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Abstract

Under investigation in this work is a (2 + 1)-dimensional the space—time fractional coupled
nonlinear Schrodinger equations, which describes the amplitudes of circularly-polarized
waves in a nonlinear optical fiber. With the aid of conformable fractional derivative and
the fractional wave transformation, we derive the analytical soliton solutions in the form of
rational soliton, periodic soliton, hyperbolic soliton solutions by four integration method,
namely, the extended trial equation method, the exp(— €2(#))-expansion method and the
improved tan(¢(rn)/2)-expansion method and semi-inverse variational principle method.
Based on the the extended trial equation method, we derive the several types of solutions
including singular, kink-singular, bright, solitary wave, compacton and elliptic function
solutions. Under certain condition, the 1-soliton, bright, singular solutions are driven by
semi-inverse variational principle method. Based on the analytical methods, we find that
the solutions give birth to the dark solitons, the bright solitons, combine dark-singular,
kink, kink-singular solutions with fractional order for nonlinear fractional partial differen-
tial equations arise in nonlinear optics.

Keywords Conformable time-fractional equations - The space—time fractional coupled
nonlinear Schrodinger equations - The extended trial equation method - The exp(— (7))
-expansion method - The tan(¢(rn)/2)-expansion method - The semi-inverse variational
principle method

1 Introduction

The common calculus has been studied well and its applications can be encountered in sev-
eral areas of science and engineering. Relating to fractional Calculus, it is not familiar to
several researchers. Indeed, fractional Calculus is a three centuries old mathematical tools.
But the searching of the theory of differential Equations of fractional order has just been
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began quite recently (Podlubny 1999; Debnath 2003; Miller and Ross 1993). An expanding
of fractional notions in nonlinear optic has also been improved. Fairly, no field of standard
analysis has been left unconcerned by fractional Calculus. As we know that many scientific
and engineering problems that arise in daily life are modeled through mathematical tools
form fractional calculus. Most of the problems that arise are nonlinear in nature and it is
not always possible to find analytical solution of such problems. But we use the fractional
wave transformation to solve the nonlinear fractional partial differential equations to attain
to the exact solution. The analytical methods for finding the exact solutions of nonlinear
PDEs have presented, such as, the Exp-function method (Ekici et al. 2017; Manafian and
Lakestani 2015; Manafian 2015), the generalized Kudryashov method (Zhou et al. 2016),
the extended Jacobi elliptic function expansion method (Ekici et al. 2017; Mirzazadeh
et al. 2016), the improve tan(¢p/2)-expansion method (Manafian 2016; Manafian and Lake-
stani 2016a, b; Manafian 2017; Manafian et al. 2016), the exp(— €(5))-expansion method
(Abdelrahman et al. 2014), the G’ /G-expansion method (Manafian and Lakestani 2017,
2015; Sindi and Manafian 2016), the generalized G’/G-expansion method (Zinati and
Manafian 2017), the Bernoulli sub-equation function method (Baskonus 2017; Baskonus
and Bulut 2016; Baskonus et al. 2016; Bulut and Baskonus 2016), the sine-Gordon expan-
sion method (Baskonus et al. 2016; Baskonus and Bulut 2016; Baskonus 2016; Yel et al.
2017), the Ricatti equation expansion (Zhou 2016; Inc et al. 2016), the formal linearization
method (Mirzazadeh and Eslami 2015), the Lie symmetry (Tchier et al. 2017), Hirota bilin-
ear method (Manafian 2018; Foroutan et al. 2018), and so on.

Consider the space—time fractional (1 + 1)-dimensional coupled nonlinear Schrodinger
equation as

iDu+D¥u+5(lul* +ylvHu=0, 0<a<l, 0<p<I,

1.1
in’v+D)2{ﬂv+6(|v|2+y|u|2)v =0, (1.1

. . 0 9%P
in which Dfu = T: and Diﬂ u=7 2;‘ and 6,y are nonzero constants, # and v are complex
X

functions of x and ¢ that represent the amplitudes of circularly-polarized waves in a nonlin-
ear optical fiber (Boyd 1992). The nonlinear Schrodinger equation is an example of a uni-
versal nonlinear model that describes many physical nonlinear systems. In Esen and cow-
orkers (2018) studied the optical solitons to the space—time fractional (1 + 1)-dimensional
coupled nonlinear Schrodinger equation and represented analytical simulation by using the
extended sinh-Gordon equation expansion method. Eslami (2016) applied new conform-
able fractional derivative for converting fractional coupled nonlinear Schrodinger equa-
tions using the Kudryashov method. The HSS-like iteration method for the space fractional
coupled nonlinear Schrodingere quations was used by Ran and coworkers (2015). Su and
Gao (2017) obtained the bilinear forms and dark soliton solutions via the Hirota method
for coupled nonlinear Schrodinger equations with time-dependent coefficients. Through the
F-expansion method, a set of exact Jacobian solutions of coupled nonlinear Schrédinger
equations was been derived by Mvogo and coworkers (2014). Also, Guo and He (2016)
obtained the least energy solutions for a weakly coupled fractional Schrodinger system by
use of the s-harmonic extension technique.

This paper will adopt four integration schemes that are known as the extended trial equa-
tion method, the exp(— Q(#))-expansion method and the tan(¢(#)/2)-expansion method
that will reveal soliton solutions as well as other solutions. The equations for the model
studied here to investigate exact solution structures. We note that these equations have not
yet been studied using the aforementioned methods. To our knowledge, the extended trial
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equation method, the exp(— Q(#))-expansion method and the improved tan(¢(#)/2)-expan-
sion method and the semi-inverse variational principle method for system (1.1) have not
been investigated. Under certain condition, the semi-inverse variational principle solutions
can be degenerated into the dark, bright, solutions. In Sect. 2, we present the conformable
fractional derivative and its properties. In Sect. 3, we will obtain the soliton solutions for
system (1.1) via the extended trial equation method. Also, in Sect. 4, the solitary solutions
for system (1.1) will be demonstrated. Finally, in Sects. 5 and 6, the ITEM and HSIVPM
will be employed to attain to other types of soliton solutions for system (1.1). The conclu-
sions will be outlined in Sect. 7.

2 Conformable fractional derivative and its properties

In this section, we present the outline of the conformable fractional derivative and its prop-
erties in which proposed by Khalil et al. (2014). For the further information refere to Refs.
Abdeljawad (2015), Eslami (2016).

Definition 1 Suppose f : (0,0) — R be a function. Therefore, the conformable frac-
tional derivative of f of order a is given as

f+6r" —f(0)

0 2.1)

T,(H(@) = lim
inwhich0 < @ < 1.
Theorem 1 Leta € (0, 1], and f and g be a-differentiable at t > 0. Then

T,(af +bg) = aT,(f)+ bT,(g), Ya,b € R.
T, %) = 9t°-%, v e R.
T,(f2) = fT,(8) + 8T, (f).
T (L) = $LDule)
*\¢ & ’

If f is differentiable; then T, (f)(t) = tl_“%(t).

el

Theorem 2 Assume f,g : (0,0) — R be a function such that f is differentiable and also
a-differentiable. Then

T,(fog)(t) = t'~g' (Of ' (g(1)).

We use the following fractional complex wave transformation as:

Ux,t) = u(&)e™, V(x, 1) =v(E)e", &= ﬂ<x—ﬂ - c‘ﬁ), n= —— +w—+86.
p a a

2.2)
Inserting Egs. (2.2) into (1.1), gives the following system of nonlinear ordinary differential
equation as:

W + 5 + Syuv? — (o + k*)u =0,

2.3
w2V + 8V + Syvi? — (w + k) =0, @3

@ Springer



396 Page4of33 M. Lakestani, J. Manafian

by decomposing the real and imaginary parts we get c = —2k.

3 Extended trial equation method

For the ETEM consider the following steps as:
Step 1 Suppose the nonlinear space—time fractional partial differential equations as

=0. 3.1)

Nl uv 0%u 0%u 0%y 9%y
P01 928 o1 o2

Utilizing the wave transformation

. . p a _IP s
Uk, 1) = u@e”,  Vr0=ve", &= u(x— - ct—>, 1= 10l 1o
B a p a
(3.2)
where ¢ # 0. Putting (3.2) into Eq. (3.1) yields a NODE as,
Ou,v,u',v,...) =0, (3.3)
where prime shows the derivation with respect to &.
Step 2 Let the following relation and transformation as follows:
5
TOEDIEA (3.4)
i=0
where
OI)  EIV+ - +ET+E
Y = am) = o) _ % Lt 3.5)

YT) T+ +T+E,

By employing the above relations (3.4) and (3.5), we obtain

5 2
o :
(u')? =%<ZiriF‘_') , (3.6)

i=0

y_PO¥O - OO D (v )L PO i
u' = 2921 (ZIT,-F >+T(F)<;l(l DI . 37

i=0
where ©(I") and W(I') are polynomials of I" function. Putting the above terms into Eq. (3.3)
gains an equation of polynomial A(I') of I':

AD) =0 + -+ 0"+ 0,=0. (3.8)
Based on the balance principle on (3.8), we can find a relation of 8, € and 6.
Step 3 Setting each coefficient of polynomial A(I') to zero to derive a system of alge-
braic equations:

0,=0, i=12,...,s. 3.9)
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Solving the system (3.9), we will acquire the values of &,,&,,....&, §y. ¢, ..., ¢, and
Ty Ty v-n > T

Step 4 In the continue, we earn the elementary form of the integral by reduction of
Eq. (3.5), as follows

¥(I)

——2 4T,
A /Q([‘ o) (3.10)

+(m—ny) =

where 7, is an free constant.

3.1 Application of ETEM

In this section, the application of the extended trial equation method to the space—time
fractional (1 + 1)-dimensional coupled nonlinear Schrédinger equation is presented.

By balancing «3, ¥’ and v?, v’ in Eq. (2.3), the values of 6, 0, and €, can be determined
as:

26=0—¢€-2. 3.11)
For different values of 6, 8, and €, we have the following cases:

3.1.1 Casel:6=1,0=4,ande =0

Leté =1,0 =4, and ¢ = 0 for Egs. (3.4) and (3.5), then we get

u(n) =7y + ;I (3.12)

v(n) =py + pT, (3.13)

(l/l,(ﬂ))2 — T12 (§4F4 + §3F3 + §2F2 + fll—‘ + 50) , (3.14)
%o

R L i L 3.15)

%o

where &, # 0 and ¢, # 0. With the solve the algebraic equation system (3.9), we can easily
get the following sets as:

o First set
H=HU, 0=, py==x7), p==xT,

ZCOTO(—w -k + 613 + 6}/15)
Ty=Tp TI=T, =& & =- ,

T U
Co(—w+ 3672 + 36772 — k2 26 +1
K=k, ég2=_0( 02 0 ) 53=_M, (3.16)
H H
8&ri(r + 1)
bd=——agm— L=k
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Putting these results into Eqgs. (3.5) and (3.10), then (3.10) can be written as

2 dr
&
i(ﬂ_”lo):/ - - — (3.17)
4 4 S 4 22 4 &L ‘0
\/F + §4r + §4F + §4F+ &
To integrate Eq. (3.17), the following results to the Eq. (1.1) can be found as:
First solution
I 2u?
= —ny =- , I=4/-—5, 3.18
1T =T g 53y +1) (3-18)
(_kpioa I1
Ui, 0) =V, = el( o) Ty + 110 — il
<l B+ ﬂ‘xa) —
ul ¥+ 3 "o
(3.19)
i(—k by 11
Vl_(x, 1= el( /’XM“X‘XH}) —Tq — T 0 + 1

i 2%
ﬂ(;xﬂ + ;x") — Mo

. T-a |2
+(n—mny) = —, H=4/-—F—, 3.20
= "o a - \|T'-aq 5712(7/ +1) (320

«(_kxh%xug) 4(a, — 0{1)111'[2

Uy(x, ) =V () =€\ 7 Ty + T + ) - >
4T — (a; — ay)? [ﬂ(;xﬁ + ;x”’) - 110]

Second solution

s

]

i 4oy — a7, 1T
Vy(x, 1) =€’l( poaien) —To— 110 — (@~ ),

2
AT — (a; — ay)? [y(%xﬁ + %x") - 110]

3.21)
Third solution
IT I'—a
el U/ B = In ,
x (i’[ 1’]0) @ - a, ‘1_‘ —a (322)
Us(x. 1) =V3+(x, 1= ei(—;xﬂ+%x"+9) 7o+ T + o —a (Tz - alz)le ,
exp | 252 ({0 + 2a) =m) | -1
ok o _
Vi1 =el<_Vﬁ+;x +9> Ty — Ty — (Tz 0[12):1
exp |52 ({50 + ) = ) -1 (3.23)
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Fourth solution

m i Vi@, = a)(C - ay) = /(@) — )T — a3)

n )
\/(oc1 —ay)(a; —a3) \/(0{1 —o)"—ay) + \/(0{1 —a)" = a3)
(3.24)

+m—ny) =

—kxﬁ+%x"+9)

U4(x, t) = VI(.X, l) = ei( p

2 — ay)(a; — a3)7)

E=— )
o

X7y + 110 —

)

2 — @, — a3 + (a3 — a,) cosh

(=K Pr@yasg
V4_(x,[)=et< ﬁx +{lx +)

2(a; — ay)(a; — a3)7,

e (o 2] )

I

Xq4—7)— 10 +

20, — &ty — a3 + (@3 — a,) cosh [

(3.25)

Fifth solution

211
+(n—ny = F(p,D), o) >a,>a3>ay, (3.26)
(@) = a3)(xy — ay)

where

(ay — )T —ay) o (ay — az)(a; — ay)

® dy
F((ﬂ,1)=/ ——, @=arcsing —————, =2 31 4
0 /1-Psin*y (op —a)[I" — ay) (a; — a3)(a, —ay)
(3.27)
i(—KkxPy 2y
Us(x,t) = Vi(x,0) = e( Pt +9)
2 - - — —
X7y + Ty + (2 — )@ —a3)7 ’ EZz - Z3;E21 - 34; ’
ay — ay + (a; — ay)sn? [—(a'_n%(n'_%) (M(;—}xﬁ + %xa> _ ”0)] 17 @) —ay
(3.28)
V;(x, H= ei(—%xh%x"ﬂ))
Xt — 7 — 2y — )@ — a3)7; (ay — a3)(a; — ay)
0 142 R .
ay— oy + (o) — (14)Sn2 % (y(%xﬂ + %X(z) _ 7/0)] () — a3)(y — ay)
(3.29)

If the modulus / — 1, then the dark solutions (3.28) and (3.29), will be as
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i(—ExPy@xa
Us (1) =VZ (x,1) = (o)
2a) — o)y — )Ty

V) (L 1 ) )|

21

X479+ 1105 +

ay — a, + (a; — a,) tanh?
(3.30)

L
VS_ (x, l) — et( i +ox +l9)
1

2(a; — ay)(a; — )1,

V(“l*“z)(af%)( (1 p 4 2k >_ )
—— (H(5F + X)) =1

211

s

X4 =Ty — 1710 —
ay — &, + (a; — a,) tanh?

(3.31)

where a; = a,. Moreover, if [ — 0, therefore the compacton solutions (3.28) and (3.29),
can be written as

i(—kppe g
Us,(x,0) =V (x,1) = (i)
2 2

2(a; — az)(a) — az)71,

\/_7—_
RAGTCe Gl ) ,l}xﬁ"'%xa ~ Mo

X9 7T+ 71103 +

s

ay — ay + (@) — ay) sin [ o

(3.32)

i(—5xppeya
VS_ ()C, l’) =el( i +ox +9)
2

2(a; — az)(a; — a3)7;

Vet ey <M(%xﬂ + %x") - ’10)]

X4 =Ty — Tj03 —
ay — oy + (@) — ay)sin® [

211
(3.33)
where a; = a,.
3.1.2 Casell:6 =1,80=5,and e = 1
Leté6 =1,0 =5, and € = 1for Egs. (3.4) and (3.5), then we get
u(n) =ty + 7T, (3.34)
v(n) =py + piT, (3.35)
DED + ETH+ ETP + ET2+ET + &)
Wy ="t 2 Y (3.36)
G+&
2 5 4 3 2
EP+ETT+E +ET+ ET+ &)
) i i b ki (3.37)

S+l

@ Springer



Analytical treatments of the space-time fractional coupled... Page90f33 396

where &5 # 0 and {; # 0. With the solve the algebraic equation system (3.9), we can easily
get the following sets

o [First set
36y pg¢) +38p5¢) — Ky + &
k=k’ H=H, 0= > Po = Po>
&
PL=P1 To=%pp T1=%p, §=0, & =4,
20028038, + Exp® + 267 p3C)) 2006015y +1)  (3.38)

&= - L b=, g =

PLH H

86,3y + 1)
§5= 2— Co—o §1 C1-
H

Inserting these results into Egs. (3.5) and (3.10), we have

,/érdr J&ar
s

+m—ny) = / /
YUHEr ez i S st i 2rg D
4
© 339
According to the before subsection (3.1.1), we can get to similar results.
o Second set
35717(2)C1 + 35!’3{1 - k2C1 +26p9p1 &y + 267 popi 6o + ‘:3/42
k=k, py=u, o= c s Po = Pos P1=Prs
1
48p3038) +Ap3Ca0Y Py +A4ppC30p, + 4303818y + 2p0SaHPEs + AT §op1
To=xpy, Ty =2pps & =6 &1 = 3
SV
46p3CTy + 489301808 + 26p0P185 + 1P P16y + 467 P5C0pi &1 + 20081 HPE + 26y Pt iG] + 45p0C1
2= Cll’]ﬂ
p16(rp18o +4rpoy + p18 +4p081) 5§1p%(}'+ D
§3=53, 54=_ 2”2 5 §5=_ 2”2 5 {o=§o, §1 =C1~ (340)
Substituting these results into Egs. (3.5) and (3.10), then (3.10) can be written as
/?) +4a & F dr
£ (1 = 1) —/ : (3.41)
\/Fs & I+ 5@ l—q 52 I—~2 +4a & 1—~ + & fo
&

To integrate Eq. (3.41), we must discuss the following families:
Family 1 Suppose F(I') =T + g—“l’“‘ + 2—31“3 + i—zl“z + z—ll“ + g—o can be written in the fol-
5 S S 5 5

lowing form:
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FO) =T —-a,), (3.42)
where «, is a free constant. Then, we have

+ (= 1) = / [e+irar =2 (& 2F> SN PE)

T —a 2 T—a 3(C<'+ al)(r—al)z

(NI

or

Fz?"‘al[_g(% —0’1)('1 ’70)] )

(8 +gm)a-m] -

Substituting (3.44) into (3.34) and (3.35), the exact solutions, can be found, respectively,
as:

i<—5 8 3ﬂw(2){| +35ﬁ[2]51 —K28) 426901 Eo+267 901 Co+e3 1 x“+9)
Us(x,0) =Vi,n=e\ ' 4t
3
24y [ 3 ( (1 5 2k a) )]E
- +o | +q X7+ =x") -
sGpoen TN aclpf<r+1>(€° G ) (w5 + 3 o
X 47+ 71 ,

e Lo 4 ) )] 4 o2
[&:Ipf(m)(go+Cl“1)<”<ﬂx ) TMm) Tt e

(3.45)

2
35 +36p2¢) k21 +26 +26 +¢:
s y”l){l 051 -k=1+28p0 91 $0+267p0 01 0 3“ X 9)

. k
il -
Ve (1) =e< ! “
3
Y 3u? 1p 4 2ka) _ E
prayT + o [écjlpf(yﬂ)(co +C1a1)<ﬂ<ﬂx + X Moy

3
e L 2o _p |7 g e
[ﬁgpf(yﬂ)(go+C1a1)(”<px + ax“) 770)] +6pf(y+1)
(3.46)

X §—Ty— T

Family 2 Suppose F(I') =T + i—"l““ + ?W + §—2F2 + g—‘l“ + ?can be written in the follow-
5 5 5 5 5
ing form:

FIO) =T —a)*T - ay), (3.47)
where a, and a, are free constants. Then, we have

‘/? +4rdr | @ =a)(T = ay)y /g—O + g—‘r [2I1, 11, + IT; In(Y)]
+(}1 ’7 ) / 5 5 = 5 5 ,
0 T-a)\T—a, 2 (@, — )TV —a) (T — ay)

(3.48)
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where
S, ¢ ¢ & ¢ ¢
neyec(§egn). men g (o) o
H3 _(al _F)<@ - C_]a2>, (3 49)
& &
G _¢ ¢ ¢ ¢ ¢ 0, + 21T, IT

Family 3 Suppose F(I') =T + i—"F“ + ?F3 + %FZ + i—‘l“ + E—Ocan be written in the follow-
S 5 5 5 5
ing form:

FD) =T =)’ =), (3.51)
where @, and a, are free constants. Then, we have

/24 arar /2 + ST [2(ay — ay)IT, + (T = a)I, In(Y)]
&s & _ & &s

+(m—ny) = =

1= T—a T —a) (@, — )L\ /T —a

(3.52)
where
& ¢ 4 & ¢ g
I, = \/—(al - a2)<§ + f—;%), I, = \/g—irz + (é - é:—;a1>f‘— f_:al’(3'53)
(% & & % o i _ I+ 21410,
H3 = F<§—5 - gal + 25—5a2> + gaz - 25(11 - galaz, Y= —F —a, (354)

Family 4 Suppose F(I') =T + §—4F4 + ?W + g—zl“z + ?F + i—ocan be written in the follow-
5 5 5 5 5
ing form:

FI) =T —a)* (T = )’ — a3), (3.55)
where @, a, and a5 are free constants. Then, we have

[ 4 &
;. + él"dl"

+(m—ny) =
T—a)T -0y 556
N /g—: + g—;r [(a, — ax)IT, In(Y,) — (@, — a1, In(Y,)]
T H3H6 |
where
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(3.58)
I, = <@ - é0t3 + 25a1> + @a] 2@(13 d aa;s,
s Es &s & &s &s
5 :F(é - éo@ + 2éa2> + @az - 2éa3 — éozzar3, (3.59)
s &s 5 & 5 &s
I, + 211,11, Il + 21,11,
g =(a; — ay)() — a3)(ay — @3), Y; = B R Gl (3.60)
3.1.3 Caselll: 6 =2,0=6,ande =0
Let6 =2,0 =6, and € = 0 for Egs. (3.4) and (3.5), then we get
u(n) =ty + 7, + 7,2, (3.61)
v(n) =py + o T+ p, T2, (3.62)
+ 20,002 (ET0 + EIP + ETH+ ETP + ET? + & T +
(M/(ﬂ))z =(T1 72 ) (56 55 54 53 52 5] 50)’ (363)
%
+ 20, D)2 (ETO + ETS + T+ ET3 + T2+ £ T +
o' () =(P1 P16 Ss &4 & & ¢ fo)’ (3.64)

%o

where &, # 0 and ¢, # 0. With the solve the algebraic equation system (3.9), we can easily
get the following sets

o First set

k=k, p=u o=0, pg=10, py =71, p=pp T9=Tp T| =T, T =P,

B C0(25610p3(r§5y + 513 —w—-k) - 32112p§(—w + 3T§5y -2+ 35r§) + 161?510,02(1 +y)— 1165(1 +7)

»

0=

512/42p‘2‘
_ 953} (9653//7%13 - 32k2p§ + 96613/;% - 32C()p§ + rféy + ri‘& - 161125}/10/)2 - 16610112p2)
! 1280342 ’
= 32p§(—w + 31026}/ — K+ 3573) + 48610712,02(1 +y)— 31145(1 +7)
: 12824 ’
_ _6§nrl(yrlz + le + 16y7yp, + 167p,) _ 5§0(11y112 + llTl2 + 16y7yp, + 167p,)
i 16p, 42 T 324 ’
b 36¢,7,0,( + 1) 863 +1)
= — - _ —

suz g 0T (3.65)
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Inserting these results into Egs. (3.5) and (3.10), then (3.10) can be written as

S oqr

:
£(n—1np) = / 2 : (3.66)
\/F6+ SIS 4 S 4 234 2124 904 2
& & & g e Ty

Integrating (3.66), we obtain the solutions to the Eq. (1.1) the following families:
Family 1 Suppose F(I') =T + g—SFS + ?F4 + §—3F3 + ?Fz + i—'F + g—" can be written in
6 6 6 6 6 6

the following form:

FI) =T —a,)°, (3.67)
where «a; is a free constant. Then, we have

2(n — ny)ay + \/—200(n — 2
i(}7_’10)2/ HdF=>F= (n — ng)a; (n ’10)7 n=./— 28;4 7
FI) 2(n = o) sp3(r + 1)
(3.68)
ko a 2(n — ooy £ \/—2H</4(éxﬂ + %xa> - ’70)
Uy(x,1) =V (x, 1) = (=gt eo) 7+ 1,

PEREREY

2

2(n — no)ay £ \/_21'[(/4(!1_33& + %x") - ’Io)

PERERRY

k 2(’7_’70)0‘] i\/—zn(y<%xﬂ+%xa)_n0>
- _ i(—ﬁx”Jrfx"w)
en=e Teoh 1 2%

2 (57 + 2xe) = o)

2

+1,

2(n —np)ay £ \/—Zl'I(u(éxﬂ + %X"> - ’10)

Lg% )_ )
2<M<ﬁx + ax”’ "o

-7,

(3.69)

Family 2 Suppose F(T') = T + §—5F5 + ?FA + §—3F3 +2r2+ i—ll“ + ?can be written in the
6 6 6 6

6 6

following form:

FI) == a))’([ = ay), (3.70)
where a; and a, are free constants. Then, we have
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I 2(n — nyay = /=21y — ny) 8u?
)= | —dr—=r= , M= |-—HK
<0r-n= [ Fer = 20— V 50+ D

(3.71)
where
2 4 (o) — 0‘2)5 3
M =90 —ny)(a; —ay)* — 16, S= ———, Z=2(a; —a,) + 6(n — 1,)S,
M
(3.72)
3 2
vVzm?2 A —ay)
I =a, + - (3.73)

M V/ZM>

—ﬁxﬂ+%x”+9)

Ug(x, 1) = Vi (x, 1) = ei( ;

2
VIM: e, - a2)2] l VIM? e, - a2)2]
+ - + 7 0 + - s

X7y + 1) |fl1

M /ZM? M VZM?
H S
Vo) = 3 4E0)
2
VZM? A, — ay)? VZM?: 4, — ay)?
X{—Tp— 71| + - -7 |a; + - .
M VZM? M VzZM?

(3.74)

Family 3 Suppose F(T') = T + §—5F5 + ?FA + §—3F3 + ?Fz + g—‘l“ + ?can be written in the
6 6 6

6 6 6
following form:

F) = (T =)’ = &), (3.75)
where @, and «, are free constants. Then, we have
(o) — 02)3(’7 — 1)
2\/(’1 —np)*(ay —a)* — 16

1 1
i(n—no)=/—dr=>F=§(a1+a2)—

(@) = “2)3(Il<%xﬁ + Za—kxa) —'10)

1 2% 2 4
2 (M<l—3xﬁ+;x")—no> (a) —ap)* =16

2

_kpyo
7¥ +a,\"’+9)

Ug(x, 1) =Vg (x,1) = ei( 70+ T %(oc1 +ay) —

(o) — 0’2)3(’1 — 1)

1
+1, E(al +ay) — -
2\/(/4([—1])(” + %x“) - "10) (a —a)*—16
3.77)
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(@ - o)’ (M(%Xﬁ + Za—kxa> - '7())

1 2% 2
2 <y<;xﬂ + ;x") - 710) () —a)* =16

2

k

Vst =l

xﬁ+§x“+0)
«

1
—Ty—1T; E(al +ay) —

(@) = ay)>(n — 1)

2
2\/(;4(%)#? + %x") —110) () —ay)* — 16

1
-1, 5(0[1 +a,)—

(3.78)

4 The exp(— Q(n))-Expansion Method

In this section, we describe the exp(— Q(#))-expansion method (Khan and Akbar 2014;
Rayhanul Islam et al. 2015) with the following steps as:
Step 1 Suppose the nonlinear space—time fractional partial differential equations as

0°u 0*u o0%v 0%y
N(M,V,W,at—zﬂ,w,at—zﬂ,... —O (41)

Utilizing the wave transformation

Ux, 1) = u@e", Vix,10)=vEe", &= H<x—ﬁ - Cﬁ>, n= ke ol 0,
a p a

p
4.2)
where k, w # 0. Putting (4.2) into Eq. (4.1) gains a NLODE as,
Qw,v,u',v',..)=0, 4.3)
where prime shows the derivation with respect to &.
Step 2 We suppose the solution be based on the exp(— €2(#)) as:
M M
W& =Y a;exp(—jQAE) + Y, b;exp(iQAE)), (4.4)
j=0 j=1

where 0 < a; <M and 1 < b; < M, are constants such that ay, by, # 0, and, Q = Q($) sat-
isfies the following ordinary differential;
Q' = 0exp(Q($)) + exp(— Q&) + 4. 4.5)

The closed form solutions (Hafez et al. 2014, 2015) can be determined from Eq. (4.5):
Solution-11f 6 # 0 and 1> — 40 > 0, then we have

2 _ \/ 12 —
Q&) =1In (— '120 40 tanh( A 46](§+E)> A > (4.6)

2 Y]

where E is integral constant.
Solution-2 If 6 # 0 and A2 — 40 < 0, then we have
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2u 2 20

— 32 —_ 32
Q(§)=1n< V-4 +49tan(” A +40(§+E))— ’1). 4.7)

Solution-31f0 = 0, 1 # 0, and 12 — 40 > 0, then we get

- A
s (exp(z(: FE) -1 > “o
Solution-41£0 # 0, A # 0, and A2 — 40 = 0, then we get
_ _ZA(f +E)+4
Q&) =In ( TRUTE ) (4.9)

Solution-51f 0 = 0, A = 0, and A> — 40 = 0, then we get

Q) =In(§ + E), (4.10)
where aj(O <j<M), bj(l <j< M), A and 0 are constants to be determined. The value M
can be identified by taking the balance principle which is based on the relationship between
the highest order derivatives and the highest degree of the nonlinear terms occurring in Eq.
(4.3).

Step 3 Substituting (4.4) into Eq. (4.3) with the value of M obtained in Step 2. col-
lecting the coefficients of F(n), then setting each coefficient to zero, we can get a set of
over-determined equations for a,,a,,b;,a,,b,, ...,a,, by, A, and 0 with the aid of sym-
bolic computation Maple. Solving the algebraic equations including coefficients of
ag,ay,by,ay, by, ... ,ay,by A, and 6 into (4.4) we get to exact solution of considered
problem.

4.1 Application of EEM

With the help of the EEM and by balancing 3, »’ and v*, v" in Eq. (2.3) we can acquire the
balance number M = 1, therefore the exact solutions become,
u(n) =ay + a, exp(—Q(n)) + b exp(Q(n)), (4.11)
v(n) =cq + ¢y exp(—=€(n)) + d; exp(L(n)). (4.12)
Inserting (4.11) and (4.12) into Eq. (2.3) and comparing the terms, we will reach the fol-

lowing results as:
Case 1

/ 2
k=k, A=0, u=u, =220 —k*, 6=0, =0, =0, b=6 -
H=HU, @ H ay ap 1 H 5+ 1)
c=0, ¢,=0, d, =6 —L
0 > €1 > a4 M\/ G+ 1)

By employing (4.6) and (4.13), the exact dark solutions become,

. k 24u20-k2 4
Ux,t) = —u 26 e <7Xﬂ+ o +9> tanh |V —6( u lxﬂ + gcx"’ +E
oy +1) p a

(4.14)

(4.13)

s
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. k 2u29-k2
Vl(x,t)=—,u 20 el<_ﬁXﬁ+ x+9>tanh [\/_9<ﬂ<; ﬂ+%€)€ >+E> ,

6y +1)
(4.15)
when 6 < 0. By employing (4.7) and (4.13), the exact periodic solutions get,
—20 ( xﬁ+"‘”x+9) 1, 2k
U,(x,t) = — 4 t 0 + — +E)]|,
D= " [\f<”<ﬂ «”
(4.16)
-20 i(—ﬁxﬁ+72“297k2x"+9> 1 2k
Vy(x, 1) = — A t O ul =X+ =x*)+E|]|,
(X, 1) u 5(y+1)e an \/_ u ﬁx X
4.17)
when 6 > 0.
Case 2
k=k, A=0, p=pu, 0=24*0-k*, 0=0, ay=0, a, = p1/— 2 b, =0
s 5 s s » Ay s 1 5(Y+1)’ 1 s
/ 2
C0=0, CIL=HU —m, d1=0.
(4.18)

By employing (4.6) and (4.18), the exact singular solutions become,

(K 2u 9—}.2
Us(x,t)=—pu 20 e( A *+0> coth [\/—0<M<%xﬂ+%x"> +E>],
o

6(y+1)
4.19)
_ 26 i<k”+2"9k,¢+6 lﬂ 2((,
Vi, t) =—u ) coth [\/ < < ax >+E>],
(4.20)

when 6 < 0. By employing (4.7) and (4.18), the exact solutions get,

_ (& z;lzﬁ—A
Uy, ) =—p 20 ( i X+6> cot [ﬁ(u(%xﬂ+%x"> +E>],
o

o(y + 1)
“4.21)
Vix,t)=—p 5(;ial)ei<_%xﬁ+%ﬂ+g> cot [ﬁ(u(%xﬂ + %x“) + E>]
4.22)
when 6 > 0.
Case 3

k=k A=0, uy=u, o=—-6u*0-k* 0=0, ay =0,

2 2
V- by = by [~ :
Wso+1 TV s+ (4.23)
2 2
=0, ¢, = /- . d, = uby |- .
‘o AT sy TNV TS0+
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By employing (4.6) and (4.23), the exact dark-singular solutions catch,

i) ==y ¢ 1)ei(_:)(ﬁ+wxa+g){tanh [\/__0<“ <11i S >+E>]

+ coth [\/—9(;4(}3 X+ %x > +E>
VS(X,[):—M 20 €i(_% /"+Zuok ,\ﬂ+9 {tanh[ /_9(u<%xﬁ+%(xa> +E>:|

Sy +1)
+ coth [\/—0(”(%)([} + %xa) +E>] },
a
when 6 < 0. By employing (4.7) and (4.23), the exact periodic solutions get,
Ug(x, 1) = — —20 eiG%xu@xﬂw) tan [0 12 vk
6+ Voo +1 AV AR

oot [VO(u( 30+ 2o ) 42)

- =k p 2P0k o
Ve(x,0) =—p 26 e( A +9){tan [ﬁ(ﬂ(lxﬂ + Z—kx"> +E>

(4.24)

(4.25)

(4.26)

Sy +1)

oot [Va(u( 120+ 2 ) )] .

4.27)
when 6 > 0.
Case 4
k=k, A=2V0, p=u, o=—k* 0
2uv/0 =0, b, =pud
ay = ——. =H
T 20+ Do o é(y +1) 4.28)
26
= -, =0, d
AN VATl 1= H0y/ = 5(}/ 1)
By employing (4.9) and (4.28), the exact singular solutions overtake,
U7(x, £ = ei(—%xﬂ+2“ L +0>
Lyp 4 2%
2}4\/5 . 3 40( ( x¥ + x"‘>+E>
— AV ;
V=20 + 18 o(r+1) 4\/_< ( x4 2 )+E>+4
(4.29)
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ok 242 0-k2
V7(X, £ = et(—ﬁxﬂ+Tx“+H)
1y %
. 2o I 3 40(/4(ﬂx +axa>+E) (4.30)
V=20 + )5 ST+ Dl a/o(u( 1o+ Zar) +E) +4
when 6 # 0
Case 5
=2y +1)6
k=k A= 0 r+1D LU= 0=cy+ D)8 +2470 -k, 0=0, ay=cy, a; =0,
u

/ 2 / 2
b, = uby | —————, =cy, =0, d, = uby/— .
1= H S+ 1) Cp = Cp, €y 1= H 5 +1)

By employing (4.6) and (4.31), the exact dark solutions become,

) kg c(z](y+])n‘+2;429—1<2 N
in=viwn=e\ ) e ey -2
EROT "N TS+

VG D200 (2GS D+ oy
x| - tanh ul =x + =x* | +E
2ub 2u p a

(4.31)

2ub

V20 + 1)5] }

(4.32)

when 2¢56(y + 1) + 4u*6 < 0. By employing (4.7) and (4.31), the exact periodic solutions
catch,

2 2012
A (y+1)6+2420-k
L ]

.[73 f.«“w] 2
Uy(x, 1) =Vy(x,1) =€ {C°+”0\/ e

2 2 2
V2@ +D+220) | (/2E80+ D+2020) o oy , 2%, /2 T8
x| = tan ul =x + —=x" )| +E) |- ————
2u0 2u p a 2u6

(4.33)
when 2¢25(y + 1) + 4426 > 0.
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Case 6

2 [30(y +3) 3k2(y — 1) — 4u%0(y — 3)
k=k A=Zq/——= u=p, o= :
3V =D 3 =7)
)

u\60(y +3 _0

0=20, a0=§ , ap
— 2

Vol =r9) (4.34)
2 200y +3)

b, = uby/— , = —_— =0,

RN TS T 3sa -y @
2

d, = oy /- .

LS TS+

By employing (4.6) and (4.34), the exact dark solutions get,

. 32 G-D-4200-3) a \/
Uyo(x.0) =V,o(x. 1) = e'(-%x“%iﬁ”“x +0) J 1HVOOG +3) - 2
3 ‘/5(] —72 5(}'+ 1)

)
x[_V—S"W)[anh<V—8“’W‘3)(M 1xﬂ+%xa>+E>>_z 39%“},
B 3y200-1

201/3(/ - 1) 243 - 1) @
(4.35)

< 0. By employing (4.7) and (4.34), the exact periodic solutions become,

when 2¢=3
y—1
il =%y fo 1/60(y +3
U“(x, [) :V“(x, [) = e( IAI P 2L 3a)(l—y)( +9) lw + MG —_ 2
3 \6(1=72) sy +1)
V80 —3) v89(y—3)< (1 5, 2k ) ) 2 (36 +3)
X tan ul =x+=—x" ) +F -= X
204/3(y = 1) 24/3(y = 1) B @ 3V200-1)
(4.36)
when 223 5 0
y—1
Case 7
coV 2y + 16
k=k, A= 0 v ), u ﬂ,a)=c(2)(}/+1)5+2/420—k2,
H

2
0=20, =cy, = - , 4.37
= AT D @37
2
b1=O, Co=Cop, C1=H —m, d1=0

By employing (4.6) and (4.31), the exact solutions catch,
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2 54212 0-k2
(ot drienied -
Upy(x, 1) =V,2(x,t)=e( ’ - ){c(,-ﬂq/—m
-1
V@ + e [\ageg e oy /I TTE
x| - tanh u 7xﬂ+?x“ +E)|- —=—— ,

2u6 2u p 2u6
(4.38)
when 2C§5(J/ + 1) + 446 < 0. By employing (4.7) and (4.31), the exact solutions overtake,

2 20_42
A (r+1)542u20-k
i[—ﬁxlhio m X%

U=V, =e

W] 2
Cot+Hy/—

6y +1)

2u6 2u 2ub

—1
V2@or+D+220) [\ + D20 (/2GT 5
- tan </4<Ex’7 + ;x“) +E> -— X

(4.39)
when 2¢25(y + 1) + 4?6 > 0.

5 Description of ITEM

In this section, we describe the ITEM (Manafian 2016; Manafian and Lakestani 2016a, b)
with the following steps as:
Step 1 Suppose the nonlinear space—time fractional partial differential equations as

%u 0%#u 0%v 0%y
N(” Yo 9 o aﬂﬁ"") =0. (5.1)
Utilizing the wave transformation
i i X~ —kx? 1«
U, t) =u()e", Vx,n)=v(&e", &=ul—-c= ), n=——+w=+0,
B a B a
(5.2)
where k, ® # 0. Putting (5.2) into Eq. (5.1) gains a NLODE as,
Qu,v,u’,V,..)=0, (5.3)

where prime shows the derivation with respect to &.
Step 2 Suppose the closed form solution of Eq. (5.3) can be determined as follows:

M
ué) = Z a, tan* <¥> Z by co <¢(§)>’ (5.4)

k=0

where a,(0 <k <M),b(1 <k<M) are constants to be determined, such that
ay #0,by, # 0, and ¢ = ¢(&) satisfies the following NLODE:

@' () = asin($(m) + beos(¢p(m) + c. (5.5

Step 3 To determine M. This, usually, can be accomplished by balancing the linear term(s)
of highest order with the highest-order nonlinear term(s) in Eq. (5.3). Moreover, precisely,
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we define the degree of u(n) as D(u(n)) = M, which gives rise to degree of another expres-

sion as follows:
dlu\ _ » [ diu ’ _

Step 4 Inserting (5.4) into Eq. (5.3) with the value of M obtained in Step 3. collecting
the coefficients of tan(¢p/2)*, cot(¢p/2)*(k = 0,1,2, ..., M), then setting each coefficient to

zero, we can get a set of over-determined equations for a,, a;, b (k =1,2,...,) a, b, and ¢
with the aid of symbolic computation Maple. Solving the algebraic equations, then substi-
tuting ay, ay, ..., Ay, bys ... by k0 in (5.4).

Consider the following special solutions of Eq. (5.5):

Family 1 When A=a?+b*-c*<0 and b—c#0, then
$(&) = 2 arctan [ an (%AE ]

Family When A=a?+b0*-c*>0 and b—c#0, then
@(&) = 2arctan [E + = tanh (TAE)

Family When a2 +b2—c?>0, b#0 and c=0, then
¢(&) = 2 arctan [% h +a? ( bz;“z g ) .

Family When a2 +b2—-c? <0, c#0 and b=0, then
¢(&) = 2 arctan [—— + Y= tan ( "CZZ_”Z E)

Family 5  When a®>+b>—c*>0, b—c#0 and a=0, then

$(&) = 2arctan [\/7 ann FE)]

Family 6 When a = 0 and ¢ = 0, then ¢(§) = arctan [emfl 2 ]

e2bi4]’ Wiy

. _ _ _ 2eag e”a: 1
Family 7 When b = 0 and ¢ = 0, then ¢(¢) = arctan [m, pex v ]
Family 8 When a® + b = ¢?, then ¢(£) = —2 arctan [%‘?2)]

Family 9 When ¢ = a, then ¢(&) = —2 arctan [—Ejﬁi;j ] .

Family 10 When ¢ = —a, then ¢(£) = 2 arctan [ZZJ:Z:Z]

Family 11 When b = ~c, then (¢) = ~2arctan | 4.
Family 12 When b = 0 and a = c, then ¢(&) = —2 arctan [6522]
Family 13 When a = 0 and b = ¢, then ¢(&) = 2 arctan [c.f] .

Family 14 When a = 0 and b = —c, then (&) = —2 arctan [ig]

Family 15 Whena = 0 and b = 0, then ¢(§) = §E+ C.
Family 16 When b = ¢ then ¢(&) = £ i_c] ,where & = £ + C.
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5.1 Application of ITEM

By employing the ITEM for Eq. (2.3) and by balancing u*, « and v, v’ in Eq. (2.3), we
obtain the balance number M = 1. Therefore the closed form of solution will be as

1

un) = Y a;tan' (¢/2) + 2 b;cot ($/2), 5.7)
Jj=0 J=1
1 1

v(n) = ) ¢;tan(¢/2) + ), d;cot (¢/2). (5.8)
Jj=0 j=1

Inserting (5.8) into Eq. (2.3) and comparing the terms, we will reach the following results
as the below cases:
Case 1
di\/-25(y + 1) d3s(b—c)(y +1) = kK*(b + )
a=0, b=b, c=c, k=k, u= , W= s
b+c b+c
ay=0, a;=0, by ==xd;, ¢;=0, ¢, =0, d, =d,.

5.9
By employing Family 5, (5.5) and (5.9), the exact singular solutions become,

b c i(—ﬁ g Ao “+€> com(L"z-t2 ((’1 ez (lrﬂ+gv")+C)>
_ — P
U, (x,1) ——Vr(x, 1) =d, e obro ? e e s

_ i~k @3 50- ;(Hn—kz(bmxa 0 >_2/(d 260 + 1
Vi =-d b Ce‘< * oo * )coth<\/b ¢ ( 1\/ ) <Iljxﬂ+%x“> +C) ).
o

b+c 2 b+c
(5.10)
By employing Family 13, (5.5) and (5.9), the exact singular solutions get,
_kpy K e
Uy(x,1) =V5 (x5, 1) = d, (e o) ¢ ,
B (1 ) 4 C
2 p a
) ‘ (5.11)
vy (&, 0= —dyel (3 T0) < :
B (1 ) 4 C
2¢ p a
By employing Family 16, (5.5) and (5.9), the exact exponential solutions catch,
dl\/W(l Py a)+c
kopy =2 % _
Us(x, 1) =V, 1) = dye’ i(=presn)| € <l
a
(5.12)

( ’ 0 ead1 722f(y+n(%xﬂ+%xa)+c c
X! +fx + ) -
Vi, =- dle

a
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s

Case 2
a_co\/m b__2d15(y+1)+u6\/m
H o p\/=28(y + 1)
c=c, k=k, u=upu,
w=08(cg+d)(y + 1)+ udic\/=26(r + 1) = k2, ay = c,

a, =0, by=d;, ¢cg=c¢y, ¢,=0, d, =d,.

By employing Family 1 (A=—%(5(cé+d12)(y+l)c,ud1 +4/=28(y + 1)), (5.5) and

(5.13)

(5.19), the exact solutions overtake,
—%xﬂ 32 +d3)(+1)+ud) e/ =25G+ Dk x"‘+0)

a

Uyt f) =V, 1) = dle’<

5 F(ﬂ(_)))]

b—c b-c 2 p

(5.14)

t(—kxﬁ+ SR+ y+ ) +ud) c\/26G+D—K2 x”+0)
Vi, )=—de\ "’ ‘
-1
a V -A V -A 1 B 2k a
X - t X+ =x*)+C ,
lb—c b-c an( 2 <#(ﬂx a”
cud; <0. By employing Family 2

in which oyr+1)<0 and
(A= —%(6@(2) + df)(y + Depd, +4/=26(y + 1)), (5.5) and (5.19), the exact periodic

solutions catch,
ko ﬁ(ug+d%)(}/+l)+ﬂd1L‘\/—2§(y+l)—k2 x"+9>
P

a

Us(x, 1) =VE(x,1) = dle’(

X lbic LA tanh(@(ll(%xﬁ_'_%xa) +C>)]-n’

b—c
2.2 5 2
S(ca+d5)(y+1)+udy cA/=25(r+1)—k
pq 20T ! x"‘+8>

a

(5.15)

_ i(—%x
Vix,0)=—de

[z B (Bl 2) )]

b—c b-c

in which 6(y + 1) < 0 and v/=25(y + 1) < 6(c + d})(y + Deud,.

Case 3
e V/=28(y + 1) A5+ o)y +1) -k b-c)
a=0, b=b, c=c, k=k, u= , W= s
b-c b-c
ay=0, ay==c;, b, =0, ¢,=0, ¢, =c, d, =0.
(5.16)

By employing Family 5, (5.5) and (5.9), the exact dark solutions get,
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25 2
Ak g, GOGrIGHD-R -0

b +c 1( ﬂx +7a(b—¢-) x40

b—c

X tanh < Vb - <Cl V-25(r + 1) <lx” + %xa> + C))
2 b—-c p o

Us(x, 1) =V, 0) = ¢

/ ' ? (5.17)
(b p g RO RCr) ,
Vet =—c ?;( 7o+ prre X +9)
-c
Vb= (/=28 + D) (1 , 2%
X coth 1o 2%ka)c))
2 b—c B a
By employing Family 11, (5.5) and (5.9), the exact solutions catch,
Us 1) =V (x, 1) = —e, el 347000 _ae ,
ce e AP e _
] (5.18)
.(_5 ‘ﬂ+£x“+9> aea<q i’if””(%xh%x“%c)
V7_(x, t) =Clel Nt '
V=264 (1 2% o
ceu( RS (e >+C> -1
Case 4
cV=26(r+ 1) 2¢,6(y + 1) + ub\/=26(y + 1)
= Ce=-— ’
g w280 + 1)
b=b, k=k u=up, (5.19)

w=68(cg — Dy + 1)+ ube, \/=26(y + 1) = k2, ay = c,
a, =0, by=d;, ¢cg=c¢y, ¢;,=0, d, =d,.

By employing Family 1 (A = —%(5(cg—c$)(y+ Depcy +4/=26(y + 1)), (5.5) and
(5.19), the exact kink-singular solutions overtake,

a 8(c2=c2)(r+1)+ubey =25+ D)—k2
—fpp 0 X

i 6
Ug(x,1) =V (x,1) = cje ( ’ ‘ >

9 lbfc_ ;/:_At(\/?<y(%ﬂ+%>+c>>]

2_2 . - 2
B i(—%x/’+ 5((“741)(y+1)+;4it1 =28+ D)~k x”+0)
Ve, n)=—ce

9 [bfc— ﬁt(‘/?(y(%uz_k) +c>)],
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in  which &y +1)<0 and cpuc(c:— c%) <0. By employing Family 2
—26(y + 1)), (5.5) and (5.19), the exact solutions get,

(A= —%(5@3 — Ay + Depey +

N 8(c3~e)(r+ 1+ pbey /=280 +D—k2
1(—; + m x"+6>
Uy(x, 1) =V;'(x, N =de
[« VA VAL (1, 2%k, ]
X + tanh [ — ¥4+ Zx )+ C
b—c b < 2 \# ﬂ o«
kg 6((%—(%)(#1)%21’1 V250412 " 6) G2

i(—k s
Vo,y=—dje\’

[t e ({220 o))

b—c b-c

in which 8(y + 1) < 0 and /=28(y + 1) < 6(c2 — ) + Deuc,.

Case 5
di\/=26(y + 1) 2d25(b — o)y + 1) + K*(b+¢)
a=0, b=b, c=c, k=k, y=——, w=-— ,
b+c b+c
(b—o0)d, (b—-o)d,
ay=0, a; == b tc , by=d|, ¢g=0, ¢, ==« b tc , d =d,.
(5.22)

By employing Family 5, (5.5) and (5.9), the exact dark-singular solutions become,

Kxﬂ_zdzﬁ(b N+ D+K2 (b+c) x40
p (b+c)a

Upyix, ) V (x t= e.(

b-od, [b+ Vo= (diV-260+D) (1, .
x{ b_ctanh< 2 < b tc (E +—x>+C +

b+c

b—c Vb - (V=260 + D (1,
"lvch“”h( 2 ( be ( 2 ) >>}

(5.23)

wza(b— Yr+1 )+A2(»+ )
X460
(b+c)a

i<7£x/]
Vi =e\’

X {—(b_c)dl \/b+ctanh<\/b2_cz<dl\/_26(y+ D (lxﬂ+ %x"> +C>>+
2 b+c B a

b+c b—c

P Vo= (diV=28+D) (1, 2%k,
dl\/m“’”‘( 2 ( bre <E”T‘>+C)>}'
(5.24)

6 The SIVPM

The main steps of the SIVPM are as follows:
Step 1 Suppose the nonlinear space—time fractional partial differential equations as
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0°u 0%u 0%v 0%y
N<u’v’ﬁ’0t_2ﬁ’ﬁ’at_2ﬁ"“> =0. 6.1)

Utilizing the wave transformation

. ) g o —JxP a
Ulx,t) = w(@e",  V(x,n)=vE)e", &= u<x— - ct—>, n=" 4ol +,
J/ a p a
(6.2)
where k, w # 0. Putting (6.2) into Eq. (6.1) acquires a NLODE as,
Qu,v,u',v',...) =0, (6.3)

where prime shows the derivation with respect to &.
Step 2 Based on the He’s semi-inverse method, then the trial-functional can be written
as,

JU) = / Ld¢, (6.4)
where L is an unknown function of U and its derivatives.

Step 3 Utilizing the Ritz method, the various forms of solitary wave solutions, can be
acquired such as

u(&) = Fsech(GE), (6.5)

u(&) = Fsech®(GE), (6.6)

u(&) = F\/sech(Gé), 6.7)
: F

U = B cosh(GE)’ (6.8)

where F and G are constants to be further determined. Upon putting (6.5)—(6.8) into (6.4)
and making J stationary with respect to F and G results in

ol _

F=0 (6.9)
aJ

2 =,

°C (6.10)

Solving Egs. (6.9) and (6.10), we obtain F and G. Therefore, the solitary wave solutions
(6.5), (6.6) and (6.8) are well determined.

6.1 Application of HSIVP

By employing He’s semi-inverse principle (He 2006; Kohl et al. 2009; Zhang 2007), one
can catch the variational formulation as follows

©ly ./d s 1 1
Ji =/0 l§M2< L;?) + Zu(§)4+ §5W(§)2V(§)2— §(w+k2)u(§)2 dé, (6.11)
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o) d 2
Jy= / l%»ﬁ( V@> +§v(5)4+%5yu(5)2v(§)2—%(w+k2)v(é>2 de.
0

dg (6.12)
Utilizing a Ritz-like method, a solitary wave solution read as
6.1.1 Casel

u(§) = Fsech(GE), v(&) = Fsech(G&), (6.13)

where F and G are unknown constants to be further determined. Upon inserting (6.13) into
(6.11) or (6.12) and carrying out the integration gives
1 ey 16F  16yF* 1 FAo+k%)

16F 1 . 14
L e SR T 619

Jy

Making J, stationary with A and B supplies

oJ,(F,G 3 SyF3 F k?
¥—1M2FG+Z£+E 14 _l (a)+ )

= =0, (6.15)
oF 3 3G 3 G 6 G

oN(F,G) 1 ,, 16F* 16yF* 1 FAw+k)
0 -~ S +— = 0. 6.16
oG 6" 6G2 3¢ 12 & (6.16)

Solving Egs. (6.15) and (6.16), one can obtain

® + &2 \/ (6.17)
“V3sor+ 1y

The domain of definition of above relations is:

w+k <0, 52r+1)<0. (6.18)
Hence, finally, the 1-soliton solution to the fractional CNLE is given by

[ o+ k2 i(—ﬁxﬁ—‘ixﬂw) 1  + k2 1 2k
Ux,t)= | =———— BT h|—1/— X+ =X ) +C
o, 0 3BQr + 1) e sec p G U ﬁx " X

(6.19)
Also, a bright soliton wave solution can be found at
6.1.2 Casell
F F
ul) = ———, ) = ———,
cosh?(G¢&) cosh?(G¢&) (6.20)

where F and G are free constants. Upon inserting (6.20) into (6.12) and carrying out the
integration gives

4 0. 46F  ByF' 1 Fo+k)
J=—puFG+ — . 6.21
st 3G 335G 18 G 621)
Making J; stationary with A and B supplies
oJ,(F,G 3 SyF3 F 2
1(F,.G) 8 JPFG 4 W0OF 325y F 1 @+8) _ 622)
oF 15 35G 35 G 9 G
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oJ\(F.G) 4 , , 46§F* 8 &yF* 1 F(o+k)
Bt bl Y +— =0. 6.23
oG 15" 3362 35 G 18 G (6.23)

Solving Eqs. (6.22) and (6.23), one can obtain

/ 35(co+k2 / 5(w+k2). 6.24)
1085(2)/ +1)

The domain of definition of above relations is:

w+k <0, 52r+1)<0. (6.25)
Thus, finally, the bright soliton to the fractional CNLE is given by

[ 35(w + k2) i(—ﬁxﬁ—ﬂxue) 2 1 S5(w + k?) 1 2k
= - 7 B « h - — — p el .
Ux, 1) 10862y + 1) e secl on 2 u ﬁx + " x*)+C

(6.26)
Moreover, another singular wave solution can be considered as
6.1.3 Caselll
F F
ul) = ——, ()= —, 6.27)
cosh(G¢) cosh(G¢)

where F and G are free constants. Upon inserting (6.27) into (6.12) and carrying out the
integration gives
16F* 16yF* 1 nFX(w+K)

J, = —=nu*F’G = - — ) 6.28
1= 3" *16 T2 G 24 G (6.28)

Making J, stationary with A and B supplies

0, (F,G 3 P Fo+ k2
FO) 1 opy 8P G0F 1 aF@+ k) (6.29)
oF 16" <G ¢ 120 G
aJ\(F.G 41 8yF! Fo+k
WG 1 app L 1F 1 aPet k) o

G M Tie e Tu @
Solving Eqgs. (6.29) and (6.30), one can get

w(w + k?) 2
— — . G==V-w-k. 6.31
\ 962 + 1) 3,077 (6.31)

The domain of definition of above relations is:

w+k <0, 32r+1)<0. (6.32)
Thus, finally, the singular soliton solution to the fractional CNLE is given by
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w(w+k?)
(_k p_o.a
UG, 1 = 757EH) oo 63
\/sech[%\/ - — k2</4<%xﬂ + za—kx“> + C)]
Finally, another singular wave solution can be considered as
6.1.4 CaselV
F F
“O= piconce "= Dt cosn(Ga’ (6.34)

where F and G are free constants. Upon putting (6.34) into (6.12) and carrying out the
integration gives

D-1 4 2 _ 2522 2 _ _ 2 _ 2012 2
) Darctanh(m)@alf QD2 +3)Q2y + 1) — 6)2F2GA(D? — 1) — 2(D* — 12(K2 + w)F?)

12 VD2 - 1(D2 - 136G

Making J stationary with F and G yields

J=

(6.35)

D arctanh( Dl )(125F3(21)2 +3)2y + 1) = 1242FGA(D? — 1) — 4D? — 12(K2 + w)F)

AF,G) _ 1 = -0
oF 12 \/DZ_—I(DZ - 1)3G ’
(6.36)
D-1 192 F20(D2
(.G iDarctanh(\hﬁ>( 12uF~G(Dr 1))
0G 12 M(Dz — 136G
D-1 492 G2 F2C2(D2 — 1) — (D2 — 102 (k2 2
DarCtanh<m>(35F 2D* +3)2y + 1) — 6u~F~G~(D 1) — 2(Dr D)k + w)F<) L
12 VD2 —1(D2 - 1)3G?
(6.37)

Solving Egs. (6.36) and (6.37), one can catch

96(2D% +3)2y + 1) 3u

V(D? = D(w + k?). (6.38)

The domain of definition of above relations is:

(D? - D(w+ k> >0, 62D*+3)2y + I)(w+ k) > 0. (6.39)
Thus, finally, the singular soliton solution to the fractional CNLE is given by

0% - 1) 4(wt+k?)

Ux, 1) = gi(*ﬁx”*f)f“+9) 952D*+3)2r+1)
B FETER )
(6.40)
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7 Conclusion

Under investigation in this work is a (2 + 1)-dimensional the space-time fractional cou-
pled nonlinear Schrodinger equations, i.e., system (1.1), which describes the amplitudes of
circularly-polarized waves in a nonlinear optical fiber. Based on the conformable fractional
derivative and the fractional wave transformation, we derive the analytical soliton solu-
tions where have been given in the form of rational soliton, periodic soliton, hyperbolic
soliton solutions by four integration method, namely, the extended trial equation method,
the exp(—€Q(#n))-expansion method and the improved tan(¢(r)/2)-expansion method and
semi-inverse variational principle method.

With the aid of the extended trial equation method, we derived the several types of solu-
tions including singular, kink-singular, bright, solitary wave, compacton and elliptic func-
tion solutions. Under certain condition, the 1-soliton, bright, singular solutions are driven
by semi-inverse variational principle method. Based on the analytical methods, we found
that the solutions give birth to the dark solitons, the bright solitons, combine dark-singular,
kink, kink-singular solutions with fractional order for nonlinear fractional partial differen-
tial equations arise in nonlinear optics. The aforementioned methods are powerful and effi-
cient mathematical tool such as Maple in exploring search for the solutions of the various
nonlinear fractional equations arising in the various field of nonlinear sciences.

Acknowledgements This paper is published as part of a research project supported by the University of
Tabriz Research Affairs Office.
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