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Abstract Under investigation in this paper is a nonlinear conformable time-fractional
Boussinesq equations as an important class of fractional differential equations in mathe-
matical physics. The extended trial equation method, the exp(—€(1))-expansion method
and the tan(¢(17) /2)-expansion method are used in examining the analytical solution of the
nonlinear fractional equations. The proposed methods are based on the integration method
and a wave transformation. The fractional derivative in the sense of conformable time-
fractional derivative is defined. Fractional complex transform is implemented to change
fractional differential equations into ordinary differential equations in this paper. In
addition, explicit new exact solutions are derived in different form such as dark solitons,
bright solitons, solitary wave, periodic solitary wave, rational function, and elliptic func-
tion solutions of nonlinear conformable time-fractional Boussinesq equations.

Keywords Conformable time-fractional Boussinesq equations - Conformable
time-fractional derivative - The extended trial equation method - The exp(—Q(n))-
expansion method - The tan(¢(7)/2)-expansion method

1 Introduction

Fractional calculus is considered as a novel topic (Podlubny 1999), it has gained consid-
erable popularity and also much more importance during the past three decades. Fractional
partial differential equations (FPDEs) involve unknown multivariable functions and their
fractional partial operators. Several physical phenomena have been dressed up in FPDEs in
recent years such as viscoelasticity, plasma, solid mechanics, optical fibers, signal pro-
cessing, electromagnetic waves, biomedical sciences, Diffusion processes and vibration
with fractional damping. Seeking exact solutions to fractional differential equations
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(FDEs) is an important task of many researchers. A wide range of straightforward and
powerful methods have been introduced to obtain exact solutions of nonlinear PDEs, such
as, the Exp-function method (Ekici et al. 2017b; Manafian and Lakestani 2015; Manafian
2015), the generalized Kudryashov method (Zhou et al. 2005), the extended Jacobi elliptic
function expansion method (Ekici et al. 2017c; Mirzazadeh et al. 2016), the improve
tan(¢/2)-expansion method (Manafian 2016, 2017; Manafian and Lakestani 2016a, b;
Manafian et al. 2016), the exp(—Q(#))-expansion method (Abdelrahman et al. 2014; Zhou
et al. 2016) the G’/G-expansion method (Manafian and Lakestani 2015, 2017; Sindi and
Manafian 2016) the generalized G'/G-expansion method (Zinati and Manafian 2017) the
Bernoulli sub-equation function method (Baskonus 2017; Baskonus and Bulut 2016;
Baskonus et al. 2016; Bulut and Baskonus 2016) the sine-Gordon expansion method
(Baskonus et al. 2016; Baskonus and Bulut 2016; Baskonus 2016; Yel et al. 2017), the
Ricatti equation expansion (Zhou 2016; Inc et al. 2016) the formal linearization method
(Mirzazadeh and Eslami 2015) the Lie symmetry (Tchier et al. 2017) and so on.

Extended trial equation method is one of the robust techniques to look for the exact
solutions of nonlinear partial differential equations that has received special interest owing
to its fairly great performance. For example, Mohyud-Din and Irshad (2017) explored new
exact solitary wave solutions of some nonlinear PDEs arising in electronics using the
extended trial equation method. Mirzazadeh et al. (2017) adopted he extended trial
equation method to obtain analytical solutions to the generalized resonant dispersive
nonlinear Schrodinger’s equation with power law nonlinearity. Ekici et al. (2017a) found
the exact soliton solutions to magneto-optic waveguides that appear with Kerr, power and
log-law nonlinearities using the extended trial equation method.

Consider the following nonlinear conformable time-fractional Boussinesq equation
(Demiray 2014; Hosseini and Ansari 2017; Hosseini et al. 2017) as

th“u—uﬂ—(uz)xx—&—uxmczo, O0<a<l, (1.1)

and also consider the following coupled conformable time-fractional Boussinesq equations
(Hosseini and Ansari 2017; Kheiri et al. 2013; Hosseini et al. 2017) as

DXu+v, =0, O<a<l1 (1.2)
va—l—,u(uz))r — Aty = 0, O<a<l, )

in which D?u = £ and D?v = 2.

This paper will adopt three integration schemes that are known as the extended trial
equation method, the exp(—Q(#))-expansion method and the tan(¢()/2)-expansion
method that will reveal soliton solutions as well as other solutions. The equations for the
model studied here to investigate exact solution structures. We note that these equations
have not yet been studied using the aforementioned methods.

The rest of the paper is ordered as follows: Conformable fractional derivative and its
properties is presented in Sect. 2. In Sect. 3, analytical methods are given. In Sects. 4
and 5, applications of nonlinear conformable time-fractional Boussinesq equation by help
of the extended trial equation method, the exp(—Q(#))-expansion method and the
tan(¢(n)/2)-expansion method are investigated. Finally, the conclusion is given in Sect. 6.
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2 Conformable fractional derivative and its properties

The conformable fractional derivative proposed by Khalil et al. (2014), which can amend
the shortcomings of the previous definitions. Moreover, a number of definitions and
properties of the conformable fractional derivative are presented in Abdeljawad (2015) and
Eslami and Rezazadeh (2016).

Definition 1 Assume f : (0,00) — R be a function. The conformable fractional deriva-
tive of f of order « is defined as

1—ay
T,(f)(t) =1 E)W’ (2.1)

in which O<a <1.

Theorem 1 Assume o € (0,1], and f and g be o-differentiable at t > 0. Then

T,(af + bg) = aT,(f) + bT,(g), Ya,b € R.
T,(t") = 9"~ V9 € R.
T,(f2) = T.(8) + ¢T.(0).

T, @ I (f)ngT «(8)

If f is differentiable; then T,(f)(t) = t'~* % (7).

A

Theorem 2  Suppose f : (0,00) — R be a function such that f is differentiable and also o-
differentiable. Let g be a function defined in the range of f and also differentiable. Then

T,(fog) (1) = 1'~*g (1)f (s(r)).

3 Analytical methods
3.1 Extended trial equation method

The current method described here is the extended trial equation method utilized to find
traveling wave solutions of the conformable time-fractional Boussinesq equations which
can be understood through the following steps:

Step 1 We assume that the given nonlinear PDE with the conformable time-fractional
derivative as

Ou ou u
Nlw,—,—,—,...)] =0. 3.1
(“ o o ) 3.
Utilizing the wave transformation
kt*
u(x,t)zu(n),nzx—7, (32)

where k # 0. Substituting (3.2) into Eq. (3.1) yields a nonlinear ordinary differential
equation,

Qu, —ku' ;v u",...) =0, (3.3)
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where prime shows the derivation with respect to #.
Step 2 Take the transformation and trial equation as follows:

3
DEDIEN (3.4)
i=0
where

D) &I+ + T+ &
YI) T+ + LT+

Using the Eqgs. (3.4) and (3.5), we can find
o) (< ’
Z- i1
¥(I) <i—0 it ) ’ )
) PD)¥(D) — Qs ) (¢ -
W = 21112( <§ N 1)+F<§ i(i— Dl 2) (3.7)

i=0

(') = Q(r) =

where ®(I") and W(I') are polynomials. Substituting these terms into Eq. (3.1) yields an
equation of polynomial A(T") of I":

Al) =g+ +¢ ' +,=0. (3.8)

By utilizing the balance principle on (3.8), we can determine a relation of 0, ¢ and 6. We
can take some values of 0, ¢ and 0.

Step 3 Setting each coefficient of polynomial A(I") to zero to derive a system of
algebraic equations:

0;=0, i=1.2,...s. (3.9)

By solving the system (3.9), we will obtain the values of &, &y, ..., &, (o, iy, {, and
TOyTlye vy THe
Step 4 In the following step, we obtain the elementary form of the integral by reduction

of Eq. (3.5), as follows
1 /‘P(r (3.10)

—1p)

where 7, is an arbitrary constant.

3.2 The exp(—£2(n))-expansion method

In this subsection, we describe the exp(—Q(#))-expansion method which was utilized to
find traveling wave solutions of nonlinear partial differential equations. This approach is
based on the exp(—Q(#))-expansion method (Khan and Akbar 2014; Rayhanul Islam et al.
2015). We consider the following steps:

Step 1 We assume that the given nonlinear PDE with the conformable time-fractional
derivative as
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o 2
N( 6”6”6”...>:0. (3.11)

Y Rr

which can be converted to an ODE
Ou, —ku',u' u",...) =0, (3.12)

by the transformation = x — ’% is the wave variable. Also, k is constant to be determined
later.

Step 2 We suppose the solution of nonlinear equation (3.12) can be expressed by a
rational polynomial in F(#) as the following:

u(n) = Z &F (), (3.13)

where F(i7) = exp(—Q()) and &;(—M <j < M), are constants to be determined, such that
En # 0, and, Q = Q(y) satisfies the following ordinary differential;

Q' =uF'(n)+F(n) + A (3.14)

The following exact analytical solutions (Hafez et al. 2014, 2015) can be considered from
Eq. (3.14):
Solution-1 If u+# 0 and /> — 4y > 0, then we have

7 _ N
Q(n) :ln<— /12/1 4'utanh< }" 5 du (11+E)> —%), (3.15)

where E is integral constant.
Solution-2 If u# 0 and J> — 4 <0, then we have

12 2
V=22 4+ 4u V=12 +4u A
Q(n) =1 t E)] ——|. 1
(n) n( W an( 5 (n+E) o (3.16)
Solution-3 If u =0, . # 0, and 1> — 4 > 0, then we get
Q(n) 1 < £ > (3.17)
=—-—In({—r7r—F55—— . .
! exp(Z( + E) — 1
Solution-4 If u# 0, 2 # 0, and 2> — 4 = 0, then we get
2)(n+E)+4
() zln(fiﬂﬁﬁ Rs > (3.18)
“n+E)
Solution-5If u =0, /=0, and 1> — 4 = 0, then we get
Q(n) =In(n + E), (3.19)

where fj(O <j<M), 2 and u are constants to be determined. The value M can be identified
by taking the balance principle which is based on the relationship between the highest
order derivatives and the highest degree of the nonlinear terms occurring in Eq. (3.12).
Step 3 Substituting (3.13) into Eq. (3.12) with the value of M obtained in Step 2.
collecting the coefficients of F(#), then setting each coefficient to zero, we can get a set of
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over-determined equations for &y, &y, .. ., &y, 4, and p with the aid of symbolic computation
Maple. Solving the algebraic equations including coefficients of &y, &y, .. ., &y 4, and p into
(3.13) we get to exact solution of considered problem.

3.3 Description of the improved tan(¢(n)/2)-expansion method

The tan(¢/2)-expansion method is a well-known analytical method. In this paper we
propose to develop this method, but prior to that we give a detailed description of the
method throughout the following steps:

Step 1 We assume that the given nonlinear PDE with the conformable time-fractional

derivative as
o*u du d*u
222 ) =o0. 3.20

N(“’aﬂ’ax’ax2’ ) 0 (320)

which can be converted to an ODE
Ou, —ku',u' ,u",...) =0, (3.21)

by the transformation n = x — % is the wave variable. Also, k is constant to be determined
later.
Step 2 Suppose the traveling wave solution of Eq. (3.21) can be expressed as follows:

M M
0] 0]
u(n) = kZAk tan* (4) + Z By cott (%) , (3.22)
=0 =1

where Ap(0<k<M),Bi(l <k<M) are constants to be determined, such that A #
0,By # 0, and ¢ = (&) satisfies the following ordinary differential equation:

¢'(n) = asin(¢(n)) + beos(p(n)) + c. (3.23)

Step 3 To determine M. This, usually, can be accomplished by balancing the linear
term(s) of highest order with the highest-order nonlinear term(s) in Eq. (3.21). But, the
positive integer M can be determined by considering the homogeneous balance between
the highest order derivatives and nonlinear terms appearing in Eq. (3.21). Moreover,
precisely, we define the degree of u(n) as D(u(n)) = M, which gives rise to degree of
another expression as follows:

du diu\’®
DI— )\ =M D — = M, M . 3.24
( dnq) 4 ( ( dnq)) p+5(M + q) (3.24)

Step 4 Substituting (3.22) into Eq. (3.21) with the value of M obtained in Step 3.
collecting the coefficients of tan(¢/2), cot(¢p/2)"(k = 0,1,2,...,M), then setting each
coefficient to zero, we can get a set of over-determined equations for Ag,As, Bi(k =
1,2,...,) a, b, and ¢ with the aid of symbolic computation Maple. Solving the algebraic
equations, then substituting Ag, Ay, ...,Ay,Bi,...,By, k in (3.22).

Consider the following special solutions of equation (3.23):

Family 1 When A=a>+b>—c*<0 and b—c#0, then ¢()=2arctan

e ()]
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Family 2 When A=+ -c*>0 and b—c#0, then
[ L+b‘/:tanh(‘/_n)]
Family 3  When >+ —c*>0, b#0 and ¢=0, then
¢(n) = 2arctan [% + mtanh(m 11)} .

Family 4 When a’> +b* — * <0, c#0 and b=0, then
¢(n) = 2arctan [— 44 @tan (m 11)}

Family 5 When a*+ b -2 >0, b—c+#0 and a=0, then

¢(n) = 2arctan [\/'Etanh (E 17)} :

¢(n) = 2arctan

Family 6 When a = 0 and ¢ = 0, then ¢() = arctan{ ﬂ]
bq+1 2by 4]

Family 7 When b = 0 and ¢ = 0, then ¢(n) = arctan{ M]
22m1+1 22m1+1

Family 8 When a*> + b* = ¢?, then ¢(y) = —2 arctan[ te “"J’z)}

a*n

Family 9 When ¢ = a, then ¢(n) = —2 arctan {%}
(a—b)ebn—1

Family 10 When ¢ = —a, then ¢ (1) = 2 arctan [e I +h— a:|

el —b—a

Family 11 When b = —c, then ¢)(n) = —2arctan {#}

cel —1

Family 12 When b = 0 and a = c, then ¢(1) = —2 arctan [E;iz]
cn

Family 13 When a = 0 and b = ¢, then ¢ (1) = 2 arctan[c7]].

Family 14 When a = 0 and b = —c, then ¢(n) = —2arctan {7],

Family 15 When a = 0 and b = 0, then ¢(n) = cij + C.

Family 16 When b = ¢ then ¢ () = 2 arctan [‘ u ‘]7

where n =5+ C.

4 Application of conformable time-fractional Boussinesq equation

In this section, we present three methods based on the integration methods for solving the
conformable time-fractional Boussinesq equation.

4.1 ETEM
In this subsection, consider ETEM for Eq. (5.4) which is given as
K = D’ — ()" +u® =0, (4.1)

where the prime indicates the derivation with respect to 5. Integrating Eq. (4.1) twice and
setting the constants of integration equal to zero, results in

(= Du—u*+u" =0. (4.2)
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We can determine values of J, 0, and ¢, by balancing > and u” in Eq. (4.2) as follows:
0=0—¢e—2. (4.3)

For different values of d, 0, and ¢, we have the following cases:
Case I 6 =1,0 =4 ,ande = 1.
If we take 6 = 1,0 = 4, and € = 1 for Egs. (3.4) and (3.5), then we obtain

u(n) =1 +ul, (4.4)
Wy = HECH ST 6T+ GT &) (45)
Co+ 0T ’
where &, # 0 and {; # 0. Solving the algebraic equation system (3.9) yields
o First set of parameters
£ = {o(T1&1 + 2Lok?t0 — 27000 — 2{075) £ o= ¢
0 — ‘E1C1 ) 1 =61
£ = k11l — 270(; — 210180 — 275¢1 — 11l + 2k*10(,
2= = )
5 71 (4.6)
& :g‘flCo + {1+ 200l — K,
2
f4=§T1§1, =0, G=0, k=k tw=1, T=T1.

Substituting these results into Egs. (3.5) and (3.10), we get

[t | ¢ L, ¢

2+&rdr _/ 2_—2+2—1F
4, &3
F+§—jl‘

i(n—no):/ = s dr’
=D v B G e
YT HEC 422 44T+ +al+al+3

(4.7
we have
bibr
4 | &3 | L2 | ¢ 4
R R R A 43)
_ =311
=202, 43118, (k2 — 279 — 1) 4+ 679 (K2 — 10 — 1)(LT = &p) — 31&y
and
= 20 304K ~ 20 - D Heuk —n - DG -G) =30 o

=T = o)(T = o) (I' —o3),
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+ (11 —np)

/ =311 Jr
220,13 4+ 30,0y (k2 — 219 — DT 4+ 679(K2 — 10 — 1)({ T = {o) — 311

(4.10)
Integrating (4.13), we obtain the solutions to the Eq. (1.1) as follows:
First solution
2v/=31,(
(1= my) = T Fp, ), %1 > > o, (4.11)

A/ o — 3

where

—OC'; 062—063
, , (@ = arcsin 4.12
Flod /\/WQD szocz % — o3’ (#12)

r_ RO PRV TRl R

a3 + (o2 — o3)sm [?2 30,0, (n =) % —asl “13)
\/On*%(n_n)fxz—%} '
2v=3u; oy — o)

Therefore, the solution for the conformable time-fractional Boussinesq equation will be as

Vo — o3 kt* oy — o3
~— [(x——— ,—. (4.14
24/ *3‘[151 * o o o3 ( )

o
Remark 1 1f the modulus / — 1, then the solution for the conformable time-fractional
Boussinesq equation can be reduced to the solitary wave solution

%(x,@ ;70)}. (4.15)

o
where oy = o, and v = § represents the velocity of the dark soliton.

u(n) =10 + o371 + 71 (002 — oc3)sn2 [q:

uy(x,t) = 19 + 0371 + 11 (02 — 053)5’12 [?

Mz(x, t) =10 + 037T] + T (O(z — 063) tanh® |:¢

Case I 6 =2,0 =4,and € = 0.
If we take 6 = 2,0 = 4, and € = 0 for Egs. (3.4) and (3.5), then we obtain

u(n) =10 + 1T + 1,2, (4.16)
(u/(n))z _ (2T2r + Tl) (§4r4 + ézr?’ + 621—‘2 + Clr + 50) (417)
0

where &, # 0 and (o # 0. Solving the algebraic equation system (3.9) yields

e First set of parameters
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Lo(6T3t2(1 — k2 + 270) — 7} — 487073 (1 + 10 — k?))

50 = - 96’E2 )
Lot (6k212 — 127970 + ‘L'% - 612)
51 = 2 2 )
i
Lo(— 41012 + 2k 1, — 11 — 215)
62 = - 8 )
2
1 1
&3 =§T1§oa $s= ETZCO’ lo=0o, k=k tw=1, T=T, =1
(4.18)
Substituting these results into Egs. (3.5) and (3.10), we get
S gr
¢
=) = [ (4.19)
YU +EC +2r2 44T+ 4
& & [ &
Integrating Eq. (4.19), we obtain the solutions to the Eq. (1.1) as follows:
First solution
2 S
+(n—ny) = ! F(p,l), o >0y > 03 > o4, (4.20)

(o1 —o3) (02 — 04)

where

— m# _ : a —og)(T' — o) 2_(052—063)(061—064)
Flo) = /0 V1= Psin2y’ ¢ = aem (o —og)(T =) (o —o3) (02 — 1)
(061 - sz 064 - 062

=T=o+
)€n2|: A/ (=) (w2 —ou) 13 (ar—o0t4)

OC4—O(2+(061—O(4 S

N (= o), 4&?32;52:2;}

(4.21)
1_4 +EF3 B 3( 4791y + 2k%1T) — '51 2‘62) 2 +3‘L’1 (6k2'52 — 121972 —5—'5% — 612) r
T 412 ‘cg
6 1 — k% +219) — 48 K2
315 ( +219) — 1} — 487973 (1 + 19 — ):(F—al)(r—ocz)(r—oc3)(r—a4):>
16‘1:2
(4.22)
2 2. _
T \/611 + 12k21y — 24197, — 1272 £2VQ 1234 (4.23)
J 21_2 4’[2 ) )&y Sy
where

Q= 3(41210 — r% — 215 + 212k2) (741210 + ‘L'% — 61, + 61:2k2).

Therefore, the solution for the conformable time-fractional Boussinesq equation will be as
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‘L'I(Otl — 062)(064 — 062)

I/l3()C7 t) = Tg + To0y +

oy — oy + (O‘l _ 0(4)5112 (o1 —03) (2 —t4) ( _ ke (o —3) (o1 —0t4)

+ 2\/% R ;70)’ (dlds)(12d4):|
(4.24)

Remark 1 If the modulus [ — 1, then the solution for the conformable time-fractional
Boussinesq equation can be reduced to the solitary wave solution

T (OC] — 0(2)(064 — O(z)

T (o1 =) (02 —0) (x o 1%« _ ’70)}

u4(x, l) = To + To0r +

oy — o + (o — 04) tanh? o
)

where o3 = oy.

Remark 2 If the modulus [ — 0, then the solution for the conformable time-fractional
Boussinesq equation can be reduced to the solitary wave solution

Ty (o — o3) (ot — 013)

Us (X7 l) = To + To03 +

oy — o3 + (o — o) sin®

(o —0t3) (23— ) 2
¥ %:§“4@—ﬁ—%ﬂ

(4.26)
where o, = 3.
Case IIl 6 = 1,0 =5,and € = 2.
If we take 6 = 1,0 = 5, and € = 2 for Egs. (3.4) and (3.5), then we obtain
u(n) =t +ul, (4.27)

v TET+ ET + G+ HT2 + 6T + &)
(u (1)) = LT : (4.28)

where &5 £ 0 and {, # 0. Solving the algebraic equation system (3.9) yields

e First set of parameters

o Lo(=milo + 22108, — 21081 — 201 8o + K21l — 27301 + T1éa)
T =%, T1=71, k=k &= )

1l
e = 219t18ols — K11lols + 1ilols + 2k%n0lola — 2t0loln — 2130la + 2000} + 2330 — 1160 — 2K 10}
. 1, ’
_ —6nni{y + 3018 = 3nl — 20700 + 60t0k” — 64,70 — 60,75

bH=6, &=

3‘[1

.2 . 2, . .
§4:§‘5141+2§2TO*1¢Q2+Q27 65:571é27 =0, 4=04, L=06.

(4.29)

Substituting these results into Egs. (3.5) and (3.10), we get
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¢ { L2
2447 +21%d0
n_nO): 5 &4 &3 &2 ¢ q
\/r T+ P 202 AT+ 2
5 s s
/ \/*3‘[1(2 dr

7(1" — O(l)(r — dz)(r — 063)

—061 —OQ)(F—OB)
:—%mﬁ+%@ﬁﬁﬁm#—v4m+mﬂﬁ—amk4—w—%@,
(4.30)
_ —3ul,
01 =m) = / \/—21%@1"3 3G = L) — 1= 25) + bn(Gl — )@ —1—70) =305
(4.31)

Integrating (4.31), we obtain the solutions to the Eq. (1.1) as follows:

First solution

230

F(op,l 4.32
\/m (@7 )7 o > oy > 03, ( )

+(n—ny) =

where
¢ d = _
F(QDJ):/ 71//7 ¢ = arcsin 4 / Bop=2"n
0 \/1—PEsin®y o — o3 o — o3

m( 1) 062—‘9‘3}
2y =316 00y — o)’

(4.33)

T =03 + (0 — 03) s [

o — 03 Oy — 03
_ B , . 4.34
u(n) =10 + oati + 11 (o — a3)sn’ [ 2W( o) o — o3 (=0

Therefore, the solution for the conformable time-fractional Boussinesq equation will be as

o — 03 ( kt* ) oy — 063:|
| x——— , . 4.35
230G, ")) 43

o
Remark 1 1f the modulus / — 1, then the solution for the conformable time-fractional
Boussinesq equation can be reduced to the solitary wave solution

s )l e

where o = o, and v = % represents the velocity of the dark soliton.

ug(x,t) = 10 + 0371 + 11 (002 — OC3)SI’12 [$

I/l7()C7 l‘) =19+ 0371 +T1 (062 — 063) tanh? {q:

Case IVo =2,0=5,and e = 1.
If we take 6 =2,0 =5, and € = 1 for Egs. (3.4) and (3.5), then we obtain

u(n) =t + 0l +nl?, (4.37)

(n+%JHQﬁ+Qﬁ+gﬁ+6ﬁ+éF+@

4.38
Lo+4r (438)

(' (n)* =
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where &5 # 0 and {; # 0. Solving the algebraic equation system (3.9) yields

e First set of parameters

To =To, T = T1, Ty = T2, k= k,
Lo(12t9T2(—412 — 41210 + 410k> + 12) — 61302 (K> — 1) — 1})

fo=- 9673
£ = 4117200 (6T2k? + 13 — 121579 — 612) + {1 (—613k>1y — 7} + 12121075 + 6131, — 481073 + 48k>173 — 481313)

1= s

961%

£ = 3012 (212k% — 412t — 215 — 13) + 11 (1 (612k + 1 — 127279 — 672)

2 247 ’

87112y — 3¢1(212k* — 4179 — 275 — rl)
&=
241,

54:é12(o+%llfl~, 55**1241 Lo=0l, G=0.
(4.39)

Substituting these results into Egs. (3.5) and (3.10), we get
V2+ETdr

=(n —no) = / > > > >

YU HET 8D + 8T+ 4T + 4

Cs 5

/\/ — V_%W’r (T = o) (T = o) (" — 3T

—o)(I' —o3)(I" — o)

= 9401%4 + 3+ QI + O T + Qy,
(4.40)
where
Q=— 1615, O3 =-32031, Q= 1205(202k* — d1g7y — 275 — 1),
Ql :4‘51‘52(1% — 615 + 61Tk — 121012)
=— 612k212 + 1272 1ToT2 + 672 172 — 481:012 48101:2 + 48k21012,

—961;3
4 3 2 dr
QI + QT° + QI + O T+ Q

(4.41)
Integrating (4.41), we obtain the solutions to the Eq. (1.1) as follows:
First solution
21/—9673
+(n—ny) = 2 F(o,l), o > > 03> oy, (4.42)

(o1 — o3) (02 — o)

where
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4 Page 14 of 31 M. Lakestani, J. Manafian

o fmmw)(Tom) () — o)
=i T o) L~ o) (=)

_ [Ty
Flo.d) 7/0 V1 —Psin’y

(o1 — o) (otg — 22)

l=mt o)) ’
o —o3 ) (o —o > —oi ) (o0 — o
4= o0+ (o0 — ) sn [¢i; o (ﬂ—ﬂohiﬁiiiiiﬁi;iﬁ]
(4.43)
- +Er3 B 3(—4191y + 2k21; — T2 — 213) 2y 311 (6k*1y — 127972 + 13 — 612) r_
T 4'5% T%
6127, (1 — k2 + 219) — % — 481072 (1 + 19 — k>
= )t AR ) (1) (0 o) (o) (- )
2
(4.44)
\/612 + 12k21, — 247975 — 1275, £ 21/Q
4= =yt — Cj=1234, (44
2‘[2 4T2
where

Q= 3(41210 - r% — 21+ 2r2k2) (—41210 + ‘L'% — 61, + 6rzk2).
Therefore, the solution for the conformable time-fractional Boussinesq equation will be as

T1 (Otl — 062)(064 — OCQ)

ug(x,1) =10 + To0t2 +
(o1 —3) (02 —0t4) ( ke

oy — oy + (0t — oty ) sm2 [$ BTy el t (ga—0) (o1 —4) "““)}
2

o 170)’(0(17013)(01270(4)
(4.46)

Remark 1 1f the modulus [ — 1, then the solution for the conformable time-fractional

Boussinesq equation can be reduced to the solitary wave solution

71 (o — 02) (ota — 0t2)

2 (ot —o) (012 —0g) ”
oy — oy + (o) — og) tanh {xﬁ (x _ /% _ ’10)]

ug(x,1) = 10 + 002 +

I

(4.47)
where o3 = oy.

Remark 2 If the modulus ! — 0, then the solution for the conformable time-fractional
Boussinesq equation can be reduced to the solitary wave solution

T — Olg — O
o6, ) = o + Tos + 1(on 3)(( 4 )(3) ) ’
. o ) o —o3) (o3 —o ke
g = o (o — o) sin? | F¥E 200 (v — K — )

(4.48)

where o, = 3.
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4.2 EEM

In this subsection, consider EEM for Eq. (4.2) which is given in before subsection. By
balancing #*> and «” in Eq. (4.2) we obtain the balance number m = 2, and the exact
solution becomes,

2
u(n) =Y &F(n), F(n) = exp(-Q(n)). (4.49)

=2

Substituting (4.49) into Eq. (4.2) and comparing the terms, we will reach a system of
nonlinear algebraic equations, and by solving system of the nonlinear equations, yields
Case 1
; s 300 e
k=k, 1=0, H:E(k_1)7 5_2:1728(]{_1)7
(4.50)

3 !
Ea=0, G=73(=1), &=0 &H=6

By using (3.15) and (4.50), the exact solution for the conformable time-fractional
Boussinesq equation becomes,

up (x,1) = —%(k2 - 1)tanh2< 14_]{2 <x—k7[:(—|—E)> +Z(k2— 1)

VIi— R g
_g(kz_ I)Coth2<Tk ()C_%"‘E))a

when —1 <k<1.
By using (3.16) and (4.50), the exact solution for the conformable time-fractional
Boussinesq equation yields,

3, VIE=T [ ke 3,
up (x, 1) —8(k 1) tan ( 2 x—= +E +4(k 1)

)

3
+§(k2 — 1)cot2<

when k > 1 ork< — 1.
By using (3.19) and (4.50), the exact solution for the conformable time-fractional
Boussinesq equation becomes,

(x,7) ¢ 453
u3 ‘x7 :7’ .
(r—Z+E)’ (4.53)
when k = 1.
Case 2
1
k=k, J=2, M:Z(ﬁ—kzﬂ), 5,2:%(;?—#“)2,
(4.54)

3 1
5_1:52(12*1«2“)7 50:5(3;?48“), & =0, &=0.
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4 Page 16 of 31 M. Lakestani, J. Manafian

By using (3.15) and (4.54), the exact solution for the conformable time-fractional
Boussinesq equation becomes,

2
VEr—1 kt® 1
u;;(x,t):%{ k2_1tanh< 3 (x—%—&—E))—/l +§(312_k2+1)

12 o
vkz—ltanh< k2 l(x—%—&-E)) -

when k > 1ork< — 1.
By using (3.16) and (4.54), the exact solution for the conformable time-fractional
Boussinesq equation yields,

2
V1-—k? ke*
Lg(x,t):%{ l—kztan< 3 (x—%—&—E))—/l

V1 — k2 o
\/l—kztan( 12 k (x—k;+E)>—/l

(4.55)
+ 32

)

1
+§(312 — K+ 1)

(4.56)
+ 3

)

when —1 <k<1.
By using (3.18) and (4.54), the exact solution for the conformable time-fractional
Boussinesq equation becomes,

) ,
3, 4_2A(x—ﬁ+E) 3, 4—21(x—ﬁ+E) 3.,
3, - 3 % ) 4.57
ug(x, 1) SA{ /Iz(xf%JrE) 2 /12(x7%+E) +2 ) ( )
when k = 1.
4.3 ITEM

By applying the ITEM for Eq. (4.2) and by balancing #? and «” in Eq. (4.2) we obtain the
balance number m = 2, and the exact solution yields

2 2
u(n) = _Ajtan/(¢/2) + Y Bjcot (¢/2). (4.58)
j=0 Jj=1

Substituting (4.58) into Eq. (4.2) and comparing the terms, we will reach a system of
nonlinear algebraic equations, and by solving system of the nonlinear equations, yields
Case 1

k:k, a=a, b:b, c=c, A():O, Al:—B]7 A2:—Bz, BliBl, BziBz.
(4.59)

By using (3.23) and (4.59), the exact solution for the conformable time-fractional
Boussinesq equation becomes,
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a vV —=A vV —=A kt*
M](X,I)Z—Bl b_c—b_ctan ) (x—?)
ol e veA (V=R ]
T —c bfctan 2 (x—7)
_ (4.60)
+B |2 - A, A K |
Wo—c b_c 2 ( a)
+ B a —mtan V-4 7@ N
P S — 2 "y ’
when A = @ 4+ b* — ¢ <0 (Family 1).
uz(x,t):—Bl[bic—&—b\/_xctanh(g(x—%))}
2
a VA VA kt*
_Bz{b—c—i_b— tanh 7<x—?)>}
_ (4.61)
Bt VA (YA R 1
L T(“?)
a VA (VA w\\]
+ B, bc—i—bctanh(T(x—?))} ,

when A = @ + b? — 2 > 0 (Family 2).

when ¢ = —a (Family 10).

= (e ) (o[ om0 (oo 2))

(4.63)
when a = 0 and b = ¢ (Family 13).
Case 2
k=k, a=a, b=b, c=c, Ag=k—1, A =-B,, A,=—B,,
a=a c=c 0 1 1 2 2 (4.64)

B, =B,, B,=B:.

By using (3.23) and (4.64), the exact solution for the conformable time-fractional
Boussinesq equation becomes,
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4 Page 18 of 31 M. Lakestani, J. Manafian

o2 (5-10))

= (4.65)
+ B 4 - _Atan A K
"o—¢ b-c 2 * o
J— -2
+B - _Atan A 7@
lb—c b-c 2 M '
when A = @ 4+ b* — ¢ <0 (Family 1).
e1op | VA (YA K
ug(x,t) =k~ — 1 — By b_c—i—b_ctanh<2 x——
2
a VA VA kt*
—Bz|:b_c+b_ctanh(7<x—7)>}
VA VA _ (4.66)
a A A kt*
B h{—(x——
+ 1bc_'—bctan<2 (x oc)):|
-2
a VA VA kt*
B h{—(x——
TRt (2 <x a))} ’
when A = @ + b? — 2 > 0 (Family 2).
(bG) 4 p— () 4 p—q)
u7(x,t):k2—1—Bl e - +b—a B e - +b—a
e(b(x77)) —b—a e(b( 77)) —b—a
o » p L, (4.67)
e(h(x77)) +b—a e(b(xfT)) +b—a
+Bl T +BZ I ’
e(b(X*T)) —b—a e(b(X*T)) —b—a
when ¢ = —a (Family 10).
o o 2 o -1
ug(x,t):k2—1—31 <c(x—ki>) —Bz<c(x—]i)) +B; <c(x—ki>)
o o o
(%)
+Bylc|x—— ,
o
(4.68)

when a = 0 and b = ¢ (Family 13).
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S Application of coupled conformable time-fractional Boussinesq
equation

In this section, we present three methods based on integration methods for solving the
coupled conformable time-fractional Boussinesq equation.

5.1 ETEM

In this subsection, consider ETEM for Eq. (1.2) which is given as
— k' +v =0,
— k' + () — " =0,

(5.1)

where the prime indicates the derivation with respect to #. By integrating Eq. (5.1) once
and setting the constant of integration equal to zero, results in

v =ku, (5.2)
— kv + i — 2" =0. (5.3)

By inserting (5.2) into (5.3), yields
K*u — i + Ju” = 0. (5.4)

Once again, we can determine values of &, 0, and ¢, by balancing #? and u” in Eq. (5.4) as
follows:

0=0-—¢e—2. (5.5)

For different values of d, 0, and ¢, we have the following cases:
Case I 6 =2,0 =4,and € = 0.
If we take 0 = 2,0 =4, and € = 0 for Egs. (3.4) and (3.5), then we obtain

u(n) =10 + 1T + 1,12, (5.6)
y Qul+0) (4T + &1 + ST+ T + &)
%o ’
where &, # 0 and {, # 0. Solving the algebraic equation system (3.9) yields

(u'(m))

o First set of parameters

CO(IZ‘L‘%M‘L‘()TZ — 6t%k212 — r‘l‘,u + 48k21:01:§ — 48;11(2)1%)

o= 9673 )
g = Som (=127, + 6K2ty + pz?)
: 24773 )
(o (2%t — ptt — 4ptoa)
& =- 7
8/1‘[2

P

1 . 1
G =37 #mbo 54:al”2§0, lo=2{0o, k=k, 1t=1, 1=1, T2=T1.
(5.8)
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Substituting these results into Egs. (3.5) and (3.10), we get

2dl
)= [ (59)
M4+ 8r3 422 440+ 2
\/ & & & Ca
Integrating Eq. (5.9), we obtain the solutions to the Eq. (1.2) as follows:
First solution
:l:(i’] — 7]0) = i F(q),l)7 o] > 0y > 03 > 0y, (510)

(061 - 0€3)(sz - 064)
where

arcsin (o—o)(T—o) (2 —a3)(o —ou)

F(p l):/q)L 0=
Vo 1=Bsin?y (o — a4 )(T — )’ (o0 —o3) (02 — o)

(o1 — o) (otg — 22)

=sI'=w+

(o —0t3) (2 —t4) (o2 —0t3) (o1 —t4)

064—O(2+(O(1 —064)Sn2 l::F T (77_"0)’(“1,13)(12,14)]
(5.11)

1_4 +@F3 B 3(74;”012 +2k%1y — ut%) Ti (6k2‘52 —12uty1, +,uf%)

2 - 3 -
) 4uts 4puty
1272 utgts — 612k> 1) — T4+ 48k> 193 — 48puti 73
147072 — OTK" T2 161“4 0%2 Mo 2= (T —oy)(C =) (T —o3)(T — o) =
Hty
(5.12)
61272 + 120k>Ty — 241277, + 2V/Q
a,:_f_li\/ - L J=1,234, (5-13)

27, 4ut,
where

Q= 3(4MT2‘E0 — m% + 212k2) (74,11‘5210 + ,ur% + 6t2k2).

Therefore, the solution for the coupled conformable time-fractional Boussinesq equation
will be as
71 (o — o) (otg — 02)

uy(x,t) =70 + 10002 +

Oly — Oy + (OC] — 0[4)51’12 F

(o1 —a3) (02 —4) x (02 —3) (011 —t4)
—12 : %Z : (X’%no),é?_i;(i;_iii

(5.14)

k _ _
vi(x, 1) =kto + kT + w1 = 2)(2 = )

oy — o + (o0 — o )sn? | F 5 /% E: ’70) > (o —03) (o — )

2

(o —03) (0 —014) (x ke (0 —03) (o1 —o<4):|

(5.15)
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Remark 1 If the modulus [ — 1, then the solution for the coupled conformable time-
fractional Boussinesq equation can be reduced to the solitary wave solution

T](OC] — 062)(064 — 0(2)

(01— ) (2 —t4) 2
= = TP

w2

uy (x,t) =70 + To02 +

oy — 0y + (O(l — 064) tanh?

(5.16)
k‘[](OC] — 062)(064 — {Zz)

- (o0 =) (o2 —0t4) (x . 1%1 _ ’10):|

va(x,1) =kto + ktoon +

oy — oy + (o) — og) tanh? — %
©

(5.17)
where o3 = 4.

Remark 2 If the modulus [ — 0, then the solution for the coupled conformable time-
fractional Boussinesq equation can be reduced to the solitary wave solution

7~'1(O<1 - 063)(064 - a3)

us (X7 l) = 19 + To3 +

2

oy — o3 + (o — og) sin” | F = L — 1y

2

(on —o3) (o3 —04) (x ke ):| 7

(5.18)

k‘L’l (O(1 — 063)(064 — O€3)

v3(x, 1) = k1o + ktooz +

oy — o3+ (o — o) sin’

(o —23) (23— . 7
POE <x—%—no>}

(5.19)
where o, = 3.
Case I 6 =2,0 =5,and ¢ = 1.
If we take 0 = 2,0 =5, and € = 1 for Egs. (3.4) and (3.5), then we obtain
u(n) =to + 1T + o2, (5.20)
iy =2 (G GO G0+ ST+ AT+ &) (5.21)

G+aI '
where &5 #£ 0 and {; # 0. Solving the algebraic equation system (3.9) yields

o First set of parameters
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T =T, T1=7T, Ta=7T, k=k

CU(IZT%/M'()TQ - r‘l‘,u 61:2k21:2 + 481(21:012 48/11012)

0= 96,73 ’

41112(p (6‘52k2 + ,u‘f% — 12,ur2‘50) + (—6r%k2‘52 ,ur + lZur ToTy — 48,ur012 + 48k?1y73 )
a=- 9613 ’
B RI0%2) (21:2k2 — 4utoty — /M%) + 11y (6121(2 + w:% — 12/11210)
2= 2402 ’

. Butitaly — 3¢ (212/(2 — dutyty — ,urf)
= 2471, ’

1 § 1 .,
54:aﬂ(2T1C|+T2$0)7 &= Aﬂfzsu =0, LG=04.

(5.22)

Substituting these results into Egs. (3.5) and (3.10), we get

b, ¢
y/E—g-i-cf—;l"dl"

+(n—ny) =
(77 '70) /\/r5+é_4r4+§1—\3+€_2r2+§_;r+§_2
\/T&zdr
) I'—o (T =) (I’ —o3)(I" —o
/\/ [—oy)(T' =) (I —03)(T' — ) (I —an)(F =) (I'—05)(I" — o)
=QI* 4+ QT+ Q2+ QT+ Qy,
(5.23)

where

Q =— 16;4'53, Qs = —32,[11311, Q= 121% (2‘521{2 — 4dutoty — ,u‘r%),
Ql :41,'1’[2 (,Ltf% + 6’[2](2 - 12/,LT01,'2> Qo = —6‘[%](2’[2 + 12/1'5%’60’[2
— ,url 48,u‘L'0‘L'2 + 48k2‘rorz, (5.24)

9673
n—1yp) = 2 3 > dr
QI + QI + QI+ O T + Q

Integrating (5.24), we obtain the solutions to the Eq. (1.2) as follows:
First solution

2,/=9673

(o1 —o3) (02 — o)

+(n—no) = F(p,l), o> o> 03> oy, (5.25)

where

<P7l)*/ @ = arcsin (20 — o) _al) P = 062—063)(061—014)’
VA 12 sin’ (o1 — o) (T — o)’ (g —a3) (0 — 1)

(O(l —062 0!4 —O(z

_ _ 2 /(o1 —03) (02 —04) _ (op—03) (011 —0tg) ’
o — oy + (o) — og)sm {43—2 560 (n Wo)a_(affa;(a;*ai)}

=>T=o0+

(5.26)
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QT+ T+ T2+ T + Q) = (T — o) (T — o) (T — o) (T — o) = (5.27)

u \/6/121'% + 12uk21y — 24121072 £+ 2¢/Q

2‘[2 47:2

(5.28)

oj = — 5 j:17253747

where
Q= 3(4MT2‘E0 — m% + 212k2) (74,11‘5210 + ,ur% + 612k2).

Therefore, the solution for the coupled conformable time-fractional Boussinesq equation
will be as
71 (o — o) (o — %2)

ug(x,t) =10 + 1000 +
(o1 —03) (02 —014) ( ket

Olg — 0o + (0(1 — 0(4)5'}’12 |::FW X

(t2—23) (=) ||
7 ’70)’&?—;5(;}25}

(5.29)

k‘L’] (0(1 — 062)(064 — D(z)

V4()C7 t) =kto+ ktooty +
(on—05) (22 —04) ( ket (02 —03) (o1 —t4)

2,/-9673 x no)’(“l‘“z)(“z—a4)j|
(5.30)

o4 — Ol + (OC] — OC4)SI’l2 |:$

Remark 1 1f the modulus / — 1, then the solution for the coupled conformable time-
fractional Boussinesq equation can be reduced to the solitary wave solution

T](O(] — OCQ)(OC4 — 062)

oy — oy + (o — o) tanh? [;M (x— ke ,70)}

145()67 t) =70 + T2 +

)

(5.31)
k‘C](OC] — O(z)(ot4 — Oﬁz)

oy — op + (o — o4) tanh? {JEW (r =1 - ’10)]
2

Vs (X, l) =ktg + ktgo, +

(5.32)
where o3 = 4.

Remark 2 1If the modulus / — 0, then the solution for the coupled conformable time-
fractional Boussinesq equation can be reduced to the solitary wave solution

‘L'l(OC] — 063)(064 — 063)

oy — o3 + (o — og) sin? [HFW (x— ke ,70)} (5.33)
2

ug(x,t) =79 + To03 +

k‘C](O(] — 063)(064 — 0(3)

og — 03 + (ocl — 954) sin? {;M (x _ l%‘ _ ’70):|

24/-9673

1/6()(7 [) =kto + ktpoiz +

(5.34)

where o = 3.
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5.2 EEM

In this subsection, consider EEM for Eq. (5.4) which is given in before subsection. By
balancing ¥?> and u” in Eq. (5.4) we obtain the balance number m = 2, and the exact
solution becomes,

2
u(n) =Y &F(n), F(n) = exp(-Q(n)). (5.35)

=2

Substituting (5.35) into Eq. (5.4) and comparing the terms, we will reach a system of
nonlinear algebraic equations, and by solving system of the nonlinear equations, yields
Case 1

K 3kt 6a
k=k 4=0, p=—>\7F,=— —0 *: —0 & =22
) ) n 160’572 1280b7 571 ) <o :51 : 2 b
(5.36)

By using (3.15) and (5.36), the exact solution for the coupled conformable time-fractional
Boussinesq equation becomes,

3k? k kt* 3k* 3k? k kt*
=" tanh? PG E) ) - coth? S LE
uy (x,1) g5 tan <8 — (x T )) + FTARETAL (8 — <x T )),

(5.37)
3% k % 3 3 k Kt
= tanh? [ (x = E) ) 2 o2 Y LE
Vi) = =g tan <8f“—a<x ol )>+4b 8 ° (8\/”——a<x ol ))
(5.38)

when a <0.
By using (3.16) and (5.36), the exact solution for the coupled conformable time-frac-
tional Boussinesq equation yields,

1) 3k2 e (K K L 3k L3 3k o e[k K
u(x,1) = X —— —+ = - —
2 8v/—a % 4b 8v—a o ’

(5.39)
1) 3K ok i +3k*+3k‘ el (L,
v(x,t) =——tan” | ——= | x — — — —
ERAE 72 8/a % 4b 8va\' ’
(5.40)
when a > 0.
Case 2
2+ k2 3(al? + k2)? 3i(al + K2
k:k7 A:)'a :u:a * 75—2: (a/b—i— ) ) 6—1: A(a + )a
4a 8ab 2b
3(ai? + k2) 341)
Cyozz—bvélzov 62:

By using (3.15) and (5.41), the exact solution for the coupled conformable time-fractional
Boussinesq equation becomes,
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(1) = Zhﬁ““@fio_@+a>_qagg%ﬂﬁ (542
+3Z) {\/k_tanh(Z\/_( %JrE))—)»}

Sak[ k[ k e }2+3ki(a),2+k2)
% |voa \2y=a\" “ 2b

n 3akl | k tanh k kt* VE p
x—— — A
b |v—=a 2\/—a o ’
when a <0.

By using (3.16) and (5.41), the exact solution for the coupled conformable time-frac-
tional Boussinesq equation yields,

ua(x,1) = 22 [\kfta (zf(xfkﬁ+E)) )T+W (5.44)
k(b (%)) -] |

(07@ LS _;2+3kﬂ,(a22+k2)
D=0 Ve N\ 2va\t T s V 2b

P (e 09) -1

v3(x,1) =
(5.43)

(5.45)

when a > 0.

5.3 ITEM

As last applied method, namely, the ITEM for Eq. (5.4) and by balancing ¥ and u” in
Eq. (5.4) we obtain the balance number m = 2, and the exact solution will be as

2 2
u(n) =Y Ajtan(¢/2) + > Bjcot'(¢/2). (5.46)
j=0 j=1

Substituting (5.46) into Eq. (5.4) and comparing the terms, we will reach a system of
nonlinear algebraic equations, and by solving system of the nonlinear equations, yields
Case 1

k:k, a—=a, be, c=c, AQZO7 A]Z—Bl, AZZ—Bz, BIZBl7 BzIBz.
(5.47)

By using (3.23) and (5.47), the exact solution for the coupled conformable time-fractional
Boussinesq equation becomes,
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(5.48)

© o ©
sl s s
< = =
— ol -
xQ xQ Q
| | +
Il
—
~
=
Na¥
=

b—c

(5.49)

when A = @ + b — ¢ <0 (Family 1).

up(x, 1)

(5.50)

I

(-

Se

tanh (

+b—c

b—c

+ B,

pringer

Qs
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A A &
va(x,t) = — kB b +b\/_“ctanh<\/77 <x—%)>}
2
a VA VA kt*
_ kB hl X2 (-2
kB, bfc+bf tan > <x a))}
A /A o (5.51)
a A A kt*
B h{ —(x——
+ kB, bfc+bf tan > (x “)>]
-2
A A &
+ kB> a + \/_tanh £ xfki ,
b—c b-—c 2 o

when A = @ + b? — 2 > 0 (Family 2).

eb(xf%) +b— a] {eb(xkf) +b—a
- B,

o) == Lb(x% —b—a

(5.53)

when ¢ = —a (Family 10).

u4(x7f)=—31(c<x‘F) 32(6()6_%)):31(6(%%))_1 (5.54)

ol )

st =i (o(s= ) (<) S om(o(+5))
+kBg(c<x "“))

when a = 0 and b = ¢ (Family 13).
Case 2

(5.55)

k2
k:k, a=a, b:b, c=c, A():—, A1:—Bl, AQZ—Bz,BIZBl, BzZBZ.
1%

(5.56)
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By using (3.23) and (5.56), the exact solution for the coupled conformable time-fractional
Boussinesq equation yields,

K a  V-A_(V-A kt*
DR

_B2|:bac_l\;/_§tan<\/2_A(x_%)) 2

_ (5.57)
5| 4 \/——At V=A k”
+ ]bfcibfcan 2 . o
gl @ VA (VAL ke -
+ 2lb—¢ b—can 2 * o ’
K a V-A V—A kt*
VS(x’t):Z_kBl[b—c_b—ctan< 5 <x—;)>:|
B |4 _ VA, V=A e\ \ 1
TR T T M 2 <x_?>
_ (5.58)
B |2 \/—At vV—A kt* :
Rl P (’“7
B |9 VA V=A e\ \ 17
R P W <x_? ’
when A = @ + b — ¢ <0 (Family 1).
k* A A kt*
ug(x,t) =— — By {bichb\/__ctanh(\/Z_(x;) }
2
_Bz{bi +b\/—_ tanh(?(x—% )}
VA VA A\ )] 539
a
+ B b—c+b— tanh(T(x—7>>}
-2
+sza +b\/—— tanh(%&<x—%)>} ,
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ve(x, 1) :g— kB, [ ic-f- \/Kctanh<\/Z (x— kt“))}

a VA (VA[ w\\]
» (5.60)
a VA VA kt*
+kB| b +bctanh< (X—7)>:|

when A = @ + b? — 2 > 0 (Family 2).

. . 2 ’ -1
k* ) b —a ) tb—a ) 1 bh—a
u;(x,t) =——B||—F——| B |—F———| +BI|—F———

H ) —b—a e S

P ) +b— a:| -

+ B =
eb(x_%) —b—a
(5.61)
3 eb(x_kf +b—a L) +b—a 2 eb(xi%) +b—a R
v7(x,t) =—— kB = — kB, = +kB, i
b= _p_qa e T)—b—a eb( %) —b—a
)
) 1 h—a
+ kB, o s
eb( 7) —b—a

(5.62)
when ¢ = —a (Family 10).

e =55 ((f)) “m o)) (o)) B
(o))

() ) o)
+ kB, <c(x _ ’%‘))_27

when a = 0 and b = ¢ (Family 13).

6 Conclusion

In this study, by utilizing three integration methods, namely, the extended trial equation
method, the exp(—Q(n))-expansion method and the tan(¢(1)/2)-expansion method, with
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the help of Maple software, we investigated the solutions of the nonlinear conformable
time-fractional Boussinesq equations. We obtained some new dark solitons, bright solitons,
solitary wave, periodic solitary wave, rational function, and elliptic function solutions. All
the obtained solutions in this study verified the conformable time-fractional Boussinesq
equations, we checked this using the same program in Maple 13. The aforementioned
methods are powerful and efficient mathematical tool that can be used with the aid of
symbolic software such as Maple or Mathematica in exploring search for the solutions of
the various nonlinear fractional equations arising in the various field of nonlinear sciences.
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Tabriz Research Affairs Office.
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