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Abstract

The paper is concerned with a generalization of Floater—Hormann (briefly FH) rational
interpolation recently introduced by the authors. Compared with the original FH inter-
polants, the generalized ones depend on an additional integer parameter y > 1, that, in
the limit case y = 1 returns the classical FH definition. Here we focus on the general
case of an arbitrary distribution of nodes and, for any y > 1, we estimate the sup norm
of the error in terms of the maximum (%) and minimum (4*) distance between two
consecutive nodes. In the special case of equidistant (h = h*) or quasi—equidistant
(h =~ h*)nodes, the new estimate improves previous results requiring some theoretical
restrictions on y which are not needed as shown by the numerical tests carried out to
validate the theory.

Keywords Rational approximation - Linear rational interpolation -
Barycentric rational interpolation

1 Introduction

In this paper, we explore the interpolation problem of a function f(x) within a finite
interval [a, b], given its values at the nodes

a=x)<X| <-+<Xp_1 <Xx,=>b, neN. (1)
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We consider arbitrary distributions of such nodes basing our estimates on the max-
imum and minimum distance between two consecutive nodes, namely

h = max (xjy1 —x;), h*= min (xj41 — x;). 2
0<i<n 0<i<n

As a particular case, we consider the case of equidistant or quasi-equidistant con-
figurations of nodes for which one has 7 = h* (equidistant nodes) or 2 /h* < C holds
for all n € N with C > 1 an absolute constant (quasi—equidistant nodes).

In their work [9], Huybrechs and Trefethen compare various methods for approxi-
mating a function with equidistant nodes. One such method employs Floater-Hormann
(FH) interpolating rational functions denoted by r(x) [6]. Such interpolants (briefly
FH interpolants) generalize Berrut’s rational interpolation [1] by introducing a fixed
integer parameter 0 < d < n to speed up the convergence getting, in theory, arbitrarily
high approximation orders.

When d = 0, the FH interpolant reduces to the Berrut’s first interpolant from [1]
(see also [7]). For any 1 < d < n, similarly to Berrut’s approximant, Floater and
Hormann established that the approximant » (x) lacks poles on the real line, coincides
with f on the set of nodes X,, = {xo, x1, ..., X,}, and, for any x ¢ X,, provides a
barycentric representation for efficient and stable computations [5].

Moreover, as h — 0 (and hence n — 00), the FH approximation error behaves,
for any fixed d € N, as [6, Thm. 2]:

Ir — fllw = ORI, Vf eC¥[a,b], A3)

For an overview of linear barycentric rational interpolation, interested readers can
refer to the paper by Berrut and Klein [2].

While applicable to any node configuration, the Floater-Hormann method proves
particularly effective for equidistant setups due to the logarithmic growth of the
Lebesgue constants [4, 8]. In this case, (3) continues to hold but the convergence
is not guaranteed for less regular functions, e.g. for functions that are only continuous
on [a, b].

To overcome this problem, in [12], we extended the Floater-Hormann method by
defining a new family of linear rational approximants denoted by 7 (x). These approx-
imants depend on d and an additional parameter y € N. When y = 1, 7(x) reduces
to the original FH interpolant r(x).

Similarly to the original FH interpolants, we showed that, for all y > 1, 7(x)
has no real poles, interpolates the data, preserves polynomials of degree < d, and
has a barycentric-type representation. Moreover, in the case of equidistant or quasi-
equidistant nodes, we proved the uniform boundedness of the Lebesgue constants
and

lim ||F — fllo =0, Vf €C(la,b].
n—o0

Concerning the approximation rate, in [12] we established several error estimates
depending on the smoothness class of f. In particular, for arbitrarily fixed d € N and
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equidistant or quasi-equidistant nodes, as n — oo, we proved that
IF = fllo =OW), Vfellabl, 1=s=<d+]1,
holds provided that y > s + 1, and
IF = flloo =O(h), Vf €Lipla,b],

holds provided that y > 2.

In this paper, for the previous classes of functions, we aim to derive error estimates
valid for arbitrary configurations of nodes (Theorems 3.1 and 3.4). Moreover, in the
special case of equidistant or quasi-equidistant nodes, we aim to state the previous
results but without any restriction on y besides y > 1 (Corollaries 3.3 and 3.5).

The outline of the paper is the following. In Section 2 we briefly recall the defi-
nition and the properties proved in [12] for generalized FH interpolants at arbitrary
distribution of nodes. In Section 3 we state the new estimates. In Section 4 we show
several numerical tests. Finally, in Section 5 we give conclusions.

2 Generalized Floater-Hormann interpolation

For any pair of integer parameters 0 < d < n and y > 1, the generalized FH
approximation of f at the nodes (1) is given by [12]

D= F e

., xe¢€la,bl], 4)

where

(=n7

(x = x)V(x = xi41)? ... (X — Xigq)?

Ai(x) =

and p; (x) is the unique polynomial of degree at most d interpolating f at the (d + 1)
nodes x; < Xjy1] < ... < Xj4d-

Inthe case y = 1, 7(f, x) coincides with the original FH interpolants introduced in
[6]. In the sequel, we will also use the notation 7 ( f) to represent the function 7 ( f, x)
as defined in (4).

For completeness, we recall below the properties already proved for the generalized
FH approximants [6, 12]. Unless otherwise specified, they are valid for any distribution
of nodes and for any value of the parameters 0 <d <nandy > 1.

1. Poles: The generalized FH rational function 7( f) has no real poles in the interval
[a, b].

2. Interpolation: We have 7(f, x) = f(xx), k=0, ...,n.

3. Preservation of polynomials: If f is a polynomial of degree at most d then we

have 7 (f) = f.
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4. Barycentric-type form: For all x ¢ {xo, ..., x,} we have

Yoo gty S

F(f,x) , (6)
iy
where
i+d 1
wi(x) =Y (=7 ] . k=0,...n, (D
ie s=i, sk (e — x5)(x — xg)7
with Jy ={i €{0,....,n—d} k—d <i <k}. i
5. Lebesgue constants: They are defined as A, = sup ;. ”’H%)O”:O ,Vn e N.
For all parameters y > 1 and 1 < d < n, we have [12]
h y—+d
An < C a2 (17) ®)

where C > 0 is a constant independent of n, i, d and y.
For y = 1,0 < d < n, and equidistant or quasi—equidistant distribution of nodes,
we have [3, 4, 8]

A, < C2%0gn, 9)

where C > 0 is a constant independent of n, d.

3 Main results

In the space C*[a, b] of all functions that are s—times continuously differentiable in
[a, b], we state the following result.

Theorem 3.1 Letd, y € N be arbitrarily fixed with y > 1. For all f € C*[a, b] with

1 <s <d+ 1, and any configuration of nodes a = xo < x1 < ... < X, = b, with
n > d, the associated generalized FH interpolant v ( f) satisfies

h y(d+1)
If=7(Hlle =C <h_*) (h*)* (10)

where C > 0 is a constant independent of n, h, h*.

Proof Let x € [a, b] be arbitrarily fixed. We shall prove that | f (x) — 7(f, x)| is not
greater than the right—hand side of (10) with C > 0 independent of n, &, h*, and x too.
Recalling the interpolation property, we may suppose x ¢ {xo, ..., X,}, otherwise it
is trivial.
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By the definition of 7( f, x) (cf. (4)) we get

NG WACO R 260) MR < WAE))

f(x) - r(fv-x) = Z?:_g Xl- (x) pard D(X)

[f(x)—pi()] (D

where, for brevity, we set
n—d
D(x) = Z A (x).
i=0
Recalling that the interpolation error for p; can be expressed by the Newton formula
i+d
F&) = pix) = flxis . oxipa 1] [ = x0),
s=i
by (11) we obtain

n—d

NGEIEEDY

i=0

i+d

A
BN e =yl o migaxll . (12)

D(x)

Concerning the last factor, in the case f € C*[a, b] with s = d + 1, we recall that
the divided differences of order d + 1 satisfy

@+ (g, d
[P ED] I e

d+1
a3 S @rn o el

[ flxis .oy Xiqa, x]| =

where & € [min{x, x;}, max{x, x;+4}]. Inthe case s =d and f € C%a, b], we note
that

| FDts e xiaaox]| = SIxigts o Xiga X1 = flxis - Xipa—1, X1 - 20 f Do ’
Xitd — Xi d!|xj1q — xil

and using

i —xjl = li = jIh*, Vi je{0,... ), (13
we get

201/ Dlloo d
e Xiads < — Vf e Ca,b].
| f[xi Xitd, X]| dIdn) f la, D]

More generally, in the case f € C*[a, b] withs = d +1 —k, reasoning by induction
onk =0,...,d, it can be proved that

[ i xl] = gl oo, vF €O ) k=0, d,
(14
where ¢ > 0 is a constant depending on d butnoton x, f andi € {0, ...,n — d}.
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Summing up, setting

n—d oy | 1
S@) =Y oi(x),  oi(x) = || ]Ix = xl.
i=0 D()C) s=i

by (12) and (14) we have

(s)
|f () = F(f, 2 Sc(','qf)d% S(x),  VfeC'la,bl, 1<s<d+1. (15

In the following we estimate the summation S(x). To this aim, we recall that [12,
Eq. (24)]

j+d
D(x)| > |hi(x)| = _ Vjel, 16
D] = 13 (0)] Hu—xw j el (16)
where
Ip:={ief{0,....n—d} : L—d+1=<i<{},
£ €{0,...,n— 1} depends on x, and is defined by the condition x; < x < x¢41.
Note that d > 1 implies that I, # ¢ holds for any £. Moreover, note thati € I,
ensures that £ € {i,...,i +d — 1}. Hence, for any i € I, we can write
i+d ¢ i+d
[T =xd=]]l—xl [T Ix—xl
s=i s=i s=0+1
¢ i+d
=< ]_[(xw - Xs) - ]_[ (x5 — xe),
s=i s=0+1
and taking into account that
lx; —xj| < hli — jl, Vi, j€{0,...,n}, 17
we get
i+d ¢ i+d
[[lx=xl=n®' JJe+1-9) [] 6 =0 =r""C+1-DG+d—0)
s=i s=i s={+1
and therefore
i+d
[]1x—xl=<h®dar vier. (18)

s=i

Furthermore, by collecting (16) and (18), we also get

d+1 4\
T (h d!) . (19)
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Given this, let us consider the following decomposition

l—d—1 41 n—d
S =Y o)+ Y, o)+ Y 0i(x) = Si(x) + $H(x) + S3(x),
=0 i=0—d =42

of the summation S(x) with the convention that empty summations are null (i.e.,
Y2 ai =0ifn > ny), and that always i € {0,...,n —d}.

For £ > (d 4 1) the (nonempty) summation S;(x), can be estimated by applying
(19),

l—d—1 ‘ii(x)) i+d , td-livd |
Si(x) = — x| < (hd“d!) —_—
@i= 2 pey [T —wl = 2 5
i=0 s=i i=0 s=i
y l—d—1i+d
< (hd+1d!)
; =i | xe _-xl-‘rdly Ixe — xXital? ™!
—d—1 |
— (hd+1d!)y ,
= |x[ — xi+d|(}’_l)(d+l)
and using (13) we get
y —d—1 1 1\ =D+
d+1 | R
$it) < (n'a) [ Z(; |e—i—d|<y—l><d+l>] (h>
h y(d+1) a4l n 1
V4 _ %
= @ (h*> () X;j(y—l)(dbrn ’
j=
where (y — 1)(d + 1) > 2 implies
n n 1
Z](y 1)(d+1 _2 (20)
j=1 /:1
Hence, we conclude that
h y(d+1) dil
Si(x) <C (h) () @1)

where C; = (d!)Y Zj 137 5 1s independent of x, n, h and h*.
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Now, for £ +2 < n —d, let us show that (21) also holds for S3(x) by using similar
arguments. Indeed, by (19), (13), and (20), we have

n—d ‘):l(x) i+d ( ) n—d i+d
S3(x) := Z Hlx*xsl < (nitia Z 1—[ 1
12 1POI L |y
v n—d i+d |
< (ntar R S
ey X G
n—d I
d+1
< |h d!
( ) igo (i — xpp)V=D@+D
S (y=D(d+1)
< (hd+ld!)y Z 1 (L)
i=042 (i —¢—1)y=Dl+h h*
L\ Y@+ .
<C <h*> (h*) + @2

Finally, let us estimate S»(x). To this aim, by applying (16), (17) and (13), we note
that

JAe—a @)
op—d(x) = lx — xg
D] e
¢ y &
I)»e d(x)] l—[ X — Xg1l 1—[ X —x
= - . — Ag
|)"Z d+1(x)| ( _‘xz_dly 3=Z*d
¢
lxg — xpq1”
< ——— [] s —xl
lxe — xg—ql” -~
s=0—d
¢
h o\’ d+ D! [\
< [ |e+1—s|hd+1=u — ) ptt
dh* RAVE
s=l—d
and similarly
- (4+14d
opr1(x) = [Ae41 ()] 1—[ It —x
. = s _
D) s=0+1 '
- (4+14d (+1+d
A X X —X
S|€+1( )] T v xl= | ¢l . I 1x - x
e Zpy e = xevival” 20
y  CHl+d
|xe+1 — x¢l
1_[ [xe — x|

o x —X 4
[Xe41 — Xe14d] el
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h y +1+d J (d+ 1)' h y
+1) _ : d+1
= () (” st ) =S5 () e

s={+1

Moreover, by (16) and (18), we get

i+d i+d

[Tx=xst=d [T —xl = > nfar <nitlaw.

s=i icly s=i icl,

£ %)
2 =2 5

i=0—d+1 icl,

Consequently, by the above estimates, we obtain

+1

o . d+1 @+ (AN g
SH(x) = Y oi(x) <h'Hdvd 42 5 ) n
i=0—d
that is S> (x) can be estimated as
R\ s
S2(x) <C (h—) R, (23)

where Cp = d!d + % is independent of x, n, h and h*.
In conclusion, from (15), (21), (22), and (23), we deduce

(s)
() =7 (f, 0l < C(El{)d%

K\ 7@+h ho\ 7+
<clf9%% [261 (;T) (h*)* +C, (h—) (h*)‘] ,

and the statement follows by taking into account that y +d + 1 < y(d 4 1) holds for
all y,d e Nwithy > 1. O

[S1(x) + S3(x) + S2(x)]

Remark 3.2 We remark that the cased = Oandy > 1,andthecasey = 1,0 <d <n,
are not covered in Thm. 3.1. In the latter case, estimates can be found in [2, 6, 10, 11].
Moreover, a case close to taking d = 0 and y = 2 has been considered in [13].

Concerning the bounds on s hypothesized in Thm. 3.1, we remark that if we have
s > d + 1 then the estimate proven for s = d + 1 continues to hold. Indeed, looking
at the proof of Thm. 3.1, in the case s > d + 1 we can replace (15) with

If(x) = F(f, 0] < el f 9V )S(x),  YfeCla,bl, s>d+1,

where ¢ > 0 is a constant independent of f, x and n, i, h*. Hence, by applying the
estimate proved for S(x), we conclude

y(d+1)
If =F(Pllo =C (h—> WYL VfeClabl szd+1. (24
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where C > 0 is a constant independent of n, i, h*.
Note that in the limit case y = 1 the right-hand side of (24) agrees with (3).

In the special case of equidistant or quasi—equidistant distribution of nodes, by the
previous theorem and remark we get the following result.

Corollary 3.3 Lerd, y € N be arbitrarily fixed with y > 1. For all f € C*[a, b] with
s € N, and any set of n + 1 nodes a = xo < x1 < ... < x, = b withn > d such that
h ~ h* ~ n~L, the associated generalized FH interpolant 7 ( f) satisfies

If =7 (oo = :—r r = minfs,d + 1}, (25)

where C > 0 is a constant independent of n, h, h*.

We remark that in [12, Thm. 5.3] the same estimate was proved under the additional
hypothesis that y > r + 1 holds.

Finally, we consider the case of less smooth functions f that are only Lipschitz
continuous on [a, b], i.e., satisfying

lf) = fWI=Llx—yl. Vx,y¢€la, bl (26)

with L > 0 independent of x, y.
By the following theorem, we prove that in the space Lip[a, b] of such functions,
we get the same error estimate proved in C Ua, b).

Theorem 3.4 Letd, y € N be arbitrarily fixed with y > 1. For all f € Lip[a,b] and
any configuration of nodes a = xo < X1 < ... < x, = b, with n > d, the associated
generalized FH interpolant 7 (f) satisfies

B\ 7@+
If =7(llec =C (h_*) h*, 27)

where C > 0 is a constant independent of n,h,h*.

Proof The proof is similar to the previous one. The only change regards the estimate
of the factor | f[x;, ..., Xit+d,x]| in (12), that in the case of Lipschitz continuous
functions can be estimated as

C
|f[xi’~'-7-xi+d7x]|SWs V-xe[a»b]v Vie{09-~'sn_d}9 (28)

where C > 0 is independent of x, & and h*.
Such a bound can be easily proved reasoning by induction on d € N. Indeed, for
d = 1itis true since by (26) we have

| flxi, x

]|=‘M <L, Vxelabl, Viel0,....n—d),
Xi — X
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and consequently

Slxig1, x]1— flxi, x]| 2L
|flxi, xig1, x1| = — l <

Xi4+1 — X h

Moreover, assuming that (28) holds for d > 1, we get
Slxivt, oo Xigar, x1 = flxi,, ... Xiga, x]
[flxis oo Xigdy1, X]| =
Xitd+1 — Xi
2C 1 2C

= d = d
(W) |xipar1 — xi| — (d 4 D (h*)d+
i.e., (28) holds for d + 1 too. O

Finally, by Thm. 3.4 we get the following result concerning the case of equidistant
and quasi— equidistant nodes

Corollary 3.5 Let d,y € N be arbitrarily fixed with y > 1. For all f € Lipla, b]
and any set of n + 1 nodes a = xo < x1 < ... < xp, = b withn > d such that
h ~ h* ~ n~' the associated generalized FH interpolant 7( f) satisfies

If =7 (oo = —, (29)

S|

where C > 0 is a constant independent of n, h, h*.

We remark that in [12, Thm. 5.2] the same estimate was proved under the stronger
hypothesis that y > 2 holds.

4 Numerical experiments

First in Fig. 1, we show the generalized FH interpolants for d = 0, 1, 2, 3, with

fixed y = 2. h/h* = 5 and h* = 0.05, approximating the Runge function f(x) =

1/(1 + 25x2) in the interval [—1, +1]. The interpolation nodes are constructed using

the procedure described below, resulting in 13 quasi-equidistant interpolation nodes.
Next, we investigate the behavior of the error

E (%h*) =1/ =7 (Nl

as a function of hh—* and i* for a fixed value each for the degree d and the parameter
y . In all numerical experiments we performed it turns out that E behaves as:

E (ﬁ, h) ~ D <ﬁ> (h*)P.
h* h*
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original function
4 4t . approximant
it A O interpolation points

0.4 0.4
\
" \S\ i // \S\s\
B S |
o . . . . . . . . . o . . . . . .
-1 -0.8 0.6 0.4 -0.2 0 0.2 0.4 06 08 1 -1 0.8 -0.6 0.4 -0.2 0 0.2 0.4 0.6 08 1

P

Fig.1 Therational interpolant 7 (f, x) of the Runge function f(x) = 1/(1 +25x2) ontheinterval [—1, +1],
fory =2,h/h* =5,h* =0.05andd = 0, 1, 2, 3 (from left to right and top to bottom)

This means that

h h
log E <h_*’ h*) ~ log(D) + a log (ﬁ) + Blog(h*).

To determine log(D), o and B, we can use linear least squares approximation
when we have different measurements for the values of the function log E (hi*, h*)
for different values of log (ff’—*) and log(h*). Consider the interval [a, b] = [—1, +1].
Given log (h%) and log(h™), the corresponding points x; consist of two subsets. In the
first subset there are all points —1, —1 + h + h*, —1 + 2(h + h*), ... in the interval
[—1, +1]. In the second subset there are all points of the first subset shifted by 4 to
the right, i.e., =1 +h, =1+ h + (h + h*), =1 + h 4+ 2(h + h*), ... in the interval
[—1, 4+1]. Note that the endpoint 41 does not necessarily belong to the point set but
it is at a maximum distance of & from the right-most point in the point set. The values
taken for & and h™* are all combinations of a value of 2™ chosen from

R S S s
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and a value of g among

g+ 100710 101/10 12/10  1010/10

with i = gh*. The norm || f'| o is approximated by looking at the largest value of | f|
in 10°> Chebyshev points in the interval [—1, +1].

Let us take the function f(x) = x2|x| € C*[—1, +1], the degree d = 1 and the
parameter y = 2. A plot of the function E (}f’—*, h*) is given in Fig. 2. From this figure,
it can be seen that the function E can be approximated very well by an affine function
in hh—* and i*. A similar plot was obtained for the other examples given in this section.

Solving the least squares problem gives us the values

D = 1.84, a = 1.84, B =2.02.

In view of (10), the value « should be compared to y(d + 1) = 4 and the value
B to s = 2. Note that the value of D is small, the value of « is much smaller than
y(d + 1) = 4 and the value of 8 is approximately equal to s = 2.

In Table 1, we give several other examples. Theorem 3.1 is illustrated by the exam-
ples withi = 1, 4, 5. Theorem 3.4 is illustrated by the example with i = 7. Note that
fori = 2, 3, 10, 11, the value of f is larger than predicted by the theory of Theorem 3.1
or Theorem 3.4.

Based on these results, we give the following conjecture which we were not able
to prove. Let C*“[a, b] be the class of functions that are s-times continuously differ-
entiable and whose s—th derivative is Holder continuous with exponent 0 < o < 1.

3 04
B 02
h* =10 4 o h/h* = 10¥

Fig.2 The function £ (,{i* h*) for f(x) = x2|x| withy = 2and d = 1
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Table 1 The results of numerical experiments for several values of f, y and d

i Function f(x) y d yd+1) o s B D

1 *2 x| 2 1 4 1.84 2 2.02 1.84

2 x2)x] 2 2 6 2.63 2 3.07 1.74

3 x2 x| 2 3 8 2.96 2 3.04 3.63¢-2
4 x4 2 2 6 2.59 3 3.04 5.68

5 x4 4 2 12 2.57 3 3.02 4.83

6 x| 2 0 2 9.51e-1 0 8.44e-1 6.18¢-1
7 x| 2 1 4 9.76e-1 0 9.90e-1 1.77e-1
8 |x]05 2 0 2 7.75e-1 0 5.00e-1 3.40e-1
9 x|x|0-5 2 0 2 9.64¢-1 1 8.48¢-1 7.66¢-1
10 x|x]03 2 1 4 1.46 1 1.59 1.67e-1
11 x|x]03 2 2 6 136 1 1.51 8.09¢-2

Conjecture 4.1 Let d, y € N be arbitrarily fixed with y > 1. For all f € C*%[a, b]
withl <s < (d+1),and any setof n + 1 nodesa = xo < x1 < ... < x, = b
with n > d such that h ~ h* ~ n~!, the associated generalized FH interpolant 7( f)
satisfies

If=7(Plleo = (30)

ns+a

approximation error

1078 RS 3

1020 1 1 I I 1 I I 1 I
-1 -0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1

Fig. 3 Pointwise absolute error when interpolating the function f(x) = |x| with d = 1, h* = 1.0e-3 and
h = 5h* for increasing values of y = 1,2, ..., 7. The error is plotted in blue for y = 1, in red for y = 2
and so on
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where C > 0 is a constant independent of n, i, h*.

Note that in Table 1, fori = 6, 8, 9, we also considered d = 0 which is not covered
by the theory of Theorem 3.1 or Theorem 3.4.

When y = 1, experimental results for f(x) = |x| are given in [6] and for f(x) =
|x1%3 in [1]. To illustrate the behavior of the appproximation when y is varied, we
consider the function f(x) = |x|,d = 1, h* = 1.0e-3 and h = 5h*. For y =
1,2,...,7, the error function | f (x) — 7(f, x)| is plotted in Fig. 3. When y increases,
the error is more and more concentrated around the x-value 0. The same behavior was
also observed for equidistant points [12].

5 Conclusions

In [12], we proved several results concerning the convergence rate of generalized FH
interpolants corresponding to equidistant and quasi-equidistant distributions of nodes.
These results required a restriction on the value of the parameter y. In this paper, we
proved similar convergence results without a need for a restriction on the value of
y.

More generally, for arbitrary distributions of nodes, we stated error estimates in
terms of 4 and h* for continuously differentiable functions and for Lipschitz contin-
uous functions.

Several numerical experiments confirmed the theoretical results. In the case of
non—differentiable functions with isolated singularities, they show that, for fixed d
and increasing values of y, even if the maximum absolute errors are almost compara-
ble, we get an improvement in the pointwise approximation close to the singularities.
Moreover, they indicate that even stronger results are possible in the case of contin-
uously differentiable functions having a Holder continuous highest derivative. The
proof of this conjecture remains an open problem.
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