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Abstract This paper retrieves, bright, dark and singular optical solitons with the help of
extended trial equation scheme. We consider Kerr law, power law and log law of nonlinear-
ity. We find the solutions in terms of Jacobi elliptic functions and in the limiting cases of
the modulus of ellipticity.
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1 Introduction

Optical solitons have been the subjects of pervasive research in nonlinear optics due to
their dormant applications in telecommunication and ultra fast signal processing systems
(Agrawal 2007; Ekici et al. 2016, 2017a, b, ¢, d; Mirzazadeh et al. 2016; Eslami et al. 2014;
Zhou et al. 2013, 2016a, b; Zhou 2014a, b; Zhou and Zhu 2015; Hao et al. 2017; Zhao et al.
2016, 2018; Guo et al. 2015; Guo and Liu 2015; Bekir and Guner 2013; Guner and Bekir
2016, 2017; Wang and Kara 2018; Guner et al. 2017). The dynamics of soliton pulses are
described by nonlinear Schrédinger (NLS) equation with group velocity dispersion (GVD)
and self-phase modulation (SPM). NLSE admits two distinct types of localized solutions,
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bright and dark soliton solutions. A renowned NLSE is nonlinear fractional Schrodinger
equation (NFSE), which is the key equation in fractional quantum mechanics. Many soliton
solutions have been found out for NFSE (Herzallah and Gepreel 2012; Taghizadeh and
Foumani 2015; Pandir et al. 2013) . This equation was first derived by Laskin (2002). In
this paper, we will find bright, dark, singular and Jacobi elliptic soliton solutions for per-
turbed nonlinear fractional Schrodinger equation (Taghizadeh et al. 2015) with Kerr law,
power law and log nonlinearity by using extended trial equation method (Guner et al.
2017).

In the following section, we find the soliton solutions for perturbed nonlinear fractional
Schrodinger equation with Kerr law, power law and log law nonlinearity.

2 Mathematical model

The time fractional perturbed nonlinear Schrodinger’s equation (Taghizadeh et al. 2015) is
given as:

0% 0%u 2 . Pu . 20u . 0 2
v + 2 + y(F(|ul )M)+l}’1$ + iy, F(|ul )a +173a(F(|M| Nu=0 (D

where t > 0 and 0 < @ < 1, y, is third order dispersion, y, and y; are versions of nonlinear
dispersions. We consider the transformation:

I*

ux, 1) =u§), &=kx+ TatD 2)

where k and [ are constants. By using Eq. (2) into Eq. (1), we obtain the following form;
ild + Ku" + y(F(ul*)u + iy, u"" + iy, k(F(lul* )’ + iysk(F(ul*)Yu=0  (3)

2.1 Kerr law nonlinearity

Now by using the Kerr law nonlinearity,
Fu)=u 4)
After using Eq. (4) into Eq. (3), we get,
il + Ku" + y(ul®)u + iy, u” + iy k(lu|Hd + iysk(|u)?) u =0 3)
Here we use the complex transformation;
u(&) = p(&)e'’* (6)

where f is a constant and @(&) is a real function. Now using Eq. (6) into Eq. (5), the real
part is

(=Ip =12 + 2B y)e + (v — kPr)e® + k(1 = 3kpy)g” =0 (N
and imaginary part is
(42625 =31 B2r)@" + K710" + k(r, + 213)9%¢" = 0 ®)
By substituting y; = 0 and k(y, + 2y;) = 0in Eq. (8), we get

1= —2Kp )
Thus, Eq. (7) becomes
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e+ —kbr)e’ +K¢" =0 (10)
Now, we choose the following assumption (Guner et al. 2017) to get the soliton solution for
Eq. (10)

p
o= ay (1
i=0
where

foy)  by! +bq_1y‘7‘l + - +by+b,

V=) =2 = (12)
o o g ey e,y 4ty +c

From Egs. (11) and (12) we can write,

2
P
@) = ?—3(2 iaz-y"—l) (13)

i=0

v FOEN SN (. i\ O .. .
= K 1 J — 1 X [
¢ 26°0) (zg “ > 50 <Z; = D as

Here f(y) and g(y) are the polynomials. Equation (12) can also be written in the form of the

elementary integral
dy [8()
(¢ —-¢&) / J0) 7o) y (15)

By balancing the highest order nonlinear terms, we have

q=2p+r+2 (16)
Taker =0, p = 1, and g = 4 so the result is given as,
®=ay+ayy 17
" a1(4b4y3 + 3b3y2 +2byy+ b))
p = > (18)
o
By substituting Eqgs. (17) and (18) into Eq. (10) and taking the free parameters,
ag=ag, by=by, c¢y=cp a =a;, by=Db,
We get set of algebraic equations which yields the solutions,
1y 2k,
p=—\ 7+ 19
72 (k atcy (19)
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2 2
a
1 a YQ

2a,| 2a%b ¢
b == L4__0<
1

==
8, R
S|
\/
[N}

) 2
b—%_@ Z+%
T2 y2\ k  d’c
2 0

1 1

4a0b4
3 =
a
Thus Eq. (15) takes the form,
d
+E—g)=A [ —=
Vo)
where
b b b b C
oy =y + 2y + 2+ Ly+ 2 A=, /2
M=y b4y b4y b4y by by
Hence, we obtain solutions for Eq. (6)
When @(y) = (y - d))*
a,A

ux,t) =|ay+ad, =

2(2k2b,+ak coy) "
k( a%coyzl"(a+l) g 50

(2K%b, + dcyy 202k%by + ajegy)
epl\ ——— |\ X~ —F !
aicors ajcorl'(@+1)
When ®(y) = (y — d,)*(y — d,); d, > d,

4A%(d, — d))a
u(x,t) = |ag + a,d, + (d, —dy)a,

2p +ale 2
472 — (d, - d2)2<k(x - wﬁ) - 50)

afcoyzl"(a+l)

2k%b, + a%coy 2(2k*b, + a?coy)
exp|lil ——— J{x— 2—t"
aicor, ajcor '@+ 1)
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(d, — dy)a,

dy—d, _ 2@Kby+aicer) a> _ >> _
“p ( A (k<x acorTa+1) ! % ! (26)
[ 2K*b, + a%coy 2(2k%b, + a?coy) .
exp |t T X — ﬁl
1CoY2 ajcor (@ + 1)

When ®(y) = (y —d\)(y — d,)*; d, > d,

u(x,t) =|ay+ad, +

(d, — dy)ay

dy—d, _ 2QKby+aicor) a) _ >> _
exp( A (k<x ajcorTa+1) ! % ! 27)
2k%b, + a%coy 2(2K%b, + a%coy)
expli\ ———— | x— 2—t"’
ajcors alcoyzr(a +1)

When ®(y) = (v — d))’(y — dy))(y — d3); dy > d, > d;

u(x,t) =|ay+ad, +

u(x, 1) = [ag + ayd, — [2a,(d, — dy)(d, — d3)(2d, — d, — d5 + (d5 — d,)

-1
cosh (d, —dy)(d, —d;) L (x ~ 2(§k2b4 + afcoy)ta> e,
A ajcor '@+ 1) (28)

2k%b, + a%coy 2(2K%b, + afcoy)
expli\ —— ||\ ¥~ —F——=—— "
aicors aicor (@ +1)

When @(y) = (y = d)(y —dy))(y —d3)(y — dy); dy > dy > dy > d,
u(x,t) = [ag + a,d, + [ay(d) — dy)(dy — dy)(dy — dy + (d, — d)

'2[\/(d1—d3)(d2—d4)< < 22K2b, + a>cqr) > > (d2—d3)(dl—d4)]>_1”
sn® | ——————— k- ——— | =& ), —————

2A afcoyzl“(a +1) " (d, = dy)(dy — dy)
2k%b, + afcoy 2(2K%b, + afcoy)
exp|i 3 X—— "
aicoys ajcor (e +1)

By setting, a, = —a,d, and &, = 0 into Eqs. (24)-(26), we obtain the rational function
solutions:

(29)

u(x,t) = + exp(iD(x — Ct%)) (30)

x—Cr«

and
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_ E . _
u(x,t) = I —For— G Flx— Cro)? exp(iD(x — Ct%)) (31)

_ G e (e
u(x, t) = exp(H(x — Cro)) = 1exp(lD(x Ct%)) (32)

Also setting, a, = —a,d, and &, = 0 in Eq. (27), we get the following soliton solution;

_ G . _
ux,r) = = exp(H(x — ) exp(iD(x — Ct%)) (33)

After letting, a, = —a,d, and &, = 0 into Eqgs. (28) and (29), we get bright soliton and the
Jacobi elliptic function solutions respectively,
1

U D) = e ST — Gy PP =€) G4

_ M o
u(x, ) = N+ OS2 [P — C19). 0] exp(iD(x — Ct%)) (35)

where

20K, + ajcyy) s GA 2k*by + aicyy

aeor,N(a+1) ok aicoy,
E =4A%d, —d))a,. F=kd, —d,), G=(d, —dy)a
k(d, —dy)
H= == I==2a,(d) ~ dy)(d, ~dy). ] =2dy ~dy~dj
k(d, — dy))(d, —d
K=dy—d,, L= vk, j)( ! 3), M = —a,(d, — dy))(d, — dy)
k\/(d, = dy)(d, —d
N=d,—d,, O=d, —d,, P= @ 2134)(2 +

(d, —d3)(d, —dy)

0= —dd> —dy)

Here, G and I are amplitude of soliton and H, L are inverse width of solitons.

Remark 1 We also get second form of dark optical soliton solutions, when modulus

Q-1

— M : e
U ) = N a2 [PGx = Cpay] PP = €1 (36)

Remark 2 We get periodic singular wave soliton solutions, when modulus Q — 0

_ M : e
HO D = N Osi [PGx = ey PP~ E) 37
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2.2 Power law nonlinearity

The power law nonlinearity is

E(lul) = [ul" (38)
where n is the power law nonlinearity factor with 0 < n < 2 and in particular n # 2 to avoid
the self-focusing singularity. Using Eq. (38) in Eq. (3), we get

il + Pu" + ylul*u + iy, d" + iyok|u)® "’ + iy k(ul*Yu =0 (39)
By using Eq. (6) in Eq. (39), the imaginary and real parts are
(1+2K28 = 3K B%y)@’ + Ky,9" + k(y, + 2ny)9™ ¢’ =0 (40)
and
=B +EFr)e + (r — kPr)e™ ' + k(1 = 3kpr)e” =0 (41)
By substituting y; = 0 and k(y, + 2ny;) = 0 in Eq. (40), we get
l=-2kp (42)
Thus Eq. (41) becomes
R+ (r = kpr)e™' +K¢" =0 43)
1
By using ¢ = w2 into Eq. (43), we get
4P Pt + AnP(y — KBy + (1 = 2n)k* (') + 2nk*ywy” =0 (44)

Now replace @ by y into Eqs. (11)-(14). After that, we use the resulting equations into Eq.
(44) and by balancing the highest order nonlinear terms, we get,

gq=p+r+2 (45)
Take r = 0, p = 1 and g = 3 so the result is given as,

w=ay+ay (46)

" 3a%b3y3 + (Baga, by + Zasz)y2 + aga, b, + a%bl)y +aga; b,

wy 47

200

By substituting Egs. (46) and (47) into Eq. (44) and taking the free parameters,
ag=4ay, Co=¢p, a=a;, by=>by
we get set of algebraic equations which yields the solutions,
n+ kb
1 <V + ( ) 3)

p=—
16)

k  4nlac, (48)

212
(n+ 1)2164610173

2,20 .2
dncajcyy,

by (1-2nk%a,) + (1-2na)

Ck2@n-1)d v

(n + Dk2a?b 6n’k*a’
2 (21 - 20k%ay) — agy?) + — (Kb; +2a,c,)

1 l4n2a(2)coy2

(49)

(11}/2 -1
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6 K*b (n+ 1)*kb?
b, = o l "o <2nc0 +— > - iz(Snchy2 y—

kza n—1 a 2m2d?c
1 1 72 1 0 (50)
4(n + Di2yb, >]
+—
ay
3aghy,  4nPcyy?  (n+DMEDT 2+ yb
by = 093 of” 3 3 1)

a, k2y22 4n2a%coy22 a, ;/22
Now the elementary integral becomes,

dy

V) ©2)

(¢ —&) =

where

s by b, by ~ Co
DW=y + 752+ gyt gl A=/
3 3 3

Thus solutions for Eq.(44) are given below, When II(y) = (y — ¢;)°

4;2611
2 (n+1)k2b,
(k<x F(a+l)< + 4nlaycor, ) > éo) (53)
[_<y (n+1)k2b3>< 2 <y (n+1)k2b3> >]
expli|l —+———||x——| —+ ——
Y2 4ntaicyr, Cla+1)\y, 4nlaicyy,

WhenII(y) = (y — ¢))%(y — €,); €, > ¢,

u(x,t) =|ay+ae; +

1

Vo 2 bn
u(x,t) = [ao +aje; +ay(e —el)sech2< e;X “ <k(x— 2 <l + (n+ Db >t”> —fo))]

I+ 1) 4n%a;cyy,
[(y (n+1)k2b3>< 2 <y (n+l)k2b;> >]
expli{ —+ ————)(x- —+
72 4nlajcyr, Fla+D\r,  4nlaicor,
When TI(y) = (y — ¢))(y — €)% ¢, > ¢,
) ) L Vae 2 [y @EDEBN L) "
u(x, 1) = [ﬂo +ae; +a (e, —ey)cosech < 24 (k<x T(a+1) <Yz * 4n%a coy, ' %

v (n+ 1)k2b3 2 < y (n+ 1)k2b3> a)
exp|i\ — + X — —t |t
., 4nfacyy, Cla+ 1) \y, 4nla,cyy,

(54)

(55)
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WhenTI(y) = (y —e)(y — e)(y — €3); €] > e3> ¢5

=1 |2n
Ve € + Dk%b -
ay+ajes +aj(e, — e sn*| + 1~ ’ (k(x— 2 <L + = > ) 3>t“> —tfo), 278
24 T+ \y, 4nlaicyr, e —e;3

Lyt Di%b, ’ y o+ DR,
expli| — + X — — + t
v, 4nlacyy, T+ 1D \y, 4nla,cyr,

u(x, 1) =

(56)
By letting, a, = —a, e, and &, = 0 in Eq. (53), we obtain rational function solution;
u(x,f) = | ———— exp(iﬁ(x - E’t”)) 57
(x — Cr%)
and Eq. (54) gives bright soliton solution
B O
u(x, t) = Texp(lD(x — Ct )) (58)
coshn (F(x — Ct%))
Also, Eq. (55) provides singular soliton solution
G =
u(x, t) = TéXp(lD(x —Ct )) (59)
sinh» (F(x — Cr%))
Let ay = —a,e; and &, = 0, then the solution in Eq. (56) reduces to Jacobi elliptic function
solution
H =,
u(x, 1) = ——— — — exp(lD(x— Ct )) (60)
sn (I,»(x — Em), J)
where

~ 2A\fa; . + Dk%b ~ + Dby~ 1

o AVE 2 <1 (n+ 1) 3>, D=L OO B ey —e)®
k e+ D)\ 7, 4nlacyr, 2 4nfajcyr,

~ k\/‘fl —€ ~ 1 ~ 1

F= T, G= (al(el —ez)) n, H= (al(ez —33)) n

- _ o (=Dikyfe; —e3

j=2Ts g V1 B

’ i

€ —e3 2A
The solutions exist for a; > 0 while E, G are amplitudes of soliton and F is the inverse
width of the solitons.

Remark 1 The second form of dark optical soliton solutions can be obtained when modu-
lusJ — 1

u(x, t) = ﬁtanh% (Z-(x — Et"))exp(iﬁ(}c — Z’t“)) (61)

@ Springer
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Remark 2 The periodic singular wave soliton solutions are obtained, when modulus

J—-0

u(x,t) = ;expcb(x - Z't"))

sinﬁ (Z(x - Et"))
2.3 Log-law nonlinearity

The log-law nonlinearity is

F(lul) = In [u]
After using Eq. (63) in Eq. (3), we get

il + KPu” + yuln |u?> + iy, KCu” + iy ki In |u]? + iysku(in [u?)’ =0
By using Eq. (6) in Eq. (64), the imaginary and real parts are
(1 +2K2B = 3K %y, + 2ky3)@’ + Ky,9" + 2ky,¢' Ing = 0
and
(=Ip = B+ EFy)e + (& =30k he" + 2y = knnf)png =0
By substituting y; = 0 and y, = 0 in Eq. (65), we get
= —=2k(kp +v3)
Now, Eq. (66) implies
kBkp +273)p + K ¢" +2rpIing =0

We use the transformation,

@ =epy™)
in Eq. (68), we get

kBkp + 2y )w? + 2y — Py ?y" + 2w (') + K (w')* =0

By replacing ¢ by y into Eqgs. (11)-(14), then by using the resulting equations into Eq.

and balancing the highest order nonlinear terms, we get,
g=p+r+2
Take r = 0, p = 1 and ¢ = 3 so the result is given as,
v =ay,+ay
By substituting Eq. (72) into Eq. (70) and taking the free parameters,
ay=ay, Cy=¢Cp a;=a,, by;=0b

we get set of algebraic equations which yields the solutions,

2

a
2 [(1 +3al)bs +

b= 2a,co7(1 — 6a0)]
7 3a3(1 + 2ap)

kZ
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(64)

(65)

(66)

(67)

(68)

(69)

(70)
(70)

(71

(72)

(73)
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1 4a,cyy(1 = 3ay)
b, = 37 [(2 + 3a(2))b3 + R — (75)
1
3ay—1 2yc
by = < a )bs_k_2 (76)
The elementary integral in Eq. (23) becomes,
~ dy
+(E-&) = (77)
VA®Y)
where
b b b ~ C,
A=y + 2y + Ly+ 2 =
62 RS = by’ b,
Hence solutions are listed below When A(y) = (y — §6,)°
- 1-1
4a,A
u(x, 1) = exp| ag + a, 6, 5
2k r n b a
<k<x " T+D) <_f T\~ 2a13c0 >t ) - 50) (78)
N . 5 b o | b |,
exp| ik]| —— = - ——+1/=- t
k k2 2ac F'a+1D| & k* 2a,c,
When A(Y) = (y — 6,)°(y = 6,); 6, > §,
u(x, 1) = exp [ao +a;6,+a(6,—6,)
1-1
6, -6 v;
sech? IA 2 —Z - -¢&,
24 F((x + 0| k 2a1c0 (79)
i b ;b
" IRE) 3 3 B__ " e
“nt e 2a | F(a 1) k Ve 24
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When AGY) = (v = 6)(y = 6, 6, > &,

u(x,t) = exp [ao +a;6; +a (6, —6,)
-1

0,—96 14 b
cosech? # k| x — 2k —ﬁ_ S A -&
X\ Fa+1)| & K 2ac (80)
2 2
M ERE Y3 by 2k 73 Y3 by
k——=+1/—= — - ——=+1/= - t*
PN " 2a0 | T T@rn| kT VR T 205,
When A(y) = (y — 6,))(y — 8,)(y — 83); 6; > 6, > &5
u(x,t) = exp [ao +a,63 +a;(6, — 63)
-1
-1
2
o2l + 51:53 e 2k —ﬁi 3 b “|-g |, 6, — &3
24 IF'a+ 1| & K 2ac 6, — 85
2 2
b b
expik—ﬁi }/_3_ 3 x— 2k —ﬁi 7/_3_ 3|
k K 2a,c, Ta+D| & 2 2ac,
(81)
We get the rational function solutions, by taking a, = —a,6, and &, = 0 into Eq. (78),
~ -1
u(x,t) = exp LA exp(iﬁ(x - @")) (82)
(x — Cr*)?
we get soliton solutions from Eq. (79),
u(x,t) = exp [Ecosh2<(f7(x - 6‘l“))>] exp(iﬁ(x - 6;“)) (83)
we also get singular soliton solution from Eq. (80),
u(x, 1) = exp [asinh2 ((ﬁ(x - @")))] exp(iﬁ(x — 6[’1)) (84)

By setting, a, = —a,6; and &, = 0 into Eq. (81) we get Jacobi elliptic function solutions,

u(x, 1) = Hsn? [Z(x - E), j] exp(iﬁ(x - @“)) (85)
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where
,\_4a11’4\2
B= o
E=(a)5,-6
~ 6,—6
522 3’ .
6; — 63 2A

The solutions exist for a; > 0 while E, G are amplitudes of soliton and F is the inverse
width of the solitons.

Remark 1 The second form of dark optical soliton solutions can be obtained when modu-
lusJ — 1

u(x,t) = Htanh* (Z(x - Et“)>exp<iﬁ(x - /C\‘t“)) (86)

Remark 2 The periodic singular wave soliton solutions are obtained, when modulus
J—=0

u(x, t) = Lexp(if)(x - 6t”‘))

sin? (fi(x - Et")) (87)

3 Conclusions

In this paper, we obtained bright, dark, singular, Gausson and Jacobi elliptic soliton solu-
tions for perturbed nonlinear fractional Schrodinger equation. We used extended trial equa-
tion method with three types of nonlinearities, namely, Kerr law, power law and log law.
Moreover, we obtained rational function and several other forms of solutions like cnoidal
waves and plane waves.

Acknowledgements The work was supported by Higher Education Commission of Pakistan for Project
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