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Abstract A formulation of Maxwell’s equations on the complex domain is presented in

this paper which is based on the extension of the nonlocal-in-time kinetic energy approach

recently introduced by Suykens. New wave equations with time-dependent source terms

are obtained in a uniform optical medium. A number of physical effects were raised and

their implications in classical electrodynamics besides to the propagation of waves in

dielectric media are analyzed and discussed accordingly.

Keywords Nonlocal-in-time kinetic energy approach � Complex Maxwell

equations � Electrodynamics � Dielectric media

1 Introduction

Nonlocal effects play an important role in the description of electrodynamics of continuous

media, e.g. memory-dependent phenomena (Landau and Lifshitz 1960), vacuum electro-

dynamics of accelerated systems (Mashhoon 2003), normal and superconducting films

(Vestgarden et al. 2013; Vestgarden and Johansen 2012), superconductor with spatially

varying gap parameter (Brandt 1972), planar Josephson junctions (Boris et al. 2013),

electrodynamics of rotating systems (Mashhoon 2005) among others. Nonlocal effects

arise also in quantum electrodynamics and have important effects, e.g. EPR-like quantum

correlation (Rai Dastidar and Rai Dastidar 1998), quantum optics (Rai Dastidar 1992) and

also in quantum field electrodynamics phenomenologies (Efimov 1972; Phat 1973; Addazi

and Esposito 2015). In fact, nonlocal effects result into nonlocal conservation laws and

nonlocal symmetries which give rise to additional constants of motion not obtainable from

local conservation and symmetry laws (Anco and Bluman 1997; Pohjanpelto 1995). Since
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classical and quantum electrodynamics are primary based on Maxwell equations, we turn

our attention to these central equations in the present paper. Our main aim is to obtain

nonlocal Maxwell’s equations based on the nonlocal-in-time (NLT) framework.

In recent years, there have rapid developments in NLT theories. Time nonlocality arises

in a large number of physical phenomena including extended classical mechanics (El-

Nabulsi 2014, 2017a), nonconservative dynamics (Li et al. 2009), self-diffusion process

(Stecki 1971), noncommutative geometry (Gomis et al. 2001), discrete quantum mechanics

(El-Nabulsi 2016a), quantum field theory (El-Nabulsi 2016b, 2017b; Kamalov

2006, 2007, 2009, 2010, 2013) etc. NLT occurs as well in the theory of parabolic and

hyperbolic differential equations (Gordeziani 1989, 1991, 1994; Gordeziani and Gri-

galashvili 1993). A more recent interesting approach dealing with NLT aspect was

introduced by Suykens (2009). This innovative and trouble-free approach was motivated in

reality from Feynman’s observation of the kinetic energy functional written as 1
2
mxkþ1�xk

e
xk�xk�1

e

in place of 1
2
mvv with e ¼ tiþ1 � ti, i.e. particle positions are shifted backward and forward

in time (m being the mass of the body and v ¼ dx
dt
� _x its velocity) (Feynman 1948).

Suykens used the shifting-coordinates tactic and rewrite the kinetic energy as K ¼ 1
2
mvD

2

where D ¼ _xðt þ sÞ þ _xðt � sÞ and s is to some extent a relatively tiny parameter entitled

the ‘‘nonlocal time parameter’’. This effortless scheme leads to a number of inspiring

properties at all scales which were discussed in a series of research papers (El-Nabulsi

2017a, c, 2018). Since in general D ¼ _xðt þ sÞ þ _xðt � sÞ can be expanded in Taylor

series using the series expansions xðt þ sÞ ¼ xðtÞ þ
Pn

k¼1
sk
k!x

ðkÞðtÞ and xðt � sÞ ¼
xðtÞ þ

Pn
k¼1

ð�sÞk
k! x

ðkÞðtÞ, higher-order derivative emerge naturally in the theory. In reality,

higher-order derivative theories were shunned in the past since they allow states of neg-

ative norms to emerge in the theory under analysis. An infinite number of higher-order

temporal derivatives of the coordinates arise in the Lagrange function which in general

disagrees with the quantum formalism (Kamalov 2006, 2007, 2009, 2010, 2013). Never-

theless, after a large number of studies, it was observed that higher-order derivatives hold a

number of generic outcomes and they constitute an indispensable mathematical tool

nowadays in theoretical physics and sciences, e.g. in Abraham–Lorentz electrodynamics

theory which describes the equation of motion for charged particles taking into account

radiative effects (Jackson 1975). There exist quite a lot of methodologies to deal with

higher-order derivative theories, e.g. the method of perturbative constraints introduced in

Simon (1990) which is used to study dynamical systems characterized by equations of

motion depending on more than one moment in time in addition to the backward and

forward shifting coordinates/positions in time. This later was used by Nelson 50 years ago

in his influential paper (Nelson 1966) which aim to derive the Schrödinger equation from

stochastic aspects, i.e. stochastic models of quantum mechanics. Moreover, shifting

coordinates motivated Laurent Nottale to construct a fractal theory of spacetime which

today is recognized as scale relativity, a theory which puts quantum mechanics and special

relativity in a single box (Nottale 1993). Shifting coordinates were more recently used in

fluid dynamics mainly in nanotubes (El-Nabulsi 2017d) where several features were

revealed. In this work, we are in particular concerned with Suykens’s methodology due to

its uncomplicated formalism. We will use this approach to construct a nonlocal version of

Maxwell’s equations. Nevertheless, in this paper we will extend Suykens’s approach by

replacing D ¼ _xðt þ sÞ þ _xðt � sÞ by its complex counterpart Di ¼ _xðtþsÞþ _xðt�sÞ
2

þ ic _xðtþsÞ� _xðt�sÞ
2

where i ¼
ffiffiffiffiffiffiffi
�1

p
2 C and c is a real or a complex parameter. More precisely, we will

replace all velocities components in the Lagrangian by Di, i.e. the kinetic energy K ¼ 1
2
mvD

2

will be replaced by K ¼ 1
2
mDi

2
Di

2
. In fact when c ¼ 0, both K1 ¼ 1

2
mvD

2
and K2 ¼ 1

2
mD

2
D
2

leads to
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higher-order derivatives upper than in those obtained in Suykens’s formalism, i.e. it is easy

to verify that series expansion gives K1 ¼ m _x2

2
þ m _x

4

Pn
k¼1

1þð�1Þk
k! skxðkþ1Þ and

K2 ¼ 1
2
m _x2 þ 1

2
m
Pn

k¼1
1þð�1Þk

k! skxðkþ2ÞðtÞ þOðs2kÞ. We will show in this paper that this

transition will lead to many interesting properties not found in the classical electrody-

namics theory.

It was observed in Newman (1973, Newman 2004) and Gsponer (2001) that solutions of

Maxwell’s equations in the complex domain correspond to the world-lines of a charged

particle holding an intrinsic magnetic-dipole moment. An extension of electrodynamics to

the complex Lagrangian domain mainly the Finsler geometry was developed in Munteanu

(2007) and complexified electrodynamics was also studied in Friedman and Danziger

(2008). It was observed in Arbab (2013a) that complex Maxwell’s equations are more

convenient to study duality transformations. In Arbab (2014a, 2015) by assuming that both

the electric and magnetic fields for massive photons are complexified, a set of Maxwell’s

equations is obtained in free space and in a medium accordingly. This set of equations

suggests that photons are massive in a medium and massless outside. More generally,

complex electromagnetic theory based on complex vector algebra was constructed in

Muralidhar (2014, 2015) and the analysis showed that existence of spin transforms a

classical oscillator into a quantum oscillator and that the classical mechanics combined

with zero point field leads to quantum mechanics. Complex Maxwell’s equations and

complex electrodynamics were also discussed in Gordeziani and Grigalashvili (1993),

Friedman and Ostapenko (2010), Friedman (2013), Aste (2012), Arbab

(2009, 2013b, 2014b) through different contexts and outcomes showed that massive

photons may be included in Maxwell’s electromagnetic theory and that the electromagnetic

fields travel with speed of light in the presence or absence of free charges. However, most

of the theories do not take into account the nonlocality in their formulation. In Landau and

Lifshitz (1960), Mashhoon (2003), Vestgarden et al. (2013), Vestgarden and Johansen

(2012), Brandt (1972), Boris et al. (2013), Mashhoon (2005), Rai Dastidar and Rai Dastidar

(1998), Rai Dastidar (1992), Efimov (1972), Phat (1973), Addazi and Esposito (2015),

Anco and Bluman (1997), Pohjanpelto (1995), Cho (1991), nonlocal Maxwell’s equations

were constructed in the real domain and not in the complex domain. To the best of our

knowledge, this work represents the first attempt to construct ‘‘nonlocal complex Max-

well’s equations’’ based on Suykens’s nonlocal-in-time kinetic energy approach.

The paper is organized as follows: in Sect. 2, we introduce the basic setups of our

model: we start from the extended NLT Lagrangian of a particle moving in an electro-

magnetic field in order to derive the modified electromagnetic field tensor which will be

used to derive the NLT complex Maxwell’s equations; in Sect. 3, we derive the complex

NLT Maxwell’s equations; in Sect. 4 we derive the complex Lorentz force and discuss

some of its consequences; Sect. 5 is devoted to the implications of NLT complex Max-

well’s equations in classical and quantum electrodynamics; in Sect. 6, we explore the

propagation of electric field in dielectric medium; finally conclusions and perspectives are

given in Sect. 7. Through this work, spacetime coordinates are expressed in terms of

ðct; xiÞ; i ¼ 1; 2; 3. We will refer to these variables as ðx0; x~Þ ¼ x. Einstein’s summation

notation is used as well. In tensor notation, we use the 4-vectors notation from special

relativity: Xl ¼ ðt;X~Þ, Xl ¼ ð�t;X~Þ and the four dimensional differential operators ol ¼
ð�o=o t;r~Þ and ol ¼ ðo=ot;r~Þðl; m ¼ 0; 1; 2; 3Þ. Finally, we work in units �h ¼ c ¼ 1.
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2 Basic setups of the theory: derivation of the NLT electromagnetic field
tensor

In general, Maxwell’s equations are set of partial differential equations which describe the

evolution of electromagnetic fields on the real domain. In general, the electric field E ¼
ðEiÞ and the magnetic fields B ¼ ðBiÞ are assumed to be functions f ; g : R1þ3 ! R and are

expressed in terms of the 4-vector potential Ai ¼ ð/;�AÞ by the following relations:

E ¼ �r~/� ox0
A and B ¼ r~ � A. Here / is the scalar potential and A is the vector

potential (Landau and Lifschitz 1993). We consider at present a particle of mass m and

electric charge e moving in the electromagnetic field. In the standard electrodynamics

formalism, the Lagrangian is given by (Goldstein 1950; Yu 2012):

L ¼ 1

2
mox0

x � ox0
xþ e

X3

i¼0

Aiox0
xi �

1

2
mvðtÞ � vðtÞ þ e

X3

i¼0

Aiox0
xi; ð1Þ

where vðtÞ ¼ ox0
x ¼ otx � _x is the velocity of the particle. In this paper, we will gener-

alize Eq. (1) by globally replacing the velocity vector in Eq. (1) by Di as follows:

L ¼ 1

2
m

vðt þ sÞ þ vðt � sÞ
2

þ ic
vðt þ sÞ � vðt � sÞ

2

� �

�

vðt þ sÞ þ vðt � sÞ
2

þ ic
vðt þ sÞ � vðt � sÞ

2

� �

þ e
X3

i¼0

Ai

_xiðt þ sÞ þ _xiðt � sÞ
2

þ ic
_xiðt þ sÞ � _xiðt � sÞ

2

� �

:

ð2Þ

By taking the following Taylor series expansions of xðt þ sÞ, xðt � sÞ,
vðt þ sÞ ¼ dxðt þ sÞ=dt � _xðt þ sÞ, vðt � sÞ ¼ dxðt � sÞ=dt � _xðt � sÞ, _xiðt þ sÞ and

_xiðt � sÞ:

xðt þ sÞ ¼ xðtÞ þ
Xn

k¼1

sk

k!
xðkÞðtÞ; ð3Þ

xðt � sÞ ¼ xðtÞ þ
Xn

k¼1

ð�1Þksk
k!

xðkÞðtÞ; ð4Þ

vðt þ sÞ ¼ _xðtÞ þ
Xn

k¼1

sk

k!
xðkþ1ÞðtÞ; ð5Þ

vðt � sÞ ¼ _xðtÞ þ
Xn

k¼1

ð�1Þksk
k!

xðkþ1ÞðtÞ; ð6Þ

_xiðt þ sÞ ¼ _xiðtÞ þ
Xn

k¼1

sk

k!
x
ðkþ1Þ
i ðtÞ; ð7Þ
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_xiðt � sÞ ¼ _xiðtÞ þ
Xn

k¼1

ð�1Þksk
k!

x
ðkþ1Þ
i ðtÞ; ð8Þ

we can write Lagrangian as:

Ls;n ¼
1

2
m _xðtÞ þ 1 þ ic

2

Xn

k¼1

sk

k!
xðkþ1ÞðtÞ þ 1 � ic

2

Xn

k¼1

ð�1Þksk
k!

xðkþ1ÞðtÞ
 !2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
T s;n

þ e
X3

i¼0

Ai _xiðtÞ þ
1 þ ic

2

Xn

k¼1

sk

k!
x
ðkþ1Þ
i ðtÞ þ 1 � ic

2

Xn

k¼1

ð�1Þksk
k!

x
ðkþ1Þ
i ðtÞ

 !

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
�Vs;n

:

ð9Þ

This Lagrangian Ls;n ¼ Ls;nðx; _x; . . .; xðNÞÞ(N ¼ nþ 1) contains higher-order deriva-

tives terms and takes the form Ls;n ¼ T s;n �Vs;n. The equation of motion is derived from

the following higher-order Euler–Lagrange equation by considering independent variables

XiðtÞ such that Xi ¼ _Xi�1; i ¼ 1; 2; . . .;N � 1, X0 ¼ x and X ¼ X0 (Suykens 2009):

oLs;n

oXi

� ot
oLs;n

o _Xi

þ ott
oLs;n

o €Xi

� ottt
oLs;n

oX
...

i

þ � � � �
XN

j¼0

ð�1Þ jot j
oLs;n

oX
ðjÞ
i

¼ 0; ð10Þ

which is the stationary solution to the action functional S ¼
R tf
t0
Ls;ndt under the postu-

lations that the action functional is subject to given boundary conditions dxðjÞðt0Þ ¼
dxðjÞðtf Þ ¼ 0; j ¼ 0; 1; 2; . . .;N � 1 (Simon 1990). In Eq. (10) the following notations hold:

oX
ð0Þ
i � oXi, oX

ð1Þ
i � o _Xi ¼ o oXi=otð Þ and so on.

Remark 2.1 It should be stressed that the Lagrangian (9) is complex valued. In fact,

recent studies proved that complexification of real Lagrangian and Hamiltonian may throw

some light in explaining a number of properties in specific dynamical systems (Bender

et al. 2007a, b; Bender 2007; Sbitnev 2009; Alber and Marsden 1996; Kaushal 2009; El-

Nabulsi 2012; El-Nabulsi et al. 2012). We can always express the Lagrangian in terms of

the complex variable z ¼ xþ iy where x ¼ xðtþsÞþxðt�sÞ
2

and y ¼ xðtþsÞ�xðt�sÞ
2

and obtain a

holomorphic Lagrangian (Markushevich 1965) yet in this work we use the variables X for

convenience.

We restrict our analysis up to n ¼ 1 since the nonlocal time parameter is tiny, i.e. the

higher derivatives (related to the terms n[ 1) are small. Consequently the Lagrangian we

will admit in what follows for ðX0;X~Þ ¼ X is:

Ls;1 ¼ 1

2
m _Xþ ics €X
� �

� _Xþ ics €X
� �

þ e
X3

i¼0

Ai
_Xi þ ics €Xi

� 	
þOðs2Þ; ð11Þ

and the corresponding equation of motion is derived from the following Euler–Lagrange

equation:

oLs;1

oXi

� ot
oLs;1

o _Xi

� �

þ ott
oLs;1

o €Xi

� �

¼ 0: ð12Þ
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For the sake of simplicity, we will not repeat the written of Oðs2Þ in the rest of

equations since our analysis is limited to n ¼ 1 in the rest of the paper.

Remark 2.2 It is notable that the canonical conjugate momentum in the NLT approach is

pi ¼ mics €X
i þ m _X

i þ eAi and is different from the canonical conjugate momentum

obtained in the standard approach. The new momentum is complexified and holds an

acceleration term.

Using Einstein’s summation notation, the following partial derivatives hold

(i; j ¼ 0; 1; 2; 3):

oLs;2

oXi

¼ e
oAj

oXi

_Xi þ ics €Xi

� 	
; ð13Þ

ot
oLs;2

o _Xi

� �

¼ e _Ai þ m €Xi þ icsmX
...

i; ð14Þ

ott
oLs;2

o €Xi

� �

¼ icsmX
...
þicse€Ai: ð15Þ

The equation of motion takes therefore the following form:

m €Xi ¼ e
oAj

oXi

_Xj þ ics €Xj

� 	
� e _Ai þ icse€Ai: ð16Þ

Now using the fact that:

_Ai ¼
oAi

oXj

_Xj; ð17Þ

and

€Ai ¼
o

ot

oAi

oXj

_Xj

� �

¼ o

ot

oAi

oXj

� �
_Xj þ

oAi

oXj

€Xj; ð18Þ

we can rewrite Eq. (16) as:

m €Xi ¼ e
oAj

oXi

_Xj þ ics €Xj

� 	
� e

oAi

oXj

_Xj þ icse
o

ot

oAi

oXj

� �
_Xj þ

oAi

oXj

€Xj

� �

: ð19Þ

Introducing the standard covariant electromagnetic field tensor:

Fij,
oAj

oXi

� oAi

oXj

; ð20Þ

we can rewrite Eq. (19) as:

m €Xi ¼ eFij
_Xj þ icse 2

oAj

oXi

€Xj þ
o

ot

oAi

oXj

� �
_Xj

� �

; ð21Þ

or as:
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€Xi ¼
e

m
Fij _Xj; ð22Þ

where

Fij ¼
Fij þ ics o

ot
oAi

oXj

� �

1 � 2icse
m

oAi

oXj

; ð23Þ

is the nonlocal covariant electromagnetic field tensor. Obviously when s ¼ 0, Eq. (22) is

reduced to the standard equation of motion. Equation (22) represents the NLT complex

equation of motion for a particle in an electromagnetic field. Since in units c ¼ 1 and in

particular for s\\1 the factor se=m\\1, we can simplify Eq. (23) to:

Fij �
oAj

oXi

� oAi

oXj

þ ics
o

ot

oAi

oXj

� �

: ð24Þ

The following statement holds accordingly:

Statement 1 In the extended nonlocal-in-time kinetic energy approach where the clas-

sical velocity is replaced by Di ¼ _xðtþsÞþ _xðt�sÞ
2

þ ic _xðtþsÞ� _xðt�sÞ
2

, the covariant electromagnetic

field tensor is complexified and takes up to n ¼ 1 the form:

Fij �
oAj

oXi

� oAi

oXj

þ ics
o

ot

oAi

oXj

� �

:

In the next section we will use Eq. (24) to construct NLT complex Maxwell’s equations

and discuss their implications in electrodynamics, classical and quantum optics.

3 NLT complex Maxwell’s equations

In tensor notation, we use the terminology Al ¼ ð/;AÞ and Al ¼ ð�/;AÞ (Griffiths 1999).

Therefore we can write the nonlocal complex electromagnetic field strength in terms of

covariant space–time derivatives of the four vector potential field Al as:

Flm � F lm ¼ oAm

oXl
� oAl

oXm
þ ics

o

ot

oAl

oXm

� �

: ð25Þ

Using the relations E ¼ �r~/� _A and B ¼ r~ � A, it is easy to check that:

F0i ¼ �Ei � icsoi _/; ð26Þ

Fi0 ¼ Ei þ ics€Ai; ð27Þ

Fij ¼ eijkBk þ icsoj _Ai: ð28Þ

Here eijk is the Levi–Civita anti-symmetric tensor. Therefore the following matrix holds:
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Flm ¼
�ics €/ �E1 � icsrx

_/ �E1 � icsry
_/ �E1 � icsrz

_/
E1 þ ics€A1 icsrx

_A1 B3 þ icsry
_A2 �B2 þ icsrz

_A3

E2 þ ics€A2 �B3 þ icsrx
_A2 icsry

_A2 B1 þ icsrz
_A2

E3 þ ics€A3 B2 þ ics _A3;x �B1 þ icsry
_A3 icsrz

_A3

0

B
B
@

1

C
C
A; ð29Þ

where r0 � o=ot,rx � o=ox and so on.

Let us at the present evaluate the following term: oFlm
oXk þ oFmk

oXl þ oFkl
oXm . We find:

oFlm

oXk
þ oFmk

oXl
þ oFkl

oXm
¼ ics

o

ot

o2Al

oXmoXk
þ o2Am

oXkoXl
þ o2Al

oXkoXm

� �

; ð30Þ

and therefore oFlm
oXk þ oFmk

oXl þ oFkl
oXm ¼ 0 unless

o2Al

oXmoXk
þ o2Am

oXkoXl
þ o2Al

oXkoXm
¼ 0; ð31Þ

or a certain constant. It is notable that if we replace Al by

~Al ¼ Al þ ok
oXl

; ð32Þ

in Flm we obtain:

~F
lm � o~Al

oXm
� o~Am

oXl
þ ics

o

ot

o~Am

oXl

� �

;

¼ oAl

oXm
� oAm

oXl
þ ics

o

ot

o

oXl
Am þ ok

oXm

� �� �

;

ð33Þ

which gives ~F
lm ¼ Flm unless:

o2k
oXloXm

¼ k; ð34Þ

where k is a certain constant, i.e. ok
oXl

¼ kXm.

Consider first ðl; m; kÞ ¼ ð0; i; jÞ: Eq. (30) gives for the case of a source free region:

o0Fij þ oiFj0 þ ojF0i ¼ ics oioj _A0 þ oj €Ai þ oi €Aj

� 	
; ð35Þ

and using Eqs. (26)–(28), we find:

o0 eijkBk þ icsoj _Ai

� 	
þ oi Ej þ ics€Aj

� 	
þ oj �Ei � icsoi _/

� �
¼ ics oioj _A0 þ oj €Ai þ oi €Aj

� 	
:

ð36Þ

After simple arrangements, we can write Eq. (36) as:

eijk _Bk þ oiEj � ojEi þ ics oj €Ai þ oi €Aj þ ojoi _/� oioj _/� oj €Ai � oi €Aj

� �
¼ 0: ð37Þ

Contracting by eijl and using eijmekjm ¼ 2dik where dik is the Kronecker symbol, we can

reduce this equation after some algebra to:
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_Bl þ eijloiEj ¼ 0: ð38Þ

This is just the standard equation:

r~ � E ¼ � _B: ð39Þ

h ¼ D� o2


ot2 ¼ olol the d’Alembertian operator and D is the Laplacian operator.

Now for ðl; m; kÞ ¼ ði; j; kÞ, Eq. (30) gives:

oiFjk þ ojFki þ okFij ¼ ics ojok _Ai þ oiok _Aj þ oioj _Ak

� 	
: ð40Þ

Contracting by eijk we find using Eq. (28):

eijkeijkoiBk þ icseijkoioj _Ak ¼ icseijkoioj _Ak; ð41Þ

which is equivalent to oiBi ¼ 0 or

r~ � B ¼ 0: ð42Þ

The NLT electromagnetic theory is therefore free from magnetic monopoles. Physi-

cally, for l ¼ 0, we can write:

omF0m ¼ �r~ � E� ics rxx
_/þryy

_/þrzz/� €/
� �

;

¼ �r~ � E� icsh _/:
ð43Þ

Since in the absence of a source omF0m ¼ 0 (Kok 2016), we obtain from Eq. (43):

r~ � E ¼ �icsh _/; ð44Þ

which is the NLT complex Gauss’ law. Moreover, one may check from olF
lj ¼

o0F
0j þ oiF

ij ¼ 0 that the following relation holds:

r~ � Bþ icsh _A ¼ _E: ð45Þ

The subsequent 2nd statement then holds:

Statement 2 In the extended nonlocal-in-time kinetic energy approach, the set of NLT

complex Maxwell’s equations is the following:

NLT complexified Gauss’s law r~ � E ¼ �icsh _/,

NLT complexified Maxwell’s law r~ � Bþ icsh _A ¼ _E,

No magnetic charge law r~ � B ¼ 0,

NLT complexified Faraday’s law r~ � E ¼ � _B.

In the presence of the volume charge density q and the current density J~, one may check

that the NLT complex Maxwell’s equations take the following general form:

NLT complexified Gauss’s law r~ � E ¼ l0q� icsh _/,

NLT complexified Maxwell’s law r~ � Bþ icsh _A ¼ _Eþ l0J
~,

No magnetic charge law r~ � B ¼ 0,

NLT complexified Faraday’s law r~ � E ¼ � _B.

Recall that the vector A is the spatial part of the 4-vector Ai ¼ ð/;�AÞ.
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We can also write these equations in terms of the displacement field D ¼ e0E and the

magnetizing field H ¼ l�1
0 B where e0 is the permittivity of the vacuum and l0 is the

permeability constant. We obtain accordingly:

r~ � D ¼ �icse0h _/; ð46Þ

e0l0r~ � Hþ icse0h _A ¼ _D; ð47Þ

r~ � H ¼ 0; ð48Þ

r~ � D ¼ �e0l0
_H: ð49Þ

Here e0l0 ¼ 1 in unit c ¼ 1. Some consequences of these equations are the followings:

First, we can write Eq. (39) as r~ � E ¼ �l0
_H and taking the curl of both sides gives:

r~ �r~ � E ¼ �l0o0 r~ � H
� �

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
equationð47Þ

¼ � €E: ð50Þ

Since r~ �r~ � E ¼ r~ðr~ � EÞ � DE, we find using Eq. (44):

hE ¼ 0; ð51Þ

which is the wave equation describing the propagation of the electric field in a medium.

Besides, one can write:

r~ �r~ � H ¼ r~r~ � H|fflffl{zfflffl}
¼0

�r~2
H ¼ �r~2

H ¼ o

ot
r~ � D
� �

� icse0 r~ �h _A|fflfflfflfflffl{zfflfflfflfflffl}
¼0

;

¼ e0

o

ot
r~ � E
� �

¼ � €H;

ð52Þ

and therefore the wave equation of motion for the field H is:

hH ¼ 0: ð53Þ

Moreover, we can write:

l0r~ � H ¼ r~ � B ¼ r~ �r~ � A ¼ r~r~ � A�r~2
A ¼ _E� icsh _A;

¼ �r~ _/� €A� icsh _A;
ð54Þ

and as a result we have:

hA ¼ r~ _/þr~r~ � Aþicsh _A: ð55Þ

Let us at the end evaluate r~ � E as follows:

r~ � E ¼ r~ � �r~/� _A
� �

¼ �D/�r~ � _A ¼ �icsh _/: ð56Þ

However, in order that / obeys a wave equation, we need to set r~ � A ¼ � _/ which is

the well-known Lorentz gauge condition and therefore we can write Eq. (56) as:
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h/ ¼ icsh _/; ð57Þ

which is reduced after simple integration to h/ ¼ e�it=cs. The following 3rd statement

consequently holds:

Statement 3 In the extended nonlocal-in-time kinetic energy approach, the wave

equations for ðE;H;A;/Þ take respectively the following forms:

hE ¼ 0; ð58Þ

hH ¼ 0; ð59Þ

hA ¼ e�it=cs; ð60Þ

h/ ¼ e�it=cs: ð61Þ

All these equations are reduced to their standard forms when t ! 1. One may interpret

these equations as wave equations with time-dependent source terms, i.e. the propagation

of electromagnetic waves upon a time-dependent complex force although these equations

were obtained in the case of q ¼ 0 and in the absence of the current. In fact, one may check

that if we choose the following NLT complexified gauge condition r~ � A ¼ � _/þ icsh/,

we find h/ ¼ 0 and hA ¼ icsh _A.

Let us at the end of this section calculate the following product:

r � E� Bð Þ ¼ B � r � Eð Þ
|fflfflfflfflffl{zfflfflfflfflffl}
equation ð39Þ

�E � r � Bð Þ
|fflfflfflfflffl{zfflfflfflfflffl}
equation ð45Þ

in the presence of J~

;

¼ B � � _B
� �

� E � _E� icsh _A
� �

� l0E � J~:

ð62Þ

However since E �h _A ! 0 at very large time, then:

r � E� Bð Þ ¼ �B � _B� E � _E� l0E � J: ð63Þ

Introducing the usual Poynting vector S ¼ ðE� BÞ=l0 we can write Eq. (63) as:

r � Sþ E � J~þ 1

2l0

o

ot
B � _Bþ E � _E
� �

¼ 0: ð64Þ

One can integrate this equation over an arbitrary volume V bounded by a surface S and

prove that the Poynting’s theorem of conservation of energy is not violated at very large

time in the NLT complex approach to Maxwell’s equations (Peatross and Ware 2015).

Remark 3.1 In materials, molecules become polarized in response to an applied electric

field. The associated current is usually given by J~P ¼ _P where PðrÞ is the dipole distri-

bution function or the polarization and the resulting charge density is q ¼ �r~ � P. Phys-

ically, an effective current density occurs when the dipoles change their direction as a

function of time in some coordinated way (Field 2006). Therefore, the NLT complex

Maxwell’s equations become:

NLT complexified Gauss’s law r~ � E ¼ �icsh _/�r~ � P,

On nonlocal complex Maxwell equations and wave motion in… Page 11 of 35 170

123



NLT complexified Maxwell’s law r~ � Bþ icsh _A ¼ _Eþ l0
_Pþ l0J

~,

No magnetic charge law r~ � B ¼ 0,

NLT complexified Faraday’s law r~ � E ¼ � _B.

Using the similar methodology used previously, the resulting wave equation for E is

given by:

hE ¼ l0
€Pþ l0

_
J~� icsh €A� icshr _/�r~ r~ � P

� �
.

The wave equations for ðH;A;/Þ may also be obtained using the same method. The 1st,

2nd and 5th terms on the RHS of the previous wave equation describe respectively dipole

oscillations, electric currents and polarization currents. The 3rd and 4th terms arise from

the extended NLT approach and describe new currents connected respectively to the

variations of the vector and scalar potentials. In Sect. 6, we will use this extended wave

equation to derive the modified index of refraction in dielectrics.

4 Complex Lorentz force

For a particle of charge q and vector velocity v, the NLT complex Lorentz force is obtained

as follows: we first introduce the NLT complex electric field Ei ¼ oiA0 � o0Ai þ icso0 _Ai

and then derive the force from the generalized Newton’s 2nd law of motion F ¼ dP=ds, F
being the 4-vector force, P the 4-vector momentum and s ¼ t0 is the proper time in a frame

R0 moving with respect to the rest frame R with velocity v such that dt ¼ cds �

ds
. ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 � b2
p

with b ¼ v (in units c ¼ 1). Accordingly using UðbÞ � ðc; cb; 0; 0Þ we find

(Field 2006):

Fi ¼ q oiAa � oaAi þ icsoa _Ai
� 	

UðbÞa;
¼ cq oiA0 � o0Ai þ icso0 _Ai � bj o

iA j � o jAi þ icso j _Ai
� 	

� bk oiAk � okAi þ icsok _Ai
� 	� 	

;

¼ q Ei þ bjB
k � bjB

k � ics bjo
j _Ai þ bko

k _Ai
� 	� 	

;

¼ q Ei þ b~� B~
� �i

�2icsbr _
A~
i

� �

;

ð65Þ

and therefore we obtain:

F ¼ q Eþ b� B� 2icsb � r~ _A
� �

; ð66Þ

where we have used the fact Bk ¼ �eijkðoiA j � o jAiÞ ¼ ðr~ � AÞk.
One direct consequence of the NLT complex Lorentz force is the following: consider a

continuous charge distribution in motion. We can write the NLT complex Lorentz force as:

dF ¼ dq Eþ v� B� 2icsv � r~ _A
� �

; ð67Þ

where dF is the force acting on the elementary charge dq. If we denote by f ¼ dF=dV the

force density per unit volume and the current density by J~¼ qv, Eq. (67) takes the form:
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f ¼ qEþ J~� B� 2icsJ~ � r~ _A; ð68Þ

Using the first two NLT complex Maxwell equations in the presence of q and J~ which

may be written respectively as:

q ¼ 1

l0

r~ � Eþ ics
l0

h _/; ð69Þ

J~¼ 1

l0

r~ � Bþ ics
l0

h _A� 1

l0

_E; ð70Þ

we can write Eq. (68) and in particular for very large time as:

f1 ¼ 1

l0

r~ � E
� �

Eþ 1

l0

r~ � B� 1

l0

_E

� �

� B� 2ics
1

l0

r~ � B� 1

l0

_E

� �

� r~ _A: ð71Þ

Making use of the following vector calculus identities:

_E� B ¼ o

ot
E� Bð Þ � E� _B; ð72Þ

r~ � B
� �

� B ¼ B � r~
� �

Bþ r~ � B
� �

B� 1

2
r~B2; ð73Þ

together with r~ � B ¼ 0 and e0l0 ¼ 1 we can reduce Eq. (71) after some algebra to:

f1 ¼ e0 r~ �E
� �

Eþ E �r~
� �

E
� �

þ 1

l0

r~ �B
� �

Bþ B �r~
� �

B
� �

�r~ 1

l0

B �Bþ e0E �E
� �

�oS

ot
�2ics _EþE

� �
�r~ _Aþ2ics

o

ot
E �r~A
� �

;

¼ e0 r~ �E
� �

Eþ E �r~
� �

E
� �

þ 1

l0

r~ �B
� �

Bþ B �r~
� �

B
� �

�r~ 1

l0

B �Bþ e0E �E
� �

�oS

ot
�2ics _EþE

� �
�r~ _A;

ð74Þ

where S¼ðE�BÞ=l0 is the usual Poynting vector (Griffiths 1999) and

S¼S�2icsðE �r~AÞ. In tensor notation, we can write this equation as:

fj ¼ oi e0 EiEj �
dij
2
E2

� �

þ 1

l0

BiBj �
dij
2
B2

� �� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Tij

� oSj

ot
;

¼ oiTij �
oSj

ot
;

ð75Þ

where

fj ¼ fj þ 2ics
1

l0

oEi

ot
þ Ei

� �

� oi _Aj; ð76Þ

Tij is the Maxwell stress tensor and fj is the complexified force due to NLT and higher-

order derivative effects. Equation (75) is thus the extended NLT complex Lorentz force
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that is associated with the NLT complex Maxwell’s equations. The consequences of the

NLT complex Lorentz force in classical and quantum electrodynamics will be discussed in

detail in an upcoming paper. We summarize in Table 1 the main outcomes of the extended

nonlocal-in-time kinetic energy approach.

There exists one observation that deserves to be mentioned at the end of this sec-

tion. Although the present formalism is based on the extended nonlocal-in-time kinetic

energy approach which is characterized by the emergence of higher-order derivatives, the

entire equations obtained are extended to include new terms added to the standard ones,

e.g. an extra force �2icsJ~ � r~ _A emerged in NLT complex Lorentz force. Since the dot

product of two vectors is a scalar, then we denote S,J~ � r~ _A by the corresponding scalar

which affects the field and force equations and accordingly the complex Lorentz force may

be written as f ¼ qEþ J~� B� 2icS. It is remarkable to see that for a constant A, the

complex Lorenz force is reduced to its standard form. We expect that these outcomes may

have interesting impacts in quantum theory and quantum electronics.

Table 1 The main outcomes of complex NLT Maxwell’s equations

Extended NLT approach

Lagrangians L ¼ 1
2
mDi

2
Di

2
þ e

P3
i¼0 Ai

Di

2

Di ¼ _xðtþsÞþ _xðt�sÞ
2

þ ic _xðtþsÞ� _xðt�sÞ
2

Covariant electromagnetic field tensor up to n ¼ 1 Fij � oAj

oXi
� oAi

oXj
þ ics o

ot
oAi

oXj

� �

NLT complex Maxwell’s equations in the absence of the

volume charge density q and the current density J~
NLT complexified Gauss’s law

r~ � E ¼ �icsh _/
NLT complexified Maxwell’s law

r~ � Bþ icsh _A ¼ _E

No magnetic charge law r~ � B ¼ 0
NLT complexified Faraday’s law

r~ � E ¼ � _B

NLT complex Maxwell’s equations in the presence of the

volume charge density q and the current density J~
NLT complexified Gauss’s law

r~ � E ¼ l0q� icsh _/
NLT complexified Maxwell’s law

r~ � Bþ icsh _A ¼ _Eþ l0J
~

No magnetic charge law r~ � B ¼ 0
NLT complexified Faraday’s law

r~ � E ¼ � _B

Wave equations for ðE;H;A;/Þ hE ¼ 0,hH ¼ 0,hA ¼ e�it=cs,h/ ¼ e�it=cs

NLT complex Lorentz force f ¼ qEþ J~� B� 2icsJ~ � r~ _A

NLT complex Lorentz force in tensor notation f j ¼ fj þ 2ics 1
l0

oEi

ot
þ Ei

� 	
� oi _Aj
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5 Consequences and applications of the NLT complexified Maxwell
equations in electrodynamics

5.1 Classical electrodynamics

As a first implication of the previous results we discuss the plane wave problem. We

choose z to define direction of propagation, i.e. ðo=ox; o=oy ¼ 0Þ. The plane waves are

transverse therefore from r~ � E ¼ �icsh _/ and h/ ¼ e�it=cs we find:

oEz

oz
¼ �e�it=cs; ð77Þ

and from r~ � B ¼ 0 we find:

oBz

oz
¼ 0: ð78Þ

From r~ � E ¼ � _B we obtain:

oBz

ot
¼ 0; ð79Þ

and from r~ � Bþ icsh _A ¼ _E and hA ¼ e�it=cs we get:

oEz

ot
¼ e�it=cs: ð80Þ

Equations (79) and (80) give Bz ¼ c1 � icse�it=cs and Ez ¼ c2 þ icse�it=cs where ci; i ¼
1; 2; . . . are constants of integration. These show that Bz is constant, yet Ez is time-

dependent and tend toward a constant at very large time. The ðx; yÞ components of r~ �
E ¼ � _B� e�it=cs are:

oEy

oz
¼ oBx

ot
þ e�it=cs; ð81Þ

oEx

oz
¼ � oBy

ot
� e�it=cs; ð82Þ

whereas the ðx; yÞ components of r~ � Bþ icsh _A ¼ _E are:

� oBy

oz
þ ics

o

ot

o2Ax

ox2
þ o2Ay

oy2
þ o2Az

oz2
� o2Ax

ot2

� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼e�it=cs

¼ oEx

ot
; ð83Þ

oBx

oz
þ ics

o

ot

o2Az

ox2
þ o2Az

oy2
þ o2Az

oz2
� o2Az

ot2

� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼e�it=cs

¼ oEy

ot
: ð84Þ

Assuming solutions of the forms Eðz; tÞ ¼ E0e
iðxt�kzÞ þ gðzÞe�it=cs and Bðz; tÞ ¼

B0e
iðxt�kzÞ þ f ðzÞe�it=cs with frequency x and wave number k along x-direction with gðzÞ

and f ðzÞ are arbitrary functions of z, Eq. (82) gives:
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�ikE0e
iðxt�kzÞ þ og

oz
e�it=cs ¼ �iB0xe

iðxt�kzÞ � i

cs
fe�it=cs � e�it=cs: ð85Þ

A possible solution is obtained if x ¼ �1=cs and therefore following partial differential

equation holds:

og

oz
þ i

cs
f ¼ i �xB0 � kE0ð Þe�ikz � 1: ð86Þ

From Eq. (84) we get consequently:

of

oz
þ i

cs
g ¼ i xE0 � kB0ð Þe�ikz � 1: ð87Þ

Differentiating Eq. (86) and using Eq. (87) we find the following 2nd order differential

equation:

o2f

oz2
þ 1

c2s2
f ¼ �kxE0 � k2B0 �

B0x
cs

� kE0

cs

� �

e�ikz þ i

cs
: ð88Þ

The solution of Eq. (88) is given by:

f ðzÞ ¼ c3 sin
t

cs

� �

þ c4 cos
t

cs

� �

þ
c4s4 �kxE0 � k2B0 � B0x

cs � kE0

cs

� �
e�ikz � ic5s5k2 þ ic3s3

1 � k2c2s2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
�0

: ð89Þ

From Eq. (87) we find:

gðzÞ ¼ �B0x
k

e�ikz � E0e
�ikz � z� i

cs
c3 sin

t

cs

� �

þ c4 cos
t

cs

� �� �

zþ c5; ð90Þ

and therefore the electric and magnetic fields along x-direction are respectively given by:

Eðz; tÞ ¼ E0e
�ikz�B0x

k
e�ikz�E0e

�ikz� z� i

cs
c3 sin

t

cs

� �

þ c4 cos
t

cs

� �� �

zþ c5

� �

e�it=cs;

ð91Þ

Bðz; tÞ ¼ B0e
�ikz þ c3 sin

t

cs

� �

þ c4 cos
t

cs

� �� �

e�it=cs: ð92Þ

For illustration purpose, we assume the initial conditions Eð0; 0Þ ¼ 0, _Eð0; 0Þ ¼ 0,

E0ð0; 0Þ ¼ 0, _Eð1; 0Þ ¼ 0, Bð0; 0Þ ¼ 0 and _Bð0; 0Þ ¼ 0. Equations (91) and (92) are

reduced respectively for the case of waves traveling towards the positive direction to:

Eðz; tÞ ¼ B0x
k

e�ikz � 1
� 	

� zþ cos
t

cs

� �

zþ iB0x cos
t

cs

� �

z

� �

e�it=cs; ð93Þ

170 Page 16 of 35 R. A. El-Nabulsi

123



Bðz; tÞ ¼ B0 e�ikz � cos
t

cs

� �� �

e�it=cs: ð94Þ

We plot in Figs. 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13 and 14 the variations of the real

parts of the electric and magnetic fields for k ¼ x ¼ s ¼ B0 ¼ E0 ¼ 1 (for illustrations

purpose) and for different values of c and s.
We observe that for lower values of s the electrical and magnetic fields oscillate in a

disordered way, i.e. strongly disordered electromagnetic dynamics. Disordered/chaotic

magnetic and electrical fields were observed in fusion physics, astrophysics, relaxors and

Fig. 1 Variations of the electrical field for s ¼ 1 and c ¼ �1=2

Fig. 2 Variations of the magnetic field for s ¼ 1 and c ¼ �1=2
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periodically driven superlattices (Portela et al. 2003; Viana 2000; Ram and Dasgupta 2007;

Phelan et al. 2014; Bulashenko et al. 1996).

5.2 Quantum electrodynamics

As a second implication of the NLT complex Maxwell equations, we consider the

Lagrangian of a charge particle moving in an electromagnetic field. The NLT complex

Lagrangian in our approach is given by Eq. (1) which may be written as:

Fig. 3 Variations of the electrical field for s ¼ 0:1 and c ¼ �1=2

Fig. 4 Variations of the magnetic field for s ¼ 0:1 and c ¼ �1=2
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Fig. 5 Variations of the electrical field for s ¼ 0:1 and c ¼ 1=2

Fig. 6 Variations of the magnetic field for s ¼ 0:1 and c ¼ 1=2
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Ls;n ¼
1

2
m

vðt þ sÞ þ vðt � sÞ
2

þ ic
vðt þ sÞ � vðt � sÞ

2

� �

�

vðt þ sÞ þ vðt � sÞ
2

þ ic
vðt þ sÞ � vðt � sÞ

2

� �

� e /� vðt þ sÞ þ vðt � sÞ
2

þ ic
vðt þ sÞ � vðt � sÞ

2

� �

� A
� �

;

¼ 1

2
m vþ icsað Þ � vþ icsað Þ � e /� vþ icsað Þ � Að Þ;

ð95Þ

Fig. 7 Variations of the electrical field for s ¼ 0:1 and c ¼ 1 þ i

Fig. 8 Variations of the magnetic field for s ¼ 0:1 and c ¼ 1 þ i
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From Remark 2.1, the extended complex momentum conjugate is given by p ¼
micsaþ mvþ eA with a being the acceleration of the particle and therefore the velocity is

given by:

v ¼ p� icsam� eA

m
: ð96Þ

Substituting of Eq. (96) into the Hamiltonian Hðp; xÞ ¼ p � v�L gives for n ¼ 1:

Hðp; xÞ ¼ 1

2m
p� eAð Þ p� eAð Þ � icsapþ e/: ð97Þ

Passing now from the classical to the quantum mechanics we are led to the NLT

complex Schrödinger equation ĤW ¼ i _W where W is the wave function. Using the

momentum operator p̂ ¼ �hr=i (Shankar 1994), we can write Eq. (97) as:

Fig. 9 Variations of the electrical field for s ¼ 0:1 and c ¼ 1 � i

Fig. 10 Variations of the magnetic field for s ¼ 0:1 and c ¼ 1 � i
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� 1

2m
r� igAð Þ r � igAð ÞWþ icsarW ¼ i

o

ot
þ ig/

� �

W; ð98Þ

which is the NLT complex Schrödinger equation with g ¼ e=�h. The term arW violates the

gauge covariance of the quantum theory. However, the theory is free from violation unless

the velocity of the particle is constant. To prove this, we multiply Eq. (89) by e�igv and we

use the ‘‘shift-rule’’ which states that e�f ðuÞ o
ou
	 � ð o

ou
þ of

ou
Þe�f ðuÞ	 (Wheeler 2002) we find:

Fig. 11 Variations of the electrical field for s ¼ 0:01 and c ¼ 2 � i

Fig. 12 Variations of the magnetic field for s ¼ 0:01 and c ¼ 2 � i
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� 1

2m
rþ igrv� igAð Þ r þ igrv� igAð Þe�igvWþ icsa rþ igrvð Þe�igvW

¼ i
o

ot
þ ig

ov
ot

þ ig/

� �

e�igvW:
ð99Þ

If we let the usual transformation A ¼ A�rv, u ¼ /þ ov
ot

and w ¼ e�igvW hold, we

find:

Fig. 13 Variations of the electrical field for s ¼ 0:001 and c ¼ 1

Fig. 14 Variations of the magnetic field for s ¼ 0:001 and c ¼ 1
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� 1

2m
r� igAð Þ r � igAð ÞWþ icsa rþ igrvð ÞW ¼ i

o

ot
þ igu

� �

W; ð100Þ

which is not gauge-covariant. However, if define new space coordinates such that

r ¼ rþ igrv, we obtain a gauge-covariant NLT complex quantum mechanics.

Let us make two quick comments concerning Eq. (100): first in the absence of the

electromagnetic field, one observes the presence of the gradient term which indicates that

the energy–momentum of the particle is deformed and takes the form E ¼ ap2 þ bp, a; b
are constants; second we can write Eq. (98) as:

� 1

2m
r� igAð Þ r � igAð ÞWþ icsa r� igAð ÞW ¼ i

o

ot
þ ig /� csaAð Þ

� �

W: ð101Þ

For the case of a constant acceleration, we can define a new scalar potential / ¼
/� csaA and rewrite Eq. (101) as:

� 1

2m
r� igAð Þ r � igAð ÞWþ icsa r� igAð ÞW ¼ i

o

ot
þ ig/

� �

W: ð102Þ

After multiplying Eq. (102) by e�igv and using the usual transformation A ¼ A�rv,

u ¼ /þ ov
ot

and w ¼ e�igvW, a gauge-covariant NLT complex quantum mechanics hold in

a uniformly accelerated reference frame. It is notable that the deformed energy–momentum

equation E ¼ ap2 þ bp deforms as well the Heisenberg’s uncertainty principle and may

lead to new insights in quantum theory. We summarize in Table 2 the main outcomes of

the implications of NLT complex Maxwell equations in electrodynamics.

Remark 5.1 Based on nonlocal-in-time kinetic energy approach and on maximal accel-

eration argument, an acceleratum operator of the form â ¼ p̂
aimr is obtained in El-Nabulsi

(2017b). Here p̂ ¼ �ir is the quantum momentum operator and a is a real parameter.

Therefore, we can write Eq. (98) as:

� 1

2m
r� igAð Þ r � igAð ÞW� ics

1

am
r3W ¼ i

o

ot
þ ig/

� �

W;

which is a higher-order derivatives NLT Schrödinger equation. The common feature of

this equation is the presence of higher degrees higher than two. This equation will be

Table 2 Implications of complex NLT Maxwell equations in electrodynamics

Classical electrodynamics Quantum electrodynamics

Dynamics Complexified ? strongly
disordered electromagnetic
dynamics for lower values of s

Complexified

Nonlocality Strongly affected by nonlocality Strongly affected by nonlocality

Velocity Classical Complexified and quantized

v ¼ p�icsam�eA
m

Equations of
motion

Governed by extended complex
NLT Maxwell equations

Governed by the modified Schrödinger equation

� 1
2m

r� igAð Þ r � igAð ÞWþ icsarW ¼ i o
ot
þ ig/

� 	
W

? deformed energy–momentum relation

E ¼ ap2 þ bp
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useful to explore the propagation of ultrashort femtosecond pulses in optical fibers (Cao

2013).

6 Extended index of refraction in dielectric media

Let us in this section study how in the complex NLT approach plane waves behave in

dielectric media, e.g. glass in particular assumed to be isotropic, homogeneous and non-

conducting (J~¼ 0 and r~ � P ¼ 0) (Griffiths 1999). We set in this section l0 ¼ e0 ¼ c ¼ 1

for convenience. In the absence of charge, the wave equation for E may be approximated to

(Remark 3.1):

hE ¼ €P� icsh €A: ð103Þ

We assume solutions of the form ðE;P;A;/Þ ¼ ðE0;P0;A0;/0Þeiðj~�r�xtÞ. Substitution of

these trial sinusoidal solutions in Eq. (103) gives:

�k2 þ x2
� 	

E0ðxÞ � icsx2A0ðxÞ
� 	

¼ �P0ðxÞx2: ð104Þ

In a linear medium, e.g. basically any material characterized by reasonable electric field

strength, the polarization amplitude P0ðxÞ is proportional to the strength of the electric

field applied to the medium. In other words: P0ðxÞ,v1ðxÞE0ðxÞ, v1ðxÞ ¼ a1 þ ib1 being

the susceptibility associated with the polarization (which in general is complex). However,

in our formalism, we introduce the following extended polarization amplitude

P0ðxÞ,ða1 þ ib1ÞE0ðxÞ þ ða2 þ ib2ÞA0ðxÞ where v2ðxÞ ¼ a2 þ ib2 is the complex sus-

ceptibility associated with the vector potential. Here ða1; a2Þ represent the real parts of

susceptibilities and ðb1; b2Þ represent the imaginary parts. With these, we can write

Eq. (104) as:

E0ðxÞ � icsx2A0ðxÞ
� 	

k2 ¼ x2 a1 þ 1ð ÞE0ðxÞ þ a2A0ðxÞ þ i b2 � csx2
� 	

A0ðxÞ þ ib1E0ðxÞ
� 	

:

ð105Þ

The corresponding dispersion relation is therefore given by:

k ¼ x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 þ 1ð ÞE0ðxÞ þ a2A0ðxÞ þ i b2 � csx2ð ÞA0ðxÞ þ b1E0ðxÞð Þ

E0ðxÞ � icsx2A0ðxÞ

s

: ð106Þ

Obviously, the speed of the sinusoidal wave in the dielectric material is therefore given

by:

v ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E0ðxÞ � icsx2A0ðxÞ

a1 þ 1ð ÞE0ðxÞ þ a2A0ðxÞ þ i b2 � csx2ð ÞA0ðxÞ þ b1E0ðxÞð Þ

s

: ð107Þ

The index of refraction takes accordingly the following form:

nðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 þ 1ð ÞE0ðxÞ þ a2A0ðxÞ þ i b2 � csx2ð ÞA0ðxÞ þ b1E0ðxÞð Þ

E0ðxÞ � icsx2A0ðxÞ

s

: ð108Þ

We can reduce this equation by setting ða1; b2Þ ¼ ð�1; csx2Þ to:
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nðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � csx2b1ð ÞE0ðxÞA0ðxÞ þ i b1E

2
0ðxÞ þ csx2a2A

2
0ðxÞ

� 	

E2
0ðxÞ þ c2s2x4A2

0ðxÞ

s

;

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � csx2b1ð ÞE0ðxÞA0ðxÞ þ i b1E

2
0ðxÞ þ csx2a2A

2
0ðxÞ

� 	

E2
0ðxÞ

:

s ð109Þ

It is easy to check that by setting a2 ¼ csx2b1 ¼ cx, the index of refraction (linearly

polarized light) is simplified to:

nðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b1 E2

0ðxÞ þ c2s2x4A2
0ðxÞ

� 	

2E2
0ðxÞ

s

ð1 þ iÞ �
ffiffiffiffiffi
b1

2

r

ð1 þ iÞ � N þ iK: ð110Þ

The magnitude of the wave function may be written as: k ¼
ffiffiffi
b1

2

p
ð1 þ iÞx ¼ ffiffiffiffi

a2

2cs

p ð1 þ
iÞ ¼ ffiffiffi

x
2s

p ð1 þ iÞ and hence:

Eðr; tÞ ¼ E0e
�
ffiffiffi
a2
2cs

p
û�rei

ffiffiffi
a2
2cs

p
û�r�xtð Þ;

¼ E0e
�
ffiffiffi
a2
2cs

p
û�r cos

ffiffiffiffiffiffiffi
a2

2cs

r

û � r� xt

� �

þ i sin

ffiffiffiffiffiffiffi
a2

2cs

r

û � r� xt

� �� �

;

¼ E0e
� ffiffi

x
2s

p
û�r cos

ffiffiffiffiffi
x
2s

r

û � r� xt

� �

þ i sin

ffiffiffiffiffi
x
2s

r

û � r� xt

� �� �

:

ð111Þ

Here û is a real unit vector identifying the direction of the wave vector. Then the real

part of Eq. (111) is:

<e Eðr; tÞf g ¼ E0e
� ffiffi

x
2s

p
û�r cos

ffiffiffiffiffi
x
2s

r

û � r� xt

� �

: ð112Þ

Fig. 15 Variations of Eq. (112) for s ¼ 0:01
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We plot in Figs. 15, 16, 17, 18, 19, 20, 21, 22, 23 and 24 for different values of s the

variations of Eq. (112) at different scales after assuming that the direction of propagation is

in the z-direction and after fixing E0 ¼ x ¼ 1.

We observe that the variations of the real part of the electric field exhibits some kind of

disordered motion in particular for tiny values of the nonlocal time parameter s. The

associated wavelength is given by:

k ¼ kvacuum
N

¼
ffiffiffiffiffi
2

b1

r

kvacuum ¼
ffiffiffiffiffiffiffiffi
2sx

p
kvacuum: ð113Þ

and depends on the nonlocal time parameter. The real part of the index of refraction is here

N ¼ 1ffiffiffiffiffiffi
2sx

p and the extended polarization amplitude is:

Fig. 16 Variations of Eq. (112) for s ¼ 0:1

Fig. 17 Variations of Eq. (112) for s ¼ 0:001
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Fig. 18 Variations of Eq. (112) for s ¼ 1

Fig. 19 Variations of Eq. (112) for s ¼ 0:5
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Fig. 20 Variations of Eq. (116) for s ¼ 0:05

Fig. 21 Variations of Eq. (112) for s ¼ 0:01 and tiny scales
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Fig. 22 Variations of Eq. (112) for s ¼ 0:1 and tiny scales

Fig. 23 Variations of Eq. (112) for s ¼ 0:5 and tiny scales
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P0ðxÞ ¼ �1 þ i

sx

� �

E0ðxÞ þ cx 1 þ isxð ÞA0ðxÞ; ð114Þ

and depends on the amplitudes of both the electric field and the vector potential. More

generally, we can write Eq. (109) as:

nðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � csx2b1ð ÞE0ðxÞA0ðxÞ þ i b1E

2
0ðxÞ þ csx2a2A

2
0ðxÞ

� 	

E2
0ðxÞ

s

� 1
ffiffiffi
2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

2A
2
0ðxÞ þ b2

1E
2
0ðxÞ

E2
0ðxÞ

s

þ a2 � csx2b1ð ÞA0ðxÞ
E0ðxÞ

v
u
u
t

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
X1

þ i
sign f
ffiffiffi
2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

2A
2
0ðxÞ þ b2

1E
2
0ðxÞ

E2
0ðxÞ

s

� a2 � csx2b1ð ÞA0ðxÞ
E0ðxÞ

v
u
u
t

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
X2

;

ð115Þ

where

f ¼ b1E
2
0ðxÞ þ csx2a2A

2
0ðxÞ

E2
0ðxÞ

: ð116Þ

Only terms a2 and b1 are raised in the solutions. The magnitude of the wave function is

then given by: k ¼ ðX1 þ iX2Þx and the electrical field takes the form:

Eðr; tÞ ¼ E0e
�X2 û�rei X1û�r�xtð Þ: ð117Þ

and its real part is therefore:

Fig. 24 Variations of Eq. (112) for s ¼ 0:1 and tiny scales
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<e Eðr; tÞf g ¼ E0e
�X2 û�r cos X1û � r� xtð Þ: ð118Þ

The wavelength is consequently given by:

k ¼ kvacuum
X1

¼
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2
2
A2

0ðxÞþb2
1
E2

0ðxÞ
E2

0ðxÞ

r

þ a2�csx2b1ð ÞA0ðxÞ
E0ðxÞ

s kvacuum; ð119Þ

and the extended polarization amplitude is:

P0ðxÞ ¼ ða1 þ ib1ÞE0ðxÞ þ ða2 þ ib2ÞA0ðxÞ ¼
a1¼b2¼0

ib1E0ðxÞ þ a2A0ðxÞ: ð120Þ

From these calculations, we can deduce that the polarization effect is modified since

P0ðxÞ ¼ f ðE0ðxÞ;A0ðxÞÞ whereas in the standard approach P0ðxÞ ¼ f ðE0ðxÞÞ. This is

interesting since polarization in this case refers to orientation of the electric field but it is

affected by A0ðxÞ. Together with the electric potential, the magnetic vector potential is

used to specify the polarization amplitude within the nonlocal-in-time kinetic energy

approach. One is able mathematically to reduce P0ðxÞ ¼ f ðE0ðxÞ;A0ðxÞÞ ! f ðE0ðxÞÞ by

means of Maxwell’s equations yet the resulting polarization amplitude will be nonlinear,

e.g. in general if a strong light (laser) acts on the nonlinear medium, then P0ðxÞ ¼
f ðE0ðxÞÞ is nonlinear (Li et al. 2017). It will be of interest to explore in a future work the

implications of these outcomes in radiation theory and photonics theory.

7 Conclusions and perspectives

In the present paper we have constructed complex NLT Maxwell equations by extending

the nonlocal-in-time kinetic energy approach recently introduced by Suykens. It was

observed that these equations provide new features like the occurrence of a NLT complex

electromagnetic tensor; the emergence of electromagnetic wave equations with time-de-

pendent source terms even though the current and density are absent; the occurrence of

disordered electric and magnetic fields; the emergence of a gauge-covariant NLT com-

plexified quantum mechanics characterized by a higher-order derivatives Schrödinger

equation and the emergence of a new polarization amplitude P0ðxÞ ¼ f ðE0ðxÞ;A0ðxÞÞ in

dielectrics with linearly polarized light and characterized by a disordered electric field and

a wavelength which depends on E0ðxÞ;A0ðxÞ and the nonlocal time parameter. In fact, all

scenarios illustrated in this work show that equations and solutions are affected by the

value of the nonlocal time parameter. The disorder of fields increases as the values of the

nonlocal time parameter decreases. It is very plausible that these modifications could

describe phenomena that cannot be captured by the standard Maxwell’s electrodynamics

theory. We believe that the models constructed in this paper require more analytical

analysis in addition to its connection with experimental results obtained in different fields

like quantum optics and quantum electronics. Nevertheless the consequences obtained in

this work prove the importance of nonlocality-in-time in theoretical physics and real-world

applications. A number of applications are under construction and in particular the sig-

nificance of the NLT complexified electromagnetic potential in the quantum theory and its

connection to the Aharonov–Bohm effect (Aharonov 1959), massive photons in super-

conductivity (de Bruyn 2017) besides their impacts in quantum optics, materials science
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and biology (electromagnetic modeling of biological cells (Fear and Stuchly 1998)) and in

glass science (Nemilov 2014) deserve to be explored in details.
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