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Abstract

In this paper, we introduce a modified projection method and give a strong convergence
theorem for solving variational inequality problems in real Hilbert spaces. Under mild
assumptions, there exists a novel line-search rule that makes the proposed algorithm
suitable for non-Lipschitz continuous and pseudo-monotone operators. Compared
with other known algorithms in numerical experiments, it is shown that our algorithm
has better numerical performance.
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1 Introduction

We research the classical variational inequality problem, which is defined as follows:
find x* € % such that
(Zx*,x—x*)>0, Vx € ¥, )

where % is a nonempty closed convex subset of a real Hilbert space H, &7 : H — H is
anonlinear operator. For simplicity, we denote the solution set of variational inequality
problem (1) by Sol(€, &).
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Numerical Algorithms

The variational inequality problem plays an important role in nonlinear analysis
research, which not only promotes the development of optimization problems, math-
ematical statistics, fixed point theory and other mathematical disciplines, but also has
a very wide range of applications in engineering, mechanics, physics and economics.
So far, many methods for solving variational inequalities have been produced. In this
paper, we mainly study a class of projection methods.

It is well known that one of the most classical projection methods is the gradient
projection method involving the strongly monotone and Lipschitz continuous operator.
Due to its mandatory conditions, it was later improved by Korpelevich [1] into the
following algorithm, which is often referred to as the extragradient algorithm:

Yn = Py (xy, — T Xp),
Xng1 = Pg(xn — 19 yp),

where t € (0, %) and the operator .27 is monotone and L-Lipschitz continuous. The
extragradient algorithm was first used to solve the saddle point problem, and was later
applied to the variational inequality problem by scholars. Since then, many meaningful
results have been produced. For example, Yao et al. [2, 3] constructed extragradient
algorithms involving Lipschitz continuous and monotone operators for solving vari-
ational inequalities and fixed point problems. Vuong [4] proved the convergence of
the extragradient algorithm under the pseudo-monotone condition, and the operator is
Lipschitz continuous and sequentially weakly continuous.

However, it is worth noting that when the operator .2 is non-Lipschitz continuous
or the Lipschitz constant L is not easy to calculate, the above extragradient algorithm
will fail due to the difficulty in determining the value of 7. To overcome this short-
coming, the authors apply different techniques. Thong [5] used the line-search process
so that the involved operators only need to satisfy uniform continuity. Tan et al. [6, 7]
and Duvocelle et al. [8] introduced different self adaptive rules so that the algorithms
involving Lipschitz continuous and pseudo-monotone operators do not need to calcu-
late the Lipschitz constant. In addition, Iusem [9] combined the line-search rule with
the extragradient algorithm and obtained the following algorithm:

yn = Pg(xn — Ty.9 Xy),
Xnt1 = Py (xn — A yn),

where 7, := yI"", my ;= min{m € N : yI"||&/x, — A yn| < pllxn — yull}, 1,1 €
0,1) and A,, := % Under suitable assumptions, Iusem established a weak
convergence theorem without the need for the Lipschitz continuity.

On the basis of the algorithm proposed by Iusem [9], Tusem et al. [10],
Thong et al. [11, 12] and Xie et al. [13] have more or less improved the line-search

rule and obtained the convergence of the corresponding algorithms. Specifically, the
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improved algorithm in [12] is as follows:

Vn = Py (xy — 10 xp),
Zn = Py (xp — A yn),
Xpg1 = Buxo + (1 — Bu)za,

where 1, := yI"™, m, := min{m € N : yI"(Ax, — Ly, xyn — yn) < wllx, —
yall?}, 1,1 € (0, 1)and A, := %%.They effectively modified the line-search
rule, thereby increasing the range of choices for the sequence {t,}. Under suitable
assumptions, a strong convergence theorem is obtained by introducing Halpern-type
iteration.

In addition, it is noted that during the operation of the extragradient algorithm,
each iteration needs to calculate the projection on the feasible set 4" twice, but the
generality of € will increase the computational complexity. To this end, the authors
have proposed various methods to improve this situation. Vuong et al. [14] and
Reichetal. [15] proposed different projection algorithms by using different line-search
rules, and obtained the corresponding strong convergence theorems by combining
Halpern iteration and viscosity iteration respectively. Censor et al. [16, 17] constructed
a subgradient half-space {x € H : (x, — tx;, — Y4, x — y,) < 0} to replace the
feasible set € in the second projection process in the extragradient algorithm, which
accelerated the iteration rate of the algorithm. Tseng [18] directly omitted the second
projection and used y,, — 7 (& y, — & x,,) to replace the computation of Py (x, — 7.2 y,).
Based on the algorithm proposed by Tseng, Reich et al. [19] and Yao et al. [20] add a
single inertial term and a double inertial term respectively, and the convergence results
of the related algorithms are obtained by combining self adaptive rule. In this paper, we
mainly research such a projection-type algorithm modified by Vuong and Shehu [14].
The detailed algorithm is as follows:

Vuong and Shehu [14] introduced a half-space C,, in Algorithm 1 to replace the
second-step projection in the iterative process, which is an interesting improvement
and reduces the difficulty of projection computation. At the same time, they obtained
the strong convergence theorem involving uniformly continuous, pseudo-monotone
and sequentially weakly continuous operators by combining the line-search rule and
Halpern-type iteration method. Based on the result of Algorithm 1, Reich et al. [15]
made some improvements while speeding up the convergence of the following algo-
rithm:

Reich et al. [15] proposed a different line-search rule than in Algorithm 1, thereby
adjusting the half-space C,. The operator ./ in Algorithm 2 is pseudo-monotone,
uniformly continuous and satisfies ||./¢| < liminf,_, » ||.27 x, || whenever {x,} C €
and x, —¢. On the other hand, the introduced viscosity iteration method further accel-
erates the convergence process of Algorithm 2. Under the imposition of appropriate
assumptions on the parameters, they obtained a strong convergence theorem.

Motivated and inspired by the above results, we propose a new algorithm for solving
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Algorithm 1 Halpern-type projection method

Initialization: Given {8,} C (0, 1), [ € (0, 1), u € (0, 1). Let x| € ¢ be arbitrary.
Iterative Steps: Given the current iterate x,, (n > 1), calculate x,, 41 as follows:
Step 1. Compute

Zn :P(g(xn_ﬁxn)

and r(x,) := x, — z. lf r(x,) = 0, then stop; x, belongs to Sol (%€, <7). Otherwise,
Step 2. Compute
Yn = Xn — Tt (Xp),

where 7, := ["" and my,, is the smallest non-negative integer m satisfying

(9 (e = 17 (xn)), 7 (6n)) = = e 12

o=

Step 3. Compute
Xp+1 = Pnxp + (1 — /SII)PCn (xn),
where
Cp={xe€b:hy(xy) <0}
and
hn(x) := (2 yn, X — yn)-

Setn :=n + 1 and go to Step 1.

Algorithm 2 Viscosity projection method

Inmitialization: Given {8,} C (0,1), © > 0,1 € (0, 1), » € (0, /il). Let x| € € be arbitrary.
Iterative Steps: Given the current iterate x,, (n > 1), calculate x,, 41 as follows:
Step 1. Compute

Zn = Py (xn — A/ xp)

and r(x,) := x, — zp. If r(x) = 0, then stop; x, belongs to Sol(%, 7). Otherwise
Step 2. Compute
Yn = Xn — Tt (Xp),

where 7, := ["" and my,, is the smallest non-negative integer m satisfying
m M 2
(A xn — & (xn = 1"r(xp)), r(xn)) < E”"(xn)” .

Step 3. Compute
Xp41 = Bnf (xn) + (1 — 5n)PC,, (xn),

where
Cp:={x €% :hy(xp) <0}

and -
B (x) 1= (& yn, X — xp) + ﬁumxn)uz.

Setn :=n + 1 and go to Step 1.

variational inequalities with uniformly continuous pseudo-monotone operators. Pre-
cisely, we create a novel line-search rule to determine the value of the key sequence and
make appropriate adjustments to Cj,. In addition, we introduced inertial technology to
speed up iteration efficiency. Finally, by comparing with known results in numerical
experiments, it is confirmed that our proposed algorithm indeed has better behavior.
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2 Preliminaries

In this section, we recall some basic concepts and facts.
Let H be a real Hilbert space. Then

lx + ylI* < Ixl? +2(y, x +y) 2)

and
loax + (1 —a)yl? = allx|* + (1 —a)lylI* — a1 —a)|x — y|?, 3)

forevery x,y € Hand ¢ € R.
Let ¥ be a nonempty subset of H. Then an operator o7 : ¥ — H is called
(a) L-Lipschitz continuous with L > 0 if

l/x —yll < Lllx — yll, Vx,y € €. “)

If L € (0, 1), o is called a contraction.
(b) monotone if
(Fx —dy,x—y)>0, Vx,y€¥. 5)

(c) pseudo-monotone if
(Fx,y—x)>0= (y,y—x)>0, Vx,y € C. (6)

(d) sequentially weakly continuous if for each sequence {x,} C ¢ we have: x,—x
implies <7 x,—.</x as n — 00.

For any point x € H, it is obvious that there exists a unique nearest point in
%, denoted by Pyx satisfying ||x — Pgx|| < |[x — y||, Yy € &. Py is called the
metric projection of H onto 4. The projection formula will be applied to numerical
experiments (Sect. 4). The projection of x onto a half-space €, , = {x : (u, x) < v}
is computed by

Py = x —max{[{(u, x) — v]/|lull?, O}u.

u,v

Throughout this paper, let € be a nonempty closed convex subset of a real Hilbert
space H. Next, list some lemmas that will be needed later.

Lemma1 ([21]) Given x € Hand z € €. Then
7=Pgx & (x—27,7—y) >0, Vy e €.

Lemma 2 ([21]) Given x € H. Then
() IIPgx — Pgy||* < (Pgx — Pgy,x — y), Yy € H;
() IPgx — ylI> < llx — 1> — llx — Pgx|?, ¥y € €.

Lemma 3 ([22]) Given x € Hand o > B > 0. Then
(D) |x = Pg(x — B x)| < |lx — Pg(x —adx)|;
[x — Pe(x —adx)|l _ |Ix — Pg(x — B x)||
(2) < 5 .
o
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Lemma4 ([23]) Let H and Hy be two real Hilbert spaces. Suppose <7 : Hi — Hp
is uniformly continuous on bounded subsets of H1 and M is a bounded subset of 'H.
Then <f (M) (the image of M under <f ) is bounded.

Lemma5 ([24]) Let o7 : € — H be pseudo-monotone and continuous. Then, x*
belongs to Sol(¥€, &) if and only if

(Fx,x—x") >0, Vx € €.

Lemma 6 ([25]) Let h be a real-valued function on 'H and defined K := {x € € :
h(x) < O}. If K is nonempty and h is Lipschitz continuous on € with modulus 6 > 0,
then

dist(x, K) > 0~ ' max{h(x), 0}, Vx € €,

where dist(x,K) denotes the distance of x to K.

Lemma 7 ([26]) Let {d,} be a sequence of non-negative real number such that there
exists a subsequence {d,,j} C {d,} such that dnj < d, i+l for all j € N. Then there
exists a non-decreasing sequence {my} C N such that limy_, oo my = 00 and the
following properties are satisfied by all (sufficiently large) number k € N:

dmk = dmk+ls dk = dmk+l-

In fact, my = max{n e N:d, < dp4+1,n <k}.

Lemma 8 ([27]) Let {d,,} be a sequence of non-negative real numbers such that
dn+1 < —ap)d, +anb,, Yn >0,

where {a,} C (0, 1) and {b,} is a real sequence such that
() 32,2 an = 00;
(b) limsup,,_, ., b, < 0.
Then lim,,— » d, = 0.

Lemma 9 ([12]) Let € be a nonempty closed convex subset of a real Hilbert space H
and o/ : € — H be pseudo-monotone, sequentially weakly continuous and uniformly
continuous on the bounded subsets of €. There exists a subsequence {wy, } C {w,}
such that wy,, —q € € and limy_, oo | Wy, — Py (W, — Tny A Wy, ) | = 0, where 1, is
a positive sequence. If

liminf(e/wy,, x — wp,) >0, Vx € G.

k— 00

Then q € Sol(€, ).
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3 Main results
3.1 Strong convergence

In this section, we propose an improved projection-type method for solving variational
inequality problems in Hilbert spaces. First, we give the following conditions:

(C1) The feasible set ¢ is a nonempty closed convex subset of a real Hilbert space
‘H. The solution set Sol(%, <7) is nonempty.

(C2) The operator </ : € — 'H is uniformly continuous, pseudo-monotone and
sequentially weakly continuous on %’.

(C3) Let f : € — % be a contraction mapping with a coefficient p € [0, 1) and
B, be a sequence in (0, 1) such that

o0
lim B, =0, ) = oo.

n=1

The sequence {c, } satisfies lim;,—, o ‘/’5# =0.
. . n
Next, we introduce our new algorithm.

Algorithm 3 Modified viscosity projection method
Initialization: Let u € (0, 1], [ € (0, 1), y > 0 and x| € € be arbitrary.
Iterative steps: Given the current iterate x,, (n > 1).

Step 1. Evaluate

wy = (I —ap)xy +apxy.
Step 2. Compute

in = P%) (wp — T wy),

Yn = wy — tr(wp),

where 1, := y[™n and my, is the smallest non-negative integer m satisfying
m
YU (e wn — o (wp = 1" r(wp)), r(wn)) < Ellr(wmllz, )

and r(wy) = wy — zu. If r(wy) = 0: Stop. Otherwise, go to Step 3.
Step 3. Calculate
Xp4+1 = Bnf(wp) + (1 — ﬂn)PC,, (wn),

where
Cpi={x €% :hp(wy) <0}

and “
hn(x) = <wyn,x—wn>+5||r(wn)n? ®

Setn :=n + 1 and return to Step 1.

Remark1 1. Since % is a convex set, it can be deduced that all iterates {x,}, {wy},
{yn} and {z,} generated by Algorithm 3 belong to €. Therefore, the operator ./
needs to be defined only on %, rather than necessarily on the entire space H.
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2. The operator .o/ is pseudo-monotone and uniformly continuous, which allows us
to prove the strong convergence theorem without Lipschitz prior knowledge.
3. The sequence {«;,} could be chosen such that

. i) o .
B mm{—”xljxn”,f}, if x, # x1,

n .
% , otherwise ,

where « is a constant such that 0 < o < 1 and {6, } is a positive sequence such that
lim,, s oo Z_Z = 0. At this time, it is easy to see that lim,_, %—Z = 0. In addition,
if « = 0, then w, = x,, this is a trivial case. In the following text we will mainly
study non-trivial situations.

4. Compared to Algorithms 1 and 2, Algorithm 3 introduces a step size rule with
parameter ¥ > 0 in (7), which allows the trial step 7, to start from a value other
than 1 in each outer iteration. This modification makes sense because there are cases
where a larger step size t, > 1 may be acceptable (resulting in faster convergence),
and cases where 1, < | may be smaller (in which case it is beneficial to choose
y < 1toavoid unnecessary evaluations of .<7 in the inner loop). In addition, during
the inner loop, we initially set m = 0, which gives 7, = y. We then substitute
this value into (7) to see if it satisfies the condition. If it does, we output the result,
otherwise we setm = 1 and continue iterating until the condition in (7) is satisfied.
Once satisfied, we output the corresponding y, value and continue with further
iterations. .

5. In Algorithm 2, i, (x) is defined as h, (x) = (& y,, x — x,) + ﬁ

T |7 (x) ||2 — 0 1is a crucial assumption for proving r(x,) — 0. However, in the
original proof, it was necessary to consider two separate cases: lim inf,, .o 7, > 0
and lim inf,,_, o 7, = 0, as detailed in [15, Lemma 3.5]. To streamline the proof,
we have made an improvement to £, (x) in (8). This adjustment eliminates the need
to consider separate cases and leads directly to the conclusion, thus simplifying
the overall proof.

[l (x)||?, where

Lemma 10 Assume that conditions (CI1-C3) hold. Then the line-search rule (7) is well
defined.

Proof 1f w, € Sol(€¢, <), then w,, = Py (w, —y </ wy), thus (7) holds with m,, = 0.
Next, we suppose that w,, ¢ Sol(%¢, /) and assume the contrary. That is, for all m
we have

Y™ (Al wy — A (wy — Y1 (W), r(wy)) > %nr(wn)nz. )

By the Cauchy-Schwarz inequality, then

yI" (A w, — o (wy — yI"r(wp)), r(wy))
< yl"|lFw, — o (wy — yI"r(w) | l|r (wy) . (10)

Combining (9) and (10), we have

Vlm”%wn - (wy — Vlmr(wn))” > %”wn — Py (wy — Vlm%wn)”-
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It follows that

[ lwn — Pg(w, — yI" o/ w,)||

.o/ wy — & (wy — yI"r(wy))|| > > i (11)
Since w;, € €, Py is continuous and .7 is uniformly continuous, we obtain
lim [w, — Pg(w, — yl"™dw,)| =0, (12)
m— 00
and
lim || Fw, — o (w, —yI["r(w,))|| = 0.
m—0o0
Noticing (11), we get
— P —ylmof
lim lwn ¢ (Wy — ¥ wp) || —0. (13)
m— o0 ylm

Let z,, = Py (w, — yI"™ o/ w,). By Lemma 1, we have

(zm —wp + YI"dwy, x —z) >0, Vx €F.

That is
—w
(ZmyTn,x—Zm)-l-(ﬂ’wn,x—zm) >0, Vx €%.
Consequently
Zm - wn
( ylm ’x_Zm>+('dw”1x_wn>+<dwnv wn_Zm) ZO, Vx 6‘5. (14)

Taking m — oo in (14) and using (12) and (13), we obtain
(A wy, x —w,) >0, Vx € €,

it follows that w, € Sol(¥, </). This contradiction implies that (7) is well defined. O

Lemma 11 Assume that conditions (CI1-C3) hold. Let the function h, be defined by
B) and p € Sol(€, ). Then h,(wy,) = %Hr(wn)”2 and h,(p) < 0. Particularly,
h,(wy,) > 0 whenever r(w,,) # O.

Proof According to (8), h,(w,) = %Hr(wn)u2 is obvious. On the other hand, from
the pseudomonotonicity of <7 and p € Sol (¥, <7), we have (< y,, y, — p) > 0 and

I (P) = (o yn. p — wn) + %nr(wn)u2
= (A Y P = V) + (T Vs Y — W) + %nr(wn)n2

< =T (A yn, r(wp)) + %Ilr(wn)llz- 5)

@ Springer



Numerical Algorithms

From the rule (7) and the definition of {y,}, we obtain

T (A Wy — &y, T(wy)) < = |Ir(wy)I?,

o
2

that is "
T Y, 7 (W) = T ( wn, 7 (wa)) = i ().
According to Lemma 2 (1), we can conclude that

lwy — P (wy — ta W) 1> < T (F Wy, wy — Pg(wy — T wy)),

or equivalently
T Wy, T (wy)) > [Ir(wy)]|>.

Substituting (16) and (17) into (15), we get that
ha(p) < —(1 = ) lIr(wy)|.

Since u € (0, 1], then Ak, (p) < 0.

(16)

7)

m}

Lemma 12 Assume that conditions (C1-C3) hold. Let {w,} be a sequence generated
by Algorithm 3. If there exists a subsequence {w,, } C {w,} converges weaklytoq € €

and limy_, o0 ||Wp, — 2n, |l = 0, then q € Sol(€, 7).

Proof Since z,, = Py (wy, — Ty, 2/ wy, ), We have
<wnk - ‘andwnk — g, X — an> <0, Vx e?,

or equivalently

1
T_<wnk — Znyg, X _an> = ("Q{wnkax _an)» Vx € F.
ni

Consequently

1

_(wnk — Tny, X _an> + ('Q{wnk» Ing — U)nk> =< <’Q{wnk9x - wnk), Vx € % (18)

Tny
Next, we prove that

liminf (o/wy,, x —wy,) >0, Vx € €.

k—o00

We consider the following two possible cases.
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Case 1 Suppose that liminfz_, o 7,, > 0. Since w,,—¢q € €, then {wy,,} is
bounded. As <7 is uniformly continuous on bounded subsets of %, by Lemma 4, we
get that {%/w,,, } is bounded. Taking k — oo in (18), since ||wp, — z,, || = 0, we get

lim inf (o/'wy, , X — wy,) > 0.
k—o00

Case 2 Assume that liminfy_, o 7,, = 0. Lets,, = Py (wy,, — t,,kl_lxsznk), we
have t, kl’1 > 1,,. Applying Lemma 3, we obtain

”wnk - P(g(wnk - tnklildwnk)” < ”wnk - P‘g(wnk - tnkfg{wnk)”

T [ T,

that is

1
lwn, — snll < 7||wnk = Zn Il = 0 (k — 00). (20)
Therefore, s,,—~¢q € €, it folllows that {s,, } is bounded. In addition,
. Wy, — A Wy, — Tyl (Wi )| = 0 (k = 00). 1)
By rnkl_l > Tp,, we know that rnkl_l does not satisfy (7), owing to (11), then

1 1w, — Py (i, — 1™ )|

. Wy, — o (W, — T ()| > > T

which implies that
”wnk - Snk ” _

lim —% "2 _ . (22)

k— 00 ‘L’nklf1

Furthermore, it follows from the definition of {s,, } and Lemma 1 that
(wy, — rnkl_lﬂwnk —Sp, X —8p) <0, Vx € €.

It follows that

1
ﬁ(wnk —Sngs X—Snk) + (ﬂwnkv Sny _wnk) =< (ﬂwnks x_wnk>v Vx € 6. (23)
Taking k — oo in (23), we get

liminf(o/w,,,x —w,,) >0, Vx € €.
k— 00

By Lemma 9, g € Sol(%¢, <) and the proof is completed. O
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Theorem 1 Assume that conditions (C1-C3) hold and the sequence {a,} is chosen
such that

.o
lim —2|lx; — xu|| = O.
n—o0 ﬁn

Then the sequence {x,} generated by Algorithm 3 converges strongly to an element
p € Sol(€, o), where p = Psoy¢.07) © f(D).

Proof We divide the proof into five claims.
Claim 1. We prove that the {x,} is bounded. Indeed, let s, := Pc, (w,), then

s — pI* = | Pc, (wn) — plI* < llwa — plI* = | Pe, (wn) — wy?
= |lwy — plI* = dist*(wy, Cp)

2
< llwn — pII*.

That is
lsn — Il < llwy — pll (24
Thus

X¥nt1 = Pl = 10 f (wn) + (1 = Ba)sn — Pl
= 1Bu(f (wn) = p) + (1 = Bu)(su — DI
< Ballf (wp) = pll + (L = Bo)llsn — Pl
< Bull f (wn) = f(P + Bull f () = pll + (1 = Ba)llsn — Pl
< Buollwn = pll+ Ball f(p) — Pl + (A = B llwn — pli
=1 = Bu(l = p)llwa — pll + Bl f(P) = PII. (25)

It follows from the definition of {w,} that

lwa = pll = 10 = an)xn + onx1 = pl

< llxn = pll + anllxr — Xl

(0%
< lxn = pll + Bn - —Ilx1 — xull. (26)
Bn
Since
. oy
lim —"|lx; — x,| =0,
n—oo n

there exists N € N and a constant M| > 0 such that

Qp

—lx1 = xull = My, Vn = N. (27)
Bn

Combining (26) and (27), we have

lwa = pll < llxp — pll + BaMi. (28)
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Substituting (28) into (25), we get

X1 = pll = (1 = Ba(l = p))lxn — pll + B M1 + Ball f(p) — Pl

IA

(=81 = p)llxn = pl 4 Bu(l = p

I—p
Il f(p) — pll + M
< max{||x, — pl, 7 }
—-p
S .
I f(p) — pll + M
< max{[lxy — pll, ).

l—p

)Ilf(p)—p||+M1

This implies that the sequence {x,} is bounded. Consequently, the sequences

{ya}, {f (w,)} and {7y, } are bounded too.
Claim 2. We prove that

5w — wall® < %0 — plI* = 1xXnt1 — PI? + BuMa + 2B, f (wn) — p, Xns1 — D),

for some M, > 0. Ineeed, from (2) and (25), we have

xXn1 = I = 1Ba(f (wn) — p) + (1 = Bu) (50 — I
< (1= Bllsn = pI* + 284 (f (W) — P, Xns1 — P)
< llsn = PII* + 284 (f (W) — P. Xns1 — P)
= || Pc, (wn) — pI* + 2Bu{f (W) — P, X1 — P)

< llwn — plI* = lIsn — wall> + 2B, (f (Wn) — P, Xns1 — P)-

Using (28), we get

lwy — plI* < (lxn — pll + BuM1)?
= |lx, — plI* + B @M ||x, — pll + B M?),

Substituting (30) into (29), then

[0t = I < Ixn — pI? = 150 — wall® 4+ BuMa 4 2Ba(f (wn) — P, Xng1 —

where M, = sup, n{2M||x, — pll + ,3an2}. Thus,

5w — wall® < %0 — pII* = IXnt1 — PI* + BaMo + 2B, f (W) — P, Xng1 —

Claim 3. We prove that

% 2
(1= ) [ 3 Ir@n) ] = = pI? = vass = pI” + B Mo,

(29)

(30)

D),

p)-
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for some M3 > 0. Indeed, from {.</y,} is bounded, there exists L > 0 such that
|/ yu |l < L. By the definition of &, (x), for all u, v € Cp,,

Ihn @) — hy ()| = I{Z yn, u — V)| < | yullllu — vl < Llu—vll,
which implies that £, (-) is L-Lipschitz continuous on C,. From Lemma 6, we have
. 1
dist(wy, Cy) > Zhn(wn)-

Applying Lemma 11, we get

. 14
dist(wp, Cp) = ~—|Ir(wy) . 31)
2L
Thus,
u 2
5o = PI? = llww = pI = [5 = IrGn ] (32)
2L
On the other hand,
(R

= 1B f (wn) + (1 = Bu)sn — pII

= [1Ba(f (wn) — p) + (1 — B)(sn — P)II?

= Bull f (wn) = pII* + (1 = B)llsw — pII* — Bu(1 = Bl f (wn) — sul*
< Bull fwn) = pI* + (1 = B)llsa — pII

2
< Bl f i) = I+ (1= )llws = pI> = (1= ) [ 37 Ir w1
2
= Ball fwa) = pIP + s = pI = (1 = B) [ 57 Ir w1
< Bullf wa) = pI” + 30 = pI” + B @M1 llxn = pll + Bu M)
2
— (=8 |57 Ir @)l

2
<l — pI% + BuMs — (1 — By) [%nr(wn)uz] ,

where M3 := sup,,cn{Il f(wn) — pI? +2My|lx, — pll + ,Banz}. Therefore,

% 2
(1= ) [ 3 Ir@n) ] = e = pI2 = lvass = pI” + B M.
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Claim 4. We prove that

lns1 = pII®
2
< (U= a0 = p)llen = pIP + a1 = )| T () = poxnss = p)
+ 220 ]
1_:0 ,Bn ! "

for some M > 0. In fact, using (2), we have

lwy — plI* = (1 = ap)xn + anx) — pl?
< lxn — pI? + 20 (x1 — X, Wy — p)

< llxa = pII* + 2e llx1 — xullllwn — pII. (33)
By (2), (3) and (24), we obtain

IxXn41 — pII
= [1Buf (wn) + (1 = Bu)sn — pII*
= 1Ba(f W) = F(P)) + (1 = Bu)(sn — p) + Ba(f(P) — DI
< NBa(f wa) = F(P) + (1= B)(su — PII* + 2B4(f (P) = P Xns1 — D)
< Bull fwn) = FDIP + A= B)llsw — Pl +2B4(f(P) — P, Xnt1 — D)
< Bupllwn — pI* + (1 = B)lwa — PI* + 282 (f(P) — P, Xns1 — P)
= (1= Bu(l = p)llwn — plI* + 2B, (f(P) = P. Xu1 — P). (34)

Substituting (33) into (34), we get that

IX0t1 — pII*
< (1= Bu(1 = p)lIxn — plI* + 20, l1x1 — Xn |l lwy — pll
+2B:(f(p) — P, Xpt1 — D)

= (1= Bu(1 = p))lIxs — plI* + Bu(1 = p) - %(f(p) = P> Xnt1 = P)
+ 200 llx1 = Xallllwn — pll

< (1= Bl = p)xn = pII* + Bu(1 — p) - %(f(p) = P> Xnt1 = P)
+2May,||x1 — xn||

2
= (1= Bu(1 = p))lIxn — plI* + Bu(1 — p)[—(f(p) — P Xnt1 = p)

L—p
2M
+—— —lx —xnll],

L—p B
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where M := sup, nillw, — pli}.

Claim 5. We prove that {||x,, — p||} converges to zero by considering two possible
cases.

Case 1 There exists N € N such that ||x,4+1 — p||> < |lx, — p||* foralln > N, it
follows that lim,,_, o ||x, — p||? exists. Next we prove that

lim [lx,41 — X, = 0. (35)
n—00

Indeed, by Claim 2 we have

lim |5, — wy|l = 0. (36)
n—oo
In addition,

273
lwp — xpll = anllxr — xpll = Bn - = llx1 — xnll = 0 (n — 00), (37)

n

and

lXn+1 = sull = Bull f (W) — sull = 0 (n — 00). (33)

Combining (36), (37) and (38), we obtain
IXn+1 = Xnll = X041 = sl + llsn — wall + lwp — xpll = 0 (n — 00).

This implies that (35) holds. On the other hand, since the sequence {x,} is bounded,
it follows that there exists a subsequence {x,, } of {x,}, which converges weakly to
q € € and

limsup(f(p) —p,xn —p) = lim (f(p) — p, xn, —p) = (f(P)—p,qg—p). (39)
k—o00

n—oo

According to Claim 3, we get

. I 2717
lim |, I?] = o0.

That is
lim |w,, —zn, |l =0. (40)
k— 00

Using the fact that x,,, —~¢ (k — 00), (40) and Lemma 12, we have g € Sol(€, o).
Since p = Pg,1%.7) © f(p), combining (35) and (39), we obtain

lim sup(f(p) — p, Xp+1 — p)

n—o0

< limsup(f(p) — p, xn4+1 — Xp) + limsup(f(p) — p, xn, — p)

n—o00 n—o00

<0. 41)
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Hence, by Claim 4, (41) and Lemma 8, we conclude that lim,_, » ||x, — p|| = 0.
Case 2 There exists a subsequence {|[x,; — 21?7} € {llx, — plI?*} such that

10, = pII* < l1xn; 41 — pI%, Vj € N.

From Lemma 7, there exists a non-decreasing sequence {m;} of N such that
limy_, 5o my = o0 and

Im, =PI < X1 — P xk — pI? < IXms1 — I, VE €N, (42)
From Claim 2,

S — W 112
< Ny = PI> = 1%mgs1 — PI* 4 Big M2+ 2B, (f (W) — Py X1 — D)

< Nxmg = PI* = 1%mgs1 — PIZ 4 By M2+ 2B | f (i) — PlIXm41 — Pl
— 0 (k > 0).

As proved in Case 1, we can conclude that

lim ”xmk-‘rl - xmk” =0
k— 00
and
lim sup(f(p) — p, Xmp+1 — p) < 0. 43)
k—o00

Applying Claim 4, we have

2
[Xm+1 = Pl

2
< (U= (1= o)l =PI + (1= D[ 7= (F(P) = Pt = p)

2M oy,
e 2y = ]
L=p Bum "
2
< (1= B (1 = ) Ixmgs1 = pI” + By (1 = p)[g(f(p) = Ps Xmy+1 = P)
2M oy,
+ e Sy — ]
1—,0 .Bmk i

It follows that

2 2M «
IXme1 — PI? < ———(F(P) = Py X1 — P) + —— - 5]

< [x1 — Xl
1—p 1—p Bu "

From (42) and (43), we obtain

Ixk — pI? < Ixmes1 — pI> — 0 (k — 00).
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Hence, x; — p as k — oo. This completes the proof. O

3.2 Convergence rate

Next, we assume that the operator <7 in Algorithm 3 is n-strongly pseudo-monotone.
In this case, by modifying Algorithm 3, we obtain that the sequence {x,} strongly
converges with a linear rate. The modified algorithm is as follows:

Algorithm 4
Initialization: Let u € (0, min{%, 2ITW}), 1 €(0,1), y > 0and x| € € be arbitrary.

Iterative steps: Given the current iterate x,, (n > 1).
Step 1. Compute
X1 = Py (xp — T X)),

where 1, := y!"™" and m,, is the smallest non-negative integer m satisfying
Vlm”@{xn _Manrl” < pllxp _xn+l”- (44)

Setn :=n + 1 and return to Step 1.

Remark 2 Similar to the proof of Lemma 10, it is easy to get that (44) is well defined.

Theorem 2 Assume that &/ : € — € is n-strongly pseudo-monotone and L-Lipschitz
continuous. Then the sequence {x,} generated by Algorithm 4 converges strongly with
a Q-linear rate to the unique element p in Sol(¢, o).

Proof According to the conditions of Theorem 2, (<7 p, x,4+1 — p) > 0 and thus
(X1 Xng1 = p) = nlxasr — pll>.
From the definition of {x, 41}, we have
(Xp — Tnd Xp — Xpg1, P — Xns1y < 0.

It follows from (44) that

2{xn — Xp41, P — Xp41) = 2t (& X, p — Xy 1)
=20y (A Xy 1, Xpt1 — P) + 210 (A X — A X1, P — Xnt1)

< 2tnllxp11 — pI? + 2wl xn — X1 1P — Xns1
< =20llxp41 — PI? + 1xnt1 — xnll* + 12 1p — X1 12

Moreover,
2y — _ _ o2 _ 2 a2
(Xn — Xpg1, P — Xn1) = —lxn — pI7 + %0 — Xu1 17 + X1 — pII7,
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which implies that

(14250 — u) xXns1 — plI* < llxe — pII*.

Since u € (0, min{%, 2l—"}) we have 1412 < 2—pu2. Next we show that 7, > “Tl
Indeed, we know that L must violate (44), thus,

ul
T—||Xn — Xpp1ll < |/x0 — F x40l < Llixy — xp411l,
n

ul

that is 7, > %L 1t follows that 2z, > 2242 > 42 and < 1. Fix

<1,

Y
L min{1—u?,27,n}

l+u 2-p 75 2(1-8p)
( ’ 2# )and e € (mm{l—uQ,Zr,,n}’ min{l—u2,2r,,17})' Since

we can choose g € (0, 1) such that

[
min{1—p2,27,n}

/,Lz < emin{l — MZ, 2t,un}.
Letv := %s min{l — 2, 27,1}, we see that
2et,n = 20 > pu.

Therefore,
1+2r,,77—/1,2 > 1+1+2ern17—,u2=1+y,

where y := 2¢e1,n — u? > 0. It follows that

2
Ixnt1 — plI® ||xn - rl

1
_ < [ — .
*n+1 = pll =/ Ty llxn — pll

This implies that the sequence {x,} generated by Algorithm 4 converges strongly
to p with a Q-linear rate. O

that is,

4 Numerical experiments

We give some numerical examples to show performances of our proposed Algorithm
3 and compare with [15, Algorithm SD], [14, Algorithm PY], [28, Algorithm DY] and
[12, Algorithm DA].

Example 1 Assume that &7 : R™ — R is defined by <7 (x) := Mx 4+ g with M =
NNT + S+ D, N isanm x m matrix, S is an m x m skew-symmetric matrix, D is an
m x m diagonal matrix, whose diagonal entries are positive (so <7 is positive definite).
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Example 1 withm =5

60 1 —#— Algorithm-3

—#— Algorithm-SD
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1072 107t
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Time

All the entries of N, § and D are randomly generated in the interval (0, 20). Consider
Sol (%, /) with the feasible set € = {x e R" : —10 < x; <10,i = 1,2, -+, m}.
The parameters are taken as follows.

— Algorithm 3: o, =

1
(n+1)2°

if [lx, —x1l| =0

1

min

1
(n+1D?7 (D2 || xp—x1 |

1=09,y =0.05, B, = ;37 and p = 0.5;
— Algorithm SD: o, = L, n=0.9,1=0.9, p =0.5and 2 is randomly generated

in the interval (0, 1/u
— Algorithm PY: o, =

—

n

n+1°

L 4 =09andl =0.9;

} , otherwise

, =09,

— Algorithms DY, DA: «,, = L =09,1=09,y =0.05.

n+l1°

In our experiment, the starting point x is generated randomly in (—10, 10)™, where
m = 5, 10. We use the stopping rule E, = ||x, — Py (I — )x,| < 10~! and we
also stop if the number of iterations N = 60000 for all algorithms. Figures 1, 2 and
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Fig.2 Example | withm = 10
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Table 1 The number of termination iterations and execution time of all algorithms

Method Algorithm 3 Algorithm SD Algorithm PY Algorithm DY Algorithm DA

Iter 7504 60000 60000 12301 60000
CPU 2.5121 24.2943 38.5131 15.4500 76.0455

Tables 1, 2 show the computational results for Example 1 by using Algorithms 3, SD,
PY, DY and DA.

Let “Iter” denote number of iterations, “CPU” denote the CPU time seconds.
Example 1 shows that our proposed Algorithm 3 is fast, efficient and easy to imple-
ment. We notice that from Figs. 1, 2 and Tables 1, 2 that our Algorithm 3 outperforms
SD, PY, DY and DA, in terms of CPU time and required number of iterations for each
case of different dimensions given as follows: m = 5, 10.

Example 2 Consider H = L?([0, 1]) with inner product (x, y) := /01 x(t)y(t)dt and
norm || x|z := (fol |x(t)|2dt)%. Suppose € :={x € H:|x|2 <2}.Letg : ¥ — R

bedefined by g(u) := 1+Hlu ik Observe that g is L,-Lipschitz continuous with L, = é—g

and % < g(u) < 1,Vu € €. Define the Volterra integral mapping F : H — H by

t
Fu) () = / u(s)ds, Yu e H,t € [0, 1].
0

Then F is bounded linear monotone, see [29]. Now define .o/ : € — H by
A (u)(t) ;= gw)Fu)(@), Yu € €,t € [0, 1].
As given in [30], the mapping < is pseudo-monotone but not monotone. Now take
€ :={x eH:{a,x)> b},

where a € ‘H and b € R. Then we define the metric projection Py as

b—(a,x)

Py(x)={ lal3 _
X, otherwise.

a+x,if {(a,x) <b

Let Q = {x € H : ||x]l2 < r} be aclosed ball centered at 0 with radius » = 2, then
Q is a nonempty closed and convex subset of L2([0, 1]). Thus, the projection onto Q

Table 2 The number of termination iterations and execution time of all algorithms

Method Algorithm 3 Algorithm SD Algorithm PY Algorithm DY Algorithm DA

Iter 19076 60000 60000 27687 60000
CPU 19.6727 39.4768 52.8476 136.1701 183.1247
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—— Algorithm-3 —— Algorithm-3
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0.00 § § 0.00 1 § § . §

10° 10t 107t 10° 10t 102 103
Number of iterations Time
Fig.3 Example 2 with x| =1
is easily computed as
X
r—=—, X
PQ()C) = llx?° ¢ Q .
X, otherwise.
During this experiment, the parameters are taken as follows.
1 .
. n+n2° if ”xn —)C1||2 =0
— Algorithm 3: ¢, = . 1 | herwi , U=
min otherwise
(n+1)?2° (n+1)2 x|lxp —x1l2 } ’

04,1=0.1,y =05, 8, = 717 and p = 0.5;

— Algorithm SD: o, = #, uw=04,1=0.1, p = 0.5 and X is randomly generated
in the interval (0, 1/u);

— Algorithm PY: o, = ﬁ, uw=04and! =0.1;

— Algorithms DY, DA: @y = 47, 0 =04,1=0.1,y =0.5.

We test Algorithms 3, PY, DY for different cases of the initial point x; € L? ([0, 1]).
Let the initial pointbe x| = . Wetake E,, = ||x,4+1—x,]2 < 4X 1073 as a termination
criterion. The results of this test are displayed in Fig. 3 and Table 3.

Let the initial pointbe x; = 3. We terminate the iterations if E, = xp+1—xnll2 <
1073, The numerical results are presented in Fig. 4 and Table 3.

Let “Iter” denote number of iterations, “CPU” denote the CPU time seconds.
Figures 3, 4 and Table 3 show that the numerical results of Example 2 with ini-
tial points xo = ¢ and x; = 3, respectively. They show that the performance of

Table 3 The number of termination iterations and execution time of all algorithms

X1 Method Algorithm-3 Algorithm-PY Algorithm-DY
t Iter. 18 22 26

CPU 171.0379 445.7557 1368.5464
& lter. 39 41 52

CPU 581.5528 1132.5577 5692.5919
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Algorithm 3 is better than that of Algorithms PY, DY, in terms of the number of
iterations and CPU time required to reach the stopping criterion.

Example 3 Let us consider the variational inequality problem. Let

W(X)Z( 3

—xj —

(x + (2 — DH( +x2))

x1(xa — 1)?

and ¢ = {x € R2: —10 < x; <10, i = 1, 2}. This problem has unique solution
x* = (0, —1)T. Tt is easy to see that .7 is not a monotone map on %'. However, using
the Monte Carlo approach (see [31]), it can be shown that .7 is pseudo-monotone on
%. Let f(x) = 20/x. Parameters in different algorithms are selected as follows:

Algorithm 3: 8, =

1
50n+1~

Algorithm SD: o, = s, [ =0.22, ;1 =0.99 and A = 0.9/p;

Table 4 Comparison of Algorithm 3, Algorithm SD and Algorithm PY for Example 3

y=1351=022, £t =099 and ¢ = 0.8;

Algorithm 3 Algorithm SD Algorithm PY
Initial point B Iter. CPU Iter. CPU Iter. CPU
0.01 29 0.0001 33 0.0001 32 0.0001
(10, 1017 0.001 41 0.0005 36 0.0002 304 0.0006
0.0001 390 0.0015 394 0.0010 3025 0.0051
0.01 21 0.0003 16 0.0001 14 0.0001
-5, —517 0.001 41 0.0005 42 0.0002 132 0.0003
0.0001 390 0.0014 394 0.0009 1304 0.0023
0.01 35 0.0004 28 0.0002 25 0.0005
10,517 0.001 41 0.0004 41 0.0002 239 0.0005
0.0001 390 0.0014 394 0.0009 2374 0.0041
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Algorithm 3

— — — Algorithm SD
T~ == Algorithm PY

logio|lan — ||

5 I I I I I I I I I I
0 100 200 300 400 500 600 700 800 900 1000

Fig.5 The value of error versus the iteration numbers for Example 3

Algorithm PY: @, = 55—, [ = 0.22 and o = 0.99.

We take some initial points and different stopping criteria conditions in the Table 4.
The following statistical data are obtained by averaging the number of iterations and
CPU costs from 10 independent trials. In the Fig. 5, the initial point is [10, 10]” and
the number of steps to stop criteria is 1000.

5 Conclusions

In this paper, we have given an improved projection-type method for solving classical
variational inequalities in Hilbert spaces. We have proposed a novel line-search rule
that removes the reliance on Lipschitz continuity. Furthermore, a strong convergence
theorem is obtained through the combination of viscosity iteration and the projection
method. In numerical experiments, we have compared our Algorithm 3 with some
recent related results, and it can be found from the figures and tables that our new
scheme has better convergence performance.
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