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Abstract In this work, we have extracted new solitary wave solutions of fractional order

version of two nonlinear evolution equations known as Benny–Luke equation and Phi-4

equation arising in mathematical physics and engineering, by applying (G0/G)-expansion

method with the aid of fractional complex transformation, coupled with modified Rie-

mann–Liouville fractional operator. The exact solutions including hyperbolic, trigono-

metric and rational function solutions, supported by their graphical illustration for different

values of the fractional orders a, b and physically linked parameters, show the effective-

ness and competence of the proposed mathematical tool.

Keywords (G0/G)-expansion method � New solitary wave solutions � Modified

Riemann–Liouville derivative � Fractional complex transformation � Fractional

Benny–Luke equation � Fractional Phi-4 equation

1 Introduction

In recent years, the study of traveling wave solutions of nonlinear evolution equations

(NLEEs) of fractional order have attracted many mathematicians and physicists in

exploring new research areas of nonlinear sciences such as nonlinear optics, plasma

physics, relativity, solid state physics, biomechanics etc. For explaining the motion of

isolated waves, the use of NLEEs is very important whose exact solutions reflect the

structure of complex physical phenomena (Akter and Ali 2015). A good deal of methods
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have been formulated to tackle NLEEs such as homogeneous balance method (Wang 1995;

Zayed et al. 2004), Jacobi elliptic function method (Ali 2011), tanh-function method

(Malfliet 1992; Fan 2000; Abdou 2007), truncated painleve expansion method (Weiss et al.

1983), sine–cosine method (Bibi and Mohyud-Din 2014), homotopy perturbation method

(Tauseef Mohyud-Din et al. 2011a, b) Hirota bilinear transformation method (Hirota and

Satsuma 1981), F-expansion method (Wang and Li 2005), etc. In this work, we apply (G0/
G)-expansion method, introduced by Wang et al. (2008) that was further modified in Zheng

(2012) for solution of differential equations of fractional order. The method includes

fractional complex transformation (He et al. 2012; Wang 2006; Li and He 2010), and

modified Riemann–Liouville fractional differential operator (Jumarie 2006, 2009) to seek

traveling wave solutions of two pivotal nonlinear problems, namely, the fractional Benny–

Luke equation and the fractional Phi-4 equation (Akter and Ali 2015). The former

describes an approximation of full water wave equations and is formally appropriate for

portraying two-way water propagation in the presence of surface tension (Akter and Ali

2015), and the latter holds a considerable role in particle physics, related to the interaction

between kink and antikink solitary waves (Doha et al. 2009).

2 The G0/G-expansion method

Consider nonlinear fractional partial differential equation containing higher order deriva-

tives as well as nonlinear terms

P u;
oau

ota
;
obu

oxb
;
ocu

oyc
; . . .

 !
¼ 0; ð1Þ

u being a function to be known and P is a polynomial of u and its partial fractional

operators.

Step 1 Using the fractional complex transformation (He et al. 2012; Wang 2006; Li and

He 2010)

u ¼ uðnÞ;where ¼ L
ta

Cðaþ 1Þ þ K
xb

Cðbþ 1Þ þM
yc

Cðcþ 1Þ ; ð2Þ

We obtain the following ODE

Pðu; u0; u00; u000; . . .Þ ¼ 0: ð3Þ

If possible, we integrate the above equation term by term once or more times.

Step 2 We assume that the solution of Eq. (1) can be expressed in the form as follows

uðnÞ ¼
Xm
i¼�m

ai
G0

G

� �i

; am 6¼ 0; ð4Þ

where ai’s are constants and G(n) satisfies the equation

G00ðnÞ þ kG0ðnÞ þ lGðnÞ ¼ 0: ð5Þ
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Step 3 By using homogeneous balance principle, we determine the value of m by

balancing the higher order derivatives and nonlinear terms that appear in (3), substitute

Eq. (4) into Eq. (3) and using Eq. (5), collect all the terms with the same order of (G0/G)

together. Then we equate each coefficient of the obtained polynomial to zero that will

give us a system of algebraic equations that can be solved for the values of K, L, M, N,

k, l, ai, i ¼ 0;�1;�2;�3; . . .� m:
Step 4 After solving system of algebraic equations and using Eq. (5), different traveling

wave solutions can be extracted by using generalized solutions of this equation:

G0

G
¼

�k
2

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

2

s
A sinh

n
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

q� �
þBcosh

n
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

q� �

Acosh
n
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

q� �
þB sinh

n
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � 4l

q� �
0
BB@

1
CCA; k2 � 4l[0;

�k
2

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4l� k2

2

s
A sin

n
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4l� k2

q� �
þBcos

n
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4l� k2

q� �

Acos
n
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4l� k2

q� �
þB sin

n
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4l� k2

q� �
0
BB@

1
CCA; k2 � 4l\0;

�k
2

þ B

AþBn0
; k2 � 4l¼ 0;

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð6Þ

where A and B are arbitrary constants.

3 Applications of G0=Gð Þ-expansion method

3.1 The Benny–Luke equation

Consider the Benny–Luke equation of the form

utt � uxx þ cuxxxx � duxxtt þ utuxx þ 2uxuxt ¼ 0; ð7Þ

where c and d are positive parameters, linked to the inverse bond number, whose char-

acteristics is to capture the effects of surface tension and the gravity forces. Fractional

version of this equation can be interpreted as

D2a
tt u� D2b

xx uþ cD4b
xxxxu� dD2aþ2b

xxtt uþ Da
t uD

2b
xx uþ 2Db

x uD
aþb
xt u ¼ 0; 0\a; b� 1; ð8Þ

We use following complex transformation

u ¼ u nð Þ; n ¼ L
ta

C aþ 1ð Þ þ K
xb

C bþ 1ð Þ ; ð9Þ

along with Jumarie’s modified Riemann–Liouville derivative, to convert (8) into the ODE

that is further integrated (neglecting constant of integration) to obtain

ðL2 � K2Þu0 þ K2 cK2 � dL2
� �

u000 þ 3

2
LK2 u0ð Þ2¼ 0; ð10Þ

after homogeneous balancing, we obtain m ¼ 1, so that our supposed solution is
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u nð Þ ¼ a�1

G0

G

� ��1

þa0 þ a1

G0

G

� �
; ð11Þ

where a�1; a0; a1 are arbitrary constants. On substituting Eq. (11) into Eq. (10), and by

using step no. 3 as described above, we obtain a system of equations and solve it for

arbitrary constants a�1; a0; a1; k; l; L;K; and M, yielding following cases yielding their

respective traveling wave solutions.

Case 1

a�1 ¼ 1

4

K2 � L2

K2L
; a0 ¼ a0; a1 ¼ 4K2 cK2 � dL2ð Þ

L
; k ¼ 0;

l ¼ �1

16

K2 � L2

K2 cK2 � dL2ð Þ ; L ¼ L; K ¼ K:

ð12Þ

The traveling wave solutions for above case, when (I) k2 � 4l[ 0, (II) k2 � 4l\0, and

(III) k2 � 4l ¼ 0 are respectively as follows

u1 nð Þ ¼ a0 þ
K2 � L2ð Þ A cosh 1

4
nj

� �
þ B sinh 1

4
nj

� �� �
K2LjðA sinh 1

4
nj

� �
þ B cosh 1

4
nj

� �
þ

K2c� L2dð Þj A sinh 1
4
nj

� �
þ B cosh 1

4
nj

� �� �
Lð A cosh 1

4
nj

� �
þ B sinh 1

4
nj

� �� � ;

ð13Þ

where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

K2�L2

K2 K2c�L2dð Þ

q
:

u2 nð Þ ¼ a0 þ
K2 � L2ð Þ A cos 1

4
nj

� �
þ B sin 1

4
nj

� �� �
K2Lj �A sin 1

4
nj

� �
þ B cos 1

4
nj

� �� �
þ

K2c� L2dð Þj �A sin 1
4
nj

� �
þ B cos 1

4
nj

� �� �
L A cos 1

4
nj

� �
þ B sin 1

4
nj

� �� � ;

ð14Þ

where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L2�K2

K2 K2c�L2dð Þ

q
:

u3 nð Þ ¼ a0 þ
1

4

K2 � L2ð Þ Bnþ Að Þ
K2LB

þ 4
K2c� L2dð ÞB
L Bnþ Að Þ : ð15Þ

Case 2

a�1 ¼ 0; a0 ¼ a0; a1 ¼ �4
K c� dð Þ
K2dk2 � 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2ck2 � 1

K2dk2 � 1

s0
@

1
A

�1

; k ¼ k;

l ¼ l; L ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2ck2 � 1

K2dk2 � 1

s
K; K ¼ K:

ð16Þ
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The traveling wave solutions for above case, when (I) k2 � 4l[ 0, (II) k2 � 4l\0, and

(III) k2 � 4l ¼ 0 are respectively as follows

u4 nð Þ ¼ a0 � 4
K c� dð Þ
K2dk2 � 1

1

2

k A sinh k
2
n

� �
þ B cosh k

2
n

� �� �
A cosh k

2
n

� �
þ B sinh k

2
n

� � � k
2

 ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2ck2 � 1

K2dk2 � 1

s0
@

1
A

�1

:

ð17Þ

u5 nð Þ ¼ a0

� 4
K c� dð Þ
K2dk2 � 1

1

2

ik �iA sinh k
2
n

� �
þ B cosh k

2
n

� �� �
Acosh k

2
n

� �
þ iB sinh k

2
n

� � � k
2

 ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2ck2 � 1

K2dk2 � 1

s0
@

1
A

�1

:

ð18Þ

u6 nð Þ ¼ a0 � 4
K c� dð Þ
K2dk2 � 1

� k
2
þ B

Bnþ A

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2ck2 � 1

K2dk2 � 1

s0
@

1
A

�1

: ð19Þ

Case 3

a�1 ¼ 0; a0 ¼ a0; a1 ¼ 4
K2c� L2ð Þ

L
; k ¼ k; L ¼ L;

K ¼ K; l ¼ 1

4

K4ck2 � K2L2dk2 � K2 þ L2

K2 K2c� L2dð Þ :

ð20Þ

The traveling wave solutions for above case, when (I) k2 � 4l[ 0, (II) k2 � 4l\0, and

(III) k2 � 4l ¼ 0 are respectively as follows

u7 nð Þ ¼ a0 þ
4

L
ðK2c� L2dÞ 1

2

j A sinh 1
2
nj

� �
þ B cosh 1

2
nj

� �� �
A cosh 1

2
nj

� �
þ B sinh 1

2
nj

� � � 1

2
k

 !
; ð21Þ

where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � K4ck2�K2L2dk2�K2þL2

K2 K2c�L2dð Þ

q
:

u8 nð Þ ¼ a0 þ
4

L
ðK2c� L2dÞ 1

2

j �A sin 1
2
nj

� �
þ B cos 1

2
nj

� �� �
A cos 1

2
nj

� �
þ B sin 1

2
nj

� � � 1

2
k

 !
; ð22Þ

where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�k2 þ K4ck2�K2L2dk2�K2þL2

K2 K2c�L2dð Þ

q
:

u9 nð Þ ¼ a0 þ 4
K2c� L2d

L
� k

2
þ B

Bnþ A

� �
: ð23Þ
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Case 4

a�1 ¼ �
K4ck2 � K2L2dk2 � K2 þ L2
� �

K2L
; l ¼ 1

4

K4ck2 � K2L2dk2 � K2 þ L2
� �

K2 K2c� L2dð Þ ;

a0 ¼ a0; a1 ¼ 0; k ¼ k; L ¼ L; K ¼ K:

ð24Þ

The traveling wave solutions for above case, when (I) k2 � 4l[ 0, (II) k2 � 4l\0, and

(III) k2 � 4l ¼ 0 are respectively as follows (Fig. 1)

u10 nð Þ ¼ a0

�
K4ck2 � K2L2dk2 � K2 þ L2
� �

2K2L

j A sinh 1
2
nj

� �
þ B cosh 1

2
nj

� �� �
Acosh 1

2
nj

� �
þ B sinh 1

2
nj

� � � k
2

 !�1

;

ð25Þ

where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � K4ck2�K2L2dk2�K2þL2

K2 K2c�L2dð Þ

q
:

u11 nð Þ ¼ a0 �
K4ck2 � K2L2dk2 � K2 þ L2

2K2L

j �Asin 1
2
nj

� �
þ Bcos 1

2
nj

� �� �
Acos 1

2
nj

� �
þ Bsin 1

2
nj

� � � k
2

 !�1

;

ð26Þ

where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�k2 þ K4ck2�K2L2dk2�K2þL2

K2 K2c�L2dð Þ

q
:

u12 nð Þ ¼ a0 �
K4ck2 � K2L2dk2 � K2 þ L2

K2L
� k

2
þ B

Bnþ A

� ��1

: ð27Þ

For all of the above solutions,n ¼ L ta

C aþ1ð Þ þ K xb

C bþ1ð Þ.

cFig. 1 Graphical view of solitary wave solutions of Benny–Luke equation for a = b= 0.25, 0.5, 0.75, 0.85
and 1, depicted by gray, red, yellow, green and blue colors respectively. Case 1: a solution (13) for a0 = 1,
A = 1, B = 0, c = 2, d = 1, K = 4, L = 3, (0\ x\ 10) and (0\ t\ 10). b Solution (14) for a0 = 1,
A = - 1, B = 0, c = 3, d = 1, K = 3, L = 4, (0\ x\ 10) and (0\ t\ 10). c Solution (15) for a0 = 1,
A = - 1, B = 1, c = 3, d = 1, K = 4, L = 3, (0\ x\ 10) and (0\ t\ 10). Case 2: a solution (17) for
a0 = 1, A = - 1, B = 1, k = 1, c = 2, d = 3, K = 2, (0\ x\ 10) and (0\ t\ 10). b Solution (18) for
a0 = 1, A = - 1, B = 1, k = 1, c = 2, d = 3, K = 10, (0.5\ x\ 5) and (0.5\ t\ 5). c Solution (19)
for a0 = 1, A = - 8, B = 1, k = 1, c = 1, d = 3, K = 2, (- 2\ x\ 5) and (- 2\ t\ 10). Case 3:
a solution (21) for a0 = 1, A = 1, B = 0, k = 3, c = 3, d = 1, K = 4, L = 3, (0\ x\ 10) and
(0\ t\ 10). b Solution (22) for a0 = 1, A = 1, B = 0, k = 1, c = 2, d = 1, K = 1, L = 2,
(- 15\ x\ 10) and (- 15\ t\ 10). c Solution (23) for a0 = 1, A = 0, B = - 1, k = - 3, c = 3,
d = 1, K = 1, L = 3, (0\ x\ 25) and (0\ t\ 25). Case 4: a solution (25) for a0 = 1, A = 1, B = 0,
k = 3, c = 3, d = 1, K = 4, L = 3, (- 20\ x\ 20) and (- 20\ t\ 20). b Solution (26) for a0 = 1,
A = 1, B = 0, k = 2, c = 2, d = 1, K = 3, L = 1, (- 20\ x\ 20) and (- 20\ t\ 20). c Solution (26)
for a0 = 1, A = 1, B = - 3, k = 1, c = 1, d = 3, K = 1, L = 1, (- 20\ x\ 20) and (- 20\ t\ 20).
(Color figure online)
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(a) (b) (c)

Case 1

(a) (b) (c)

Case 2

(a) (b) (c)

Case 3

(a) (b) (c)

Case 4
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3.2 The Phi-4 equation

Consider the Phi-4 equation of the form

utt � uxx þ m2uþ ru3 ¼ 0; ð28Þ

m; and r being real constants. Fractional version of this equation can be interpreted as

D2a
tt u� D2b

xx uþ m2uþ ru3 ¼ 0; 0\a; b� 1; ð29Þ

We use following complex transformation

u ¼ u nð Þ; n ¼ L
ta

C aþ 1ð Þ þ K
xb

C bþ 1ð Þ ; ð30Þ

along with Jumarie’s modified Riemann–Liouville derivative, to convert (29) the ODE that

is further integrated (neglecting constant of integration) to obtain

ðL2 � K2Þu00 þ m2uþ ru3 ¼ 0; ð31Þ

after homogeneous balancing, we obtain m ¼ 1, so that our supposed solution is of the

form (11), yielding following solution cases with their respective traveling wave solutions

Case 1

a�1 ¼ 0; a0 ¼ K2 � L2

r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 � L2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r
r

 !�1

a1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
L2 � K2

r

r
; k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 � L2

r
; l ¼ l; L ¼ L; K ¼ K:

ð32Þ

The traveling wave solutions for above cases, when (I) k2 � 4l[ 0, (II) k2 � 4l\0,

and (III) k2 � 4l ¼ 0 are respectively as follows

u1 nð Þ ¼ K2 � L2

r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 � L2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r
r

 !�1

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r
1

2

j Asinh 1
2
nj

� �
þ Bcosh 1

2
nj

� �� �
Acosh 1

2
nj

� �
þ Bsinh 1

2
nj

� � � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 � L2

r !
;

ð33Þ

where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l�4L2l�2m2

K2�L2 � 4l
q

:

u2 nð Þ ¼ K2 � L2

r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 � L2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r
r

 !�1

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r
1

2

j �A sin 1
2
nj

� �
þ B cos 1

2
nj

� �� �
Acos 1

2
nj

� �
þ B sin 1

2
nj

� � � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 � L2

r !
;

ð34Þ
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where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4K2lþ4L2lþ2m2

K2�L2 þ 4l
q

:

u3 nð Þ ¼ K2 � L2

r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 � L2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r
r

 !�1

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r
� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 � L2

r
þ B

Bnþ A

 !
;

ð35Þ

Case 2

a�1 ¼ 1

K2 � L2
� 2K2l� 2L2l� m2

r

� �3
2

r�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2K2l� 2L2l� m2

r

r
m2

 !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 � L2

r !�1

; a0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2K2l� 2L2l� m2

r

r
;

a1 ¼ 0; k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 � L2

r
l ¼ l; L ¼ L; K ¼ K:

ð36Þ

The traveling wave solutions for above cases, when (I) k2 � 4l[ 0, (II) k2 � 4l\0,

and (III) k2 � 4l ¼ 0 are respectively as follows

u4 nð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2K2l� 2L2l�m2

r

r
� 1

K2 �L2
� ��2K2lþ 2L2lþm2

r

� �3
2

r

 !

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2K2l� 2L2l�m2

r

r
m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
þ4K2l� 4L2l� 2m2

K2 �L2

r !�1 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 �L2

r

1

2
j

A sinh 1
2
nj

� �
þBcosh 1

2
nj

� �� �
Acosh 1

2
nj

� �
þBsinh 1

2
nj

� �� �� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 �L2

r !�1

;

ð37Þ

where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l�4L2l�2m2

K2�L2 � 4l
q

:

u5 nð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2K2l� 2L2l� m2

r

r
� 1

K2 � L2
� 2K2l� 2L2l� m2

r

� �3
2

r

 !

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2K2l� 2L2l� m2

r

r
m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 � L2

r !�1

1

2
j

�A sin 1
2
nj

� �
þ B cos 1

2
nj

� �� �
Acos 1

2
nj

� �
þ Bsin 1

2
nj

� �� � � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 � L2

r !�1

;

ð38Þ
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where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4K2lþ4L2lþ2m2

K2�L2 þ 4l
q

:

u6 nð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2K2l� 2L2l� m2

r

r

þ 1

K2 � L2
� 2K2l� 2L2l� m2

r

� �3
2

r�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2K2l� 2L2l� m2

r

r
m2

 !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 � L2

r !�1

� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K2l� 4L2l� 2m2

K2 � L2

r
þ B

Bnþ A

 !�1

;

ð39Þ

Case 3

a�1 ¼ � 1

2r
m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r !�1

; a0 ¼ 0;

a1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r
; k ¼ 0; l ¼ � m2

4 K2 � L2ð Þ ; L ¼ L; K ¼ K:

ð40Þ

The traveling wave solutions for above cases, when (I) k2 � 4l[ 0, (II) k2 � 4l\0,

and (III) k2 � 4l ¼ 0 are respectively as follows

u7 nð Þ ¼ � 1

2rj
m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r !�1

A sinh njð Þ þ B cosh njð Þ
A sinh njð Þ þ B cosh njð Þ

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r
j

A sinh njð Þ þ B cosh njð Þ
A cosh njð Þ þ B sinh njð Þ

� �
;

ð41Þ

where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2

4 K2�4L2ð Þ

q
:

u8 nð Þ ¼ � 1

2rj
m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r !�1

A cos njð Þ þ B sin njð Þ
�A sin njð Þ þ B cos njð Þ

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r
j

�A sin njð Þ þ B cos njð Þ
A cos njð Þ þ B sin njð Þ

� �
;

ð42Þ

where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� m2

4 K2�L2ð Þ :
q
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u9 nð Þ ¼ � 1

2rj
m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r !�1
Bnþ A

B

� �

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r
B

Bnþ A

� �
;

ð43Þ

Case 4

a�1 ¼ 5

12rj
m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r !�1

; a0 ¼ 0;

a1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r
; k ¼ 0; l ¼ m2

8K2 � 8L2
; L ¼ L; K ¼ K:

ð44Þ

The traveling wave solutions for above cases, when (I) k2 � 4l[ 0, (II) k2 � 4l\0,

and (III) k2 � 4l ¼ 0 are respectively as follows

u10 nð Þ ¼ 5

12rj
m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r !�1

A sinh njð Þ þ B cosh njð Þ
A sinh njð Þ þ B cosh njð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r
j

A sinh njð Þ þ B cosh njð Þ
A cosh njð Þ þ B sinh njð Þ

� �
;

ð45Þ

where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� m2

8 K2�L2ð Þ

q
:

u11 nð Þ ¼ 5

12rj
m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r !�1

A cos njð Þ þ B sin njð Þ
�A sin njð Þ þ B cos njð Þ

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r
j

�A sin njð Þ þ B cos njð Þ
A cos njð Þ þ B sin njð Þ

� �
;

ð46Þ

where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2

8 K2�L2ð Þ

q
:

u12 nð Þ ¼ 5

12rj
m2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r !�1
Bnþ A

B

� �

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
K2 � L2

r

r
B

Bnþ A

� �
;

ð47Þ

Case 5
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a�1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2K2r� 2L2rð Þ�1

q
m2; a0 ¼ 0; a1 ¼ 0; k ¼ 0;

l ¼ 1

2

m2

K2 � L2
; L ¼ L; K ¼ K:

ð48Þ

The traveling wave solutions for above cases, when (I) k2 � 4l[ 0, (II) k2 � 4l\0,

and (III) k2 � 4l ¼ 0 are respectively as follows (Fig. 2)

u13 nð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m4

j2r K2 � L2ð Þ

s
A cosh 1

2
nj

� �
þ B sinh 1

2
nj

� �
A sinh 1

2
nj

� �
þ B cosh 1

2
nj

� �
 !

; ð49Þ

where j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2m2

K2�L2 :
q

u14 nð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m4

j2r K2 � L2ð Þ

s
A cos 1

2
nj

� �
þ B sin 1

2
nj

� �
�A sin 1

2
nj

� �
þ B cos 1

2
nj

� �
 !

; ð50Þ

where j ¼
ffiffiffiffiffiffiffiffiffiffi

2m2

K2�L2

q
:

u15 nð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m4

2r K2 � L2ð Þ

s
Bnþ Að Þ

B
; ð51Þ

For all of the above solutions, n ¼ L ta

C aþ1ð Þ þ K xb

C bþ1ð Þ.

cFig. 2 Graphical view of solitary wave solutions of Phi-4 equation for a = b= 0.25, 0.5, 0.75, 0.85 and 1,
depicted by gray, red, yellow, green and blue colors respectively. Case 1: a solution (33) for A = 1, B = 0,
m = 1, r = 1, K = 2, L = 1, (- 10\ x\ 10) and (- 10\ t\ 10). b Solution (34) for A = - 3, B = 0,
m = 1, r = 1, K = 3, L = 2, (- 10\ x\ 10) and (- 10\ t\ 10). c Solution (35) for A = 1, B = - 3,
m = 2, r = 1, K = 2, L = 1, (- 10\ x\ 10) and (- 10\ t\ 10). Case 2: a solution (37) for A = 1,
B = 0, m = 2, r = 1, l = 1, K = 2, L = 1, (0\ x\ 10) and (0\ t\ 10). b Solution (38) for A = - 3,
B = 0, m = 2, r = 1, l = 1, K = 3, L = 2, (0\ x\ 10) and (0\ t\ 10). c Solution (39) for A = - 3,
B = 5, m = 4, r = 1, l = 1, K = 6, L = 5, (- 10\ x\ 10) and (- 10\ t\ 10). Case 3: a solution
(41) for A = 1, B = 3, m = 2, r = 5, K = 9, L = 1, (- 2\ x\ 5) and (0\ t\ 5). b Solution (42) for
A = 1, B = - 15, m = 1, r = - 2, K = 1, L = 2, (- 5\ x\ 10) and (0\ t\ 5). c Solution (43) for
A = 0, B = 5, m = 3, r = - 1, K = 4, L = 1, (0\ x\ 5) and (0\ t\ 5). Case 4: a solution (45) for
A = - 1, B = - 3, m = 1, r = - 1, K = 2, L = 3, (0\ x\ 5) and (0\ t\ 5). b Solution (46) for
A = 0, B = 1, m = 2, r = 1, K = 2, L = 1, (0\ x\ 5) and (0\ t\ 5). c Solution (47) for A = - 3,
B = 1, m = 3, r = 2, K = 2, L = 1, (- 5\ x\ 5) and (- 5\ t\ 5). Case 5: a solution (49) for
A = - 3, B = 0, m = 2, r = 1, K = 2, L = 1, (0\ x\ 5) and (0\ t\ 5). b Solution (50) for A = - 5,
B = 0, m = 1, r = 1, K = 2, L = 1, (0\ x\ 5) and (0\ t\ 5). c Solution (51) for A = 1, B = 1,
m = 7, r = 1, K = 2, L = 1, (0\ x\ 5) and (0\ t\ 5). (Color figure online)
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(a) (b) (c)
Case 1

(a) (b) (c)
Case 2

(a) (b) (c)
Case 3

(a) (b) (c)
Case 4

(a) (b) (c)
Case 5
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4 Conclusion

We obtained several new solitary wave solutions of Benny–Luke equation and Phi-4 equation

of fractional order by implementing G0=Gð Þ-expansion method and to the best of our

knowledge, such a work has not been reported yet. Fractional complex transformation and

modified Reimann-Liouville derivative are used to come upon these solutions. Graphical

perspective of the obtained solutions for different values of a; b and the related physical

parameters is represented that will be very much supportive in understanding the physical

aspects of the incorporated problems. The results of our work clearly indicate the validity and

proficiency of the proposed scheme for solving numerous other NLEEs of fractional order.
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