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Abstract We investigate numerically how to control and reduce power-dependent walk-

off by using a three-dimensional model for beam propagation in highly nonlocal bias-free

nematic liquid crystals (NLCs). We consider beam propagation with different initial

momenta and rest angles. Owing to the highly nonlocal character of the dielectric response

of NLC, we demonstrate various beam trajectories. We show that it is possible to prac-

tically eliminate walk-off in real NLCs by properly choosing the angle of incidence.

Keywords Nematic liquid crystals � Beam trajectory � Walk-off

1 Introduction

An important characteristic of many nonlinear media is nonlocality, which strongly affects

the propagation of beams through the medium. It tends to improve the stability of beams,

because of the diffusion mechanism in the underlying nonlinearity. When the characteristic

size of the response is much wider than the size of the excitation, a highly nonlocal

situation emerges in nonlocal nonlinear media. In nematic liquid crystals (NLCs), both

experiments (Henninot et al. 2006; Hutsebaut et al. 2005) and theoretical calculations

(Beeckman et al. 2004) demonstrated that the nonlinearity is highly nonlocal.
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On the other hand, NLCs are highly anisotropic media. The tensor nature of the

refractive index of the nematic medium, as well as the transverse modulation instability in

an (anisotropic) NLC cell, produce power-controlled angular steering of light filaments

(Whitham 1974; Peccianti and Assanto 2005). The angle between the Poynting vector and

the wave vector of the extraordinary polarized beam is referred as the walk-off angle.

Power-dependent walk-off was investigated in details in Piccardi et al. (2010a, b), but

extremely big discrepancy between experimental data and numerical results has been

obtained.

Here we demonstrate how to control and reduce power-dependent walk-off by using a

three-dimensional model for beam propagation in highly nonlocal bias-free NLCs. Our

numerical results show that it is possible to practically eliminate walk-off in NLCs by

properly choosing the angle of incidence (initial momenta in numerics) for the given rest

angle.

2 The model

We start from the nonlocal nonlinear three-dimensional (3D) scalar model for the wave

propagation in uniaxial NLCs accounting for the walk-off. In this model, the optical beam

propagates in the z direction, while the NLC molecules can rotate in the x-z plane only; for

the full three dimensional description see, for example Sala and Karpierz (2012). The

modeled liquid-crystal cell of interest is sketched in Fig. 1. The system of equations (in the

steady-state) consists of the nonlinear Schrödinger-like equation for the propagation of the

optical field E (extraordinary polarized), and of the diffusion equation for the molecular

orientation angle h in the absence of bias (Piccardi et al. 2010a, b):
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where k0 is the wave number in the vacuum, Dx and Dy are the modified diffraction

coefficients, and a is the absorption coefficient. The dielectric anisotropy is ea ¼ n2
e � n2

o,

with ne and no being the extraordinary and ordinary refractive indices, respectively. K is

Frank’s elastic coefficient in the single constant approximation. The superscript (p) indi-

cates a quantity calculated at the beam peak (at any z). The total orientation of the

molecules with respect to the z axis is denoted as hðx; y; zÞ, whereas angle h0 is the initial
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Fig. 1 General schematics of wave propagation in a finite-length anisotropic NLC. Stable self-trapped
beam travels along the walk-off direction irrespective of the degree of anisotropy
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director orientation. The quantity ĥ ¼ h� h0 corresponds to the optically induced

molecular reorientation. The walk-off angle d is given by the relation:

d ¼ arctan
ea sin h cos h

e? þ ea cos2ðhÞ

� �
; ð3Þ

where e? ¼ n2
o. The extraordinary refractive index is n2

eðhÞ ¼
e?ðe?þeaÞ

e?þea cos2ðhÞ and n0 ¼ neðh0Þ.

The anisotropic diffraction coefficients are Dx ¼ cos4ðd0Þe?ðe?þeaÞ
e2
?þeað2e?þeaÞ cos2ðh0Þ and Dy ¼ cos2ðd0Þe?

e?þea cos2ðh0Þ
(Conti et al. 2005). For nematic liquid crystal 6CHBT the refractive indices are ne ¼
1:6718 and no ¼ 1:5225, which gives e? ¼ 2:318 and ea ¼ 0:477. For h0 ¼ 75� the linear

walk-off angle is d0 ¼ 2:904�, and the diffraction coefficients are Dx ¼ 1:164 and

Dy ¼ 0:984.

After the scaling of coordinates x=x0 ! x, y=x0 ! y, z=z0 ! z, where x0 is the trans-

verse scaling length and z0 ¼ k0n0x
2
0, the following model equations in the computational

domain are obtained:
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where we introduce an abbreviation b1 ¼ k2
0x

2
0 and also scaled the optical field intensity

jEj2 e0

2Kk2
0

! jEj2. In all calculations the following data are kept constant: the propagation

distance L = 1.5 mm, the laser wavelength k ¼ 1064 nm, the elastic constant

K ¼ 8:5 � 10�12 N, the absorption coefficient a ¼ 5 cm�1.

3 Numerics

For complicated nonlinearities, numerical methods are necessary. In our calculations we used

data corresponding to typical experimental conditions, and propagate Gaussian beams

numerically. Split-step beam propagation procedure based on the fast Fourier transform is

applied to the propagation of the optical field. The diffusion equation for the optically induced

molecular reorientation is treated using the successive overrelaxation method, until con-

vergence is achieved. Numerical procedure is explained in more details in Refs. Aleksić et al.

(2012) and Petrović et al. (2013). In highly nonlocal nonlinear media, due to the nature of

physical interaction, the input Gaussian and other beams slow converge to soliton-like beams

during propagation. In numerics, the initial momentum in the inverse space (which causes an

additional beam deflection) determines the angle of incidence: to obtain straight line prop-

agation one assumes zero absorption and in this manner can easily calculate this angle.

4 Results

Optical beams propagating in reorientational media can be steered, owing to nonlinear

changes in the walk-off angle d, which presents the angle between Poynting vector and the

wavevector of the extraordinary polarized beam. The linear walk-off angle d0 as a function
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of the rest angle is presented in Fig. 2. It is evident from the graph that for a given initial

director orientation, walk-off changes are the largest for h0 close to 0 and p=2. On the other

hand, the nonlinear response becomes negligible for h0 ¼ 0 and h0 ¼ p=2 and is maximum

for h0 � p=4.

Beam trajectories in the observation plane z� x for three characteristic values of h0

(15�, 45� and 75�) are presented in Fig. 3. We also varied the angle of incidence; for each

curve the corresponding angle is indicated on the graph. We see that we can control power-

dependent walk-off: we choose the beam direction by simply changing the angle of

incidence.

Numerical results show that it is possible to practically eliminate power-dependent

walk-off of solitons in NLCs by properly choosing the angle of incidence, for the given rest

angle and beam power, see Fig. 4. For the cases presented, one can observe an undesired

�1lm beam-shift in the propagation plane, due to birefringent walk-off, over the prop-

agation distance z ¼ 1500lm. For h0 ¼ 15� the walk-off angle at z ¼ 0 is d ¼ 3:4� but the

best beam trajectory is for the launch angle equal to �3:0�; for h0 ¼ 45� the initial walk-

off angle is d ¼ 4:5�, the best beam trajectory is for the angle of incidence equal to �4:65�;

for h0 ¼ 75� the initial walk-off angle is d ¼ 2:1�, the best launch angle is �2:3�. The most

rectified trajectories are in the region where walk-off changes are the smallest (h0 � p=4),

although in this domain the walk-off angle is maximal.

Fig. 2 Linear walk-off angle d0

versus the rest angle h0

Fig. 3 Beam trajectories from numerics in the observation plane z� x, for several different values of the
angle of incidence, and for three characteristic values of h0. For all the cases presented, the beam power is

P ¼ 30 mW and the absorption coefficient is a ¼ 5 cm�1
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5 Conclusion

We investigated numerically the control and reduction of power-dependent walk-off by

using a three-dimensional model for beam propagation in highly nonlocal bias-free NLCs.

We presented beam propagation with different initial momenta and rest angles, and

demonstrated various beam trajectories. Our numerical results show that it is possible to

reduce walk-off in NLCs by properly choosing the angle of incidence.
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Fig. 4 The same as in Fig. 3, but now only the ‘‘best’’ beam trajectories are shown, i.e. the trajectories with
the most reduced power-dependent walk-off
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