,

d2Y

dz�2
= −4

�U

�Y
,

(19)
d2XC

dz�2
= − 2

�U

�XC

,
d2YC

dz�2
= −2

�U

�YC
,

(20)CX =
1

4X

dX

dz�
, CY =

1

4Y

dY

dz�
,
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The dynamics of the beam is described by the motion of a representative particle in a four-
dimensional nonstationary potential. In general, analysis of the system of Eqs. (17)–(22) is 
very complicated.

The potential

has a nonstationary minimum with respect to the variables XC and YC at the point (
Xcm, Ycm

)
 , where ��Xcm

��∕
√
W2 + X2 ≤ 1∕

√
2 ≈ 0.7 and ��Ycm��∕

√
W2 + Y2 ≤ 1∕

√
2 ≈ 0.7 . 

By analogy with potential Veff , given by Eqs. (7)–(8), we obtain the next conditions for the 
existence of potential minimum:

The system of Eqs. (18)–(19) becomes:

where the function Γ is

(21)SX =
1

2

dXC

dz�
, SY =

1

2

dYC

dz�
,

(22)
d�

dz�
= S2

X
+ S2

Y
+

�(PU)

�P
+ X2 �U

�X2
+ Y2 �U

�Y2
.

(23)U1 = −
�W2 exp

�
−

X2
C

W2+X2
−

Y2
C

W2+Y2

�

√
(W2 + X2)(W2 + Y2)

−
1

2
��2

�
XC cos(�z�) + YC sin(�z�)

�
,

(24)𝛿X = 𝛽

(
1 +

X2

W2

)√
1 +

Y2

W2
<

√
2

e
≈ 0.86,

(25)𝛿Y = 𝛽

(
1 +

Y2

W2

)√
1 +

X2

W2
<

√
2

e
≈ 0.86.

(26)
d2X

dz�2
= 4

[
1

X3
−

�W2
(
W2 + X2 − 2X2

C

)

(
W2 + X2

)5∕2(
W2 + Y2

)1∕2X − �
Γ
(
A2

)

X

]
,

(27)
d2Y

dz�2
= 4

[
1

Y3
−

�W2
(
W2 + Y2 − 2Y2

C

)

(
W2 + Y2

)5∕2(
W2 + X2

)1∕2 Y − �
Γ
(
A2

)

Y

]
,

(28)

d2XC

dz�2
= −

4�W2XC
(
W2 + X2

)3∕2(
W2 + Y2

)1∕2 exp
(
−

X2
C

W2 + X2
−

Y2
C

W2 + Y2

)
+

+ ��2 cos(�z�),

(29)

d2YC

dz�2
= −

4�W2YC
(
W2 + Y2

)3∕2(
W2 + X2

)1∕2 exp
(
−

X2
C

W2 + X2
−

Y2
C

W2 + Y2

)
+

+ ��2 sin(�z�),
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In the linear approximation (where 𝛿X ≪ 1 and 𝛿Y ≪ 1 , and consequently ||Xcm
||∕W ≪ 1 and 

||Ycm||∕W ≪ 1 ), Eqs. (26)–(29) are transformed into simpler ones:

We see from Eqs. (31)–(32) that the parameters for propagation of the axially-symmet-
ric soliton with (constant) width R = X = Y  along the helical waveguide are determined by 
the relation:

The dynamics of the axially-symmetric soliton can be investigated from Eqs. (33)–(34). 
Transverse position of the beam’s center is described by the equations of a linear two-
dimensional driven oscillator with the driving force frequency �:

where 𝜔 = 2
√
𝛼W∕(W2 + R2) ≫ 𝛺 is the characteristic frequency of the system.

4 � Photorefractive nonlinearity

In photorefractive media, the nonlinearity is of the form F(I) = I

1+I
 . In this case, 

G(A2) = A2 + Li2(−A
2) , where the dilogarithm function is defined in the integral form as 

Li2(z) = ∫ 0

z

ln(1−t)

t
dt . The function Γ becomes:

(30)Γ = Ġ(A2) −
G(A2)

A2
.

(31)
d2X

dz�2
= 4

[
1

X3
−

�W2X
(
W2 + X2

)3∕2(
W2 + Y2

)1∕2 − �
Γ
(
A2

)

X

]
,

(32)
d2Y

dz�2
= 4

[
1

Y3
−

�W2Y
(
W2 + Y2

)3∕2(
W2 + X2

)1∕2 − �
Γ
(
A2

)

Y

]
,

(33)
d2XC

dz�2
= −

4�W2XC
(
W2 + X2

)3∕2(
W2 + Y2

)1∕2 + ��2 cos(�z�),

(34)
d2YC

dz�2
= −

4�W2YC
(
W2 + Y2

)3∕2(
W2 + X2

)1∕2 + ��2 sin(�z�).

(35)
1

R2
−

�W2R2

(
W2 + R2

)2 − �Γ
(
A2

)
= 0.

(36)
d2XC

dz�2
= − �2XC + ��2 cos(�z�),

(37)
d2YC

dz�2
= − �2YC + ��2 sin(�z�),
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and Eq. (35) has to be solved numerically. One must keep in mind that the space of param-
eters has to satisfy the following condition:

The variational approach for the light propagating along a helical waveguide in media with 
the photorefractive type of nonlinearity is already presented in more details in Petrović 
et al. (2018).

5 � Cubic‑quintic nonlinearity

In case of the cubic-quintic nonlinearity, one has F(I) = I(1 − I) and 
G(A2) =

1

36
(9 − 4A2)A2 . The function Γ is now:

We see that, in contrast to the previous case, Eq. (35) can be solved analytically.
The comparison between numerical and approximate VA solution is presented in Fig. 3, 

where the most important fundamental soliton characteristics are shown. As already men-
tioned, the steady state does not exist in the dynamical case, but it is still possible to esti-
mate soliton parameters using VA. In fact, there are two sets of zeros (two branches), but 
only the lower one (the lower branch) is stable; in Fig. 3 for both cases the stable branches 
are presented only. We note very good agreement between the results of variational 
approach and the numerical solitonic solutions.

We tested the stability of our solutions by direct numerical simulations of the beam 
propagation in a helically twisted optical waveguide formed in a medium with cubic-quintic 

(38)Γ = Ġ(A2) −
G(A2)

A2
= −

ln(1 + A2) + Li2(−A
2)

A2
,

(39)𝛿 = 𝛽

(
1 +

R2

W2

)3∕2

<

√
2

e
≈ 0.86.

(40)Γ = Ġ(A2) −
G(A2)

A2
=

1

36
(9 − 8A2)A2.

Fig. 3   Fundamental soliton beam width (scaled with waveguide width) as a function of the peak intensity 
(left) and scaled beam power (right). Black dots represent stable rotary solitonic solutions obtained numeri-
cally; black solid line represents results of the variational approach. Parameters: �W2 = 10 , ��2W3 = 0.1 , 
and �W2 = 1 ( W = 1 , � = 10 , � = 2.5 , � = −0.2 , � = 1)
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nonlinearity. Numerical procedure for the investigation of the light propagation is the split-
step beam propagation method based on the fast Fourier transform. We utilize the fourth-
order symplectic algorithm. As expected, the behavior of spiraling spatial solitons sup-
ported by the 3D helical waveguide structure in a medium with cubic-quintic nonlinearity 
is very similar to the behavior of spiralling solitons in a medium with photorefractive non-
linearity (Petrović et al. 2018). They both perform robust and stable rotational-oscillatory 
motion over many rotation periods.

6 � Conclusions

In this paper, we have presented a general variational approach for computing soliton 
parameters analytically, for light propagation in a single spiral waveguide formed in a 
nonlinear dielectric medium in the regime of low spatial frequency of the waveguide rota-
tion. Our approach includes various types of nonlinearity. In the particular case of media 
with cubic-quintic nonlinearity, we have found that analytical expressions are in very good 
agreement with numerical findings.
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