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Abstract The dynamical systems of soliton propagation through optical fibers for trans-
continental and trans-oceanic distances is one of the most interesting areas of study.
Optical solitons are restrained electromagnetic waves that stretch in nonlinear dispersive
media and allow the intensity to remain unchanged due to the balance between dispersion
and nonlinearity effects. In this study, we successfully acquire dark, bright, combined
dark-bright, singular and combined singular soliton solutions to the decoupled nonlinear
Schrédinger equation arising in dual-core optical fibers by using the extended sinh-Gordon
equation expansion method. The constraint conditions for the existence of valid soliton
solutions are given. We discuss how change in parameters affect the solitons transmission.
We present the 2D, 3D and the contour graphs to some of the reported solutions.
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1 Introduction

The theory of optical solitons is one of the interesting topics for the investigation of soliton
propagation through nonlinear optical fibers (Younis et al. 2016a). Optical fibers can be
utilized in data transmission or light exhibitor operations. Optical fibers utilized in light
exhibitor applications transfer safe, no-heat light, which is optimal for medical, inspection,
automotive, or display applications. A single optical fiber uses total internal reflection to
transfer light, granting bends along its path. Minimal light loss at the transmission time
grants optical fibers to transfer light or data quickly over long distances. When fastened,
fiber optics can transfer large quantities of data for telecommunication operations (Liu
et al. 2016; Chen and Zhu 2016; Ma et al. 2017; Martincek and Pudis 2014; Yang et al.
2004; Cap and Chmela 2003; Heng et al. 2017; Zhao et al. 2017; Zhang et al. 2014). It is
therefore good to investigate the optical soliton solutions of the nonlinear models
describing various complex physical aspects in the field of optical fibers. Optical solitons
are restrained electromagnetic waves that stretch in nonlinear dispersive media and allow
the intensity to remain unchanged due to the balance between dispersion and nonlinearity
effects (Agrawal 2013). There are a lot of considerable number of researches in this
context that have been submitted to the literature (Bulut et al. 2018a; Younis et al. 2016b;
Seadawy 2015; Eslami and Rezazadeh 2016; Triki and Wazwaz 2016; Ali et al. 2017,
Cattani 2003; Dai et al. 2017a, b; Liu et al. 2016, 2017; Zhang et al. 2017; Seadawy and
Lu 2017; Bulut et al. 2018; Helal and Seadawy 2011; Baskonus 2016; Mirzazadeh et al.
2017; Kumar et al. 2012; Kumar and Chand 2013).

This study extracts some optical soliton solutions from the decoupled nonlinear
Schrodinger equation with Kerr law nonlinearity arising in dual-core optical fibers (Arnous
et al. 2017) by using the extended sinh-Gordon equation expansion method (Xian-Lin and
Jia-Shi 2008; Baskonus et al. 2018; Sulaiman et al. 2017; Bulut et al. 2018c, d).

The decoupled nonlinear Schrédinger equation (Arnous et al. 2017) is given as

i(ux + )qu,) + Aoty + }~3|u|2u + Mg = 0,

. 5 (1.1)
l(‘]x + i) + Aoqu + }~3|q| q+ A4u 0,

where u and ¢ are field envelopes, x is the propagation co-ordinate, ﬁ is the group velocity

mismatch, A, is the group velocity dispersion, A4 is the linear coupling coefficient and /3

__ 2mmp
T KBy’

B,y is effective mode area of each wavelength (Younis et al. 2015a). There are consid-
erable number of studies on various type of Eq. (1.1) (Younis et al. 2015b; Boumaza et al.
2009; Raju et al. 2005).

is defined as A3 where my, is the nonlinear refractive index, « is the wavelength and

2 The extended ShGEEM

This sections discuses the analysis of the extended sinh-Gordon equation expansion
method.

To apply the ShGEEM, we go by the following steps:

Step 1 Consider the following NPDE:

F(qxa qzq)om qty Gxty - - ) = 07 (21)
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where F is a polynomial in g, the subscripts indicate the partial derivative of ¢ with respect
to x or t.
Substituting the travelling wave transformation

q=®(n), n=x—ct (22)
into Eq. (2.1), yields the following NODE:
0@, ¥, d', VD ,..)=0, (2.3)

where Q is a polynomial in @ and the superscripts indicate the ordinary derivative of ®
with respect to 7.

Step 2 The trial solution to Eq. (2.3) is assumed to be of the form (Xian-Lin and Jia-Shi
2008)

k .
®(0) = _[bysinh(0) + ajcosh(0)]’+ao, (2.4)
=1
where ag, a;, b; (j = 1,2, ..., k) are constants to be determine later and 0 is a function of #
that satisfies the following ordinary differential equation:

0 = sinh(0). (25)

To find the value of k, the homogeneous balance principle is applied on the highest
derivatives and highest power nonlinear term in Eq. (2.3).

Equation (2.5) is obtained from sinh-Gordon equation (Xian-Lin and Jia-Shi 2008)
given as

G = Asinh(q). (2.6)
Equation (2.5) posses the following solutions (Xian-Lin and Jia-Shi 2008):
sinh(0) = £csch(n) or sinh(0) = + i sech(n) (2.7)
and

cosh(0) = tcoth(n) or cosh(0) =+ tanh(n), (2.8)
where i = v/ —1.

Step 3 Inserting Eq. (2.4), its derivatives under fixed value of k along with Eq. (2.5) into
Eq. (2.3), yields a polynomial equation in 9,lsinh"(9)coshj(0) 1=0,1and i, j=0,1,
2,...). We collect a group of over-determined nonlinear algebraic equations in ag, a;, a;, ¢
by setting the coefficients of 0 sinki(0)cosh(0) to zero.

Step 4 The secured set of over-determined nonlinear algebraic equations is then solved
with aid of symbolic software to determine the values of the parameters ay, g;, bj, c.

Step 5 Based on Egs. (2.7) and (2.8), Eq. (2.1) posses the following forms of solutions:

k ,
D(n) = Z[iibj sech(n) £ ajtanh(n)]’+ao, (2.9)

j=1
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k .
Z [+b; esch(n) + ajcoth(n)]’+ay. (2.10)

j=1

3 Applications

In this section, the application of the extended ShGEEM to the decoupled nonlinear
Schrodinger equation is presented.

Consider the decoupled nonlinear Schrodinger equation given in Eq. (1.1) and the
following complex wave transformation:

U= (I)(n)e’w, q= lp(n)eiky, n=vx—ct), ¥ =—ux+ wt+p, (3.1)

where W is the soliton phase component, ¥ is a nonzero constant, u is the frequency of the
soliton, w is the soliton wave number, p is the phase constant and c is the soliton velocity.
Putting Eq. (3.1) into Eq. (1.1), yields

(1= @ 00)® + @ + Ly — oy + A?HL® = 0, (3.2)
(U= 0¥ + 230 + 1® — o® + APy = '
from the real part, and
(2cwiy — 1)(1)/’ + /llct//: = 0, (33)
(26’6()/12 — l)lp + A1c® =
from the imaginary part. Integrating Eq. (3.3) once, yields
ety = 1)D+ L1y = 0, (3.4)
2cwrty — DY + 4@ = 0. '

As @ and  functions of n satisfy both Egs. (3.2), (3.3) and (3.4), we get the following
relation from Eq. (3.4):
2cwldy — 1 Aic
e 2cwl—17

(3.5)

Simplifying Eq. (3.5) for c, yields

1
=\ 3.6
¢ 20)/12 — j.] ( )
Balancing the terms ®°, @',y and lp” in Eq. (3.2), yields k = 1.
With the value k = 1, Egs. (2.4), (2.9) and (2.10) with respect to ® and y take the forms

®(8) = bysinh(8) + ajcosh(0) + ay, (3.7)
W(0) = dysinh(0) + c1cosh(0) + co, (3.8)
®(n) = +iby sech(n) £ artanh(n) + ao, (3.9)
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W(n) = %idy sech(n) % citanh(n) + co, (3.10)

@(n) = £by csch(n) £ ajcoth(n) + ag (3.11)
and

W(n) = £d, csch(n) £+ cicoth(n) + co, (3.12)
respectively.

Substituting Egs. (3.7), (3.8) and their second derivatives along with Eq. (2.5) into
Eq. (3.2), produces a polynomial in powers of hyperbolic functions. Summing each
coefficients of the hyperbolic functions of the same power and equating each summation to
zero, produces a group of algebraic equations. The set of algebraic equations is simplified
to obtain the values of the parameters involved. For each case, substituting the secured
values of the parameters into Egs. (3.9), (3.10), (3.11) and (3.12) and then into Eq. (3.1),
yields the solutions to Eq. (1.1).

Case 1 When

[, 21
2 el =—a, c0=0, b =0, d =0,

ap =0 ay = —5—> 2\ 5
’ /u1—2(1)/12 A3

2% M+ (4 72(012)2(0)2124»147(021)
- (l—2wh)? ’
we get the dark optical solitons

@0 —20i)2 (0P iy i)
" ( _ ’l9 7212 h’l9 _ l( 20, +owt+p
() = ——— —tanh[9(x — ct)]e ,
Al — 20)22 ix

(3.13)

9 2) ( (202/:2+(;.1@uztz)ngz/‘.ﬁzrmz,))A+ o )
qi(x,1) = 2w\ )—;tanh[ﬁ(x - ct)]el (1 =20i2)" ) (3.14)

where 4,43 <0 for valid solitons, and the singular solitons

9 2 ( <2192;2+(/11725(;;.2)2(‘((;27;.2#147“»1,))H_ H—)
uy(x, 1) = T 20k —Tzcoth[ﬁ(x — ct)]el (1200 orr ’
1= 12 3
(3.15)
9 2) ( (2"2"2“’31’?""2)2‘_("2"-2“4"”"'1)) 4 +)
901) = 5y [ = ol — en)le G ) (3.16)
‘1 2 3

where 4,43 <0 for valid solitons.
Case 2 When

) [ 24
ao , ap , C1 , Co s U1 /11 — 26{)22 ;{3 y U1 1,

(A —20)&2)2((uzllz+/l4f<uil)7192/12
= (M1 —2wha)? )
we get the bright optical solitons
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9 2) ( <(;.l7201/:2>2(f.;222+z47(v)z|)ﬂ;zzz)ﬂ )
uz(x, 1) = oo\l izsech[ﬂ(x—ct)] (i -207)? rere . (3.17)
1

2&))&2
9 2 )Lz i( (@ 7210/.2)2(102/.2“4710/.])42;.2)” +wt+p)
(13()(, t) = —m )3 —Se ch[ﬂ(x — ct)]e (i =2win)? (318)

where the solitons are valid for both /1,43 <0 and 4,43 > 0, and the singular solitons

j (A —20ip) 2 (0P ig +ig—0i)) =02 in)
ug(x, 1) = . 192@/1 - %csch[ﬂ(x - ct)}el( ] (i —2012)° Hw[ﬂ]) , (3.19)
11— 2 3
9 2} ( (("72‘”’12)2(f”2}'2f’:47‘”’:')7')2’12),&1t+ )
qa(x,1) = — 2csch[ﬁ(x — ct)]el (i1-20i2)* e , (3.20)

/11 — 2&))&2 - T3

where the solitons are valid for both /1,43 <0 and 2,43 > 0.
Case 3 When

U A2

=0 P
Go=5 @ = e\ "2 €

=—aj, co=0, by =ay, d = —ay,

2 A2(h 2w ) (P ha A Ay —wiy)
- 2(—2wk)? ’
we get the combined dark—bright optical solitons

)

(1) = &
Usis B )Vl — 2&)A2 2/13

(l sech[9(x — ct)] + tanh[9(x — ct)])eHFoP) - (3.21)

gs(x, 1) = S Az 22 (i sech[9(x — ct)] + tanh[¥(x — ct)])e’THFertp) - (3.22)
/11 — 260].2 3

where 4,43 > 0 for valid solitons, and the combined singular solitons

g (x, 1) = ﬁ \[— 2})?3 (coth[9(x — ct)] + esch[0(x — ct)])elH+ertp) - (3.23)

9 )
go(x,t) = ———— Az 2= (coth[¥(x — ct)] + esch[d(x — ct)])elTtore) - (3.24)
/11 — 2(1)/12 3
where the solitons are valid for both /1,43 > 0 and 4,43 <O0.
Case 4 When
M —why) — 4
ap =0, a; = _\/_(:“"‘w( : A wh) 4)» cp=-—ay, ¢g=0,b=0,d =0,
3

Y = (;vl _ 260/12) H+U)(112—)§ﬂz)—7«1’

we get the dark optical solitons
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up (x, 1) = _\/_ (1 + (4 : /) — M)tanh[ﬂ(x _ Ct)}ei(fﬂx+ll)t+p)7 (3.25)
3
q7 (x7 t) — \/_ (,u + w()q ; amz) — /14)tanh[19(x _ Ct)]ei(—uxﬂoﬂrp), (3.26)
3

where pt+ (A — wly) — 24 <0, A, <0 and 23 > 0 for valid solitons, and the combined
singular solitons

M —why) — A .
ug(x, 1) = _\/_ (+ o(h i /) 4)Loth[z9(x _ CZ)]ez(—wc+wt+p)7 (3.27)
A3
M —why) — A .
gs(x,1) = \/_ (1 + (A . wla) 4)uoth[19(x _ ct)]et(—ux+wt+p)’ (3.28)
3
where the solitons are valid for u + w(4 — wi;) — A4 <0, 2, <0, and for both A3 > 0,
/13 <0.
Case 5 When
2 A — o) — A
aO:O’ a :O’ c1 :O’ COZO, bl __\/ (,u+(l)( I) (&) 2) 4)7 dl :_bla
13
9 =—(y —2wk) _M7
we get the bright optical solitons
2 M —wl) — 4 .
Ltg(x, l) _ _\/_ (:u + C!)( 1)L (J)/LZ) 4)S€Ch[79(x _ ct)]ez(—;uc+u)t+p)’ (329)
3
2 Al — @A) — A .
9 (X7 l) _ \/ (:u + Cl)(/bl ; CO/LZ) 4)sech[19(x o Ct)]ez(—;u+zot+p)7 (330)
3
and the singular optical solitons
2 — why) — .
uio(x, 1) = _\/ (1 + w(i]) /) /14)Lsch[19(x _ C[)}ez(—uxﬂ;rﬂ:)’ (3.31)
]
2 M —why) — 4 .
qio(x, 1) —\/ e+ olh — 2) = 4) s h(x— er)eit-rorn) (3.32)
13

where u + o(l — wly) — 24 <0, 7, > 0 and 43 > 0 or A3 <0 for valid solitons.
Case 6 When

i — i) — 4
aop :07 a) = _\/_ (’u+w(/L1 w/LZ) 4); ¢ = —ap, Co :Oa bl =daj, dl = —a,

/3

- _(/11 _ 260/12) 2(;H—w(i1—w).z)—/L;)7

A2
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we get the combined dark-bright optical solitons

(5, 1) = ¢ et 0 — O 228 e — )+ anhli s — en)) ),
13

(3.33)

= wly) — 2 ;
qi1(x, 1) = —\/— (k+ ok - k) M)(i sech[9(x — ct)] + tanh[¥(x — ct)])e’THFrHP),
A3

(3.34)

where u + (A — wly) — 24 <0, 7, <0 and A3 > 0 for valid solitons.

4 Results and discussion

The extended sinh-Gordon equation expansion method is utilized to construct family of
optical solitons to the decoupled nonlinear Schrédinger equation arising in dual-core
optical fibers. Dark, bright, combined dark-bright, singular and combined singular optical
solitons are successfully constructed. Dark soliton describes the solitary waves with lower
intensity than the background, bright soliton describes the solitary waves whose peak
intensity is larger than the background (Scott 2005) while the singular soliton solutions is a
solitary wave with discontinuous derivatives; examples of such solitary waves are com-
pactions, which have finite (compact) support, and peakons, whose peaks have a discon-
tinuous first derivative (Rosenau 2005; Camassa and Holm 1993). These types of solitary
waves are very important due to their flexibility in the long-distance optical
communication.

It is to be noted that optical fibers are thin long strands of ultra-pure glass or plastic that
can transmit light from one end to another without much attenuation or loss (Keiser 2008).
To see how related parameters affect the transmission of solitons, the following analysis is
carried out:

Considering 9 to be a complex number that is ¢ € C, solution (3.13), (3.15), (3.17) and
(3.19) become the following singular periodic wave solutions:

X

Fig. 1 The a 3D, 2D and b contour graphs of Eq. (3.13)

@ Springer



Dark, bright and other optical solitons to the decoupled... Page 9 of 12 165

Ju(x.t)|?

(@ (b)

Fig. 2 The a 3D, 2D and b contour graphs of Eq. (3.15)

(a) (b)

Fig. 3 The a 3D, 2D and b contour graphs of Eq. (3.17)

lu(x.)?

(a) (b)

Fig. 4 The a 3D, 2D and b contour graphs of Eq. (4.1)
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up(x,1) = Jh__i%mn[ﬂ(x — Ct)]el( (MHZWI75::?222)2;2“47(”'”ﬁwtﬂ?) 7 4.1)
up(x,1) = %cot[ﬂ@ - ct)]ei( (Nzwm7<2/f;);;22)z2vf:;u>2222+24m])) +’”’+1’) ’ (4.2)
uz(x,1) = %sec[ﬁ (x — ct)]ei( ((/vl72%)2<(2u12f22(;/j)§"”-1>*«V2/‘.2>x+wt+p> 7 (4.3)
wlot) = DT (O ) ()

/13 (}] — 2(1)/12)

Similarly, when we consider ¥ throughout the secured solutions in this study, they
would all become singular periodic wave solutions.

We observe that when we take v to be a complex value, the long distance light
transmission through the optical materials is affected or may even get lost due to the low
attenuation (see Fig. 4).

In order to have the clear meaning of the physical properties to the reported results,
under the choice of suitable values of the parameters involved, the 2D, 3D and the contour
graphics to some of the obtained solutions are plotted. The perspective view of the dark
(Eq. 3.13), bright (Eq. 3.17), singular (Eq. 3.15) solitons and singular periodic wave
(Eq. 4.1) solutions can be seen in the 3D from the (a) parts of Figs. 1, 2, 3 and 4,
respectively. The propagation pattern of the wave along the x-axis for the dark (Eq. 3.13),
bright (Eq. 3.17), singular (Eq. 3.15) solitons and singular periodic wave (Eq. 4.1) solu-
tions is depicted in the 2D plots located at the right of the (a) parts of Figs. 1, 2, 3 and 4,
respectively. The contour graphs is an alternative plot to the 3D plot which is placed at the
(b) parts of each figure.

5 Conclusions

This study constructed dark, bright, combined dark—bright, singular and combined singular
optical soliton solutions to the decoupled nonlinear Schrédinger equation by utilizing the
extended sinh-Gordon equation expansion method. The constraint conditions for the
existence of valid soliton solutions are stated. We plotted the 3D, 2D and contour graphs to
some of the acquired results by choosing the convenient values of the parameters. The
reported results may be useful in explaining the physical meaning of the studied model.
The extended sinh-Gordon equation expansion method is an efficient computational
scheme that can be used for studying various complex nonlinear models.
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