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Abstract In this paper, the first integral method and the functional variable method are

used to establish exact traveling wave solutions of the space–time fractional Schrödinger–

Hirota equation and the space–time fractional modified KDV–Zakharov–Kuznetsov

equation in the sense of conformable fractional derivative. The results obtained confirm

that proposed methods are efficient techniques for analytic treatment of a wide variety of

the space–time fractional partial differential equations.
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1 Introduction

During recent years, fractional differential equations have gained much attention attracted

due to their numerous applications in areas of control theory, biology, engineering and

other areas. There are several definitions of fractional integrals and derivatives in the

literature, but the most popular definitions are the Riemann–Liouville and Caputo senses

(Podlubny 1999; Ross 1975). Recently, Khalil et al. (2014) introduced a new simple well-

behaved definition of the fractional derivative called conformable fractional derivative.

This new fractional derivative definition has governed much attention in recent months.

For instance Abdeljawad (2015) provide fractional versions of the chain rule, exponential

functions, Gronwall’s inequality, integration by parts, Chung (2015) used the conformable

fractional derivative and integral to discuss fractional Newtonian mechanics and Reza-

zadeh et al. (2016) investigated stability of linear conformable fractional systems from the

point of view of control.

Eslami and Rezazadeh (2016) firstly studied exact solution of conformable fractional

partial differential equations. They applied the conformable fractional derivative with

properties and first integral method to obtain exact solutions of the conformable fractional

Wu–Zhang system. Other researchers used this idea, and many powerful and efficient

methods have been proposed to obtain exact solutions of conformable fractional differ-

ential equations so far. For example, these methods include the Riccati sub equation

method (Eslami 2016; Aminikhah et al. 2016; Rezazadeh and Ziabarya 2016), the Mod-

ified Kudryashov method (Rezazadeh et al. 2017; Hosseini et al. 2016, 2017), the G0=G-
expansion method (Eslami et al. 2012; Neamaty et al. 2016), and so on (Kurt et al. 2015;

Çenesiz et al. 2017; Hosseini et al. 2017).

The aim of this paper is to find exact solutions of the space–time fractional Schrö-

dinger–Hirota equation and the space–time fractional modified KDV–Zakharov–Kuznet-

sov (KDV–ZK) equation by using the first integral method and the functional variable

method.

2 Conformable fractional derivative

Conformable fractional derivative of order a is defined by the following definition.

Definition 1 Suppose f : ð0;1Þ ! R, be a function. Then, the conformable fractional

derivative of f of order a is defined as

TaðtÞ ¼ lim
e!0

f ðt þ et1�aÞ � f ðtÞ
e

; ð1Þ

for all t[ 0; a 2 ð0; 1Þ. The geometric and physical interpretation of the fractional

derivatives was given in Zhao (2017).

Definition 2 (Fractional Integral) Let a� 0 and t� a. Also, let f be a function defined on

ða; t� and a 2 R. Then, the a-fractional integral of f is defined by,

Iaa f ðtÞ ¼
Z t

a

f ðxÞ
x1�a

dx; ð2Þ

if the Riemann improper integral exists.

The new definition satisfies the properties which given in the following theorem.
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Theorem 3 Let a 2 ð0; 1�, and f and g be a-differentiable at a point t, then (Khalil et al.

2014)

(i) Taðaf þ bgÞ ¼ a Taðf Þ þ b TaðgÞ, 8 a; b 2 R.

(ii) TaðtlÞ ¼ ltl�a, 8 l 2 R.

(iii) t TaðfgÞ ¼ fTaðgÞ þ gTaðf Þ.
(iv) Ta

f
g

� �
¼ g Taðf Þ�f TaðgÞ

g2
.

Furthermore, if f is differentiable, then Taðf ÞðtÞ ¼ t1�a df
dt
.

Abdeljawad (2015) established the chain rule for conformable fractional derivatives as

following theorem.

Theorem 4 Suppose f : ð0;1Þ ! R be a function such that f is differentiable and also

a-differentiable. Let g be a function defined in the range of f and also differentiable; then,

one has the following rule

TaðfogÞðtÞ ¼ t1�ag0ðtÞf 0ðgðtÞÞ: ð3Þ

Now, we list here the fractional derivatives of certain functions (Khalil et al. 2014)

(i) Ta e
1
at
a

� �
¼ e

1
at
a
.

(ii) Ta sin 1
a t

a
� �

¼ cos 1a t
a.

(iii) Ta cos 1a t
a

� �
¼ � sin 1

a t
a.

(iv) Ta
1
a t

a
� �

¼ 1.

On letting a ¼ 1 in these derivatives, we get the corresponding ordinary derivatives.

Remark 5 We write oa

ota
ðf Þ for Taðf Þ, to denote the conformable fractional derivatives of f

with respect to the variable t of order a.

3 Methods

In this section we describe the first step of the first integral method and the functional

variable method for finding exact solutions of conformable fractional partial differential

equations.

Suppose that a space–time conformable fractional partial differential equations, say, in

three independent variables x; y, and t is given by

F
oau

ota
;
ou

ox
;
ou

oy
;
o2au

ot2a
;
o2u

ox2
; . . .

� �
¼ 0; t� 0; 0\a� 1; ð4Þ

where uðx; y; tÞ is an unknown function, F is a polynomial in u and its various partial

derivatives, in which the highest order derivatives and nonlinear terms are involved.

Using a wave transformation

uðx; y; tÞ ¼ uðnÞ; n ¼ xþ y� l
ta

a
; ð5Þ

where l is constant to be determined later. This enables us to use the following changes:

Exact solutions to the space–time fractional… Page 3 of 15 279

123



oa

ota
ð:Þ ¼ �l

d

dn
ð:Þ; o

ox
ð:Þ ¼ d

dn
ð:Þ; o

oy
ð:Þ ¼ d

dn
;

o2a

ot2a
ð:Þ ¼ l2

d2

dn2
; . . .:

Using Eq. (5) to transfer the nonlinear conformable fractional partial differential

equation Eq. (4) to nonlinear ordinary differential equation

GðU;U0;U00;U000; . . .Þ ¼ 0; ð6Þ

where the prime denotes the derivation with respect to n.
In two next subsection, we express the main step for finding the exact solutions of

Eq. (6) by using the first integral method and the functional variable method.

Remark 6 Where generalized hyperbolic and triangular functions are defined as (Ren and

Zhang 2006; Liu and Jiang 2002)

The generalized hyperbolic sine function is

sinhpqðnÞ ¼
pen � qe�n

2
;

generalized hyperbolic cosine function is

coshpqðnÞ ¼
pen þ qe�n

2
;

generalized hyperbolic tangent function is

tanhpqðnÞ ¼
pen � qe�n

pen þ qe�n
;

generalized hyperbolic cotangent function is

cothpqðnÞ ¼
pen þ qe�n

pen � qe�n
;

generalized hyperbolic secant function is

sechpqðnÞ ¼
2

pen þ qe�n
;

generalized hyperbolic cosecant function is

cschpqðnÞ ¼
2

pen � qe�n
;

where n is an independent variable, p and q are arbitrary constants greater than zero and

called deformation parameters. The above six kinds of functions are said generalized

hyperbolic functions.

The generalized triangular sine function is

sinpqðnÞ ¼
pein � qe�in

2i
;

generalized triangular cosine function is

279 Page 4 of 15 M. Eslami et al.

123



cospqðnÞ ¼
pein þ qe�in

2
;

generalized triangular tangent function is

tanpqðnÞ ¼ �i
pein � qe�in

pein þ qe�in
;

generalized triangular cotangent function is

cothpqðnÞ ¼ i
pein þ qe�in

pein � qe�in
;

generalized triangular secant function is

secpqðnÞ ¼
2

pein þ qe�in
;

generalized triangular cosecant function is

cscpqðnÞ ¼
2i

pein � qe�in
;

where n is an independent variable, p and q are arbitrary constants greater than zero and

called deformation parameters. The above six kinds of functions are said generalized

triangular functions.

3.1 The first integral method

The first integral method was first proposed by Feng (2002) in solving Burgers–KdV

equation which is based on the ring theory of commutative algebra. Recently, this useful

method is widely used by many such as in (Aminikhah et al. 2015; Eslami et al. 2014;

Hosseini et al. 2012; Hosseini and Gholamin 2015) and by the reference therein.

Now, we introduced a new independent variables

XðnÞ ¼ UðnÞ; YðnÞ ¼ UnðnÞ; ð7Þ

Equation (6) can be reduced to a two-dimensional autonomous system of the form

XnðnÞ ¼ YðnÞ;
YnðnÞ ¼ SðXðnÞ; YðnÞÞ :

�
ð8Þ

By the qualitative theory of ordinary differential equations (Ding and Li 1996), if we

can find the integrals to Eq. (8) under the same conditions, then the general solutions to

Eq. (8) can be solved directly. However, in general, it is really difficult for us to realize this

even for one first integral, because for a given plane autonomous system, there is no

systematic theory that can tell us how to find its first integrals, nor is there a logical way for

telling us what these first integrals are. We will apply the Division Theorem to obtain one

first integral to Eq. (8) which reduces Eq. (6) to a first order integrable ordinary differential

equation. An exact solution to Eq. (4) is then obtained by solving this equation. Now, let us

recall the Division Theorem:

Theorem 7 (Division theorem) Suppose that Pðx; yÞ and Qðx; yÞ be polynomials of two

variables x and y in C½x; y�, and let Pðx; yÞ be irreducible in C½x; y�. If Qðx; yÞ vanishes at
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all zero points of Pðx; yÞ, then there exists a polynomial Gðx; yÞ in C½x; y� such that

Qðx; yÞ ¼ Pðx; yÞGðx; yÞ.

Remark 8 The first integral method definitely can be applied to equations which can be

converted to a first order ordinary differential equation through the Division Theorem.

Remark 9 Following Riccati equation

U0 ¼ a0 þ a1UðnÞ þ a2U
2ðnÞ; ai 2 R; a2 6¼ 0; ð9Þ

admits following exact solutions:

Type I When D ¼ a21 � 4a0a2 [ 0, the solutions of Eq. (9) are

U1 nð Þ ¼ �
ffiffiffiffi
D

p

2a2
tanhpq

ffiffiffiffi
D

p

2
nþ n0ð Þ

" #
� a1

2a2
; ð10Þ

U2 nð Þ ¼ �
ffiffiffiffi
D

p

2a2
cothpq

ffiffiffiffi
D

p

2
nþ n0ð Þ

" #
� a1

2a2
; ð11Þ

Type II When D ¼ a21 � 4a0a2\0, the solutions of Eq. (9) are

U3 nð Þ ¼
ffiffiffiffiffiffiffi
�D

p

2a2
tanpq

ffiffiffiffiffiffiffi
�D

p

2
nþ n0ð Þ

" #
� a1

2a2
; ð12Þ

U4 nð Þ ¼ �
ffiffiffiffiffiffiffi
�D

p

2a2
cotpq

ffiffiffiffiffiffiffi
�D

p

2
nþ n0ð Þ

" #
� a1

2a2
; ð13Þ

Type III When D ¼ a21 � 4a0a2 ¼ 0, the solution of Eq. (9) is

U5 nð Þ ¼ � 1

a2 nþ n0ð Þ �
a1

2a2
: ð14Þ

3.2 The functional variable method

Zerarka and Ouamane (2010) introduced the so-called functional variable method to find the

exact solutions for a wide class of linear and nonlinear wave equations. This method was

further developed by many authors (Aminikhah et al. 2014, 2015; Nazarzadeh et al. 2013;

Ayati et al. 2017). The advantage of this method is that one treats nonlinear problems by

essentially linear methods, based on which it is easy to construct in full the exact solutions

such as soliton-likewaves, compacton solutions and non-compacton solutions, trigonometric

function solutions, pattern soliton solutions, black solitons or kink solutions, and so on.

If all terms contain derivatives, then Eq. (6) is integrated where integration constants

are considered zeros. Then we make a transformation in which the unknown function U is

considered as a functional variable in the form

Un ¼ FðUÞ; ð15Þ

and some successive derivatives of U are
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Unn ¼
1

2
ðF2Þ0;

Unnn ¼
1

2
ðF2Þ00

ffiffiffiffiffiffi
F2

p
;

Unnnn ¼
1

2
½ðF2Þ000F2 þ ðF2Þ00ðF2Þ0�;

..

.

ð16Þ

where ‘‘0’’ stands for d
dU
.

The ordinary differential Eq. (6) can be reduced in terms of U; F and its derivative

upon using the expressions of Eq. (16) into Eq. (6) gives

QðU;F;F0;F00;F000; . . .Þ ¼ 0: ð17Þ

The key idea of this particular form Eq. (17) is of special interest because it admits

analytical solutions for a large class of nonlinear wave type equations. After integration,

Eq. (17) provides the expression of F and this, together with Eq. (15), give appropriate

solutions to the original problem.

Remark 10 The functional variable method definitely can be applied to nonlinear partial

differential equations which can be converted to a second-order ordinary differential

equation through the travelling wave transformation.

Remark 11 Consider the following second-order ordinary differential equation

Unn ¼ k1U � k2U
nþ1; n 6¼ 0; ð18Þ

where k1 and k2 are constants and U is a functional variable in the form (15). Then using

(16) transformation, the exact solutions of the Eq. (18) are obtained as

Type I When k1 [ 0, the solutions of Eq. (18) are

U1;2ðnÞ ¼ � � ðnþ 2Þk1
2k 2

cech2pq
n

2

ffiffiffiffiffi
k1

p
n

� �� 
1
n

; ð19Þ

U3;4ðnÞ ¼ � ðnþ 2Þk1
2k 2

sech2pq
n

2

ffiffiffiffiffi
k1

p
n

� �� 
1
n

; ð20Þ

Type II When k1\0, the solutions of Eq. (18) are

U5;6ðnÞ ¼ � ðnþ 2Þk1
2k 2

csc2pq
n

2

ffiffiffiffiffiffiffiffi
�k1

p
n

� �� 
1
n

; ð21Þ

U7;8ðnÞ ¼
ðnþ 2Þk1

2k 2

sec2pq
n

2

ffiffiffiffiffiffiffiffi
�k1

p
n

� �� 
1
n

: ð22Þ
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4 Applications

4.1 Exact solutions to the conformable fractional Schrödinger–Hirota
equation

Let us consider the nonlinear conformable fractional Schrödinger–Hirota equation which

governs the propagation of optical solitons in a dispersive optical fiber (for a ¼ 1, see

(Biswas 2003))

i
oau

ota
þ 1

2

o2u

ox2
þ uj j2uþ ik

o3u

ox3
¼ 0; t� 0; 0\a� 1: ð23Þ

Since u ¼ uðx; tÞ in Eq. (23) is a complex function we suppose that

uðx; tÞ ¼ UðnÞei xxþbta

að Þ; n ¼ x� 2xta

a

� �
; ð24Þ

where b and x are constants.

On substituting these into Eq. (23) yields

oau

ota
¼ ð�2xU0 þ ibUÞei xxþbta

að Þ; ð25Þ

o2u

ox2
¼ ðU00 þ 2ixU0 � x2UÞei xxþbta

að Þ; ð26Þ

o3u

ox3
¼ ðU000 þ 3ixU00 � 3x2U0 � ix3UÞei xxþbta

að Þ: ð27Þ

Substituting Eqs. (25)–(27) into Eq. (23), we obtain that x ¼ � 1
3k and UðnÞ satisfy the

ordinary differential equation:

� 5

54k2
þ b

� �
U þ 3

2
U00 þ U3 ¼ 0; ð28Þ

where the prime denotes the derivation with respect to n. Rewrite the Eq. (28) into fol-

lowing form

U00 þ k1U
3 � k2U ¼ 0; ð29Þ

or

U00 ¼ k2U � k1U
3; ð30Þ

where k1 ¼ 2
3
; k2 ¼ 2

3
5

54k2
þ b

� �
.

4.1.1 The first integral method

Now, using (7), (8) and Eq. (30) is equivalent to the two-dimensional autonomous system
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XnðnÞ ¼ YðnÞ;
YnðnÞ ¼ k2XðnÞ � k1X

3ðnÞ :
�

ð31Þ

According to the first integral method, we suppose that XðnÞ ¼ X and YðnÞ ¼ Y are

nontrivial solutions of (31) and qðX; YÞ ¼
Pm

i¼0 aiðXÞYi is an irreducible polynomial in the

complex domain C½X; Y � such that

qðX; YÞ ¼
Xm
i¼0

aiðXÞYi ¼ 0; ð32Þ

where aiðXÞ, ði ¼ 0; 1; . . .;mÞ are polynomials of X and amðXÞ 6¼ 0. Equation (32) is called

the first integral to (31), due to the Division Theorem, there exists a polynomial gðXÞ þ
hðXÞY in the complex domain C½X; Y � such that

dq

dn
¼ oq

oX

oX

on
þ oq

oY

oY

on
¼ gðXÞ þ hðXÞY½ �

Xm
i¼0

aiðXÞYi: ð33Þ

For this equation, we assume that m ¼ 1 in (32).

Supposing m ¼ 1, by comparing the coefficients of Yiði ¼ 0; 1; 2Þ on both sides of

Eq. (33), we have

a01ðXÞ ¼ hðXÞa1ðXÞ; ð34Þ

a00ðXÞ ¼ gðXÞa1ðXÞ þ hðXÞa0ðXÞ; ð35Þ

gðXÞa0ðXÞ ¼ a1ðXÞY 0 ¼ a1ðXÞ k2X � k1X
3

� �
: ð36Þ

Since aiðXÞði ¼ 0; 1Þ are polynomials, then from (34) we deduce that a1ðXÞ is constant
and hðXÞ ¼ 0. For simplicity, take a1ðXÞ ¼ 1. Balancing the degrees of gðXÞ and a0ðXÞ, we
conclude that �ðgðXÞÞ ¼ 1 only. Suppose that gðXÞ ¼ A1X þ B0 and A1 6¼ 0, then we find

a0ðXÞ

a0ðXÞ ¼
A1

2
X2 þ B0X þ A0;

where A0 is arbitrary integration constant.

Substituting a0ðXÞ, a1ðXÞ and gðXÞ, hðXÞ in Eq. (36) and setting all the coefficients of

powers X to be zero, then we obtain a system of nonlinear algebraic equations and by

solving it, we obtain

A1 ¼
ffiffiffiffiffiffiffiffiffiffiffi
�2k1

p
; B0 ¼ 0; A0 ¼

k2ffiffiffiffiffiffiffiffiffiffiffi
�2k1

p ; ð37Þ

and

A1 ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
�2k1

p
; B0 ¼ 0; A0 ¼ � k2ffiffiffiffiffiffiffiffiffiffiffi

�2k1
p : ð38Þ

Using the conditions (37) and (38) in Eq. (32), we obtain
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Y ¼ � k2ffiffiffiffiffiffiffiffiffiffiffi
�2k1

p þ 1

2

ffiffiffiffiffiffiffiffiffiffiffi
�2k1

p
X2

� �
: ð39Þ

Combining (39) with (31) and Remark 8, we obtain the exact solution to Eq. (30) and

then the exact solution to conformable fractional Schrödinger–Hirota equation can be

written as:

Type 1 When k2 [ 0, the solutions of Eq. (23) are

u1;2ðx; tÞ ¼ 	
ffiffiffiffiffi
k2

k1

r
ei xxþbta

að Þ tanhpq
ffiffiffiffiffiffiffiffiffiffiffi
�2k2

p

2
x� 2xta

a
þ n0

� �� �
; ð40Þ

and

u3;4ðx; tÞ ¼ 	
ffiffiffiffiffi
k2

k1

r
ei xxþbta

að Þ cothpq
ffiffiffiffiffiffiffiffiffiffiffi
�2k2

p

2
x� 2xta

a
þ n0

� �� �
; ð41Þ

where n0 is an arbitrary constant.

Type 2 When k2\0, the solutions of Eq. (23) are

u5;6ðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffi
� k2

k1

r
ei xxþbta

að Þ tanpq
ffiffiffiffiffiffiffi
2k2

p

2
x� 2xta

a
þ n0

� �� �
; ð42Þ

and

u7;8ðx; tÞ ¼ 	
ffiffiffiffiffiffiffiffiffi
� k2

k1

r
ei xxþbta

að Þ cotpq
ffiffiffiffiffiffiffi
2k2

p

2
x� 2xta

a
þ n0

� �� �
; ð43Þ

where n0 is an arbitrary constant.

Notice that the solutions found under m ¼ 2 are the same solutions to m ¼ 1.

4.1.2 The functional variable method

Using (15), (30) and Remark 10 we have the following traveling wave solutions of the

conformable fractional Schrödinger–Hirota equation which contain traveling wave solu-

tions as follows.

So we can obtain following solution for k2 [ 0 as

u9;10ðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
� 2k2

k1

r
ei xxþbta

að Þcschpq
ffiffiffiffiffi
k2

p
x� 2xta

a
þ n0

� �� �
; ð44Þ

u11;12ðx; tÞ ¼ �
ffiffiffiffiffiffiffi
2k2

k1

r
ei xxþbta

að Þsechpq
ffiffiffiffiffi
k2

p
x� 2xta

a
þ n0

� �� �
; ð45Þ

and for k2\0;

u13;14ðx; tÞ ¼
ffiffiffiffiffiffiffi
2k2

k1

r
ei xxþbta

að Þcscpq
ffiffiffiffiffiffiffiffi
�k2

p
x� 2xta

a
þ n0

� �� �
; ð46Þ

u15;16ðx; tÞ ¼
ffiffiffiffiffiffiffi
2k2

k1

r
ei xxþbta

að Þsecpq
ffiffiffiffiffiffiffiffi
�k2

p
x� 2xta

a
þ n0

� �� �
; ð47Þ
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where n0 is an arbitrary constant.

Remark 12 Comparing our results with earlier results (Akbari 2014; Jawad et al. 2014),

when we put a ¼ 1 in (40)–(47), it can be seen that the current results are new.

4.2 Exact solutions to the conformable fractional modified KDV–ZK equation

We consider the nonlinear conformable fractional modified KDV–ZK equation (for a ¼ 1,

see (Khan and Akbar 2013))

oau

ota
þ du2

ou

ox
þ o3u

ox3
þ o3u

oy2ox
þ o3u

oz2ox
¼ 0; t� 0; 0\a� 1: ð48Þ

where d is a nonzero constant. Let

wðx; y; z; tÞ ¼ UðnÞ; n ¼ xþ yþ z� l

a
ta; ð49Þ

where l is constants and UðnÞ is real function.
Substituting (49) into (48), we obtain ordinary differential equation

�lU0 þ dU2U0 þ 3U000 ¼ 0; ð50Þ

where the prime denotes the derivation with respect to n.
Integrating Eq. (50) once respect to n, then we have

�lU þ d

3
U3 þ 3U00 ¼ 0; ð51Þ

or

U00 ¼ 1

3
lU � d

3
U3

� �
: ð52Þ

4.2.1 The first integral method

And using (7) and (8), Eq. (52) is equivalent to the two-dimensional autonomous system

XnðnÞ ¼ YðnÞ;
YnðnÞ ¼

1

3
ðlXðnÞ � d

3
X3ðnÞÞ

(
ð53Þ

According to the first integral method, we suppose that XðnÞ ¼ X and YðnÞ ¼ Y are

nontrivial solutions of (53) and qðX; YÞ ¼
Pm

i¼0 aiðXÞYi is an irreducible polynomial in the

complex domain C½X; Y � such that

qðX; YÞ ¼
Xm
i¼0

aiðXÞYi ¼ 0; ð54Þ

where aiðXÞ, ði ¼ 0; 1; . . .;mÞ are polynomials of X and amðXÞ 6¼ 0. Equation (54) is called

the first integral to (53), due to the Division Theorem, there exists a polynomial gðXÞ þ
hðXÞY in the complex domain C½X; Y � such that
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dq

dn
¼ oq

oX

oX

on
þ oq

oY

oY

on
¼ gðXÞ þ hðXÞY½ �

Xm
i¼0

aiðXÞYi: ð55Þ

For this equation, For this equation, we assume that m ¼ 1 in (54).

Supposing m ¼ 1; by comparing the coefficients of Yiði ¼ 0; 1; 2Þ on both sides of

Eq. (55), we have

a01ðXÞ ¼ hðXÞa1ðXÞ; ð56Þ

a00ðXÞ ¼ gðXÞa1ðXÞ þ hðXÞa0ðXÞ; ð57Þ

gðXÞa0ðXÞ ¼ a1ðXÞY 0 ¼ 1

3
a1ðXÞ lX � d

3
X3


 �
: ð58Þ

Since aiðXÞði ¼ 0; 1Þ are polynomials, then from (56) we deduce that a1ðXÞ is constant
and hðXÞ ¼ 0: For simplicity, take a1ðXÞ ¼ 1. Balancing the degrees of gðXÞ and a0ðXÞ,
we conclude that �ðgðXÞÞ ¼ 1 only. Suppose that gðXÞ ¼ A1X þ B0 and A1 6¼ 0, then we

find a0ðXÞ

a0ðXÞ ¼
A1

2
X2 þ B0X þ A0;

where A0 is arbitrary integration constant.

Substituting a0ðXÞ, a1ðXÞ and gðXÞ, hðXÞ, in Eq. (58) and setting all the coefficients of

powers X to be zero, then we obtain a system of nonlinear algebraic equations and by

solving it, we obtain

A1 ¼
1

3

ffiffiffiffiffiffiffiffiffi
�2d

p
; B0 ¼ 0; A0 ¼

lffiffiffiffiffiffiffiffiffi
�2d

p ; ð59Þ

and

A1 ¼ � 1

3

ffiffiffiffiffiffiffiffiffi
�2d

p
; B0 ¼ 0; A0 ¼ � lffiffiffiffiffiffiffiffiffi

�2d
p : ð60Þ

Using the conditions (59) and (60) in Eq. (54), we obtain

Y ¼ �
ffiffiffiffiffiffiffiffiffi
�2d

p

6
� 3l

d
þ X2

� �
: ð61Þ

Combining (61) with (53) and Remark 8, we obtain the exact solution to Eq. (52) and

then the exact solution to conformable fractional modified KDV–ZK equation can be

written as:

Type 1 When l[ 0, the solutions of Eq. (48) are

u1;2ðx; y; z; tÞ ¼ 	
ffiffiffiffiffiffiffiffiffi
� 3l

d

r
tanpq

ffiffiffi
l

6

r
xþ yþ z� l

a
ta þ n0

� � !
; ð62Þ

and
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u3;4ðx; y; z; tÞ ¼ 	
ffiffiffiffiffiffiffiffiffi
� 3l

d

r
cotpq

ffiffiffi
l

6

r
xþ yþ z� l

a
ta þ n0

� � !
; ð63Þ

where n0 is an arbitrary constant.

Type 2 When l\0, the solutions of Eq. (48) are

u5;6ðx; y; z; tÞ ¼ 	
ffiffiffiffi
3l

d

r
tanhpq

ffiffiffiffiffiffiffi
� l

6

r
xþ yþ z� l

a
ta þ n0

� � !
; ð64Þ

and

u7;8ðx; y; z; tÞ ¼ �
ffiffiffiffi
3l

d

r
cothpq

ffiffiffiffiffiffiffi
� l

6

r
xþ yþ z� l

a
ta þ n0

� � !
; ð65Þ

where n0 is an arbitrary constant.

Notice that the solutions found under m ¼ 2 are the same solutions to m ¼ 1.

4.2.2 The functional variable method

Using (15), (52) and Remark 10 we have the following traveling wave solutions of the

conformable fractional modified KDV–ZK equation which contain traveling wave solu-

tions as follows.

So we can obtain following hyperbolic solution for l[ 0 as

u9;10ðx; y; z; tÞ ¼ �
ffiffiffiffiffiffiffiffiffi
� 6l

d

r
cschpq

ffiffiffi
l

3

r
xþ yþ z� l

a
ta þ n0

� � !
; ð66Þ

u11;12ðx; y; z; tÞ ¼ �
ffiffiffiffi
6l

d

r
sechpq

ffiffiffi
l

3

r
xþ yþ z� l

a
ta þ n0

� � !
; ð67Þ

and for l\0;

u13;14ðx; y; z; tÞ ¼ �
ffiffiffiffi
6l

d

r
cscpq

ffiffiffiffiffiffiffi
� l

3

r
xþ yþ z� l

a
ta þ n0

� � !
; ð68Þ

u15;16ðx; y; z; tÞ ¼ �
ffiffiffiffi
6l

d

r
secpq

ffiffiffiffiffiffiffi
� l

3

r
xþ yþ z� l

a
ta þ n0

� � !
; ð69Þ

where n0 is an arbitrary constant.

Remark 13 Comparing our results with earlier results (Khan and Akbar 2013; Islam et al.

2014), when we put a ¼ 1 in (62)–(69), it can be seen that the current results are new.

5 Conclusion

This paper studied the space–time fractional Schrödinger–Hirota equation and the space–

time fractional modified KDV–ZK equation with conformable fractional derivative. Two

integration techniques applied for finding the exact solutions to the equations, namely, the
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first integral method and the functional variable method. The performance of these

methods is reliable and effective and gives more solutions. These methods have more

advantages: they are direct and concise. Thus, we deduce that the proposed methods can be

extended to solve many nonlinear conformable fractional partial differential equations

which are arising in the theory of solitons and other areas. All exact solutions were put

back into the corresponding systems, by means of Maple software, and their satisfactions

confirm the validity of the solutions obtained in this paper.
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