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Abstract In this work, we have extracted new solitary wave solutions of fractional order
version of two nonlinear evolution equations known as Benny-Luke equation and Phi-4
equation arising in mathematical physics and engineering, by applying (G'/G)-expansion
method with the aid of fractional complex transformation, coupled with modified Rie-
mann—Liouville fractional operator. The exact solutions including hyperbolic, trigono-
metric and rational function solutions, supported by their graphical illustration for different
values of the fractional orders «, § and physically linked parameters, show the effective-
ness and competence of the proposed mathematical tool.

Keywords (G'/G)-expansion method - New solitary wave solutions - Modified
Riemann—Liouville derivative - Fractional complex transformation - Fractional
Benny-Luke equation - Fractional Phi-4 equation

1 Introduction

In recent years, the study of traveling wave solutions of nonlinear evolution equations
(NLEEs) of fractional order have attracted many mathematicians and physicists in
exploring new research areas of nonlinear sciences such as nonlinear optics, plasma
physics, relativity, solid state physics, biomechanics etc. For explaining the motion of
isolated waves, the use of NLEEs is very important whose exact solutions reflect the
structure of complex physical phenomena (Akter and Ali 2015). A good deal of methods
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have been formulated to tackle NLEEs such as homogeneous balance method (Wang 1995;
Zayed et al. 2004), Jacobi elliptic function method (Ali 2011), tanh-function method
(Malfliet 1992; Fan 2000; Abdou 2007), truncated painleve expansion method (Weiss et al.
1983), sine—cosine method (Bibi and Mohyud-Din 2014), homotopy perturbation method
(Tauseef Mohyud-Din et al. 2011a, b) Hirota bilinear transformation method (Hirota and
Satsuma 1981), F-expansion method (Wang and Li 2005), etc. In this work, we apply (G'/
G)-expansion method, introduced by Wang et al. (2008) that was further modified in Zheng
(2012) for solution of differential equations of fractional order. The method includes
fractional complex transformation (He et al. 2012; Wang 2006; Li and He 2010), and
modified Riemann-Liouville fractional differential operator (Jumarie 2006, 2009) to seek
traveling wave solutions of two pivotal nonlinear problems, namely, the fractional Benny—
Luke equation and the fractional Phi-4 equation (Akter and Ali 2015). The former
describes an approximation of full water wave equations and is formally appropriate for
portraying two-way water propagation in the presence of surface tension (Akter and Ali
2015), and the latter holds a considerable role in particle physics, related to the interaction
between kink and antikink solitary waves (Doha et al. 2009).

2 The G’/G-expansion method

Consider nonlinear fractional partial differential equation containing higher order deriva-
tives as well as nonlinear terms

o*u ®u Ou
Plu— —. —,...] =0 1
(I/l, at"‘ ) ax/; 9 ay.}, ) ) ) ( )

u being a function to be known and P is a polynomial of u and its partial fractional
operators.

Step 1 Using the fractional complex transformation (He et al. 2012; Wang 2006; Li and
He 2010)

u(&), where = L r +K o +M Y (2)
u= ) = )
’ I'(a+1) rg+1) I'(y+1)
We obtain the following ODE
Pu,u' " ", ..) =0. (3)

If possible, we integrate the above equation term by term once or more times.
Step 2 We assume that the solution of Eq. (1) can be expressed in the form as follows

u(é) = Zﬂ % <%) i, o # 0, 4)

where «;’s are constants and G(¢) satisfies the equation

G'(&) + 4G (8) + uG(&) = 0. (5)
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Step 3 By using homogeneous balance principle, we determine the value of m by
balancing the higher order derivatives and nonlinear terms that appear in (3), substitute
Eq. (4) into Eq. (3) and using Eq. (5), collect all the terms with the same order of (G'/G)
together. Then we equate each coefficient of the obtained polynomial to zero that will
give us a system of algebraic equations that can be solved for the values of K, L, M, N,
Aty 0 0 =0,+1,4£2, 43, ... £ m.

Step 4 After solving system of algebraic equations and using Eq. (5), different traveling
wave solutions can be extracted by using generalized solutions of this equation:

inn(S1/72 Sz
_; 24y Asmh<2 A 4,u> —l—Bcosh(2 A 4,u) S
7 + 3 V = , AT —4u>0,
Acosh(%\/iz —4u) —|—Bsinh(§\//12 —4u)
G VAS 2 ¢ 2
R - 2 As1n(§\/4,u—/l>+Bcos(§\/4u—i) .
2 + 2 z z , AT—4u<0,
ACOS(E\/4,H—;L2) +Bsin<§'\/4,u—/12>
_;L B
— 2 —4p=0
2 +A+B£” /'t )
(6)
where A and B are arbitrary constants.
3 Applications of (G’'/G)-expansion method
3.1 The Benny-Luke equation
Consider the Benny-Luke equation of the form
Uy — Uy + Pl — 5”xxt! + sty + 2uly = 07 (7)

where 7y and J are positive parameters, linked to the inverse bond number, whose char-
acteristics is to capture the effects of surface tension and the gravity forces. Fractional
version of this equation can be interpreted as

D¥u — D*Pu+yD* u — 5D**1 Py + D*uD*Pu + 2DPuD*Pu =0, 0<a, <1, (8)

XXXX

We use following complex transformation
t 4
Ty G
I'(a+1) r(p+1)

along with Jumarie’s modified Riemann—Liouville derivative, to convert (8) into the ODE
that is further integrated (neglecting constant of integration) to obtain

u=u(é),{=L ©)

3
(L> — K*)u' + K*(yK? — L) u" + ELKQ(u’)Z: 0, (10)

after homogeneous balancing, we obtain m = 1, so that our supposed solution is
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u(é) :a_1<%)_l+oco+oc1 <%>, (11)

where o_j, 09,0 are arbitrary constants. On substituting Eq. (11) into Eq. (10), and by
using step no. 3 as described above, we obtain a system of equations and solve it for
arbitrary constants o_, 0, %, 4, 4, L, K, and M, yielding following cases yielding their
respective traveling wave solutions.

Case 1
1K? - 17 4K*(yK* — OL?)
Ul =75 Xp = o, GG =——", :0,
4 K2L L 2
-1 KZ _L2 (1 )
U L=L K=K.

~ 16 K2(yK2 — 012)”

The traveling wave solutions for above case, when (I) pr- 4u >0, dD) - 4u<0, and
(II) /? — 4u = 0 are respectively as follows

(K* — L?)(A cosh(} ¢k) + Bsinh (4 ¢x))

ur(¢) = o + K2Lx(Asinh (2 éx) + Bcosh (3 éx) (13)
(K?y — L*6)kc(Asinh(} &x) + Beosh(L éx))
L((Acosh(} &k) + Bsinh(} k) ’
where x = %
B (K* — L*)(Acos(} &) + Bsin(}¢x))
ur(&) = oo + K2Li(—Asin(} &) + Beos(Léx)) (14)
(K?y — L*)k(—Asin(} éx) + Beos( éx))
L(Acos(}&x) + Bsin(} ¢x)) ’
where Kk = Kz(%(zzafzz(sy
L L(KP-IX)(BE+A) | (K —L*)B
u3(&) = a0+ LB 4 L(BE+A) 13)
Case 2
: -1
K(y — 5) KZV)L -1 R A
O€_1:0, Op = %o, & = — Kzéj,z—l K25;y2_1 AT
(16)

B [ sz)?flK KK
n= - Kzéiz—l ) - .
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The traveling wave solutions for above case, when (I) - 4u >0, (I) 2 — 4u<0, and
(1) 2> — 4 = 0 are respectively as follows

-1
(&) = oy — 4 K(y —9) li(A sinh(4¢) 4+ Beosh(4¢)) i K2p2% —1
H =0 T 57 1\2 Acosh(28) + Bsinh((8)  2)\V k22 1)

(17)
us(&) = oo
-1
4 K =9) 1iZ(=iAsinh(5¢) + Beosh(5¢)) A K222 — 1
K262 —1\2  Acosh(Z¢) +iBsinh(Z¢) 2 K222 -1)
(18)
5 -1
K(y—9) 2 B K2yA~ =1
= — 4 —= . 19
wlo) =041\ 2 rera) | Vieor =1 19)
Case 3
N )
0671:0, 0o = Ao, 0(1:4M, /’{:/L, L:L,
L
Kok u ) K*92? — K*L20)% — K? + L (20)
T4 K2(K2y — L29)

The traveling wave solutions for above case, when (I) - 4u >0, dD) 22— 4u<0, and
(II) /? — 4u = 0 are respectively as follows

1 (Asinh (46x) + Beosh (1éx)) _1;) @)
é g )

4
_ Z(K2y— 125
ur(8) = o0 +7 (K% )(2 Acosh(Léx) + Bsinn(lén) 2

_ 2 K% -K226)2—K*+I2
where Kk = \/;\, — W

B i > 2 lx(—Asin(%fK) —Q—Bcos(%él()) _l i
us(C) = % +L(K y=L79) (2 Acos(}éx) + Bsin(} &) 2 ) (22)

_ 12 | K%2—K2L20)*—K2+1?
where Kk = \/ A+ KR -129) .

3 K*—I1*( 1 B
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Fig. 1 Graphical view of solitary wave solutions of Benny—Luke equation for « = fi= 0.25, 0.5, 0.75, 0.85»
and 1, depicted by gray, red, yellow, green and blue colors respectively. Case 1: a solution (13) for ¢y = 1,
A=1,B=0,7y=2,0=1,K=4L=3,(0<x<10) and (0 <t < 10). b Solution (14) for oy = 1,
A=-1,B=0,y=3,0=1,K= 3,L_4 (0 < x < 10) and (0 < t < 10). ¢ Solution (15) for op = 1,

A=-1,B=1,7=3,0=1,K=4,L = (0<x<10)and(0<t<10) Case 2: a solution (17) for
=1, A=—-1,B=1L,ArA=1,9y=2,0=3,K=2,(0<x<10)and (0 <t < 10). b Solution (18) for
10:1,A —l,B_l,)» 1 14

:3 =10, (0.5 <x <5) and (0.5 <t <5). ¢ Solution (19)
1,0=3,K=2,(—2<x<5)and (— 2 <t < 10). Case 3:
asolunon (21) for 060—1 A=1,B=0, A=37y=30=1, K=4, L=3, (0<x<10) and
(0 <t<10). b Solution (22) for a9 =1, A=1, B=0, A=1, y=2, d=1, K=1, L=2,
(— 15 <x<10) and (— 15 <t < 10). ¢ Solution (23) for 0y =1, A=0,B=—1, A =—3,y=3,
0=1,K=1,L=3,(0<x<25)and (0 <t < 25). Case 4: a solution (25) forzy =1, A=1,B =0,
A=3,7y=3,0=1,K=4, L—3(—20<x<20)and(—20<t<20).bSo]ution(26)f0roc0:l,

A=1,B=0,A=2,7=2,0= =3,L=1,(—20<x<20)and (— 20 < t < 20). ¢ Solution (26)
forog=1,A=1,B=—3 A= ':1,(3:3,K:l,L:1,(—20<x<20)and(—20<t<20).
(Color figure online)
Case 4
(KM KL - K+ 1) 1 (K*yi> — K2L?0/> — K* + L?)
o1 = , = — ,
! KL k=% K2(K?y — [20)
0o = o, 061:0, )»:», L:L, K =K.
(24)

The traveling wave solutions for above case, when (I) J2— 4u > 0, (II) - 4u<0, and
() 22 — 4u = 0 are respectively as follows (Fig. 1)

ur(¢) = ao
(K92 - KPR KA+ 1) (K(A sinh(} &) + Beosh(L éx)) z) B
é )

2K2L Acosh(% ;c) +B Sil’lh(% ézc) )
(25)
)2 2 3
where k = \/)LZ — W%.
-1
uip (&) = o K*yi? — K*1207* — K* + L* (r(—Asin(}éx) + Beos(éx))
11(6) = % 2K2L Acos (% gy;c) + Bsin(% 5,{) 5] >
(26)
whete k = /=2 + KL CLI L,
K4’\/12—K2L2522—K2+L2 1 B 1
upa(8) = mp — — A, B o
K2L 2 BE+A

x#

For all of the above solutions,é = L —L— (cx+1) + K O
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3.2 The Phi-4 equation

Consider the Phi-4 equation of the form
Uy — Ugx + mPu+ ou’ =0, (28)

m, and ¢ being real constants. Fractional version of this equation can be interpreted as

D¥u — D*Put mPu+ o’ =0, 0<o,f<1, (29)
We use following complex transformation
> x/)’
u=u(f), =L +K (30)

I'o+1) r(p+1)’

along with Jumarie’s modified Riemann—Liouville derivative, to convert (29) the ODE that
is further integrated (neglecting constant of integration) to obtain

L>— K" +mu+ou® =0 31
( ,

after homogeneous balancing, we obtain m = 1, so that our supposed solution is of the
form (11), yielding following solution cases with their respective traveling wave solutions

Case 1

K2 —1* [4K2pu— 4124 — 2m? K212\
o_ 1—0 Oy = \/ a a " \/2 g
K2 —12 o

K2 \/4K2,u 4L2,u 2m?

(32)

) H= N, L:L, K =K.

The traveling wave solutions for above cases, when (I) - 4u >0, (1) - 4u<0,
and (I) 2> — 4y = 0 are respectively as follows

K?—I* [AK?p—412u —2m? K2—12\
m (o) = o K212 2 o ’

| K*> — L2 [1x(Asinh(}éx) + Beosh(3ék)) 1 \/4K2lu — 412 — 2m?
+ 2 Py . A )
I 2 Acosh(}¢x) + Bsinh(3 k) 2 K2 —12

(33)

4K? p—412 u—2m?
e Ak

K2 —I* [AK2p—412u —2m? K2—12\
(8) = o K?—12 2 o ’

K2 — 12 (1x(—Asin(}éx) + Beos(iéx)) 1 \/4K2u—4L2u—2m2
+4/2 ! . _1 ,
I 2 Acos(iék) + Bsin(} éx) 2 K2 — 12

where Kk =

(34)
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2 2 2
where ¥ = \/ 4K ;t+4L y+2m +4#

K> —[* [AK?p—4L2u —2m? K2—1?\
u3(¢) = o \/ K212 2 s °

K212 1 /4K? 412 2m? B ()
— p— 4L —2m
o) -
+ o ( 2\/ K212 +Bé+A>’
Case 2
1 2K — 2% — m? : \/2K2,u—2L2,u—m2m2
a_| — K2 — L2 p g p m
-1
4K — 412 1 — 2m? 2K2pu — 212 u — m?
K2 —]2 » Y= o ’ (36)
0 - 4K — 412 — 2m?
0(1 - ) A K2 _ L2

u=u L=L K=K.

The traveling wave solutions for above cases, when (I) pra 4u >0, (D) L 4u<0,
and (1) 2> — 4u = 0 are respectively as follows

WKeu—2u—m? 1 COK2 422+ w2\
ua(8) = G k212 U a ’

-1
\/2](2/1 —2L2u—m* , (\/4—4]{2# — 4L — 2m2) \/4](2/1 — 4Ly —2m?

o K2—I? K2—L?

1

(lK(Asinh(éfk) + Bcosh(}¢x)) _l\/41(2,u4L2y2m2)
é b

2" (Acosh(1ék) +Bsinh(Léx)) 2 P
(37)
where Kk = W "
3
2K?p — 217y — m? 1 2K2ﬂ 22—}
e g Kk - o

-1
2K — 2012 — m? 4K2pu — 412 — 2m?
- m? — (38)
o K- - L

1 (—Asin({éx) +Bcos(iéx)) 1 [4K2p — 420 — 2m? -
2" (Acos(}¢x) + Bsin (¢ 2 22 '
2 5¢K)) K= -L
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—4K2u+4L% p+2m?
where k = \/% +4u.

2K — 21250 — 2
1M6=¢ 1 Uu

1 2K?p — 2L — m? i \/2K2/1—2L2,u—m2 )
+ - o — m
K% —12 o 15

—1 —1
VMKM—4UM—2m2 _EVMKM—4UH—2m{¥ B
K> — 12 2 K2 — 12 BE+A|

(39)

Case 3

1
1 K2 —12

al——m2< 2 ) , ap =0,
20 4

K2 _L2 m2
=4/2 2=0, p=-——r—ro
oy p— y M 4(1(2 — L2) )

(40)

L=L K=K.

The traveling wave solutions for above cases, when (I) pra 4u >0, (D) L 4u<0,
and (1) 2> — 4u = 0 are respectively as follows

—1
2 _ 72
u7(5):2(1mm2< 2K UL>

A sinh(¢k) + B cosh(éx) /2 K2 —[? (Asinh(¢k) + Bcosh(&k)
(A sinh(¢ék) + B cosh(@c)) + s (A cosh(¢éx) + B sinh(f;c)) ’
(41)

2

___m-
K —4L2)

-1
1 K?—12
ug($) = _—Z(mm2< 2 P )

A cos(éx) + Bsin(¢k) 2K2 —[? (—Asin(¢k) 4+ Bcos(¢k)
(—A sin(&x) + Bcos(é;c)) * g K( A cos(éx) + Bsin(¢k) )’

where Kk =

(42)

where Kk = —m
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(43)
K212 B
+14/2 ,
o BE+A
Case 4
5 -2\
U_1 = 2 m2< 2 — ) , ap = 07
oK g (44)
KZ_LZ mz
=1/2 A=0 =—— L=L K=K.
o o ) ) H SKZ*SLZ’ )

The traveling wave solutions for above cases, when (I) 2 — 4u >0, (1) - 4u<0,
and (I) 2> — 4y = 0 are respectively as follows

-1
} 5 K2 — 12
uy(é) = lngmz( 2 o )

(45)

Asinh(¢k) 4+ B cosh(éx) 21(2 —L? (Asinh(¢k) + Beosh(¢x)
Asinh(¢x) 4+ Bcosh(&x) o \Acosh(¢x) + Bsinh(éx) )’
where x = —S(K’Z”—im,

-1
5 K2 —12
u (&) :12<mm2< 2 e )

A cos(éx) + Bsin(¢k) /2K2 —L* (—Asin(¢x) + Beos(éx)
<—A sin(&x) + Bcos(é;c)) + 7 "( Acos(Ek) + Bsin(k) )’

(46)
where Kk = S(KLiLZ)
5 K212\  [BE+A
5 _
= 2
un2(¢) 12rmm< o > ( B >
(47)
KZfLZ( B >
+14/2 - )
o BE+A
Case 5
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Fig. 2 Graphical view of solitary wave solutions of Phi-4 equation for o = fi= 0.25, 0.5, 0.75, 0.85 and 1, >
depicted by gray, red, yellow, green and blue colors respectively. Case 1: a solution (33) for A = 1,B = 0,

m=1,0=1,K=2,L=1,(— 10 <x <10) and (— 10 <t < 10). b Solution (34) for A = — 3,B =0,
m=1,6=1,K=3,L=2,(— 10 <x < 10)and (— 10 < t < 10). ¢ Solution (35) for A = 1,B = — 3,
m=20=1,K=2,L=1,(— 10 <x < 10) and (— 10 <t < 10). Case 2: a solution (37) for A = 1,
B=0m=2=1pu=1,K=2,L=1,(0<x<10)and (0 <t < 10). b Solution (38) for A = — 3,
B=0m=20=1,pu=1,K=3,L=2,(0<x<10)and (0 <t < 10). ¢ Solution (39) for A = — 3,
B=5m=40c=1,u=1,K=6,L=5,(—10<x<10) and (— 10 <t < 10). Case 3: a solution
@hforA=1,B=3m=2,6=5K=9,L=1,(—2<x<5)and (0 <t <5).b Solution (42) for
A=1,B=—-15m=1,6=—-—2,K=1,L=2,(—5<x<10)and (0 <t <5). ¢ Solution (43) for
A=0,B=5 m=3,0=—1,K=4L=1,(0<x<5)and (0 <t<5). Case 4: a solution (45) for
A=—-1,B=-3m=1,0=—-1,K=2,L=3,(0<x<5)and (0 <t<5). b Solution (46) for
A=0,B=1,m=2,6=1,K=2,L=1,0<x<5)and (0 <t<5). c Solution (47) for A = — 3,
B=1,m=306=2,K=2,L=1, (—-5<x<5) and (— 5<t<25). Case 5: a solution (49) for
A=-3B=0m=2,6=1,K=2,L=1,(0<x<5)and (0 <t <5).b Solution (50) for A = — 5,
B=0m=1,6=1,K=2,L=1, (0<x<5)and (0 <t<5). ¢ Solution (51) for A=1,B =1,
m=7,6=1,K=2,L=1,(0<x<5)and (0 <t<35). (Color figure online)

a_y =/ (2K?6 — 21%6) " 'm?
1 m?
e BED
The traveling wave solutions for above cases, when (I) - 4u >0, (I) 22— 4u<0,
and (1) 2> — 4u = 0 are respectively as follows (Fig. 2)

wns(©) Acosh(} &) + Bsinh(} ¢x) (49)
B — L?)\ Asinh(} ¢x) + Beosh(§éx) )
where k = K%’sza
wia() = mt Acos(}éx )—I—Bsm( &x) (50)
1 K2a(K? — L?)\ —Asin(} éx) + Beos (4 éx) )’
where k = /3%
, (51)
For all of the above solutions, ¢ = L+t (1+1) + Kr(f,—il)
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2 —4u>0

2 —4u<0

2 —4u=0
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4 Conclusion

We obtained several new solitary wave solutions of Benny—Luke equation and Phi-4 equation
of fractional order by implementing (G’/G)-expansion method and to the best of our
knowledge, such a work has not been reported yet. Fractional complex transformation and
modified Reimann-Liouville derivative are used to come upon these solutions. Graphical
perspective of the obtained solutions for different values of o, f and the related physical
parameters is represented that will be very much supportive in understanding the physical
aspects of the incorporated problems. The results of our work clearly indicate the validity and
proficiency of the proposed scheme for solving numerous other NLEEs of fractional order.
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