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Abstract A theoretical study on the influence of cavity parameters on pulse properties of

dual wavelength Yb:YAG mode-locked laser has been carried out. Using coupled rate-

equations, the relations of the small signal gain to the cavity parameters are simulated at

first. The calculation results are taken into Haus’s master equation to investigate the effects

of cavity parameters on the properties of dual-wavelength mode-locking pulses. The results

show that, increasing the cavity length, output coupling rate and beam radius in the laser

crystal in a proper regime is benefit for pulse energies enhancement, and the pulse widths

will be broadened very little.

Keywords Dual wavelength lasers � Mode locking � Small signal gain � Pulse energy �
Pulse width

1 Introduction

Ultrafast solid-state lasers have become the key enabling technology in science and

industry fields, with applications including ultrafast spectroscopy, metrology, superfine

material processing and microscopy (Südmeyer et al. 2008; Keller 2010; Shah et al. 2006).

Among those, dual-wavelength mode-locked lasers are attractive sources for generating

ultrahigh repetition rate pulse trains. Furthermore, by difference-frequency mixing in

nonlinear crystals, they can also generate ultrashort pulses in the infrared region. Some

demonstrations of dual-wavelength mode locking based on a single or double cavity were

published, including Ti:sapphire lasers (Zhu et al. 2005; Zhang and Yagi 1993) and rare-
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earth doped solid state lasers (Cong et al. 2011; Xu et al. 2012; Yang et al. 2012; Yoshioka

et al. 2009, 2010; Zhuang et al. 2013).

Among solid-state laser materials, Yb:YAG crystal is a promising material for gener-

ating high pulse energy, ultrashort laser pulses (Saraceno et al. 2012, 2014; Brons et al.

2014). Its wide absorption band at 940 nm allows for the directly laser-diode pumping, and

broad emission spectrum is benefit for femtosecond pulse generation. The small quantum

defect, high quantum efficiency and low thermal loading enable a highly efficient opera-

tion. Moreover, transitions from the energy level 2F5/2–
2F7/2 of Yb:YAG lead to laser

operation at two main peaks located around 1030 and 1050 nm under optical excitation at

940 nm. Thus the Yb:YAG crystal has a capability of generating dual-wavelength ultra-

short pulses and a demonstration is reported very recently (Zhuang et al. 2013).

To understand the dynamics of dual-wavelength mode-locked lasers, the rate equations

are efficient tool to simulate the forming process of dual-wavelength lasers. Several the-

oretical research were carried out for different laser materials, including Ti:sapphire (Song

et al. 2001), Nd:YAG (Henderson 1990; Sato et al. 2014) and Nd:YAlO3 (Lin et al. 2003).

Nevertheless, the studies were focus on the Q-switching behavior, while the analysis of

mode-locking operation has not been reported. Moreover, it should be noted that the

stimulated-emission cross section of 1030 nm emission is much larger than that of

1050 nm emission. The output coupling and cavity length of the 1030 nm laser set to be

larger and shorter than those for 1050 nm is an common and efficient way to compensate

for the difference in the stimulated-emission cross section between the two laser transi-

tions. Therefore, to study the influence of cavity parameters on pulse properties is

meaningful to achieve the dual wavelength mode-locking operation. In this paper, we

investigate the effects of cavity parameters, such as cavity length, output coupling rate and

beam radius in the laser crystal, on dual-wavelength mode-locking pulses generation in a

solid-state Yb:YAG laser. By using a rate-equation model, numerical simulations are

performed at first to investigate the relations of small signal gain to the cavity parameters.

Based on this, the influence of cavity parameters on properties of dual-wavelength mode-

locking pulses are studied by using Haus’s master equation. The numerical results pre-

sented here may be benefit for choosing suitable values to improve the dual-wavelength

mode-locking performance in a solid-state laser.

2 Small signal gain calculation

We assumed a Y-shaped cavity was considered in our numerical model (Henderson 1990;

Sato et al. 2014). In this configuration, an output mirror and a Yb:YAG laser crystal are

shared between two lasers, and a saturable absorber and a rear mirror for each laser are

placed in the respective arms of the laser cavities. The coupled rate equations are applied to

describe the dual-wavelength oscillations, which is similar to Henderson’s numerical

model (Henderson 1990):
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where N(t) is the inverted population density in the upper laser manifold, /1(t) and /2(t)

are the photon densities for two laser transitions in the cavities, sf is the lifetime of the

upper laser manifold, r1 and r2 are the stimulated-emission cross sections for two tran-

sitions, L is the laser crystal length, L1 and L2 are the effective lengths of the cavities, c is

the speed of light in vacuum, c1 and c2 are the rates at which spontaneous emission

contributes to the lasers, b1 and b2 are the luminescence branching ratios for the two

transitions. The pumping rate Wp(t) can be written as follows by taking the initial popu-

lation density into account:

WpðtÞ ¼
Ppump

N0hmpV
½N0 � NðtÞ� ð4Þ

where Ppump is the pump power, h is Planck’s constant, mp is the angular frequency of pump

wavelength at 940 nm, V is the effective laser medium volume. The photon lifetimes in the

laser cavities sp1 and sp2 are given by:

sp1 ¼ � 2L1

c ln½ð1� aÞð1� T1Þ�
ð5Þ

sp2 ¼ � 2L2

c ln½ð1� aÞð1� T2Þ�
ð6Þ

where a is the round trip loss, T1 and T2 are the output coupling rates. The subscripts 1 and

2 in the equations correspond to the laser transitions at 1030 and 1050 nm, respectively.

To calculate the small signal gain of each laser transition in the laser cavities, we used a

fourth-order Runge–Kutta program to solve the coupled rate equations. The inverted

population density in the steady regime should be derived at first. Using this inverted

population density, we calculate the photon density / after one round trip time with a

relative small initial photon density /0 and then compare them to obtain the small signal

gain (Balembois et al. 1997):

G ¼ Ii=Ii0 ¼ /i=/i0; i ¼ 1; 2 ð7Þ

where G is small signal gain, Ii0 is initial laser power density and Ii is the power density

Fig. 1 Photon densities and small signal gains of two wavelengths versus output coupling rates of
a 1030 nm laser and b 1050 nm laser
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after one round trip. The subscript i refers to two separate laser transitions at 1030 and

1050 nm. The parameters used in the simulation are given as follows. The pump power

Ppump is 30 W with the spot size of 100 lm in the laser crystal. The cavity length L1 and L2
are both 5 m and the crystal length L is 1 mm. The transmittances of output mirror are

T1 = 15 % and T2 = 1 %. The round trip loss a is 3 %. The parameters of Yb:YAG laser

crystal are taken from previous researches (Hönninger et al. 1999a, b; Brown and Vitali

2011): the stimulated-emission cross sections for two transitions are r1 = 2.1 9 1020 cm2

and r2 = 2.1 9 1020 cm2, the fluorescence lifetime sf = 0.95 ms, the fluorescence

branching ratios are b1 = 0.342 and b2 = 0.088. The quantities c1 and c2 can be roughly

estimated because the last terms in Eqs. (2) and (3) are important in determining the initial

photon density, but can be omitted after the oscillations start.

The relations of photon densities and small signal gain to the output coupler rates T1 and

T2 are illustrated in Fig. 1. One of output coupler rates is fixed when another changes. The

oscillation threshold of small signal gain is 1, because the round-trip gain has to be equal to

the round-trip losses in order to achieve laser oscillation. Otherwise, the laser will not be

amplified in the cavity. As shown in Fig. 1a, there exist a critical value of output coupling

rate T1, at which the photon density and small signal gain of two lasers are equal,

respectively. Before T1 reach this value, the small signal gain of 1050 nm laser starts from

the threshold and increases as T1 becomes larger, while the one of 1030 nm laser almost

keeps constant. The photon density of 1030 nm laser decreases gradually but still larger

than that of 1050 nm laser. After that, however, the small signal gain of 1030 nm laser

drops quickly, while that of 1050 nm laser become stable. And the photon density of

1050 nm laser increases sharply, while that of 1030 nm laser decreases very fast and then

the oscillation cease. In Fig. 1b, we could see that when T2 increase, the photon density and

small signal gain of 1050 nm decrease rapidly, while those of 1030 nm laser are not

changed with the variation. The simulation results indicate that the photon densities and

small signal gain are sensitive to output coupling rates. If the transmittance for one

wavelength gets too large, the corresponding oscillation will soon cease the operation.

Therefore, the output mirror should be designed and coated precisely in order to achieve

the dual wavelength operation, and the pump threshold also could be reduced.

The relations of photon densities and small signal gain to the cavity length L1 and L2 are

illustrated in Fig. 2. One of the cavity length is fixed when another changes. As can be

seen, when the cavity length related to one wavelength gets longer, the photon density and

small signal gain of the corresponding wavelength are both increase. Moreover, the photon

density and small signal gain of another wavelength will not be affected by this variation,

Fig. 2 Photon densities and small signal gains of two wavelengths versus cavity lengths of a 1030 nm laser
and b 1050 nm laser
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indicating that to make the cavity length for one wavelength longer is an effective way to

increase the intracavity power of the corresponding laser, while the power of another laser

will not be reduced as the price. The relation of photon densities and small signal gain to

the beam radius in the laser crystal is illustrated in Fig. 3. As shown in Fig. 3, when the

beam radius becomes larger, the photon density of 1030 nm laser decrease, and other

parameters are almost independent to this variation. It implies that it is better to make the

beam radius smaller, so that the intracavity power of two lasers can be increased.

3 Pulse properties of dual-wavelength mode-locked laser

To study the pulse properties of dual-wavelength mode-locked laser, the stable mode-

locking threshold condition should also be considered. Hönninger et al. (1999a, b) give the

stable mode-locking condition against Q-switching mode-locking:

EP;c ¼ ðFsat;LAeff ;LFsat;AAeff ;ADRÞ1=2 ð8Þ

where EP,c is critical intracavity pulse energy, Fsat,L is the saturation fluence of the gain

medium, Aeff,L is the effective laser mode area inside the gain medium, Fsat,A is the

saturation energy of saturable absorber and DR is the modulation depth. We focus on the

influence of Fsat,L and Aeff,L on the pulse properties in this paper. The intracavity pulse

energy can be calculated by Haus’s master equation reads as follows (Haus 1975; Kartner

et al.1996)

TR
o

oT
AðT ; tÞ ¼ �iD

o2

ot2
þ id Aj j2

� �
Aþ g� Lloss þ Dg;f

o2

ot2
� qðT ; tÞ

� �
A ð9Þ

where A(T, t) is slowly varying field envelope, D is the intracavity GDD, d = (2pn2/klAl)l

is SPM coefficient, n2 is intensity dependent refractive index of the laser crystal, Lloss is

round-trip loss, Dg,f = g/Xg
2 ? 1/Xf

2 is the gain and intracavity filter dispersion, Xg and Xf

are the HWHM gain and filter bandwidth, respectively. The saturated gain g is defined as

gðTÞ ¼ g0

1þ EpðTÞ
PLTR

ð10Þ

Fig. 3 Photon density and small signal gain of two lasers versus beam radius in the laser crystal
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where g0 is small signal gain, Ep Tð Þ ¼
R1
�1 A Tð Þj j2dt is pulse energy, PL is the saturation

power of laser crystal. If the recovery time of the saturable absorber is comparable or even

longer than the final pulse width, the absorber is assumed to saturate according to the

following

oqðT ; tÞ
ot

¼ q� q0

sA
� AðT ; tÞj j2

EA

q ð11Þ

where q0 = DR is the initial saturable absorption, sA is the relaxation time and EA the

saturation energy of the absorber. However, if the pulse is much longer than the relaxation

time, the absorber dynamics is described by

qðT; tÞ ¼ q0

1þ AðT ;tÞj j2
PA

with PA ¼ EA

sA
ð12Þ

where PA is the saturation power of the saturable absorber.

The master equation can be solved by using split-step Fourier method. The parameters

used in the simulation are set to be: n2 = 6.9 9 10-20 m2/W, DR = q0 = 1 %,

Fsat,a = 90 lJ/cm2, sA = 0.5 ps and T1 = 5 %, Fsat,l is 4.6 J/cm2 for 1030 nm and 30 J/

cm2 for 1050 nm, Xg is 1.78THz for 1030 nm and 1.58THz for 1050 nm, other parameters

are the same as for Sect. 2. For simplicity, we consider the simultaneous dual-wavelength

mode-locking, i.e., the cavity length L1 is equal to L2. As discussed in Sect. 2, the oscil-

lation threshold will be reduced by increasing the cavity length. Therefore, the threshold of

output coupling rate T1 for dual-wavelength performance will become lower with

increasing cavity length when T2 is fixed. Assuming T2 is 1 %, taking the corresponding

values of T1 and cavity length into Eq. (9), and considering the stable mode-locking

condition Eq. (8), the relation of intracavity pulse energy to the cavity length is illustrated

in Fig. 4. As can be seen, the pulse energies of two oscillations both become higher when

the cavity length gets longer, because the small signal gains of two wavelengths are

proportional to the cavity length, and the smaller output coupling rate T1 make the

1030 nm laser pulses suffer less round trip loss. It should be noted that further cavity length

Fig. 4 Intracavity pulse energy versus cavity length for two wavelength
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increase will make the pulse energy of 1050 nm laser too much higher than the saturation

fluence of saturable absorber, leading to unstable pulses. However, if the cavity length is

shorter than 3.75 m, the pulse energy of 1030 nm laser is smaller than the stable mode-

locking threshold, indicating that the dual-wavelength mode-locking will not occur, and

stable mode-locking achievement is a bit easier for the wavelength of 1050 nm than for

1030 nm when laser is in a performance of dual wavelength oscillation, which is in

agreement with the experimental results (Yoshioka et al. 2009, 2010). The reason of this

phenomenon is that the threshold T1 of shorter length cavity is still too high, and the

1030 nm laser pulses suffer too much loss per round trip and can’t reach the stable mode-

locking threshold.

The relations of the output pulse energy and pulse width to the output coupler rate T1 are

illustrated in Fig. 5. As shown in Fig. 5, when T1 becomes higher, the pulse energy of 1030

and 1050 nm laser pulses both increase, whereas the pulse width of 1030 nm laser become

Fig. 5 Output pulse energies and pulse widths of two wavelengths versus cavity length output coupling rate
of 1030 nm laser

Fig. 6 Output pulse energies and pulse widths of two wavelengths versus beam radius in the laser crystal
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wide gradually while that of 1050 nm laser is unchanged. That can be understood that the

small signal gain of 1050 nm laser increase with a growing up T1 when T2 is fixed, thus the

pulse energy of 1050 nm laser grows up with unchanged pulse width. The small signal gain

of 1030 nm laser almost keeps constant when T1 increase, so higher T1 is favorable for

intracavity pulse energy coupling out, although the increasing T1 make the pulse width

grow wider a little. Note that, the intracavity pulse energy decrease when T1 increase,

indicating that T1 can’t be too high, or the 1030 nm laser can’t operate in the stable mode-

locking regime. The relations of the output pulse energy and pulse width to the beam radius

in the laser crystal are illustrated in Fig. 6. As shown in Fig. 6, the pulse energies of two

wavelengths both become higher as beam radius become larger, while the pulse widths

change very little. According to Eq. (10), we know that the saturation power of laser

crystal PL becomes bigger as the beam radius gets larger. Nevertheless, the variations of

small signal gain of two wavelengths are very little. Therefore, the pulses will travel more

round trips to reach the saturated gain if the beam radius is larger, indicating that the pulses

energies will be promoted efficiently, compare to those in the smaller beam radius

condition.

4 Conclusion

In conclusion, We have investigated the influence of cavity parameters, such as cavity

length, output coupling rate and beam radius in the laser crystal, on pulse properties in

dual-wavelength Yb:YAG mode-locked lasers. Numerical simulations of the relations of

the small signal gain of each wavelength to the cavity parameters are performed at first by

using a rate-equation model. Taking the calculation results into Haus’s master equation, the

effects of cavity parameters on the properties of dual-wavelength mode-locking pulses are

discussed theoretically. The results show that, increasing the cavity length, output coupling

rate and beam radius in the laser crystal in a proper regime is benefit for pulse energies

enhancement, and the pulse widths will be broadened very little. However, if the chosen

value is too big or small, the pulses of one wavelength will not be stable, and dual-

wavelength mode-locking can’t be achieved.
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