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Abstract Under investigation in this paper is a nonlinear conformable time-fractional

Boussinesq equations as an important class of fractional differential equations in mathe-

matical physics. The extended trial equation method, the expð�XðgÞÞ-expansion method

and the tanð/ðgÞ=2Þ-expansion method are used in examining the analytical solution of the

nonlinear fractional equations. The proposed methods are based on the integration method

and a wave transformation. The fractional derivative in the sense of conformable time-

fractional derivative is defined. Fractional complex transform is implemented to change

fractional differential equations into ordinary differential equations in this paper. In

addition, explicit new exact solutions are derived in different form such as dark solitons,

bright solitons, solitary wave, periodic solitary wave, rational function, and elliptic func-

tion solutions of nonlinear conformable time-fractional Boussinesq equations.

Keywords Conformable time-fractional Boussinesq equations � Conformable

time-fractional derivative � The extended trial equation method � The expð�XðgÞÞ-
expansion method � The tanð/ðgÞ=2Þ-expansion method

1 Introduction

Fractional calculus is considered as a novel topic (Podlubny 1999), it has gained consid-

erable popularity and also much more importance during the past three decades. Fractional

partial differential equations (FPDEs) involve unknown multivariable functions and their

fractional partial operators. Several physical phenomena have been dressed up in FPDEs in

recent years such as viscoelasticity, plasma, solid mechanics, optical fibers, signal pro-

cessing, electromagnetic waves, biomedical sciences, Diffusion processes and vibration

with fractional damping. Seeking exact solutions to fractional differential equations
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(FDEs) is an important task of many researchers. A wide range of straightforward and

powerful methods have been introduced to obtain exact solutions of nonlinear PDEs, such

as, the Exp-function method (Ekici et al. 2017b; Manafian and Lakestani 2015; Manafian

2015), the generalized Kudryashov method (Zhou et al. 2005), the extended Jacobi elliptic

function expansion method (Ekici et al. 2017c; Mirzazadeh et al. 2016), the improve

tanð/=2Þ-expansion method (Manafian 2016, 2017; Manafian and Lakestani 2016a, b;

Manafian et al. 2016), the expð�XðgÞÞ-expansion method (Abdelrahman et al. 2014; Zhou

et al. 2016) the G0=G-expansion method (Manafian and Lakestani 2015, 2017; Sindi and

Manafian 2016) the generalized G0=G-expansion method (Zinati and Manafian 2017) the

Bernoulli sub-equation function method (Baskonus 2017; Baskonus and Bulut 2016;

Baskonus et al. 2016; Bulut and Baskonus 2016) the sine-Gordon expansion method

(Baskonus et al. 2016; Baskonus and Bulut 2016; Baskonus 2016; Yel et al. 2017), the

Ricatti equation expansion (Zhou 2016; Inc et al. 2016) the formal linearization method

(Mirzazadeh and Eslami 2015) the Lie symmetry (Tchier et al. 2017) and so on.

Extended trial equation method is one of the robust techniques to look for the exact

solutions of nonlinear partial differential equations that has received special interest owing

to its fairly great performance. For example, Mohyud-Din and Irshad (2017) explored new

exact solitary wave solutions of some nonlinear PDEs arising in electronics using the

extended trial equation method. Mirzazadeh et al. (2017) adopted he extended trial

equation method to obtain analytical solutions to the generalized resonant dispersive

nonlinear Schrödinger’s equation with power law nonlinearity. Ekici et al. (2017a) found

the exact soliton solutions to magneto-optic waveguides that appear with Kerr, power and

log-law nonlinearities using the extended trial equation method.

Consider the following nonlinear conformable time-fractional Boussinesq equation

(Demiray 2014; Hosseini and Ansari 2017; Hosseini et al. 2017) as

D2a
t u� uxx � ðu2Þxx þ uxxxx ¼ 0; 0\a� 1; ð1:1Þ

and also consider the following coupled conformable time-fractional Boussinesq equations

(Hosseini and Ansari 2017; Kheiri et al. 2013; Hosseini et al. 2017) as

Da
t uþ vx ¼ 0; 0\a� 1

Da
t vþ lðu2Þx � kuxxx ¼ 0; 0\a� 1;

ð1:2Þ

in which Da
t u ¼ oau

ota
and Da

t v ¼ oav
ota
.

This paper will adopt three integration schemes that are known as the extended trial

equation method, the expð�XðgÞÞ-expansion method and the tanð/ðgÞ=2Þ-expansion
method that will reveal soliton solutions as well as other solutions. The equations for the

model studied here to investigate exact solution structures. We note that these equations

have not yet been studied using the aforementioned methods.

The rest of the paper is ordered as follows: Conformable fractional derivative and its

properties is presented in Sect. 2. In Sect. 3, analytical methods are given. In Sects. 4

and 5, applications of nonlinear conformable time-fractional Boussinesq equation by help

of the extended trial equation method, the expð�XðgÞÞ-expansion method and the

tanð/ðgÞ=2Þ-expansion method are investigated. Finally, the conclusion is given in Sect. 6.
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2 Conformable fractional derivative and its properties

The conformable fractional derivative proposed by Khalil et al. (2014), which can amend

the shortcomings of the previous definitions. Moreover, a number of definitions and

properties of the conformable fractional derivative are presented in Abdeljawad (2015) and

Eslami and Rezazadeh (2016).

Definition 1 Assume f : ð0;1Þ ! R be a function. The conformable fractional deriva-

tive of f of order a is defined as

Taðf ÞðtÞ ¼ lim
h!0

f ðt þ ht1�aÞ � f ðtÞ
h

; ð2:1Þ

in which 0\a� 1:

Theorem 1 Assume a 2 ð0; 1�, and f and g be a-differentiable at t[ 0. Then

1. Taðaf þ bgÞ ¼ aTaðf Þ þ bTaðgÞ; 8a; b 2 R:

2. Taðt#Þ ¼ #t#�a; 8# 2 R:
3. TaðfgÞ ¼ fTaðgÞ þ gTaðf Þ:
4. Ta

f
g

� �
¼ gTaðf Þ�fTaðgÞ

g2
:

5. If f is differentiable; then Taðf ÞðtÞ ¼ t1�a df
dt
ðtÞ:

Theorem 2 Suppose f : ð0;1Þ ! R be a function such that f is differentiable and also a-
differentiable. Let g be a function defined in the range of f and also differentiable. Then

TaðfogÞðtÞ ¼ t1�ag0ðtÞf 0ðgðtÞÞ:

3 Analytical methods

3.1 Extended trial equation method

The current method described here is the extended trial equation method utilized to find

traveling wave solutions of the conformable time-fractional Boussinesq equations which

can be understood through the following steps:

Step 1 We assume that the given nonlinear PDE with the conformable time-fractional

derivative as

N u;
oau

ota
;
ou

ox
;
o2u

ox2
; . . .

� �
¼ 0: ð3:1Þ

Utilizing the wave transformation

uðx; tÞ ¼ uðgÞ; g ¼ x� kta

a
; ð3:2Þ

where k 6¼ 0. Substituting (3.2) into Eq. (3.1) yields a nonlinear ordinary differential

equation,

Qðu;�ku0; u0; u00; . . .Þ ¼ 0; ð3:3Þ
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where prime shows the derivation with respect to g.
Step 2 Take the transformation and trial equation as follows:

uðgÞ ¼
Xd
i¼0

siC
i; ð3:4Þ

where

ðC0Þ2 ¼ XðCÞ ¼ UðCÞ
WðCÞ ¼

nhC
h þ � � � þ n1Cþ n0

f�C
� þ � � � þ f1Cþ f0

: ð3:5Þ

Using the Eqs. (3.4) and (3.5), we can find

ðu0Þ2 ¼ UðCÞ
WðCÞ

Xd
i¼0

isiC
i�1

 !2

; ð3:6Þ

u00 ¼U0ðCÞWðCÞ � UðCÞW0ðCÞ
2W2ðCÞ

Xd
i¼0

isiC
i�1

 !
þ UðCÞ
WðCÞ

Xd
i¼0

iði� 1ÞsiCi�2

 !
; ð3:7Þ

where UðCÞ and WðCÞ are polynomials. Substituting these terms into Eq. (3.1) yields an

equation of polynomial KðCÞ of C:

KðCÞ ¼ .sC
s þ � � � þ .1Cþ .0 ¼ 0: ð3:8Þ

By utilizing the balance principle on (3.8), we can determine a relation of h; � and d. We

can take some values of h; � and d.
Step 3 Setting each coefficient of polynomial KðCÞ to zero to derive a system of

algebraic equations:

.i ¼ 0; i ¼ 1; 2; . . .; s: ð3:9Þ

By solving the system (3.9), we will obtain the values of n0; n1; . . .; nh, f0; f1; . . .; fr and

s0; s1; . . .; sd.
Step 4 In the following step, we obtain the elementary form of the integral by reduction

of Eq. (3.5), as follows

�ðg� g0Þ ¼
Z

dCffiffiffiffiffiffiffiffiffiffiffi
XðCÞ

p ¼
Z ffiffiffiffiffiffiffiffiffiffiffi

WðCÞ
UðCÞ

s
dC; ð3:10Þ

where g0 is an arbitrary constant.

3.2 The exp(2X(g))-expansion method

In this subsection, we describe the expð�XðgÞÞ-expansion method which was utilized to

find traveling wave solutions of nonlinear partial differential equations. This approach is

based on the expð�XðgÞÞ-expansion method (Khan and Akbar 2014; Rayhanul Islam et al.

2015). We consider the following steps:

Step 1 We assume that the given nonlinear PDE with the conformable time-fractional

derivative as
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N u;
oau

ota
;
ou

ox
;
o2u

ox2
; . . .

� �
¼ 0: ð3:11Þ

which can be converted to an ODE

Qðu;�ku0; u0; u00; . . .Þ ¼ 0; ð3:12Þ

by the transformation g ¼ x� kta

a is the wave variable. Also, k is constant to be determined

later.

Step 2 We suppose the solution of nonlinear equation (3.12) can be expressed by a

rational polynomial in FðgÞ as the following:

uðgÞ ¼
XM
j¼�M

njF
jðgÞ; ð3:13Þ

where FðgÞ ¼ expð�XðgÞÞ and njð�M� j�MÞ, are constants to be determined, such that

nM 6¼ 0, and, X ¼ XðgÞ satisfies the following ordinary differential;

X0 ¼ lF�1ðgÞ þ FðgÞ þ k: ð3:14Þ

The following exact analytical solutions (Hafez et al. 2014, 2015) can be considered from

Eq. (3.14):

Solution-1 If l 6¼ 0 and k2 � 4l[ 0; then we have

XðgÞ ¼ ln �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

p

2l
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

p

2
ðgþ EÞ

 !
� k
2l

 !
; ð3:15Þ

where E is integral constant.

Solution-2 If l 6¼ 0 and k2 � 4l\0; then we have

XðgÞ ¼ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�k2 þ 4l

p

2l
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�k2 þ 4l

p

2
ðgþ EÞ

 !
� k
2l

 !
: ð3:16Þ

Solution-3 If l ¼ 0, k 6¼ 0; and k2 � 4l[ 0; then we get

XðgÞ ¼ � ln
k

expðkðgþ EÞÞ � 1

� �
: ð3:17Þ

Solution-4 If l 6¼ 0, k 6¼ 0; and k2 � 4l ¼ 0; then we get

XðgÞ ¼ ln � 2kðgþ EÞ þ 4

k2ðgþ EÞ

� �
: ð3:18Þ

Solution-5 If l ¼ 0, k ¼ 0; and k2 � 4l ¼ 0; then we get

XðgÞ ¼ ln gþ Eð Þ; ð3:19Þ

where njð0� j�MÞ, k and l are constants to be determined. The value M can be identified

by taking the balance principle which is based on the relationship between the highest

order derivatives and the highest degree of the nonlinear terms occurring in Eq. (3.12).

Step 3 Substituting (3.13) into Eq. (3.12) with the value of M obtained in Step 2.

collecting the coefficients of FðgÞ, then setting each coefficient to zero, we can get a set of
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over-determined equations for n0; n1; . . .; nM k, and l with the aid of symbolic computation

Maple. Solving the algebraic equations including coefficients of n0; n1; . . .; nM k, and l into

(3.13) we get to exact solution of considered problem.

3.3 Description of the improved tan(/(g)/2)-expansion method

The tanð/=2Þ-expansion method is a well-known analytical method. In this paper we

propose to develop this method, but prior to that we give a detailed description of the

method throughout the following steps:

Step 1 We assume that the given nonlinear PDE with the conformable time-fractional

derivative as

N u;
oau

ota
;
ou

ox
;
o2u

ox2
; . . .

� �
¼ 0: ð3:20Þ

which can be converted to an ODE

Qðu;�ku0; u0; u00; . . .Þ ¼ 0; ð3:21Þ

by the transformation g ¼ x� kta

a is the wave variable. Also, k is constant to be determined

later.

Step 2 Suppose the traveling wave solution of Eq. (3.21) can be expressed as follows:

uðgÞ ¼
XM
k¼0

Ak tan
k UðgÞ

2

� �
þ
XM
k¼1

Bk cot
k UðgÞ

2

� �
; ð3:22Þ

where Akð0� k�MÞ;Bkð1� k�MÞ are constants to be determined, such that AM 6¼
0;BM 6¼ 0; and / ¼ /ðnÞ satisfies the following ordinary differential equation:

/0ðgÞ ¼ a sinð/ðgÞÞ þ b cosð/ðgÞÞ þ c: ð3:23Þ

Step 3 To determine M. This, usually, can be accomplished by balancing the linear

term(s) of highest order with the highest-order nonlinear term(s) in Eq. (3.21). But, the

positive integer M can be determined by considering the homogeneous balance between

the highest order derivatives and nonlinear terms appearing in Eq. (3.21). Moreover,

precisely, we define the degree of uðgÞ as DðuðgÞÞ ¼ M, which gives rise to degree of

another expression as follows:

D
dqu

dgq

� �
¼ M þ q; D up

dqu

dgq

� �s� �
¼ Mpþ sðM þ qÞ: ð3:24Þ

Step 4 Substituting (3.22) into Eq. (3.21) with the value of M obtained in Step 3.

collecting the coefficients of tanð/=2Þk, cotð/=2Þkðk ¼ 0; 1; 2; . . .;MÞ, then setting each

coefficient to zero, we can get a set of over-determined equations for A0;Ak;Bkðk ¼
1; 2; . . .; Þ a, b, and c with the aid of symbolic computation Maple. Solving the algebraic

equations, then substituting A0;A1; . . .;AM ;B1; . . .;BM; k in (3.22).

Consider the following special solutions of equation (3.23):

Family 1 When D ¼ a2 þ b2 � c2\0 and b� c 6¼ 0, then /ðgÞ ¼ 2 arctan

a
b�c

�
ffiffiffiffiffi
�D

p

b�c
tan

ffiffiffiffiffi
�D

p

2
eg

� �h i
:
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Family 2 When D ¼ a2 þ b2 � c2 [ 0 and b� c 6¼ 0, then

/ðgÞ ¼ 2 arctan a
b�c

þ
ffiffiffi
D

p

b�c
tanh

ffiffiffi
D

p

2
eg

� �h i
:

Family 3 When a2 þ b2 � c2 [ 0, b 6¼ 0 and c ¼ 0; then

/ðgÞ ¼ 2 arctan a
b
þ

ffiffiffiffiffiffiffiffiffi
b2þa2

p

b
tanh

ffiffiffiffiffiffiffiffiffi
b2þa2

p

2
eg

� �h i
:

Family 4 When a2 þ b2 � c2\0, c 6¼ 0 and b ¼ 0; then

/ðgÞ ¼ 2 arctan � a
c
þ

ffiffiffiffiffiffiffiffiffi
c2�a2

p

c
tan

ffiffiffiffiffiffiffiffiffi
c2�a2

p

2
eg

� �h i
:

Family 5 When a2 þ b2 � c2 [ 0, b� c 6¼ 0 and a ¼ 0; then

/ðgÞ ¼ 2 arctan
ffiffiffiffiffiffi
bþc
b�c

q
tanh

ffiffiffiffiffiffiffiffiffi
b2�c2

p

2
eg

� �h i
:

Family 6 When a ¼ 0 and c ¼ 0; then /ðgÞ ¼ arctan e2beg�1

e2begþ1
; 2ebeg

e2begþ1

� �
:

Family 7 When b ¼ 0 and c ¼ 0; then /ðgÞ ¼ arctan 2eaeg
e2aegþ1

; e2aeg�1

e2aegþ1

� �
:

Family 8 When a2 þ b2 ¼ c2, then /ðgÞ ¼ �2 arctan
ðbþcÞðaegþ2Þ

a2eg
h i

:

Family 9 When c ¼ a, then /ðgÞ ¼ �2 arctan
ðaþbÞebeg�1

ða�bÞebeg�1

� �
:

Family 10 When c ¼ �a, then /ðgÞ ¼ 2 arctan ebegþb�a

ebeg�b�a

� �
:

Family 11 When b ¼ �c, then /ðgÞ ¼ �2 arctan aeaeg
ceaeg�1

� �
:

Family 12 When b ¼ 0 and a ¼ c, then /ðgÞ ¼ �2 arctan cegþ2

ceg
h i

:

Family 13 When a ¼ 0 and b ¼ c, then /ðgÞ ¼ 2 arctan ceg½ �:
Family 14 When a ¼ 0 and b ¼ �c, then /ðgÞ ¼ �2 arctan 1

ceg
h i

;

Family 15 When a ¼ 0 and b ¼ 0, then /ðgÞ ¼ ceg þ C:

Family 16 When b ¼ c then /ðgÞ ¼ 2 arctan eaeg�c
a

� �
;

where eg ¼ gþ C.

4 Application of conformable time-fractional Boussinesq equation

In this section, we present three methods based on the integration methods for solving the

conformable time-fractional Boussinesq equation.

4.1 ETEM

In this subsection, consider ETEM for Eq. (5.4) which is given as

ðk2 � 1Þu00 � ðu2Þ00 þ uð4Þ ¼ 0; ð4:1Þ

where the prime indicates the derivation with respect to g. Integrating Eq. (4.1) twice and

setting the constants of integration equal to zero, results in

ðk2 � 1Þu� u2 þ u00 ¼ 0: ð4:2Þ
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We can determine values of d; h; and �, by balancing u2 and u00 in Eq. (4.2) as follows:

d ¼ h� �� 2: ð4:3Þ

For different values of d; h; and �, we have the following cases:

Case I d ¼ 1; h ¼ 4; and � ¼ 1.

If we take d ¼ 1; h ¼ 4, and � ¼ 1 for Eqs. (3.4) and (3.5), then we obtain

uðgÞ ¼ s0 þ s1C; ð4:4Þ

ðu0ðgÞÞ2 ¼ s21ðn4C4 þ n3C
3 þ n2C

2 þ n1Cþ n0Þ
f0 þ f1C

; ð4:5Þ

where n4 6¼ 0 and f1 6¼ 0. Solving the algebraic equation system (3.9) yields

• First set of parameters

n0 ¼
f0ðs1n1 þ 2f0k

2s0 � 2s0f0 � 2f0s
2
0Þ

s1f1
; n1 ¼ n1;

n2 ¼� k2s1f0 � 2s0f1 � 2s0s1f0 � 2s20f1 � s1f0 þ 2k2s0f1
s1

;

n3 ¼
2

3
s1f0 þ f1 þ 2s0f1 � k2f1;

n4 ¼
2

3
s1f1; f0 ¼ f0; f1 ¼ f1; k ¼ k; s0 ¼ s0; s1 ¼ s1:

ð4:6Þ

Substituting these results into Eqs. (3.5) and (3.10), we get

�ðg� g0Þ ¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

f0
n4
þ f1

n4
C

q
dC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C4 þ n3

n4
C3 þ n2

n4
C2 þ n1

n4
Cþ n0

n4

q ¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

f0
n4
þ f1

n4
C

C4 þ n3
n4
C3 þ n2

n4
C2 þ n1

n4
Cþ n0

n4

vuut dC;

ð4:7Þ

we have

f0
n4
þ f1

n4
C

C4 þ n3
n4
C3 þ n2

n4
C2 þ n1

n4
Cþ n0

n4

¼ �3s1f1
�2s21f1C

3 þ 3s1f1ðk2 � 2s0 � 1ÞC2 þ 6s0ðk2 � s0 � 1Þðf1C� f0Þ � 3s1n1
;

ð4:8Þ

and

� 2s21f1C
3 þ 3s1f1ðk2 � 2s0 � 1ÞC2 þ 6s0ðk2 � s0 � 1Þðf1C� f0Þ � 3s1n1

¼ ðC� a1ÞðC� a2ÞðC� a3Þ;
ð4:9Þ
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� ðg� g0Þ

¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�3s1f1
�2s21f1C

3 þ 3s1f1ðk2 � 2s0 � 1ÞC2 þ 6s0ðk2 � s0 � 1Þðf1C� f0Þ � 3s1n1

s
dC:

ð4:10Þ

Integrating (4.13), we obtain the solutions to the Eq. (1.1) as follows:

First solution

�ðg� g0Þ ¼
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3s1f1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 � a3

p Fðu; lÞ; a1 [ a2 [ a3; ð4:11Þ

where

Fðu; lÞ ¼
Z u

0

dwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2 sin2 w

p ;u ¼ arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C� a3
a2 � a3

r
; l2 ¼ a2 � a3

a2 � a3
; ð4:12Þ

C ¼a3 þ ða2 � a3Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 � a3

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3s1f1

p g� g0ð Þ; a2 � a3
a1 � a3

� �
;

uðgÞ ¼s0 þ a3s1 þ s1ða2 � a3Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 � a3

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3s1f1

p g� g0ð Þ; a2 � a3
a1 � a3

� �
:

ð4:13Þ

Therefore, the solution for the conformable time-fractional Boussinesq equation will be as

u1ðx; tÞ ¼ s0 þ a3s1 þ s1ða2 � a3Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 � a3

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3s1f1

p x� kta

a
� g0

� �
;
a2 � a3
a1 � a3

� �
: ð4:14Þ

Remark 1 If the modulus l ! 1, then the solution for the conformable time-fractional

Boussinesq equation can be reduced to the solitary wave solution

u2ðx; tÞ ¼ s0 þ a3s1 þ s1ða2 � a3Þ tanh2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � a3

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3s1f1

p x� kta

a
� g0

� �� �
: ð4:15Þ

where a1 ¼ a2, and v ¼ k
a represents the velocity of the dark soliton.

Case II d ¼ 2; h ¼ 4; and � ¼ 0.

If we take d ¼ 2; h ¼ 4, and � ¼ 0 for Eqs. (3.4) and (3.5), then we obtain

uðgÞ ¼ s0 þ s1Cþ s2C
2; ð4:16Þ

ðu0ðgÞÞ2 ¼ ð2s2Cþ s1Þ2ðn4C4 þ n3C
3 þ n2C

2 þ n1Cþ n0Þ
f0

; ð4:17Þ

where n4 6¼ 0 and f0 6¼ 0. Solving the algebraic equation system (3.9) yields

• First set of parameters
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n0 ¼�
f0 6s21s2 1� k2 þ 2s0ð Þ � s41 � 48s0s22 1þ s0 � k2ð Þ
	 


96s32
;

n1 ¼�
f0s1 6k2s2 � 12s0s2 þ s21 � 6s2

	 

2s22

;

n2 ¼�
f0 � 4s0s2 þ 2k2s2 � s21 � 2s2
	 


8s2
;

n3 ¼
1

3
s1f0; n4 ¼

1

6
s2f0; f0 ¼ f0; k ¼ k; s0 ¼ s0; s1 ¼ s1; s2 ¼ s2:

ð4:18Þ

Substituting these results into Eqs. (3.5) and (3.10), we get

�ðg� g0Þ ¼
Z ffiffiffiffi

f0
n4

q
dC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C4 þ n3

n4
C3 þ n2

n4
C2 þ n1

n4
C

q
þ n0

n4

: ð4:19Þ

Integrating Eq. (4.19), we obtain the solutions to the Eq. (1.1) as follows:

First solution

�ðg� g0Þ ¼
2
ffiffiffiffi
f0
n4

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1 � a3Þða2 � a4Þ

p Fðu; lÞ; a1 [ a2 [ a3 [ a4; ð4:20Þ

where

Fðu; lÞ ¼
Z u

0

dwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2 sin2w

p ; u¼ arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 � a4ÞðC� a1Þ
ða1 � a4ÞðC� a2Þ

s
; l2 ¼ ða2 � a3Þða1 � a4Þ

ða1 � a3Þða2 � a4Þ
;

) C¼ a2 þ
ða1 � a2Þða4 � a2Þ

a4 � a2 þ ða1 � a4Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða2�a4Þ

p
2P g� g0ð Þ; ða2�a3Þða1�a4Þ

ða1�a3Þða2�a4Þ

� � ;

ð4:21Þ

C4þ 2s1
s2

C3�
3 �4s0s2þ 2k2s2� s21 � 2s2
	 


4s22
C2þ

3s1 6k2s2� 12s0s2þ s21 � 6s2
	 


s32
C

� 6s21s2ð1� k2þ 2s0Þ� s41� 48s0s22ð1þ s0� k2Þ
16s42

¼ ðC� a1ÞðC� a2ÞðC� a3ÞðC� a4Þ)

ð4:22Þ

aj ¼ � s1
2s2

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6s21 þ 12k2s2 � 24s0s2 � 12s2 � 2

ffiffiffiffi
X

pq

4s2
; j ¼ 1; 2; 3; 4; ð4:23Þ

where

X ¼ 3 4s2s0 � s21 � 2s2 þ 2s2k
2

	 

�4s2s0 þ s21 � 6s2 þ 6s2k

2
	 


:

Therefore, the solution for the conformable time-fractional Boussinesq equation will be as

4 Page 10 of 31 M. Lakestani, J. Manafian

123



u3ðx; tÞ ¼ s0 þ s0a2 þ
s1ða1 � a2Þða4 � a2Þ

a4 � a2 þ ða1 � a4Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða2�a4Þ

p

2
ffiffiffi
6
s2

p x� kta

a � g0
	 


; ða2�a3Þða1�a4Þ
ða1�a3Þða2�a4Þ

" # :

ð4:24Þ

Remark 1 If the modulus l ! 1, then the solution for the conformable time-fractional

Boussinesq equation can be reduced to the solitary wave solution

u4ðx; tÞ ¼ s0 þ s0a2 þ
s1ða1 � a2Þða4 � a2Þ

a4 � a2 þ ða1 � a4Þ tanh2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a4Þða2�a4Þ

p

2
ffiffiffi
6
s2

p x� kta

a � g0
	 
" # ;

ð4:25Þ

where a3 ¼ a4.

Remark 2 If the modulus l ! 0, then the solution for the conformable time-fractional

Boussinesq equation can be reduced to the solitary wave solution

u5ðx; tÞ ¼ s0 þ s0a3 þ
s1ða1 � a3Þða4 � a3Þ

a4 � a3 þ ða1 � a4Þ sin2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða3�a4Þ

p

2
ffiffiffi
6
s2

p x� kta

a � g0
	 
" # ;

ð4:26Þ

where a2 ¼ a3.

Case III d ¼ 1; h ¼ 5; and � ¼ 2.

If we take d ¼ 1; h ¼ 5, and � ¼ 2 for Eqs. (3.4) and (3.5), then we obtain

uðgÞ ¼s0 þ s1C; ð4:27Þ

ðu0ðgÞÞ2 ¼ s21ðn5C5 þ n4C
4 þ n3C

3 þ n2C
2 þ n1Cþ n0Þ

f0 þ f1Cþ f2C
2

; ð4:28Þ

where n5 6¼ 0 and f2 6¼ 0. Solving the algebraic equation system (3.9) yields

• First set of parameters

s0 ¼s0; s1 ¼ s1; k ¼ k; n0 ¼
f0 �s1f0 þ 2k2s0f1 � 2s0f1 � 2s0s1f0 þ k2s1f0 � 2s20f1 þ s1n2
	 


s1f2
;

n1 ¼� 2s0s1f0f1 � k2s1f0f1 þ s1f0f1 þ 2k2s0f0f2 � 2s0f0f2 � 2s20f0f2 þ 2s0f
2
1 þ 2s20f

2
1 � s1n2f1 � 2k2s0f

2
1

s1f2
;

n2 ¼n2; n3 ¼ ��6s0s1f1 þ 3k2s1f1 � 3s1f1 � 2s21f0 þ 6f2s0k
2 � 6f2s0 � 6f2s

2
0

3s1
;

n4 ¼
2

3
s1f1 þ 2f2s0 � k2f2 þ f2; n5 ¼

2

3
s1f2; f0 ¼ f0; f1 ¼ f1; f2 ¼ f2:

ð4:29Þ

Substituting these results into Eqs. (3.5) and (3.10), we get

Analytical treatment of nonlinear conformable time-fractional… Page 11 of 31 4

123



�ðg� g0Þ ¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

f0
n5
þ f1

n5
Cþ f2

n5
C2

q
dC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C5 þ n4

n5
C4 þ n3

n5
C3 þ n2

n5
C2 þ n1

n5
C

q
þ n0

n5

¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�3s1f2
p

dCffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC� a1ÞðC� a2ÞðC� a3Þ

p ; ðC� a1ÞðC� a2ÞðC� a3Þ

¼ �2s21f2C
3 þ 3s1ðf2C2 � f0Þðk2 � 1� 2s0Þ þ 6s0ðf2C� f1Þðk2 � 1� s0Þ � 3s1n2;

ð4:30Þ

� ðg� g0Þ ¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�3s1f2
�2s21f2C

3 þ 3s1ðf2C2 � f0Þðk2 � 1� 2s0Þ þ 6s0ðf2C� f1Þðk2 � 1� s0Þ � 3s1n2

s
dC:

ð4:31Þ

Integrating (4.31), we obtain the solutions to the Eq. (1.1) as follows:

First solution

�ðg� g0Þ ¼
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3s1f1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 � a3

p Fðu; lÞ; a1 [ a2 [ a3; ð4:32Þ

where

Fðu; lÞ ¼
Z u

0

dwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2 sin2 w

p ; u ¼ arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C� a3
a2 � a3

r
; l2 ¼ a2 � a3

a2 � a3
;

C ¼a3 þ ða2 � a3Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 � a3

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3s1f2

p g� g0ð Þ; a2 � a3
a1 � a3

� �
;

ð4:33Þ

uðgÞ ¼s0 þ a3s1 þ s1ða2 � a3Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 � a3

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3s1f2

p g� g0ð Þ; a2 � a3
a1 � a3

� �
: ð4:34Þ

Therefore, the solution for the conformable time-fractional Boussinesq equation will be as

u6ðx; tÞ ¼ s0 þ a3s1 þ s1ða2 � a3Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 � a3

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3s1f2

p x� kta

a
� g0

� �
;
a2 � a3
a1 � a3

� �
: ð4:35Þ

Remark 1 If the modulus l ! 1, then the solution for the conformable time-fractional

Boussinesq equation can be reduced to the solitary wave solution

u7ðx; tÞ ¼ s0 þ a3s1 þ s1ða2 � a3Þ tanh2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � a3

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3s1f2

p x� kta

a
� g0

� �� �
; ð4:36Þ

where a1 ¼ a2, and v ¼ k
a represents the velocity of the dark soliton.

Case IV d ¼ 2; h ¼ 5; and � ¼ 1.

If we take d ¼ 2; h ¼ 5, and � ¼ 1 for Eqs. (3.4) and (3.5), then we obtain

uðgÞ ¼s0 þ s1Cþ s2C
2; ð4:37Þ

ðu0ðgÞÞ2 ¼ðs1 þ 2s2CÞ2ðn5C5 þ n4C
4 þ n3C

3 þ n2C
2 þ n1Cþ n0Þ

f0 þ f1C
; ð4:38Þ
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where n5 6¼ 0 and f1 6¼ 0. Solving the algebraic equation system (3.9) yields

• First set of parameters

s0 ¼s0; s1 ¼ s1; s2 ¼ s2; k ¼ k;

n0 ¼� f0ð12s0s2ð�4s2 � 4s2s0 þ 4s2k2 þ s21Þ � 6s21s2ðk2 � 1Þ � s41Þ
96s32

;

n1 ¼� 4s1s2f0ð6s2k2 þ s21 � 12s2s0 � 6s2Þ þ f1ð�6s21k
2s2 � s41 þ 12s21s0s2 þ 6s21s2 � 48s0s22 þ 48k2s0s22 � 48s20s

2
2Þ

96s32
;

n2 ¼� 3f0s2ð2s2k2 � 4s2s0 � 2s2 � s21Þ þ s1f1ð6s2k2 þ s21 � 12s2s0 � 6s2Þ
24s22

;

n3 ¼
8s1s2f0 � 3f1ð2s2k2 � 4s2s0 � 2s2 � s21Þ

24s2
;

n4 ¼
1

6
s2f0 þ

1

3
f1s1; n5 ¼

1

6
s2f1; f0 ¼ f0; f1 ¼ f1:

ð4:39Þ

Substituting these results into Eqs. (3.5) and (3.10), we get

�ðg� g0Þ ¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

f0
n5
þ f1

n5
C

q
dC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C5 þ n4

n5
C4 þ n3

n5
C3 þ n2

n5
C2 þ n1

n5
C

q
þ n0

n5

¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffi

�96s32
p

dCffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC� a1ÞðC� a2ÞðC� a3ÞðC� a4Þ

p ; ðC� a1ÞðC� a2ÞðC� a3ÞðC

� a4Þ
¼ X4C

4 þ X3C
3 þ X2C

2 þ X1Cþ X0;

ð4:40Þ

where

X4 ¼� 16s42; X3 ¼ �32s32s1; X2 ¼ 12s22ð2s2k2 � 4s0s2 � 2s2 � s21Þ;
X1 ¼4s1s2ðs21 � 6s2 þ 6s2k

2 � 12s0s2Þ;
X0 ¼� 6s21k

2s2 þ 12s21s0s2 þ 6s21s2 � s41 � 48s0s
2
2 � 48s20s

2
2 þ 48k2s0s

2
2;

�ðg� g0Þ ¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�96s32
X4C4 þ X3C3 þ X2C2 þ X1Cþ X0

s
dC:

ð4:41Þ

Integrating (4.41), we obtain the solutions to the Eq. (1.1) as follows:

First solution

�ðg� g0Þ ¼
2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�96s32

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1 � a3Þða2 � a4Þ

p Fðu; lÞ; a1 [ a2 [ a3 [ a4; ð4:42Þ

where
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Fðu; lÞ¼
Z u

0

dwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2 sin2w

p ; u¼ arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2�a4ÞðC�a1Þ
ða1�a4ÞðC�a2Þ

s
; l2 ¼ða2�a3Þða1�a4Þ

ða1�a3Þða2�a4Þ
;

)C¼ a2þ
ða1�a2Þða4�a2Þ

a4�a2þða1�a4Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða2�a4Þ

p

2
ffiffiffiffiffiffiffiffiffi
�96s3

2

p g�g0ð Þ; ða2�a3Þða1�a4Þ
ða1�a3Þða2�a4Þ

� � ;

ð4:43Þ

C4 þ 2s1
s2

C3 � 3ð�4s0s2 þ 2k2s2 � s21 � 2s2Þ
4s22

C2 þ 3s1ð6k2s2 � 12s0s2 þ s21 � 6s2Þ
s32

C�

6s21s2ð1� k2 þ 2s0Þ � s41 � 48s0s22ð1þ s0 � k2Þ
16s42

¼ ðC� a1ÞðC� a2ÞðC� a3ÞðC� a4Þ )

ð4:44Þ

aj ¼ � s1
2s2

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6s21 þ 12k2s2 � 24s0s2 � 12s2 � 2

ffiffiffiffi
X

pq

4s2
; j ¼ 1; 2; 3; 4; ð4:45Þ

where

X ¼ 3 4s2s0 � s21 � 2s2 þ 2s2k
2

	 

�4s2s0 þ s21 � 6s2 þ 6s2k

2
	 


:

Therefore, the solution for the conformable time-fractional Boussinesq equation will be as

u8ðx; tÞ¼ s0þ s0a2þ
s1ða1�a2Þða4�a2Þ

a4�a2þða1�a4Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða2�a4Þ

p

2
ffiffiffiffiffiffiffiffiffi
�96s3

2

p x� kta

a �g0
	 


; ða2�a3Þða1�a4Þ
ða1�a3Þða2�a4Þ

� � :

ð4:46Þ

Remark 1 If the modulus l ! 1, then the solution for the conformable time-fractional

Boussinesq equation can be reduced to the solitary wave solution

u9ðx; tÞ ¼ s0 þ s0a2 þ
s1ða1 � a2Þða4 � a2Þ

a4 � a2 þ ða1 � a4Þ tanh2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a4Þða2�a4Þ

p

2
ffiffiffiffiffiffiffiffiffi
�96s3

2

p x� kta

a � g0
	 
� � ;

ð4:47Þ

where a3 ¼ a4.

Remark 2 If the modulus l ! 0, then the solution for the conformable time-fractional

Boussinesq equation can be reduced to the solitary wave solution

u10ðx; tÞ ¼ s0 þ s0a3 þ
s1ða1 � a3Þða4 � a3Þ

a4 � a3 þ ða1 � a4Þ sin2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða3�a4Þ

p

2
ffiffiffiffiffiffiffiffiffi
�96s3

2

p x� kta

a � g0
	 
� � ;

ð4:48Þ

where a2 ¼ a3.
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4.2 EEM

In this subsection, consider EEM for Eq. (4.2) which is given in before subsection. By

balancing u2 and u00 in Eq. (4.2) we obtain the balance number m ¼ 2, and the exact

solution becomes,

uðgÞ ¼
X2
j¼�2

njF
jðgÞ; FðgÞ ¼ expð�XðgÞÞ: ð4:49Þ

Substituting (4.49) into Eq. (4.2) and comparing the terms, we will reach a system of

nonlinear algebraic equations, and by solving system of the nonlinear equations, yields

Case 1

k ¼ k; k ¼ 0; l ¼ 1

16
ðk2 � 1Þ; n�2 ¼

3

128
ðk2 � 1Þ2;

n�1 ¼ 0; n0 ¼
3

4
ðk2 � 1Þ; n1 ¼ 0; n2 ¼ 6:

ð4:50Þ

By using (3.15) and (4.50), the exact solution for the conformable time-fractional

Boussinesq equation becomes,

u1ðx; tÞ ¼ � 3

8
ðk2 � 1Þ tanh2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p

4
x� kta

a
þ E

� � !
þ 3

4
ðk2 � 1Þ

� 3

8
ðk2 � 1Þ coth2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p

4
x� kta

a
þ E

� � !
;

ð4:51Þ

when �1\k\1.

By using (3.16) and (4.50), the exact solution for the conformable time-fractional

Boussinesq equation yields,

u2ðx; tÞ ¼
3

8
ðk2 � 1Þ tan2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 1

p

4
x� kta

a
þ E

� � !
þ 3

4
ðk2 � 1Þ

þ 3

8
ðk2 � 1Þ cot2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 1

p

4
x� kta

a
þ E

� � !
;

ð4:52Þ

when k[ 1 or k\� 1.

By using (3.19) and (4.50), the exact solution for the conformable time-fractional

Boussinesq equation becomes,

u3ðx; tÞ ¼
6

x� ta

a þ E
	 
2 ; ð4:53Þ

when k ¼ 1.

Case 2

k ¼ k; k ¼ k; l ¼ 1

4
ðk2 � k2 þ 1Þ; n�2 ¼

3

8
ðk2 � k2 þ 1Þ2;

n�1 ¼
3

2
kðk2 � k2 þ 1Þ; n0 ¼

1

2
ð3k2 � k2 þ 1Þ; n1 ¼ 0; n2 ¼ 0:

ð4:54Þ
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By using (3.15) and (4.54), the exact solution for the conformable time-fractional

Boussinesq equation becomes,

u4ðx; tÞ ¼
3

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 1

p
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 1

p

2
x� kta

a
þ E

� � !
� k

" #2
þ 1

2
ð3k2 � k2 þ 1Þ

þ 3k
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 1

p
tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 1

p

2
x� kta

a
þ E

� � !
� k

" #
;

ð4:55Þ

when k[ 1 or k\� 1.

By using (3.16) and (4.54), the exact solution for the conformable time-fractional

Boussinesq equation yields,

u5ðx; tÞ ¼
3

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p

2
x� kta

a
þ E

� � !
� k

" #2
þ 1

2
ð3k2 � k2 þ 1Þ

þ 3k
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p

2
x� kta

a
þ E

� � !
� k

" #
;

ð4:56Þ

when �1\k\1.

By using (3.18) and (4.54), the exact solution for the conformable time-fractional

Boussinesq equation becomes,

u6ðx; tÞ ¼
3

8
k4

4� 2k x� ta

a þ E
	 


k2 x� ta

a þ E
	 


" #2
þ 3

2
k3

4� 2k x� ta

a þ E
	 


k2 x� ta

a þ E
	 


" #
þ 3

2
k2; ð4:57Þ

when k ¼ 1.

4.3 ITEM

By applying the ITEM for Eq. (4.2) and by balancing u2 and u00 in Eq. (4.2) we obtain the

balance number m ¼ 2, and the exact solution yields

uðgÞ ¼
X2
j¼0

Aj tan
jð/=2Þ þ

X2
j¼1

Bj cot
jð/=2Þ: ð4:58Þ

Substituting (4.58) into Eq. (4.2) and comparing the terms, we will reach a system of

nonlinear algebraic equations, and by solving system of the nonlinear equations, yields

Case 1

k ¼ k; a ¼ a; b ¼ b; c ¼ c; A0 ¼ 0; A1 ¼ �B1; A2 ¼ �B2; B1 ¼ B1; B2 ¼ B2:

ð4:59Þ

By using (3.23) and (4.59), the exact solution for the conformable time-fractional

Boussinesq equation becomes,
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u1ðx; tÞ ¼ � B1

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #

� B2

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #2

þ B1

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #�1

þ B2

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #�2

;

ð4:60Þ

when D ¼ a2 þ b2 � c2\0 (Family 1).

u2ðx; tÞ ¼ � B1

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #

� B2

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #2

þ B1

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #�1

þ B2

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #�2

;

ð4:61Þ

when D ¼ a2 þ b2 � c2 [ 0 (Family 2).

u3ðx; tÞ¼�B1

e b x�kta
að Þð Þ þb�a

e b x�kta
að Þð Þ �b�a

" #
�B2

e b x�kta
að Þð Þ þb�a

e b x�kta
að Þð Þ �b�a

" #2
þB1

e b x�kta
að Þð Þ þb�a

e b x�kta
að Þð Þ �b�a

" #�1

þ B2

e b x�kta
að Þð Þ þb�a

e b x�kta
að Þð Þ �b�a

" #�2

;

ð4:62Þ

when c¼�a (Family 10).

u4ðx; tÞ ¼ �B1 c x� kta

a

� �� �
� B2 c x� kta

a

� �� �2

þB1 c x� kta

a

� �� ��1

þB2 c x� kta

a

� �� ��2

;

ð4:63Þ

when a ¼ 0 and b ¼ c (Family 13).

Case 2

k ¼ k; a ¼ a; b ¼ b; c ¼ c; A0 ¼ k2 � 1; A1 ¼ �B1; A2 ¼ �B2;

B1 ¼ B1; B2 ¼ B2:
ð4:64Þ

By using (3.23) and (4.64), the exact solution for the conformable time-fractional

Boussinesq equation becomes,
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u5ðx; tÞ ¼k2 � 1� B1

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #

� B2

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #2

þ B1

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #�1

þ B2

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #�2

;

ð4:65Þ

when D ¼ a2 þ b2 � c2\0 (Family 1).

u6ðx; tÞ ¼k2 � 1� B1

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #

� B2

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #2

þ B1

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #�1

þ B2

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #�2

;

ð4:66Þ

when D ¼ a2 þ b2 � c2 [ 0 (Family 2).

u7ðx; tÞ ¼ k2 � 1� B1

e b x�kta
að Þð Þ þ b� a

e b x�kta
að Þð Þ � b� a

" #
� B2

e b x�kta
að Þð Þ þ b� a

e b x�kta
að Þð Þ � b� a

" #2

þ B1

e b x�kta
að Þð Þ þ b� a

e b x�kta
að Þð Þ � b� a

" #�1

þB2

e b x�kta
að Þð Þ þ b� a

e b x�kta
að Þð Þ � b� a

" #�2

;

ð4:67Þ

when c ¼ �a (Family 10).

u8ðx; tÞ ¼ k2 � 1� B1 c x� kta

a

� �� �
� B2 c x� kta

a

� �� �2

þB1 c x� kta

a

� �� ��1

þ B2 c x� kta

a

� �� ��2

;

ð4:68Þ

when a ¼ 0 and b ¼ c (Family 13).
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5 Application of coupled conformable time-fractional Boussinesq
equation

In this section, we present three methods based on integration methods for solving the

coupled conformable time-fractional Boussinesq equation.

5.1 ETEM

In this subsection, consider ETEM for Eq. (1.2) which is given as

� ku0 þ v0 ¼ 0;

� kv0 þ lðu2Þ0 � ku000 ¼ 0;
ð5:1Þ

where the prime indicates the derivation with respect to g. By integrating Eq. (5.1) once

and setting the constant of integration equal to zero, results in

v ¼ku; ð5:2Þ

� kvþ lu2 � ku00 ¼0: ð5:3Þ

By inserting (5.2) into (5.3), yields

k2u� lu2 þ ku00 ¼ 0: ð5:4Þ

Once again, we can determine values of d; h; and �, by balancing u2 and u00 in Eq. (5.4) as

follows:

d ¼ h� �� 2: ð5:5Þ

For different values of d; h; and �, we have the following cases:

Case I d ¼ 2; h ¼ 4; and � ¼ 0.

If we take d ¼ 2; h ¼ 4, and � ¼ 0 for Eqs. (3.4) and (3.5), then we obtain

uðgÞ ¼s0 þ s1Cþ s2C
2; ð5:6Þ

ðu0ðgÞÞ2 ¼
ð2s2Cþ s1Þ2 n4C

4 þ n3C
3 þ n2C

2 þ n1Cþ n0
	 


f0
; ð5:7Þ

where n4 6¼ 0 and f0 6¼ 0. Solving the algebraic equation system (3.9) yields

• First set of parameters

n0 ¼�
f0 12s21ls0s2 � 6s21k

2s2 � s41lþ 48k2s0s22 � 48ls20s
2
2

	 

96ks32

;

n1 ¼�
f0s1 �12ls0s2 þ 6k2s2 þ ls21

	 

24ks22

;

n2 ¼�
f0 2k2s2 � ls21 � 4ls0s2
	 


8ks2
;

n3 ¼
1

3k
ls1f0; n4 ¼

1

6k
ls2f0; f0 ¼ f0; k ¼ k; s0 ¼ s0; s1 ¼ s1; s2 ¼ s2:

ð5:8Þ
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Substituting these results into Eqs. (3.5) and (3.10), we get

�ðg� g0Þ ¼
Z ffiffiffiffi

f0
n4

q
dC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C4 þ n3

n4
C3 þ n2

n4
C2 þ n1

n4
C

q
þ n0

n4

: ð5:9Þ

Integrating Eq. (5.9), we obtain the solutions to the Eq. (1.2) as follows:

First solution

�ðg� g0Þ ¼
2
ffiffiffiffi
f0
n4

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1 � a3Þða2 � a4Þ

p Fðu; lÞ; a1 [ a2 [ a3 [ a4; ð5:10Þ

where

Fðu; lÞ¼
Z u

0

dwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2 sin2w

p ; u¼ arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2�a4ÞðC�a1Þ
ða1�a4ÞðC�a2Þ

s
; l2 ¼ða2�a3Þða1�a4Þ

ða1�a3Þða2�a4Þ
;

)C¼ a2þ
ða1�a2Þða4�a2Þ

a4�a2þða1�a4Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða2�a4Þ

p
2P g�g0ð Þ; ða2�a3Þða1�a4Þ

ða1�a3Þða2�a4Þ

� � ;

ð5:11Þ

C4þ2s1
s2

C3�
3 �4ls0s2þ2k2s2�ls21
	 


4ls22
C2�

s1 6k2s2�12ls0s2þls21
	 


4ls32
C�

12s21ls0s2�6s21k
2s2� s41lþ48k2s0s22�48ls20s

2
2

16ls42
¼ðC�a1ÞðC�a2ÞðC�a3ÞðC�a4Þ)

ð5:12Þ

aj ¼ � s1
2s2

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6l2s21 þ 12lk2s2 � 24l2s0s2 � 2

ffiffiffiffi
X

pq

4ls2
; j ¼ 1; 2; 3; 4; ð5:13Þ

where

X ¼ 3 4ls2s0 � ls21 þ 2s2k
2

	 

�4ls2s0 þ ls21 þ 6s2k

2
	 


:

Therefore, the solution for the coupled conformable time-fractional Boussinesq equation

will be as

u1ðx; tÞ¼s0þ s0a2þ
s1ða1�a2Þða4�a2Þ

a4�a2þða1�a4Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða2�a4Þ

p

2
ffiffiffi
6
s2

p x� kta

a �g0
	 


; ða2�a3Þða1�a4Þ
ða1�a3Þða2�a4Þ

" # ;

ð5:14Þ

v1ðx; tÞ¼ks0þ ks0a2þ
ks1ða1�a2Þða4�a2Þ

a4�a2þða1�a4Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða2�a4Þ

p

2
ffiffiffi
6
s2

p x� kta

a �g0
	 


; ða2�a3Þða1�a4Þ
ða1�a3Þða2�a4Þ

" # :

ð5:15Þ
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Remark 1 If the modulus l ! 1, then the solution for the coupled conformable time-

fractional Boussinesq equation can be reduced to the solitary wave solution

u2ðx; tÞ ¼s0 þ s0a2 þ
s1ða1 � a2Þða4 � a2Þ

a4 � a2 þ ða1 � a4Þ tanh2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a4Þða2�a4Þ

p

2
ffiffiffi
6
s2

p x� kta

a � g0
	 
" # ;

ð5:16Þ

v2ðx; tÞ ¼ks0 þ ks0a2 þ
ks1ða1 � a2Þða4 � a2Þ

a4 � a2 þ ða1 � a4Þ tanh2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a4Þða2�a4Þ

p

2
ffiffiffi
6
s2

p x� kta

a � g0
	 
" # ;

ð5:17Þ

where a3 ¼ a4.

Remark 2 If the modulus l ! 0, then the solution for the coupled conformable time-

fractional Boussinesq equation can be reduced to the solitary wave solution

u3ðx; tÞ ¼ s0 þ s0a3 þ
s1ða1 � a3Þða4 � a3Þ

a4 � a3 þ ða1 � a4Þ sin2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða3�a4Þ

p

2
ffiffiffi
6
s2

p x� kta

a � g0
	 


" # ;

ð5:18Þ

v3ðx; tÞ ¼ ks0 þ ks0a3 þ
ks1ða1 � a3Þða4 � a3Þ

a4 � a3 þ ða1 � a4Þ sin2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða3�a4Þ

p

2
ffiffiffi
6
s2

p x� kta

a � g0
	 
" # ;

ð5:19Þ

where a2 ¼ a3.

Case II d ¼ 2; h ¼ 5; and � ¼ 1.

If we take d ¼ 2; h ¼ 5, and � ¼ 1 for Eqs. (3.4) and (3.5), then we obtain

uðgÞ ¼s0 þ s1Cþ s2C
2; ð5:20Þ

ðu0ðgÞÞ2 ¼
ðs1 þ 2s2CÞ2 n5C

5 þ n4C
4 þ n3C

3 þ n2C
2 þ n1Cþ n0

	 

f0 þ f1C

; ð5:21Þ

where n5 6¼ 0 and f1 6¼ 0. Solving the algebraic equation system (3.9) yields

• First set of parameters
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s0 ¼s0; s1 ¼ s1; s2 ¼ s2; k ¼ k;

n0 ¼�
f0 12s21ls0s2 � s41l� 6s21k

2s2 þ 48k2s0s22 � 48ls20s
2
2

	 


96ks32
;

n1 ¼�
4s1s2f0 6s2k2 þ ls21 � 12ls2s0

	 

þ f1 �6s21k

2s2 � ls41 þ 12ls21s0s2 � 48ls20s
2
2 þ 48k2s0s22

	 


96ks32
;

n2 ¼�
3f0s2 2s2k2 � 4ls2s0 � ls21

	 

þ s1f1 6s2k2 þ ls21 � 12ls2s0

	 

24ks22

;

n3 ¼
8ls1s2f0 � 3f1 2s2k2 � 4ls2s0 � ls21

	 

24ks2

;

n4 ¼
1

6k
l 2s1f1 þ s2f0ð Þ; n5 ¼

1

6k
ls2f1; f0 ¼ f0; f1 ¼ f1:

ð5:22Þ

Substituting these results into Eqs. (3.5) and (3.10), we get

�ðg�g0Þ¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

f0
n5
þ f1

n5
C

q
dC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C5þ n4

n5
C4þ n3

n5
C3þ n2

n5
C2þ n1

n5
C

q
þ n0

n5

¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffi

�96s32
p

dCffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC�a1ÞðC�a2ÞðC�a3ÞðC�a4Þ

p ;ðC�a1ÞðC�a2ÞðC�a3ÞðC�a4Þ

¼X4C
4þX3C

3þX2C
2þX1CþX0;

ð5:23Þ

where

X4 ¼� 16ls42; X3 ¼ �32ls32s1; X2 ¼ 12s22 2s2k
2 � 4ls0s2 � ls21

	 

;

X1 ¼4s1s2 ls21 þ 6s2k
2 � 12ls0s2

	 

; X0 ¼ �6s21k

2s2 þ 12ls21s0s2

� ls41 � 48ls20s
2
2 þ 48k2s0s

2
2;

�ðg� g0Þ ¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�96ks32
X4C

4 þ X3C
3 þ X2C

2 þ X1Cþ X0

s
dC:

ð5:24Þ

Integrating (5.24), we obtain the solutions to the Eq. (1.2) as follows:

First solution

�ðg� g0Þ ¼
2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�96s32

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1 � a3Þða2 � a4Þ

p Fðu; lÞ; a1 [ a2 [ a3 [ a4; ð5:25Þ

where

Fðu; lÞ ¼
Z u

0

dwffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2 sin2 w

p ; u ¼ arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 � a4ÞðC� a1Þ
ða1 � a4ÞðC� a2Þ

s
; l2 ¼ ða2 � a3Þða1 � a4Þ

ða1 � a3Þða2 � a4Þ
;

) C ¼ a2 þ
ða1 � a2Þða4 � a2Þ

a4 � a2 þ ða1 � a4Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða2�a4Þ

p

2
ffiffiffiffiffiffiffiffiffi
�96s3

2

p g� g0ð Þ; ða2�a3Þða1�a4Þ
ða1�a3Þða2�a4Þ

� � ;

ð5:26Þ
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X4C
4 þ X3C

3 þ X2C
2 þ X1Cþ X0 ¼ ðC� a1ÞðC� a2ÞðC� a3ÞðC� a4Þ ) ð5:27Þ

aj ¼ � s1
2s2

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6l2s21 þ 12lk2s2 � 24l2s0s2 � 2

ffiffiffiffi
X

pq

4s2
; j ¼ 1; 2; 3; 4; ð5:28Þ

where

X ¼ 3 4ls2s0 � ls21 þ 2s2k
2

	 

�4ls2s0 þ ls21 þ 6s2k

2
	 


:

Therefore, the solution for the coupled conformable time-fractional Boussinesq equation

will be as

u4ðx; tÞ¼s0þ s0a2þ
s1ða1�a2Þða4�a2Þ

a4�a2þða1�a4Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða2�a4Þ

p

2
ffiffiffiffiffiffiffiffiffi
�96s3

2

p x� kta

a �g0
	 


; ða2�a3Þða1�a4Þ
ða1�a3Þða2�a4Þ

� � ;

ð5:29Þ

v4ðx; tÞ¼ks0þ ks0a2þ
ks1ða1�a2Þða4�a2Þ

a4�a2þða1�a4Þsn2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða2�a4Þ

p

2
ffiffiffiffiffiffiffiffiffi
�96s3

2

p x� kta

a �g0
	 


; ða2�a3Þða1�a4Þ
ða1�a3Þða2�a4Þ

� � :

ð5:30Þ

Remark 1 If the modulus l ! 1, then the solution for the coupled conformable time-

fractional Boussinesq equation can be reduced to the solitary wave solution

u5ðx; tÞ ¼s0 þ s0a2 þ
s1ða1 � a2Þða4 � a2Þ

a4 � a2 þ ða1 � a4Þ tanh2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a4Þða2�a4Þ

p

2
ffiffiffiffiffiffiffiffiffi
�96s3

2

p x� kta

a � g0
	 
� � ;

ð5:31Þ

v5ðx; tÞ ¼ks0 þ ks0a2 þ
ks1ða1 � a2Þða4 � a2Þ

a4 � a2 þ ða1 � a4Þ tanh2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a4Þða2�a4Þ

p

2
ffiffiffiffiffiffiffiffiffi
�96s3

2

p x� kta

a � g0
	 
� � ;

ð5:32Þ

where a3 ¼ a4.

Remark 2 If the modulus l ! 0, then the solution for the coupled conformable time-

fractional Boussinesq equation can be reduced to the solitary wave solution

u6ðx; tÞ ¼s0 þ s0a3 þ
s1ða1 � a3Þða4 � a3Þ

a4 � a3 þ ða1 � a4Þ sin2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða3�a4Þ

p

2
ffiffiffiffiffiffiffiffiffi
�96s3

2

p x� kta

a � g0
	 
� � ; ð5:33Þ

v6ðx; tÞ ¼ks0 þ ks0a3 þ
ks1ða1 � a3Þða4 � a3Þ

a4 � a3 þ ða1 � a4Þ sin2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1�a3Þða3�a4Þ

p

2
ffiffiffiffiffiffiffiffiffi
�96s3

2

p x� kta

a � g0
	 
� � ;

ð5:34Þ

where a2 ¼ a3.
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5.2 EEM

In this subsection, consider EEM for Eq. (5.4) which is given in before subsection. By

balancing u2 and u00 in Eq. (5.4) we obtain the balance number m ¼ 2, and the exact

solution becomes,

uðgÞ ¼
X2
j¼�2

njF
jðgÞ; FðgÞ ¼ expð�XðgÞÞ: ð5:35Þ

Substituting (5.35) into Eq. (5.4) and comparing the terms, we will reach a system of

nonlinear algebraic equations, and by solving system of the nonlinear equations, yields

Case 1

k ¼ k; k ¼ 0; l ¼ k2

16a
; n�2 ¼

3k4

128ab
; n�1 ¼ 0; n0 ¼

3k2

4b
; n1 ¼ 0; n2 ¼

6a

b
:

ð5:36Þ

By using (3.15) and (5.36), the exact solution for the coupled conformable time-fractional

Boussinesq equation becomes,

u1ðx; tÞ¼�3k2

8b
tanh2

k

8
ffiffiffiffiffiffiffi
�a

p x� kta

a
þE

� �� �
þ3k2

8b
�3k2

8b
coth2

k

8
ffiffiffiffiffiffiffi
�a

p x� kta

a
þE

� �� �
;

ð5:37Þ

v1ðx; tÞ¼�3k3

8b
tanh2

k

8
ffiffiffiffiffiffiffi
�a

p x� kta

a
þE

� �� �
þ3k3

4b
�3k3

8b
coth2

k

8
ffiffiffiffiffiffiffi
�a

p x� kta

a
þE

� �� �
;

ð5:38Þ

when a\0.

By using (3.16) and (5.36), the exact solution for the coupled conformable time-frac-

tional Boussinesq equation yields,

u2ðx; tÞ ¼
3k2

8b
tanh2

k

8
ffiffiffiffiffiffiffi
�a

p x� kta

a
þ E

� �� �
þ 3k2

4b
þ 3k2

8b
coth2

k

8
ffiffiffiffiffiffiffi
�a

p x� kta

a
þ E

� �� �
;

ð5:39Þ

v2ðx; tÞ ¼
3k3

8b
tan2

k

8
ffiffiffi
a

p x� kta

a
þ E

� �� �
þ 3k3

4b
þ 3k3

8b
cot2

k

8
ffiffiffi
a

p x� kta

a
þ E

� �� �
;

ð5:40Þ

when a[ 0.

Case 2

k ¼ k; k ¼ k; l ¼ ak2 þ k2

4a
; n�2 ¼

3ðak2 þ k2Þ2

8ab
; n�1 ¼

3kðak2 þ k2Þ
2b

;

n0 ¼
3ðak2 þ k2Þ

2b
; n1 ¼ 0; n2 ¼ 0:

ð5:41Þ

By using (3.15) and (5.41), the exact solution for the coupled conformable time-fractional

Boussinesq equation becomes,
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u3ðx; tÞ ¼
3a

2b

kffiffiffiffiffiffiffi
�a

p tanh
k

2
ffiffiffiffiffiffiffi
�a

p x� kta

a
þ E

� �� �
� k

� �2
þ 3kðak2 þ k2Þ

2b

þ 3ak
b

kffiffiffiffiffiffiffi
�a

p tanh
k

2
ffiffiffiffiffiffiffi
�a

p x� kta

a
þ E

� �� �
� k

� �
;

ð5:42Þ

v3ðx; tÞ ¼
3ak

2b

kffiffiffiffiffiffiffi
�a

p tanh
k

2
ffiffiffiffiffiffiffi
�a

p x� kta

a
þ E

� �� �
� k

� �2
þ 3kkðak2 þ k2Þ

2b

þ 3akk
b

kffiffiffiffiffiffiffi
�a

p tanh
k

2
ffiffiffiffiffiffiffi
�a

p x� kta

a
þ E

� �� �
� k

� �
;

ð5:43Þ

when a\0.

By using (3.16) and (5.41), the exact solution for the coupled conformable time-frac-

tional Boussinesq equation yields,

u4ðx; tÞ ¼
3a

2b

kffiffiffi
a

p tan
k

2
ffiffiffi
a

p x� kta

a
þ E

� �� �
� k

� �2
þ 3kðak2 þ k2Þ

2b

þ 3ak
b

kffiffiffi
a

p tan
k

2
ffiffiffi
a

p x� kta

a
þ E

� �� �
� k

� �
;

ð5:44Þ

v4ðx; tÞ ¼
3ak

2b

kffiffiffi
a

p tan
k

2
ffiffiffi
a

p x� kta

a
þ E

� �� �
� k

� �2
þ 3kkðak2 þ k2Þ

2b

þ 3akk
b

kffiffiffi
a

p tan
k

2
ffiffiffi
a

p x� kta

a
þ E

� �� �
� k

� �
;

ð5:45Þ

when a[ 0.

5.3 ITEM

As last applied method, namely, the ITEM for Eq. (5.4) and by balancing u2 and u00 in
Eq. (5.4) we obtain the balance number m ¼ 2, and the exact solution will be as

uðgÞ ¼
X2
j¼0

Aj tan
jð/=2Þ þ

X2
j¼1

Bj cot
jð/=2Þ: ð5:46Þ

Substituting (5.46) into Eq. (5.4) and comparing the terms, we will reach a system of

nonlinear algebraic equations, and by solving system of the nonlinear equations, yields

Case 1

k ¼ k; a¼ a; b¼ b; c¼ c; A0 ¼ 0; A1 ¼�B1; A2 ¼�B2; B1 ¼ B1; B2 ¼ B2:

ð5:47Þ

By using (3.23) and (5.47), the exact solution for the coupled conformable time-fractional

Boussinesq equation becomes,

Analytical treatment of nonlinear conformable time-fractional… Page 25 of 31 4

123



u1ðx; tÞ ¼ � B1

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #

� B2

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #2

þ B1

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #�1

þ B2

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #�2

;

ð5:48Þ

v1ðx; tÞ ¼ � kB1

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #

� kB2

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #2

þ kB1

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #�1

þ kB2

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #�2

;

ð5:49Þ

when D ¼ a2 þ b2 � c2\0 (Family 1).

u2ðx; tÞ ¼ � B1

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #

� B2

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #2

þ B1

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #�1

þ B2

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #�2

;

ð5:50Þ
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v2ðx; tÞ ¼ � kB1

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #

� kB2

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #2

þ kB1

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #�1

þ kB2

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #�2

;

ð5:51Þ

when D ¼ a2 þ b2 � c2 [ 0 (Family 2).

u3ðx; tÞ ¼ � B1

eb x�kta
að Þ þ b� a

eb x�kta
að Þ � b� a

" #
� B2

eb x�kta
að Þ þ b� a

eb x�kta
að Þ � b� a

" #2
þB1

eb x�kta
að Þ þ b� a

eb x�kta
að Þ � b� a

" #�1

þ B2

eb x�kta
að Þ þ b� a

eb x�kta
að Þ � b� a

" #�2

;

ð5:52Þ

v3ðx; tÞ ¼ � kB1

eb x�kta
að Þ þ b� a

eb x�kta
a vð Þ � b� a

" #
� kB2

eb x�kta
að Þ þ b� a

eb x�kta
að Þ � b� a

" #2
þBk1

eb x�kta
að Þ þ b� a

eb x�kta
að Þ � b� a

" #�1

þ kB2

eb x�kta
að Þ þ b� a

eb x�kta
að Þ � b� a

" #�2

;

ð5:53Þ

when c ¼ �a (Family 10).

u4ðx; tÞ ¼ � B1 c x� kta

a

� �� �
� B2 c x� kta

a

� �� �2

þB1 c x� kta

a

� �� ��1

þ B2 c x� kta

a

� �� ��2

;

ð5:54Þ

v4ðx; tÞ ¼ � kB1 c x� kta

a

� �� �
� kB2 c x� kta

a

� �� �2

þkB1 c x� kta

a

� �� ��1

þ kB2 c x� kta

a

� �� ��2

;

ð5:55Þ

when a ¼ 0 and b ¼ c (Family 13).

Case 2

k¼ k; a¼ a; b¼ b; c¼ c; A0 ¼
k2

l
; A1 ¼�B1; A2 ¼�B2;B1 ¼B1; B2 ¼B2:

ð5:56Þ
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By using (3.23) and (5.56), the exact solution for the coupled conformable time-fractional

Boussinesq equation yields,

u5ðx; tÞ ¼
k2

l
� B1

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #

� B2

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #2

þ B1

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #�1

þ B2

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #�2

;

ð5:57Þ

v5ðx; tÞ ¼
k3

l
� kB1

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #

� kB2

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #2

þ kB1

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #�1

þ kB2

a

b� c
�

ffiffiffiffiffiffiffi
�D

p

b� c
tan

ffiffiffiffiffiffiffi
�D

p

2
x� kta

a

� � !" #�2

;

ð5:58Þ

when D ¼ a2 þ b2 � c2\0 (Family 1).

u6ðx; tÞ ¼
k2

l
� B1

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #

� B2

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #2

þ B1

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #�1

þ B2

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #�2

;

ð5:59Þ
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v6ðx; tÞ ¼
k3

l
� kB1

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #

� kB2

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #2

þ kB1

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #�1

þ kB2

a

b� c
þ

ffiffiffiffi
D

p

b� c
tanh

ffiffiffiffi
D

p

2
x� kta

a

� � !" #�2

;

ð5:60Þ

when D ¼ a2 þ b2 � c2 [ 0 (Family 2).

u7ðx; tÞ ¼
k2

l
� B1

eb x�kta
að Þ þ b� a

ebðx�
kta
a Þ � b� a

" #
� B2

ebðx�
kta
a Þ þ b� a

eb x�kta
að Þ � b� a

" #2
þB1

ebðx�
kta
a Þ þ b� a

eb x�kta
að Þ � b� a

" #�1

þ B2

ebðx�
kta
a Þ þ b� a

eb x�kta
að Þ � b� a

" #�2

;

ð5:61Þ

v7ðx; tÞ¼
k3

l
� kB1

eb x�kta
að Þ þb�a

ebðx�
kta
a Þ �b�a

" #
�kB2

ebðx�
kta
a Þ þb�a

eb x�kta
að Þ �b�a

" #2
þkB1

ebðx�
kta
a Þ þb�a

eb x�kta
að Þ �b�a

" #�1

þ kB2

ebðx�
kta
a Þ þb�a

eb x�kta
að Þ �b�a

" #�2

;

ð5:62Þ

when c¼�a (Family 10).

u8ðx; tÞ ¼
k2

l
� B1 c x� kta

a

� �� �
� B2 c x� kta

a

� �� �2

þB1 c x� kta

a

� �� ��1

þ B2 c x� kta

a

� �� ��2

;

ð5:63Þ

v8ðx; tÞ ¼
k3

l
� kB1 c x� kta

a

� �� �
� kB2 c x� kta

a

� �� �2

þkB1 c x� kta

a

� �� ��1

þ kB2 c x� kta

a

� �� ��2

;

ð5:64Þ

when a ¼ 0 and b ¼ c (Family 13).

6 Conclusion

In this study, by utilizing three integration methods, namely, the extended trial equation

method, the expð�XðgÞÞ-expansion method and the tanð/ðgÞ=2Þ-expansion method, with
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the help of Maple software, we investigated the solutions of the nonlinear conformable

time-fractional Boussinesq equations. We obtained some new dark solitons, bright solitons,

solitary wave, periodic solitary wave, rational function, and elliptic function solutions. All

the obtained solutions in this study verified the conformable time-fractional Boussinesq

equations, we checked this using the same program in Maple 13. The aforementioned

methods are powerful and efficient mathematical tool that can be used with the aid of

symbolic software such as Maple or Mathematica in exploring search for the solutions of

the various nonlinear fractional equations arising in the various field of nonlinear sciences.
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