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Abstract In adsorption-based chemical and biological refractometric sensors the depen-

dence of the refractive index of the sensing area on the number of adsorbed particles is

used for detection and quantification of analytes. We perform stochastic analysis of

equilibrium fluctuations of the adsorbed particles number for monolayer adsorption using a

nonlinear second-order model. We derive an analytical expression for the power spectral

density (PSD) of the refractive index change fluctuations. Our theory is applicable to

sensors operating in closed volume systems with spatially uniform analyte concentration.

Our analysis of fluctuations in a benzene sensor shows a significant difference between the

PSD according to the derived expression and the PSD obtained by the linear adsorption

model, especially for very low amounts of analyte. The developed theory is valid in a wider

range of pressures and temperatures. Since signal fluctuations determine the detection

limit, the presented theoretical model is applicable as a tool for the design, optimization

and characterization of practical adsorption-based refractometric sensors.
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1 Introduction

Adsorption is a surface phenomenon, taking place at an interface between materials in

different phases. It can be favorable, like in adsorption-based refractometric chemical

sensors and biosensors (the prime example being nanoplasmonic devices), where it gen-

erates the output signal, or in nanostructuring of novel optical materials (Stewart et al.

2008). On the other hand, adsorption can be undesirable, e.g. when causing adsorption–

desorption (AD) noise, which degrades the device performance. Therefore, a good insight

into adsorption-caused phenomena and related signal fluctuations is crucial for the design

and optimization of a range of different nanooptical and nanophotonic devices.

In novel ultra-sensitive adsorption-based refractometric bio/chemical sensors AD pro-

cess of particles to be detected takes place at an interface between the solid surface of the

sensor and a gaseous or liquid medium containing the target analyte (Dahlin 2012). The

sensor output signal is determined by the number of adsorbed analyte particles. Since the

AD process is inherently stochastic, the adsorbed particles number fluctuates, thus the

sensor signal fluctuates too, even after the AD process equilibrium has been reached. These

fluctuations contribute to the total intrinsic noise that limits the sensor performance.

Fluctuations caused by various noise mechanisms in refractometric sensors have been

analyzed in Jakšić et al. (2009), Zalyubovskiy et al. (2012) and Yang et al. (2014).

Fluctuations caused by monolayer AD processes in adsorption-based sensors using

models assuming that the number of the analyte particles around the sensor is sufficiently

high to consider the analyte pressure (or concentration) constant throughout the experiment

have been analyzed in Djurić et al. (2002, 2007) and Jakšić et al. (2009). We will denote

such models as the linear ones, because of the linear dependence of the instantaneous

adsorption rate on the number of adsorbed particles. Models of fluctuations caused by

coupling of the AD process with convection and diffusion of analyte particles, which is

characteristic for the sensors operating in flow-through systems, have also been developed

(Jokić et al. 2012, 2015). However, an analytical method, based on the use of the second-

order nonlinear adsorption model, needed when sensor operates under the conditions of

time varying analyte concentration in closed reaction chambers, has yet to be developed.

In this contribution we perform stochastic analysis of equilibrium fluctuations of the

number of particles adsorbed on the surface of refractometric sensors in a monolayer.

Sensors operating in closed-volume systems are considered, where the total number of

analyte particles remains constant (the number, i.e. the concentration, of free particles

decreases with an increase of the number of adsorbed particles). This case can be described

by a nonlinear (quadratic) dependence of the adsorption rate on the number of adsorbed

particles. We denote this model as the nonlinear one. We derive an analytical expression

for the equilibrium power spectral density (PSD) of AD fluctuations of refractive index for

the case of the nonlinear second-order adsorption model, assuming the following: (1) the

effective medium theory is applicable for the calculation of refractive index, (2) the surface

is homogeneous, (3) there are no interactions between gas particles on the surface, and (4)

all system parameters are spatially uniform. We compare the numerical results obtained for

a benzene sensor using the nonlinear model with the results obtained using the linear model

and analyze when the use of a second-order model is mandatory.
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2 Nonlinear (second-order) model of monolayer adsorption
in refractometric sensors: Theory of equilibrium fluctuations

Figure 1 shows the principle of operation of an adsorption-based (nano)plasmonic sensor.

The spectrum of light reflected from the bare sensor surface has a dip at the wavelength k1,
which indicates the coupling between the free carrier oscillations in the metal film and the

oscillations of an in-plane electromagnetic wave. This coupling is denoted as the surface

plasmon polariton (SPP). Its propagation strongly depends on the changes of refractive

index at the interface between the sensing surface and the surrounding medium. Since AD

process of analyte particles is taking place at that interface and causes an effective

refractive index change, it influences the SPP propagation, which results in the shift of the

reflection dip from k1 to k2. The shift is proportional to the number of adsorbed particles,

thus defining the output signal. The key role belongs to the dependence of the effective

refractive index change, neff,A, on the adsorbed particles number, Na, as given by Jakšić

et al. (2009)

neff ;A ¼ ðna � neÞNa=M ¼ wNa ð1Þ

na is the refractive index of the analyte, ne is the refractive index of the environment, w is

the proportionality factor and M is the total number of adsorption centres on the surface.

The adsorption process can be described by the following reaction rate equation

dNa=dt ¼ va � vd ¼ kaNgNf � kdNa ¼ kaðN0 � NaÞðM � NaÞ � kdNa ð2Þ

va is the adsorption rate, vd is the desorption rate, ka and kd represent the rate constants of

adsorption and desorption, respectively, Ng is the number of free particles in gaseous or

liquid phase and Nf is the number of free adsorption centres. In a closed system there are N0

particles in total (free and adsorbed). Thus, the resulting adsorption rate is a quadratic

function of Na. The particular values of the system parameters in specific practical situ-

ations may allow simplification of (2), yielding a linear adsorption rate (Dahlin 2012;

Homola 2006). In Jakšić et al. (2013, 2014a, b) a comparative analysis of these two models

is given along with the criteria for their applicability for the analysis of AD kinetics. In

equilibrium, which is reached when va = vd (dNa/dt = 0), the number of adsorbed parti-

cles for the nonlinear model is Jakšić et al. (2013) and Kolar-Anić et al. (2011)

Ne ¼ 2N0M= N0 þM þ kd=ka þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðN0 þM þ kd=kaÞ2 � 4N0M

q

� �

ð3Þ

Fig. 1 Illustration of a principle of operation of an adsorption-based (nano)plasmonic sensing device
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Adsorption generates both the output signal and intrinsic AD noise. Fluctuations of the

number of adsorbed particles, DNa, result in refractive index fluctuations, Dneff,A. We

perform here stochastic analysis of AD fluctuations, based on the nonlinear model (2). In

order to determine the PSD of equilibrium fluctuations of the number of adsorbed particles

and the refractive index change by applying the Langevin method, we use an adaptation of

the noise theory refering to quasi linear behaviour of a single variable gain-loss processes

(van Vliet and Fasset 1965). The theory assumes small fluctuations of the number of

adsorbed particles around the equilibrium expected value, hNaei, and linearization of

Eq. (2) around hNaei, which becomes the Langevin equation after adding an intrinsic noise

source function n(t) to the right side

dðDNaÞ=dt ¼ v0a Naeh ið Þ � v0d Naeh ið Þ
� �

DNa þ n ¼ �DNa=sþ n ð4Þ

(here vi
0(hNaei) denotes the first derivative of vi(Na) with respect to Na at Na = hNaei,

where index ‘i’ can be ‘a’ or ‘d’). The previous equation yields the Lorentz power spec-

trum of fluctuations of the adsorbed particles number (van Vliet and Fasset 1965)

Fig. 2 a PSDs of the refractive index fluctuations for a benzene refractometric sensor at different
temperatures, obtained using the linear and the nonlinear second-order adsorption model; b–d Pressure
dependence of the PSDs obtained according to two adsorption models for the same sensor operating at:
b 270 K, c 290 K, and d 310 K
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PSDDNa
ðf Þ ¼ 4r2es=ð1þ ð2pf sÞÞ ð5Þ

Here re
2 = h(DNa)

2i = h(Na– hNaei)2i is the equilibrium variance of the stochastic

adsorbed particles number. Equations (4) and (5) show that it is necessary to obtain the

parameters hNaei and re
2, which are determined by the equations

va Naeh ið Þ ¼ vd Naeh ið Þ ð6Þ

r2e ¼ kd Naeh i= v0a Naeh ið Þ � v0d Naeh ið Þ
� �

¼ kd Naeh is ð7Þ

as it is derived for the same class of nonlinear stochastic gain-loss processes in (van Vliet

and Fasset 1965). Equation (6) gives the same result for hNaei as given by (3), hNaei = Ne,

thus

s ¼ 1= v0a Naeh ið Þ � v0d Naeh ið Þ
� �

¼ 1= ka

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðN0 þM þ kd=kaÞ2 � 4N0M

q

� �

ð8Þ

[the parameter s is introduced in (4)]. Now, the variance is also determined using (7).

From (1) the PSD of the refractive index fluctuations for the nonlinear model is

PSDDnðf Þ ¼ ðna � neÞ2=M2
	 


PSDDNa
¼ 4 ðna � neÞ2=M2

	 


kdNes
2=ð1þ ð2pf Þ2s2Þ ð9Þ

Let us remember that the linear adsorption model gave a result for PSDDn(f) in the same

form as Eq. (9), but with NeL = kaN0M/(kd ? kaN0) and sL = 1/(kd ? kaN0) instead of Ne

and s, respectively (Jakšić et al. 2009).

3 Results of the numerical experiment

This section shows the results of the analysis of PSD of the AD refractive index noise,

based on (9). A benzene sensor is considered, with a sensing area As = 100 mm2, a volume

V = 1 ml of the closed reaction chamber, and a number of adsorption centres

M = 6.25 9 1014. The refractive indexes of the analyte and the environment are na = 1.5

and ne = 1.

Figure 2a shows PSDDn(f) for different temperatures, T (270, 280, 290, 310 K). The

initial pressure in the system is p = 0.01 Pa. The curves obtained by the use of the

nonlinear adsorption model are denoted by solid lines, while those corresponding to the

linear model are denoted by dashed lines. There is a significant difference between the

spectra obtained by these two models (both in magnitudes and the cut-off frequencies,

fco = 1/(2ps)). This lorentzian fluctuations spectrum is typical for all processes with

thermally activated kinetics. The temperature dependence of the low frequency noise

magnitude (LFNM) of their PSDs has a clear maximum (Verleg and Dijkhuis 1998; Djurić

et al. 2002). The kinetics determines the slope of the temperature dependence of the LFNM

before and after the maximum. One can find out that for a given set of parameters, the

maximum is at T\ 270 K for the linear model and slightly higher than 310 K for the

nonlinear model. Thus, in the range 270–310 K the nonlinear model predicts the slight

increase of the LFNM, while the decrease of the LFNM obtained by the use of the linear

model is more pronounced. For a given pressure p = 0.01 Pa, the lower the temperature,

the greater the difference, while for each T the linear model predicts a higher LFNM and a

lower fco than the nonlinear model. Also, in the considered temperature range, the linear
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model predicts higher AD noise, defined as rDneL = wre, of approximately

2 9 10-9 - 1 9 10-8 RIU, and the nonlinear model results in

rDne = 1 9 10-10 - 5 9 10-10 RIU. These values are close to the minimal

detectable refractive index change of refractometric sensors (Dahlin 2012). Depending on

the operating conditions, sensor and analyte parameters, AD noise can be higher, and then

it may determine the detection limit.

Figure 2b–d show PSDDn(f) depending on the initial pressure in the range of 10-3–103

Pa for different operating temperatures. In all three diagrams an area is visible where the

nonlinear model predicts a higher noise than the linear one. This area only slightly varies

with temperature. The pressure dependences of the LFNMs have their maxima for a given

temperature. When increasing temperature, the pressures corresponding to the maxima for

the two models become nearer to each other. One also notes a decrease of the difference

between the complete spectra calculated using the linear and nonlinear model with

increasing temperature. At elevated temperatures, in AD process the desorption prevails.

Thus the results obtained by these two models (which differ in the adsorption rate only)

become closer to each other. At high pressures the number of gas phase molecules becomes

much greater than the number of adsorbed molecules, at any instant it remains close to the

initial number of molecules in the (closed) system so the quadratic adsorption rate

approximates to linear and the spectra calculated using the two models overlap. It can be

seen that the linear model is especially inaccurate at lower pressures and at lower tem-

peratures. By equating (9) and the corresponding PSD for the linear model (Jakšić et al.

2009) one can find the conditions which determine the proper use of these models in sit-

uations of practical interest (optimization of sensor design, estimation of the minimal

detectable signal, selection of operating point in frequency selective measurements etc.).

4 Conclusions

An analytical expression is derived for the equilibrium spectral density of refractive index

fluctuations caused by the stochastic nature of adsorption–desorption processes. The

expression is obtained using the nonlinear second-order adsorption model. The presented

theory is valid for chemical and biological adsorption-based refractometric sensors oper-

ating in closed systems, assuming spatially uniform analyte concentration. Our analysis

showed that the developed model enables a more accurate estimation of sensor AD noise

than the linear model, in a particular pressure and temperature range. Outside of this range

the results of the two models overlap. This points out to a more general applicability of the

nonlinear model.

The obtained analytical expression for PSD of the refractive index change enables the

analysis of AD noise of refractometric sensors as a function of numerous other system

parameters. Therefore, the presented AD noise model is applicable as a tool for the design,

optimization and characterization of practical adsorption-based refractometric sensors,

especially those used for detection of trace amounts of analytes.

The results could be utilized for other types of affinity-based sensors and nanostructures

where the effects of monolayer adsorption cannot be neglected.
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Djurić, Z., Jokić, I., Frantlović, M., Jakšić, O.: Fluctuations of the number of particles and mass adsorbed on
the sensor surface surrounded by a mixture of an arbitrary number of gases. Sens Actuators B 127,
625–631 (2007)

Homola, J. (ed.): Surface plasmon resonance based sensors. Springer, Berlin (2006)
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