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Abstract
We have studied the role of structural anisotropy on the geometric birefringence of four 
typical high-birefringence (HB) index-guiding photonic crystal fibers (PCFs) with the 
same air-silica structure and circular, ellipse, and rectangle air holes, respectively. The nor-
malized difference between the moment of inertia ΔI in x and y direction of the PCF struc-
ture is utilized to quantificationally describe the structural anisotropy. We demonstrate that 
the phase birefringence B increases monotonously when the normalized ΔI rises in differ-
ent cases of PCFs structures. In order to obtain high birefringence B, it can be an effective 
method to optimize the parameters of the structure to increase the normalized ΔI. This 
work can be not only a reference of founding the essence of geometric birefringence and 
proposing the optimal design of HB-IG-PCFs, but also an enlightenment for bringing the 
different method (compared to the finite element) into the investigation of PCFs.
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1 Introduction

High-birefringence (HB) optical fibers have been widely utilized in applications that 
require polarization maintenance (PM), such as precise interferometric fiber-optic 
sensors, quantum computors, atom spectroscopy, and fiber lasers and amplifiers 
(Habib et  al. 2014a). Photonic crystal fibers (PCFs) have many unusual optical prop-
erties, including endlessly single-mode operation, large mode area, high nonlinear-
ity, HB and tailorable chromatic dispersion, compared with conventional optical fiber 
(Knight 2003). Among them, HB is one of the most interesting characteristics of the 
PCFs (Habib et  al. 2013, 2014a, b; Mousavi et  al. 2016; Chen et  al. 2004; Hu et  al. 
2009; Gangwar and Singh 2016; Liu and Lai 2005; Sun et al. 2007; Jiang et al. 2015; 
Habib and Khandker 2015; Chen and Shen 2007; Hasan et al. 2014; Szpulak et al. 2005; 
Samiul Habib et al. 2013; Song et al. 2007; Saitoh and Koshiba 2003; Yue et al. 2007; 
Zhang and Yang 2004; Yang et al. 2015; Xu et al. 2004; Brosi et  al. 2008; Wei et  al. 
2014; Huang et al. 2014; Li and Zhao 2013). Therefore, HB-PCFs have been attracting 
great interest in the research community for HB optical fibers. HB index-guiding (IG) 
PCFs are far more superior for producing HB due to the higher birefringence, lower 
loss, and easier fabrication, compared with common fibers and other PCFs. The high-
est birefringence reported HB-IG-PCFS is in the order of  10−2 for 1550 nm operation 
(Habib et al. 2014a), which is limited by the refractive index contrast between the silica 
core and silica–air cladding. However, this is far higher than that of commercial com-
mon PM optical fibers (~ 10−4 for 1550 nm), and Anti-resonance (AR) PCFs (~ 10−4 for 
1550  nm) (Mousavi et  al. 2016), and easier to fabricate with lower confinement loss 
compared to the photonic bandgap (PBG) hollow PCFs (Maximal value of phase bire-
fringence ~ 10−2, however, generally ~ 10−3 for 1550 nm) (Chen et al. 2004).

When the symmetry in PCF is affected by artificial stress or geometric defect, the 
degeneracy is lifted and the real parts of the effective indices neff of the degenerate modes 
can separate to produce a high modal birefringence. However, the geometric birefringence 
is more stable in the temperature fluctuation, and easier to be fabricated compared with 
the stress induced birefringence (Habib et  al. 2013, 2014a, b; Hu et  al. 2009; Gangwar 
and Singh 2016; Liu and Lai 2005; Sun et al. 2007; Jiang et al. 2015; Habib and Khand-
ker 2015;Chen and Shen 2007; Hasan et  al. 2014; Szpulak et  al. 2005; Samiul Habib 
et al. 2013; Song et al. 2007; Saitoh and Koshiba 2003; Yue et al. 2007; Zhang and Yang 
2004; Yang et al. 2015). Therefore, the geometric birefringence is generally the preferred 
method. There are many methods to induce high geometric birefringence in HB-IG-PCFs. 
The key point is to break the symmetry of the structure to make the effective index differ-
ence between the two orthogonal polarization states, by utilizing asymmetric (noncircular) 
holes, such as the elliptical core (Hu et al. 2009), elliptical (Gangwar and Singh 2016; Liu 
and Lai 2005; Sun et al. 2007) or rectangular (Jiang et al. 2015) air-hole cladding, variable 
air hole sizes (Habib and Khandker 2015), rotational hybrid cladding (Habib et al. 2014b), 
one or more artificial defects(Chen and Shen 2007; Habib et al. 2013; Hasan et al. 2014; 
Szpulak et al. 2005; Samiul Habib et al. 2013), or squeeze the lattice of air holes (Song 
et al. 2007; Saitoh and Koshiba 2003; Yue et al. 2007; Zhang and Yang 2004), horizon-
tally shifted air hole in the core (Yang et al. 2015). Furthermore, high birefringence can be 
obtained by introducing high-refractive-index nanostructures into the core region, which 
increases the huge refractive-index contrast (Xu et al. 2004; Brosi et al. 2008; Wei et al. 
2014; Huang et  al. 2014; Li and Zhao 2013). However, these designs have problems of 
high cost, fabrication difficulty, and influences of embedded structure on stability.
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The reported designs of HB-IG-PCFs are deduced discretely, and each design is pro-
posed and investigated by the full-vector finite element method (FEM) based simulation 
and experiments, which means there is no essential connection between the different 
designs. Moreover, the theoretical relationship between the structure and the birefringence 
has not been revealed quantitatively so far.

In this paper, we propose a preliminary investigation on the role of structural anisotropy 
in geometric birefringence of HB-IG-PCFs, by the moment of inertia method. The com-
parison between the conventional FEM and our proposed method is shown in Table 1. We 
believe that our method will be an important reference to find how structural anisotropy 
produces the geometric birefringence, and to provide an unconventional tool to study the 
PCFs using the non-FEM method in future.

2  Structure and geometric birefringence in HB‑IG‑PCFs

2.1  Structure of HB‑IG‑PCFs

In order to investigate the role of structural anisotropy, we choose several different repre-
sentative HB-IG-PCFs with only geometric birefringence by artificial defect (Habib et al. 
2014a), circular and elliptical (Gangwar and Singh 2016), elliptical (Liu and Lai 2005), 
and rectangular air holes (Jiang et al. 2015). These designs are all with the same air-sil-
ica structure (the refractive index 1.0 and 1.45, respectively), and the same wavelength 
(1550 nm). These other designs with multifarious high-refractive-index nanostructures are 
ignored in this work.

The structures of the PCFs analyzed are converted to be a data array including the posi-
tion coordinates (x, y), length in x and y, and the shapes (ellipse, rectangle, circular). The 
cross section of the first HB-IG-PCF (Habib et al. 2014a) is illustrated in Fig. 1, in a five 
rings 13 × 11 rectangular array, with Λ = 0.8  μm, d = 0.975Λ, d2 = 0.65Λ, d3 = 0.775Λ, 
where Λ is the pitch of the lattice, d, d2 and d3, are the air-hole diameter of the first and 
outer two rings, the air-hole diameter of the second ring, and the air-hole diameter of the 
third ring, respectively. An artificial defect is created by omitting two air holes along the 
y-axis from the first ring to obtain the structural anisotropy and increase the geometric 
birefringence.

The cross section of the second HB-IG-PCF (Gangwar and Singh 2016) is illustrated in 
Fig. 2, by the combination of circular and elliptical air holes in the cladding, and two sym-
metric air circular holes are introduce located opposite side of the core, with Λ = 2.4 μm, 
d2 = 2.1 μm, c1 = 0.75 μm, d1 = 0.5 μm, where d2 is the diameter of two symmetric air holes, 
Λ is the pitch between the centers of the two air holes, c1 and d1 denote the radius of the 
elliptical air holes along the x-direction and along the y-direction, respectively.

The cross section of the third HB-IG-PCF (Liu and Lai 2005) is illustrated in 
Fig. 3, with the elliptical air holes in the cladding. The pitch is Λ = 1 μm, minor axis is 
b = 0.2100 μm, and major axis is a = 0.4286 μm. Then, the ellipticity can be calculated by: 
e = b/a = 0.4900, and it means that e = 1 indicates a circular.

The cross section of the fourth HB-IG-PCF (Jiang et al. 2015) is illustrated in Fig. 4, 
by the rectangular air holes arranged in a triangular lattice, with Λ = 2 μm, b = 1 μm, and 
a = 0.6 μm, where Λ is the pitch, a and b are the widths and lengths of the rectangular air 
hole, respectively.
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The structures of the analyzed HB-IG-PCFs can be described by the vectors, and the 
vector Vi is for the ith air hole, as follows:

(1)Vi =
[
xi, yi, Lx, Ly, S

]

Fig. 1  The cross section of the 
1st HB-IG-PCF with circu-
lar air holes and an artificial 
defect in a five rings 13 × 11 
rectangular array (Habib et al. 
2014a) (Λ = 0.8 μm, d = 0.975Λ, 
d2 = 0.65Λ, d3 = 0.775Λ)

Fig. 2  The cross section of the 
2nd HB-IG-PCF with circular 
and elliptical air holes in the 
cladding (Gangwar and Singh 
2016) (Λ = 2.4 μm, d2 = 2.1 μm, 
c1 = 0.75 μm, d1 = 0.5 μm)

Fig. 3  The cross section of 
the 3rd HB-IG-PCF with the 
elliptical air holes in the cladding 
(Liu and Lai 2005) (Λ = 1 μm, 
b = 0.2100 μm, a = 0.4286 μm, 
and e = b/a = 0.4900)
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where the origin of coordinate are set at the center of HB-IG-PCFs, as shown in Figs. 1, 2, 
3 and 4, Lx and Ly show the length in x and y directions (diameter for circle, the major or 
minor axis for elliptical, length and width for rectangle), and S is the shape of the ith air 
hole, respectively.

2.2  Birefringence of HB‑IG‑PCFs

The phase birefringence (B) or group birefringence (G), are two important parameters that 
characterize the highly birefringent fibers, which are defined in the following way:

where λ is the wavelength, nxeff and nyeff are the effective indices of the x-polarized and 
y-polarized fundamental mode of the HB-IG-PCF.

Since the difference in value between the two parameters is usually within 10–15%, a 
fiber with high group birefringence also has high phase birefringence (Chen et al. 2004). In 
the following discussions, we only use the phase birefringence B. as the parameter for the 
property of HB-IG-PCFs, and the confinement loss and dispersion are ignored.

3  Moment of inertia in PCFs

It is well known that the geometric birefringence is produced by the structural anisot-
ropy of HB-IG-PCFs, while there is no mature and effective method to quantificationally 
describe the structural anisotropy. The moment of inertia is a common factor to evaluate 
the anisotropy of an asymmetric molecule structure (Halliday et al. 2013). In this paper, 
we utilize the moment of inertia to describe the structural anisotropy in HB-IG-PCFs. The 
geometric structure of the HB-IG-PCFs is analyzed in the rectangular coordinate system as 
shown in Figs. 1, 2, 3 and 4, and the air holes are considered as to be the noumenon. The 
moments of inertia of all air holes for axes through the centroid in the direction x and y can 
be expressed as:

(2)B =
|||
nxeff − nyeff

|||

(3)G = B − � ⋅ dB∕d�

Fig. 4  The cross section of 
the 4th HB-IG-PCF with the 
rectangular air holes arranged in 
a triangular lattice (Jiang et al. 
2015) (Λ = 2 μm, b = 1 μm, and 
a = 0.6 μm)
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where Ixx(i) and Iyy(i) are the moments of inertia of the ith air hole for axes through the cen-
troid in the direction x and y, respectively.

For a circle, ellipse and rectangle air holes with the centroid at the coordinate (x, y), Ixx 
and Iyy can be calculated by:

where r is the radius of the circle air hole, rx and ry are the semi-axis length in x and y 
direction of the ellipse air hole, Lx and Ly are the length (or width) in x and y direction of 
the rectangular air hole.

In order to describe the structural anisotropy, we use the normalized difference of 
moments of inertia between x and y direction:

4  Role of structural anisotropy in geometric birefringence

For the first HB-IG-PCF illustrated in Fig.  1, when Λ = 0.8  μm, d = 0.975Λ, d2 = 0.65Λ, 
d3 = 0.775Λ, the normalized difference of moments of inertia ΔI1 = 15.71%, and the phase 
birefringence B1 = 0.0294 when λ = 1550 nm.

Then, for the second HB-IG-PCF illustrated in Fig. 2, the variation of the phase bire-
fringence B with the normalized difference of moments of inertia ΔI when d2 = 2.1, 2.3, 
2.5 μm, c1 = 0.75 μm, d1 = 0.50 μm respectively, for pitch Λ = 2.40 μm and Λ = 2.50 μm, 
are shown in Fig. 5a, b, respectively. It is found that for both cases of Λ = 2.40 μm and 
2.50 μm, the phase birefringence B increases monotonously with ΔI.

Furthermore, for the third HB-IG-PCF illustrated in Fig.  3, the variation of the 
phase birefringence B and the normalized difference of moments of inertia ΔI with the 
ellipticity are shown in Fig. 6. Both the phase birefringence B and the normalized ΔI 
increase monotonously when the ellipticity rises, which means that the structural ani-
sotropy is enhanced. As a result, it is shown that in Fig. 7, the phase birefringence B 
increases monotonously with the increasing of the normalized ΔI.

(4)Ixx =

N∑

1

Ixx(i)

(5)
Iyy =

N∑

1

Iyy(i)

(6)

ICircle
xx

= �r4∕4 + �r2y2

ICircle
yy

= �r4∕4 + �r2x2

IEllipse
xx

= �rxr
3

y
∕4 + �rxryy

2

IEllipse
yy

= �r3
x
ry∕4 + �rxryx

2

IRectangle
xx

= LxL
3

y
∕12 + LxLyy

2

IRectangle
yy

= L3
x
Ly∕12 + LxLyx

2

(7)ΔI =
|||
Ixx − Iyy

|||
∕
(
Ixx + Iyy

)
× 100%
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Furthermore, for the fourth HB-IG-PCF illustrated in Fig.  4, the variation of the 
phase birefringence B with the normalized difference of moments of inertia ΔI are 
shown in Fig. 8a–g, in detail. The parameters for the structure of HB-IG-PCFs in Fig. 8 
are listed in the Table 2.

Fig. 5  Variation of B with ΔI for pitch Λ = 2.40 m (a) and Λ = 2.50 m (b) of 2nd HB-IG-PCF shown in 
Fig. 2

Fig. 6  Variation of B and normalized ΔI with the ellipticity for pitch Λ = 1.0 µm of 3rd HB-IG-PCF shown 
in Fig. 3

Fig. 7  Variation of B with normalized ΔI for pitch Λ = 1.0 µm of 3rd HB-IG-PCF shown in Fig. 3
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In various cases of changed Λ and constant a and b, changed a and b with constant 
pitch, and changed a with constant b and Λ, the phase birefringence B also increases 
monotonously when normalized ΔI rises.

We have found that the normalized difference of moments of inertia ΔI is effective to 
evaluate the structural anisotropy, which produces the geometric birefringence. For a cer-
tain PCF structure, it seems that in order to obtain the high B, optimizing the parameters of 
the structure to increase the normalized ΔI is an effective method.

Furthermore, the maximal B and normalized ΔI for four different HB-IG-PCFs are shown 
in the Table 3 and Fig. 9. As shown in Fig. 9, there are obviously two regions in the maxi-
mal B and normalized ΔI relationship: small normalized ΔI (< 5%) and large normalized ΔI 
(> 15%), where the maximal B is with the magnitude of 1 × 10−3 and 10 × 10−3, respectively. 
Firstly, the relationship between the magnitude orders of normalized ΔI and B among different 
HB-IG-PCF structures is monotonicity. The larger normalized ΔI than 10% order: 15.71% of 
the 1st HB-IG-PCF structure (Habib et al. 2014a) and 34.91% of the 3rd structure (Liu and Lai 
2005), there is a huge B in  10−2 order; and for the smaller normalized ΔI than 5% order: 3.75% 
of the 2nd HB-IG-PCF structure (Gangwar and Singh 2016) and 1.88% of the 4th HB-IG-PCF 
structure (Jiang et al. 2015), there is a remarkably small B in  10−3 order.

Fig. 8  Variation of B with ΔI for the 4th HB-IG-PCF shown in Fig. 4. The parameters are shown in Table 2

Table 2  Parameters for the 
structure of the 4th HB-IG-PCF 
as shown in Fig. 8

Legend Parameters for the structure

a (μm) b (μm) Λ (μm)

A 0.6 1.0 2, 3, 4
B 0.2 · b 0.4, 0.6, 0.8, 1.0 2.3
C 0.2, 0.4, 0.6, 0.8 1.0 2.3
D 0.2, 0.4, 0.6 0.8 2.3
E 0.4 · b 0.4–1.1 2.3
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However, there is no strictly monotonous relationship between the normalized ΔI and 
B for different HB-IG-PCF structures with the same order of magnitude of normalized ΔI 
and B. Therefore, in the case of different HB-IG-PCF structures, other parameters that can 
describe the structural anisotropy more accurately and comprehensively must exist. We 
believe that there is a limitation of the quantitative describing the structural asymmetry by 
only one parameter (ΔI). It can not plenarily and accurately describe the structural asymmetry, 
but can only reflect the cumulative effect of the structural asymmetry by the overall difference 
between the moment of inertia in x and y directions. There may be such a situation: the two 
optical fiber cross-section structures have the same shape and number of holes, but with the 
different distribution, however, there may be the same moment of inertia difference that can be 
obtained. Therefore, finding a parameter to quantitatively describe the structural asymmetry is 
indeed an open question. The undetermined parameters may be with clear physical meaning 
by defined or with only pure mathematical forms by machine learning, which will be focused 
in our future work.

5  Conclusion

In conclusion, we have investigated the structural anisotropy of four different HB-IG-PCFs, 
to find the essential factor to produce the geometric birefringence, quantificationally. In 
order to exclude the influences of other factors such as high-refractive-index nanostruc-
tures, four typical HB-IG-PCFs reported in the literatures are analyzed, with the same air 
and silica structure and 1550 nm wavelength, and circular, ellipse, and rectangle air holes. 

Table 3  The maximal B and normalized ΔI for four different HB-IG-PCFs

References nsilica nair λ (nm) Bmax Normal-
ized ΔI 
(%)

Habib et al. (2014a) 1.45 1 1550 29.4 × 10−3 15.71
Gangwar and Singh (2016) 1.45 1 1550 2.2 × 10−3 3.75
Liu and Lai (2005) 1.45 1 1550 17.2 × 10−3 34.91
Jiang et al. (2015) 1.45 1 1550 2.4 × 10−3 1.88

Fig. 9  Variation of maximal B and normalized ΔI for four different HB-IG-PCFs as shown in Table 3
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Then, the normalized difference of moment of inertia is utilized to describe the structural 
anisotropy of HB-IG-PCFs. We have found that normalized ΔI is effective to evaluate the 
structural anisotropy, which produces the geometric birefringence. The phase birefringence 
B increases monotonously when normalized ΔI rises. In order to obtain high B for a PCF, 
it can be an effective method to optimize the parameters of the structure to increase the 
normalized ΔI. This work is a useful attempt to find the essence of geometric birefringence 
and bring a novel method to the study and design of PCFs, which will be the subject of a 
future work.
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