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Abstract

We propose a third-order numerical integrator based on the Neumann series and the
Filon quadrature, designed mainly for highly oscillatory partial differential equations.
The method can be applied to equations that exhibit small or moderate oscillations;
however, counter-intuitively, large oscillations increase the accuracy of the scheme.
With the proposed approach, the convergence order of the method can be easily
improved. Error analysis of the method is also performed. We consider linear evolution
equations involving first- and second-time derivatives that feature elliptic differential
operators, such as the heat equation or the wave equation. Numerical experiments
consider the case in which the space dimension is greater than one and confirm the
theoretical study.
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1 Introduction
We consider the following type of highly oscillatory partial differential equations

Oru(x, 1) = Lu(x,t) + f(x,Du(x, 1), tef0,t*], xeQcCR" )
u(x, 0) = up(x),

with zero boundary conditions, where €2 is an open and bounded subset of R” with
smooth boundary 9€2, t* > 0 and L is a linear differential operator of degree 2p,
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p € N, defined on 2

gt gp2 §Pm
L= a,(x)DP?, DP = , xeQCR™ 2
2, EEE N ®

Multi-index p is an m-tuple of nonnegative integers p = (pi, p2, ..., pm) and
ap(x) are smooth, complex-valued functions of x € €. We assume that function
f(x,t) from the equation (1) is a highly oscillatory of type

N
f.= ) o 0", ox>1, NeN, 3)
n=—N

where «, are sufficiently smooth, complex-valued functions. The aim of this paper is to
construct a numerical integrator designed for highly oscillatory equations of type (1).

Highly oscillatory differential equations are difficult to solve numerically and are
of great importance in computational mathematics, which is why they have gained
special attention in the field [10, 11], and references therein. In particular, differential
equations of type (1) with extrinsic high oscillations arise in various fields, including
electronic engineering [S], when computing scattering frequencies [6], and in quantum
mechanics [7, 13]. In addition to the previously mentioned works, computational
methods dedicated to equations of type (1) are presented forexamplein[1,2, 4, 15,21].
In this paper, we present a complementary approach as discussed in the aforementioned
papers. Given the generality of equations (1), the numerical scheme derived in this
manuscript can be effectively applied to a range of linear partial differential equations,
including the heat equation and the wave equation.

In traditional numerical methods applied to highly oscillating problems, it is typ-
ically a requirement that the time step % satisfies hw < 1. This causes the method
to become extremely expensive when w is large. This occurs because conventional
schemes are constructed using Taylor expansions, where error formulas involve expres-
sions with high derivatives of a highly oscillatory function. On the other hand, methods
for highly oscillatory equations based on the Modulated Fourier expansion or the
asymptotic expansion may not converge to a solution, rendering them effective only
for equations with large oscillatory parameter w. In this paper, we propose a third-order
method whose accuracy improves with increasing parameter » and decreasing time
step h. Furthermore, the approach presented in this paper allows for easy improvement
of the convergence order of the proposed numerical integrator.

To provide a more detailed understanding of the challenges associated with the
numerical approximation of highly oscillating differential equations, let us apply
Duhamel’s formula to equation (1) and write it in the following integral form

h
u(t +h) = e"Cu(r) + f "L £t + Du(t + 7)de, 4)
0
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where ug and f(s), u(s) for fixed s are elements of the appropriate Banach spaces.
Let us note that the second time derivative of the solution to equation (1) satisfies

u”(t) = Lu' (1) + f'(Ou(®) + f@Ou' (1),

therefore u” (1) = O(w) and furthermore u® () = O(a)k’] ). This implies that approx-
imating the integral from equation (4) using standard quadrature rules, as in basic
numerical schemes, leads to a significant error. For that reason, we use a different
approach to this issue. In paper [18], it was shown that the solution to equation (1)
can be presented as the Neumann series. Subsequently, by expanding asymptotically
each integral within the Neumann series, it was demonstrated that the solution of
the equation can be expressed as the Modulated Fourier expansion. The Modulated
Fourier expansion, also known as an asymptotic expansion or frequency expansion, is
a technique used for analyzing highly oscillatory problems. It is comprehensively and
thoroughly described in [10]. By representing the solution as the Neumann series, the
time derivatives of the solution, which can be large for highly oscillating equations,
do not appear in the error formula of the numerical scheme. In this paper, instead
of employing an asymptotic expansion for the integrals within the Neumann series
(which is effective only in cases of high oscillations), we approximate them using
quadrature rules designed for highly oscillatory integrals, such as Filon-type meth-
ods. By this approach, we can provide that the local error of the presented numerical
scheme can be estimated by Ch*, where constant C is independent of time step 4 and
parameter . Furthermore, when considering a potential function f with only positive
frequencies, i.e. when only numbers n > 0 appear in formula (3), one can show that
the local error is bounded by C min {h4, o2, 03 }, where again the constant C is
independent of both % and w.

The convergence rate of the method can be easily improved by approximating a
greater number of integrals from the Neumann series. However, this enhancement
comes at the cost of requiring better regularity for both the initial condition #( and the
functions «;,, and also leads to increased computational complexity.

The paper is organized as follows. In Section 2, we introduce the two fundamen-
tal ingredients of the proposed method — the Neumann series and the Filon method.
Section 3 provides the derivation of the proposed numerical integrator. Section 4 is
dedicated to the error analysis of the method. In Section 5, we demonstrate the appli-
cation of the scheme to equations involving a second time derivative, while Section 6
presents the results of numerical experiments.

2 Preliminaries

In this section, we briefly introduce the basic tools needed to build the proposed
numerical method: the Neumann series and the Filon method.
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The Neumann series

Let us consider the following ordinary differential equation
Y1) = ADY (), Y (0) = Yo, )

where ¥ : R — C" and A(¢) is an n X n time-dependent matrix. Equation 5 can be
written in the following form

t
Y(t) = Yo +/ A(D)Y (t)dr. (©6)
0

By iterating equation (6), one can show that the solution of the problem (6) is given
by the series

Y(t) =Y T, @)

d=0
where
t 1 Td—1
Ty, = / A(rl)/ A(D) .. / A(tg)Yodzy . ..d).
0 0 0
The series (7) is known as the Neumann series and the Dyson series [12], and it

converges to the solution of equation (6) for all values of ¢ provided that the matrix
A(t) is bounded [3].

The Filon method

The Filon method is a quadrature rule designed for highly oscillatory integrals. Suppose
we wish to approximate the following integral

b
I[h, (a, b)] = f h(s)e?8®)ds, (8)

a

where i and g are real-valued, sufficiently smooth functions, # 7 0in [a, b] and @ >
1. Numerical approximation of such integrals by standard methods based on the Taylor
expansion leads to a significant error. Consider the Hermite interpolation polynomial p
that approximates the function &, p(s) & h(s). Let p satisfy the following conditions

p®P@) =nP@, pPw)y=nr®w®), k=0,1,...N.

We assume that the moments

b
Mk:/ skel 8@ ds k=0,1,...2N + 1
a
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can be calculated explicitly. The Filon method reads

b . b .
/ h(s)e' 8@ ds ~ / p(s)el“8®)ds.

a a

The Filon method is very effective in the approximation of highly oscillatory inte-
grals. Additionally, for small values of w, it behaves similarly to standard quadrature
rules.

Filon method may be used in approximation of multivariate highly oscillatory
integrals. Various modifications of the Filon quadrature are possible; see, for example,

[8].

3 Derivation of the method

For the convenience of presenting the method, we introduce the necessary notation
and make the following general assumption, which will be used throughout the paper.

Notation By H 2r(Q) = W2P-2(Q), where p isa nonnegative integer, we understand
the Sobolev space equipped with standard norm || || g2, (), and Hé) (R2) is the closure of
C°(R2) in the space H?(2). By u[t](r) we understand function u such that u[t](7) =
u(t+1). We slightly abuse the notation and also denote u(¢) := u(-, t) as an element of
an appropriate Banach space. Throughout the text, by || || := || ||;2(g) we understand
the standard norm of L?($2) space.

Assumption 1 Suppose that

1. Qis an open and bounded set in R” with smooth boundary 9€2.

2. Operator —L : D(L) := Hé”(Q) N H2P () — L%(Q), where L is of form (2), is
a strongly elliptic of order 2 p and has smooth, complex-valued coefficients ap (x).
Moreover 2p > m/2.

3. up € D(LY and o, € C* ([0, 1*], H®(Q)), n = —N,...,—1,1,..., N, where
D(LY ={ue DY L ue DOV k=2,...

The assumed regularity of functions ug and ¢, is related to the accuracy of
the method. Assumption 1 ensures that differential operator £ is the infinitesimal

generator of a strongly continuous semigroup {e’ ﬁ}tzo on L%*($2) and therefore
max;e[o,r+] ||et£||L2(Q)<—L2(Q) < C(t*), where C(t*) is some constant independent
of t [17].

We wish to build the method based on time steps. Therefore, based on the semigroup
property, we can modify equation (1) and express it as follows

osultl(x,s) = Lult](x,s) + flt1(x, s)ult](x, s), se€[0,h], xe€QCR",

9
ult](x,0) = u(x, 1),
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where t > 0 and & > 0 is a small time step. By u[#](x, s) we understand u[t](x, s) =
u(x,t +s). By applying Duhamel formula to (9), we obtain

ult1(s) = e*“ult](0) + / ' eC L fl11(r)ult](x)dr. (10)
0

We could simply write u[t](s) = u(t + s), but the above notation helps avoid
misunderstandings in subsequent formulas.
Let V; denotes the following space

Vii=C (I +hl LA®), 120, h>0,

Define the linear operator 7; : V; — V;

Tiult](s) =/S e“ L flel(Dult)(x)dr, s € [0, hl,
0

where function f is defined in (3). The Neumann series for equation (10) reads

ultl(h) = Z T4 u[1)(0). (11)

d=0

Term T¢e"“u[t](0), d = 1,2, ..., from (11) is equal to

h T,
T4l (h) = / =L f11)(zy) / Y@L £l (e ) ..
0 0
/ 7 em-n)L FltlxDe™“ult1(0)dT; . . . dty.
0

It can be shown that the series (11) converges in the norms || || 2(q) and || || g2, (g to
the solution of equation (10), where 2p > m /2, for arbitrary time variable 7 > 0 [18].
The idea for finding an approximate solution to equation (1) involves approximating
the first 7 terms of the Neumann series (11) using quadrature methods designated to
highly oscillatory integrals. For convenience, we introduce a set

N :={-N,-N+1,....,—1,1,...,N—1,N}¥ c N, (12)

where 2N is a number of terms in sum (3). Using definition (3) of the function f and
the linearity of semigroup operator, we can write each term of the Neumann series
Ttd e"Lul£](0), d = 1,2, ... in a more convenient form for our considerations

Ttdehﬁu[t](O) = Z / Fo(h, 11, ..., tg)eem@iDttnaltatge, -,
oq(h)
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= > e N [F, 0q(h)].

neNd

where

Fu(h, 1, ... 7q) = "L, [11(zg)e ™ "-DEq,  [1l(zg—1)  (13)
e, [ (e Culr)(0),
11 Fy. 0a(h)] = / Fu(h, )e" *dr.

od(h)
T=(T15T27-"7rd)7 12(1517‘-'91)5

and o4(h) denotes a d-dimensional simplex
cah) ={t:=(t.0,.... ) eER" th>1y>15_1 > >0 >1 >0}

Using the above notation, solution u« of (10) can be written as

u(t +h) = ultl(h) = Culr]©0) + Y e N I[F oa()]. (14)
d=1 neNd

In the proposed numerical scheme, for each time step & we take the first four terms
of the above series that approximate the function u (¢ + h)

3
u(t +h) ~ Ll + Y Y e R, aq ()],
d=1 peNd

Then, we approximate each integral I[F,, o4(h)] in the above sum by applying the
Filon quadrature. As a result, we derive a fourth-order local method. By employing
Filon quadrature, the method’s error converges to zero both as 7 — 0 and as w — 0.
Our decision to consider only the first four terms in the Neumann expansion is rather
arbitrary. The method can be enhanced to achieve a higher level of accuracy, albeit with
increased computational costs and the requirement of better regularity for functions
ug and o,

Consider function F'(t) := Fj,, (h, ) from the second term of the Neumann series
and the following univariate integral

h .
/ F(T)enllwrdf,
0

whereny = —N,—-N+1,...,—1,1,..., N. Let p(r) be a cubic Hermite interpo-
lating polynomial

F(t) ~ p(t) = F(0) + a1t + a1 2t + a1 37°,
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which satisfy the conditions: p(0) = F(0), p(h) = F(h), p'(0) = F'(0), p’'(h) =
F’(h). We have

h h
/ F(r)e™®Tdr ~ f p(r)e™“tdr,
0 0

and the moments N
/ themetdr, k=0,1,2,3,
0

canbe calculated explicitly. Letnow F (11, 12) := Fp(h, 11, 720), n € N 2, and consider
a bivariate integral

h 1) .
/ f F(ty, 1p)e @01+ 47 dr,. (15)
0o Jo

We approximate function F (71, 72) in points (0, 0), (0, k) and (4, k), the vertices
of the simplex o7 (h), by linear function p(ty, 12),

F(t1, ) ~ p(t1,2) = F(0,0) +az,171 +a2,272.

The approximation of integral (15) by the Filon quadrature rule reads

h (%) . h () )
/ / F (11, ) @Mmtmm) e dr, ~ / / p(t1, ©)el® TR 7 dry,
0 0 0 0

and the integral on the right-hand side can be computed explicitly. Similarly, we
proceed with the triple integral. Function F (71, 72, 13) := Fy(h, 71,72, 713), B € N 3
is approximated by linear function p at the vertices of the simplex o3(h): (0, 0, 0),
(0,0, h), 0, h, h), (h, h, h),

F(t1,72,13) ® p(11, 72, 13) = F(0,0,0) +a3,171 + a3 212 + a3 373.

Then we have

h 3 (%) )
/ / / F(t1, 1, 13)e! @M aHmntns®) g o d o, dr
0 0 0

h 3 [%) )
~ / / / p(t1, T2, 13)e!®MTTMRRINT) G drsd .
0 0 0

The precise formulas for determining the coefficients a; ; are presented in the
Appendix A.

The proposed algorithm for computing the successive approximation of the solution
u can be expressed in the following form:

h .
Wkl = (ehﬁ + Z/ (a10+arit +ait + a1_3r3) i@+ g
0

ny
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h ™ .
+Z/ / (@20 + a2,171 + @z 21p)e 1 AT g (16)
0 Jo

ni,ny

h T3 (%) .
4 Z / / / (a3‘0+a311r1 +a3‘2T2+a3y3f3)elw(nl(r]+tk)+"2(T2+tk)+n3(r3+tk))dl'ldedT})uk
0 0 0

ny,nz,n3

ty1t =tk +h, k=0,1,...,K —1,

where u® = ug, 19 = 0, tx = t*, ny,na,n3 € (=N, —N +1,...,—1,1,..., N}
and the coefficients a; ; are chosen so that the corresponding polynomial satisfies the
Hermite interpolation conditions. Each of the integrals appearing in the scheme is
computed explicitly. Furthermore, the expression "L and the coefficients a;,j of the
interpolating polynomials, after spatial discretization, can be computed very efficiently
and accurately using spectral methods [20] and/or splitting methods [16].

4 Local error analysis

The entire error of the method comes from two sources: the approximation of each
integral from the partial sum of the Neumann series, and the error associated with
the truncation of the Neumann expansion. In [18], the authors provide the asymptotic
expansion of integral I[F,, o4(h)] from the Neumann series (14), where Fj, is the
function of the form (13), for the special case when the potential function f has
positive frequencies, specifically when f takes the form

N
)= ax.0e"”, o> 1, NeN (17)

n=1

In such a situation, each integral I[F,, o4(h)] satisfies the nonresonance condi-
tion and therefore can be approximated by the partial sum Sﬁd) (h) of the asymptotic
expansion

[[Fy,04(h)] = / F(h, )" Tdr = SD(h) + EL(h), r>d,
oq(h)

where Efd) (h) = O(w" 1) is the error related to approximation of integral
I[F,, 04(h)] by sum S (h) ~ O(w™9). A similar result was first obtained in [14],
where the authors provided the asymptotic expansion of a multivariate highly oscil-
latory integral over a regular simplex. However, in our analysis, the non-oscillatory
function F}, is vector-valued rather than real-valued. We begin the error analysis of
the proposed numerical method by considering function f from equation (1) in the
form (17). Recall that || || denotes the standard norm of L?() space. In the follow-
ing estimations, C is some constant that depends on functions «,, initial condition
u[t](0) of equation (9), their derivatives, solution u, differential operator £ and #*, but
it is independent of the time step 4 and the oscillatory parameter w. Let us also note
that since by Assumption 1, the function f € C* ([0, t*1, HSP(Q)), we can apply
the Sobolev embedding theorem to conclude that || f(s)||cc < 0o for all s € [0, t*].
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Therefore, the norm of product of two functions f and u can easily be estimated as

I fSuI =< 11f S llocllu)ll, Vs € [0, *].
4.1 Positive frequencies

Lemma 1 Let F(t) be a 4 times continuously differentiable, vector-valued function,
and let p(t) be a cubic Hermite interpolation polynomial such that p(0) = F(0),
p(h) = F(h), p'(0) = F'(0), p'(h) = F'(h). Then the error of the Filon method
satisfies

h
H / (F — p)(1)e™®7dr
0

< Cmin {hS L h—3}

= SRV

Proof The estimation that the error is bounded by Cw™> directly follows from well-
known results concerning Filon quadrature, as described in [14]. By using the Taylor
series with the remainder in integral form, one can show that || F(t) — p(t)|| < Ch*
and || F"(t) — p”(t)|| < Ch>. Therefore, by using integration by parts, we have

3

h ) h . h
H/ (F(7) — p(r))e"“rdr / (F"(r) — p"(x))e™“Tdr | < C—.
0 0 w

T (mw)?
which completes the proof. O

Lemma2 Let F (11, 12) be a vector-valued function of class C? and p(t1,12) be a
linear function that satisfies the conditions: p(0,0) = F(0,0), p(0,h) = F(0, h),
p(h, h) = F(h, h). Let numbers n1 > 0, np > 0. Then

h [9) . h2 1
H / / (F = p)(11, 12)e®™M T+ 41 d1, || < C min {h“, —3} )
0 0

T
C()2 w

Proof Since vector (n1, ny) satisfies the nonresonance condition, the approximated
integral I[F, o2(h)] can be expanded asymptotically I[F, oo2(h)] ~ O(w~?), and
therefore the Filon method provides that the error satisfy I[(F — p), o2 (h)] = O(w™3)
[14]. As in the case in the proof of Lemma 1, by using the Taylor series with the
remainder in integral form, we have the estimations || F (t1, 72) —p(t1, 1) || < C h?and
||8r1l (F(t1, ) — p(11, 12)) || < Ch. For simplicity, let us assume that ny = np = 1.
Using integration by parts, we get

h 193 X
H/ / (F—p)(t1, 2)e " ™ dr dry
o Jo

1 h . .
=2 H/ (F=p)(r2, 12)e?? — (F = p)(0, 12)e' ™ d1,
0

1 h ) )
+ / 3l (F—p) (12, )P 2 — 3 (F— p)(0, 12)e"™d 1y
0

h roy )
[ [7 = pim e anan
0 Jo

L
w?

The second and third term on the right side of the above inequality are bounded by
Ch*w™2, where C is some constant independent of & and w. In the case of the first
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expression, we again apply integration by parts and the definition of the polynomial
p, and thus get the following

1 h . )
- H/ (F — p)(12, 12)e”™ — (F — p)(0, ;)" ™dr,
0

2

<Ch
=t

1 B ‘
+— / 35, (F = p)(0, 12)e"™dry
0

h
f 35, (F = p)(12, ;e 2dr,
0

<

~ 2w?

which concludes the proof. O
In a similar vein, we estimate the error of the Filon method for the triple integral

Lemma 3 Let F(t1, 12, T3) be a vector valued function of class C? and p(t1, 12, 13)
be a linear function approximating F such that p(0,0,0) = F (0, 0, 0), p(0,0, h) =
F@,0,h), p(O,h,h) = F@QO,h,h), p(h,h,h) = F(h,h,h). Let numbers
ni, nz, n3 > 0. Then the error of the Filon method can be estimated as follows

h 3 k2 . h3 1
/ / / (F — p)(t1, 12, 13)e!® T 41 oo dr | < Cmin {hs, } .
o Jo Jo

w? ot

To complete the analysis of the local error, we need to estimate the truncation error
of the Neumann series. We write the solution of (10) as

ultl(h) =Y T uln )+ Y T Culrl0) = ulel(h) + RUTI1(h),
d=0 d=r+1

=l [ (h) =R" 1)

where, in our considerations, we take r = 3.

Lemma4 Letthe function f from equation (10) be of the form (17). Then the remainder
R¥[11(h) of the Neumann series (11) satisfied the following estimate

o1
IR¥[1(A)]| < € min {h4, —. = } :
w w

where constant C depends on functions o, u[t](0) their derivatives, solution u, oper-
ator L and t*, but is independent of time step h and parameter w.

Proof By using the basic properties of the operator norm and the fact that || f ||oc < 00
we have

|R#e0m| = Hi T u[r)(0)
d=4

o0
]}4 Z ]}deh['l/l[t](o)
d=0

= | T ull(h)]| < Ch* sup [ulrl(s)]).

s€[0,h]
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Let us now denote by 7; the operator T, = Y 52, 7,%. On the other hand, we
estimate

o0
3" 11t Euln o)

|Rman] = Hi T i) = [rrtfuno)]
d=4

< sup  [Tld® T Cul©)]).
lv[t](h) <1

Expression Tl4eh£u[t](0) is a sum of highly oscillatory integrals over a 4-
dimensional simplex which satisfy the nonresonance condition and therefore
||T,4eh£u[t](0)|| = O(w™). In addition, by using basic properties of the operator
norm and the simple inequality [luv] ;2 < |lu|l ;2 [|v]lco, We have

h T.
IT " Cul )] = H /O "L £[1](za) /0 "L f(03) P25 Lul1](0)drsd ey
h T.
< / =L f1](x) f "L f (03) T2 Lulr](0)d s
0 0
h
< C1/
0
h .
e / / ' Hem*fﬁ)‘? f[r](r3)T2ef3£u[t](0)H drydey
0 0

h T4
<2 /0 /0 HTze”Lu[t](O)Hdrgdu,

dry

d7.’4

/ ' e L 1] (13) T2 ulr](0)drs
0

where the constant C; > 0 depends on the norm of the semigroup operator
{e’ﬁ},e[o,,r] and the supremum norm of the function f. Since term T2ef3£u[t](0)
satisfies H T2e53Lu[t]1(0) || = O(w™?), we obtain the estimate

h2
17" “ulr10)] < €.
w

Moreover, it can be observed that expression T;v[¢](h), where |[v[t](h)|2 < 1 s
the solution of the integral equation

h
VI = o) + /0 L fl)(e)p[](2)dr.

By Grénwall’s inequality, expression i = T;v[t](h) is also bounded in L? norm
for any function v[¢](h) such that |[v[¢](h)]2 < 1. Using the boundedness of operator
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T;, we can estimate

- o1
> 1M ulr)(0) | < € min {h“, —. —4} .
(OS]
d=4
which completes the proof. O

Let us emphasize that the time derivatives of the solution of the highly oscillatory
equation (10) do not appear in the above estimates, which means that the constant C
is independent of the parameter .

By collecting the estimations of integrals presented in Lemmas 1, 2, 3, and esti-
mation of the remainder of the Neumann series in Lemma 4, one can provide the
following local error bound of the scheme.

Theorem 1 Let Assumption 1 be satisfied and let the potential function f be of the
form (17). Then the local error of the numerical scheme (16) satisfies the following
estimate in the L* norm

h? o1
lu(to +h) —u'|| < C min {h“, —, —3},
w w

where constant C is independent of time step h and parameter .

4.2 The case involving negative frequencies

The situation becomes more complicated when we perform the error analysis of the
proposed numerical integrator for potential function f in the general form (3). Let
n= (ny,...,ng) € N, where set N? is defined in (12). Coordinates of n may
satisty

nj+nj_1+--+n41+n, =0,

for certain 1 < j < r < d, and therefore n is orthogonal to the boundary of simplex
o4(h). Vector n does not satisfy the nonresonance condition, and, as a result, sim-
ple integration by parts does not yield error estimates similar to those presented in
Lemmas 1, 2, and 3. In this case, we still obtain the fourth-order local error estimate
of the numerical scheme |u(tg + h) — u'|| < Ch*, where C is independent of w and
h, but we wish to derive a numerical scheme whose accuracy improves significantly
with increasing w.

At this stage, we consider two bivariate integrals from the Neumann series,
I[Fy,,02(h)] and I[Fy,, 02(h)], where ny = (—n,n) and np = (n, —n). Vectors
ny, ny € N? are orthogonal to the boundary of simplex o> (/). By integration by parts
one can show that I[Fy,, 02(h)] ~ O(@™"), I[Fy,, 02(h)] ~ O(w™") but sum of the
integrals satisfies ([ Fy,, 02(h)] + [Fa,, 02(h)]) ~ O(w~?) [18]. We exploit this fact
by imposing an additional interpolation condition to construct Filon’s quadrature rule
for the sum of two bivariate integrals that do not satisfy the nonresonance condition.
We also assume that coefficients of function f satisfy o_, = oy, Vn € N ! therefore
Fu, = Fu, =t Fy.
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Theorem 2 Let coefficients oa—_, = a,, Yn € N and consider function F, of the form
(13), i.e. Fp(t1, 1) = e 2Lq, [1](12)e ™ ™, [1](1))e" Fulr](0). Let polyno-
mial p(t1,72) = by + bit1 + bato + b3t 12 satisfies the following interpolation
conditions

p(0,0) = Fu(0,0), p0,h) = Fu(0,h), p(h,h) = Fu(h, h),

and

h h
/ 311110(?2, n)dn = / 3111 Fu (12, 12)d13. (18)
0 0

Then

2
5Cmin{h4,h—2,%}.
w w

h ro . .
/ / (Fy — p)(T1, )"~ 4 (F, — p) (11, )" 12 dr dy
0 Jo

Proof For simplicity, we canassumen = 1. It follows from the previous considerations
that (F, — p) = O(h?), 8} (F, — p) = O(h) and 8} (F, — p) = O(h). Integration
by parts and application of interpolation conditions gives

h ro X R
Hf / (Fu= p)(t1, ©2)e ™) 4 (F, — p) (11, )T drydr,
0 0

IA

1 h ) B |
® (H/o (Fa=p)(m2. 1) = (Fu = p)(0. m)e™*dry — /0 (Fa= p)(12, 22) = (Fa = p)(0. 1) dr

)

1

h 1 h X
+— f 3L (Fa — p) (2. t)T | + — / AL ((Fy = p)(0, 12))e ™ dr,
w 0 w 0

h .
/0 9 (Fa — p)(0, )2 d1,

1 h 1
+— / 3, (Fn — p)(12, A0 | + —
[&] 0 w

1 h £ . 1 h 123 X
+— / f 92, (Fa—p)(r1, )"~ drydry |+ — f / 32 (Fy— p)(11, n)e T2 drdr,
w 0 0 @ 0 0

IA

w?

NG
C min 2l

h .
f 3, (Fu — p)(0, ;)& dr,
0

g 1 —iwt 1 . h2 1
A BTZ(F,,— p)(0, 1)e 2dop || + 3 + C min PRl

IA

which completes the proof. O
Since the function F}, is non-oscillatory, we can compute the integral (18) efficiently
and effortlessly, using methods such as Gauss-Legendre quadrature.

In the case when function f is of the form (3), and the coefficients of f satisfy
o_p,=a, YneN ! the improved scheme reads

h
uk'H = <eh£+Z/ (a|,0+a1,1t+a|,2t2+a1,3r3)e""w(r+’k)df
0
n
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+ / (2,0 + a2, 171 + azpwp)e @M IR0 47 4,
ni+ny#0 o2 (h)

N
+ / (bo + 171 + baty + b3y 1) (€ T 4 TRy g dy

L0

+ / (a30+az 111 +az 2t + a3’3r3)eiw("‘l(Tl+tk)+"2(72+7k)+7l3(73+fk))drldrzdrs)uk,
ni,ma,n3 Y03 (h)

fk+[ = tk + h.

5 Application of the method to the wave equation

The proposed numerical scheme can be successfully applied to partial differential
equations with the second-time derivative. Consider the equation

Opu = Lu(x,t) + f(x, Hu(x, 1), te[0,t*], x e Q C R™, (19)
M(.X, 0) = ul(x)s alu(-xv O) = ’42()6),
u=00n9d x [0, t*],

with function f given in (3). We write (19) as a first-order system

oLo]= L)l lm] )

where v = 0;u. Thus

L=l e ol

and therefore

0 =Ap+he, ¢x,0)=[u1(x),u2(x)l, A, v) =, Lu), Pun(u,v)=(0,uay),

(20)
where h(x,t) = fozl e"®! B, (x, r) is a highly oscillatory function and ¢ is a vector
valued function. Suppose that £ is a second-order differential operator which has
symmetric form

m
Lu = Z 8,(_/. (aijaxju) —cu,

i,j=0
where functions a;; = aj;, i,j = 1,...,m and ¢ > 0. By applying Duhamel’s
formula we write (20) as
1
o(t) =g +/ eI (T)p(r)dr. 1)
0
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Operator A : D(A) == [H*(Q) N H}(Q)] x HJ(Q) — HJ(Q) x L*(Q) is the
infinitesimal generator of a strongly continuous semigroup {e’ AY on HO1 () x LE2(Q)
[9]. One can show that the Neumann series converges absolutely and uniformly in the
norm of space HOl (£2) x L?() to the solution of equation (21) [18].

6 Numerical examples

In this chapter, we employ the proposed numerical integrator to solve highly oscillatory
heat equations and wave equations. For each equation, it is possible to determine the
analytical solution, enabling accurate comparisons with the numerical approximation.
The L? norm of the error is considered in any presented example. In our numerical
experiments, to find an approximate solution, we use the Fourier and Chebyshev
spectral methods, as described in [19, 20]. In Examples 1, 3 and 4 we used M = 100
spatial grid points. Example 2 concerns a two-dimensional case, in which we used
M = 20 grid points.

Example 1 The heat equation.
Consider the equation

ou = 8)%)611 + f(x,Hux, 1), t €[0,1], x € (0,2m),
u(x,0) = ug(x), (22)
u@,1) =0=um, 1),

with initial condition u
up(x) = sin(x),

and function f

(it 1(@=3D)cos(x) o SN i

f(xst)zl_ 2
w w

[
o] [£%)

The potential function f involves time-dependent coefficients | and a» The solu-
tion to (22) is

iel®’ cos(x)r/w

u(x,t)=e sin(x).

Figure 1 displays the error of the method for equation (22).
Example 2 Two-dimensional heat equation.
Qu(x,y, 1) = 0Fu(x, y, ) + 0puCx, y. ) + f(x, y, Du(x,y, 1),  t€[0,1], x € Q,

u(x,y,0) =up(x,y), (23)
u(x,y,t) =0 onad<2,
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10!
1071 —— w=5 sied i
02|~ w=s0 1072
1073 107
10 107
10-5 105
L 10 _ 106
s s
s 1077 & 1077
1078 108
9
10 109
10-10 Lo-10
-1
10 -
10712
10712
103 1072 1071 0 25 50 75 100 125 150 175 200
time step h w

Fig. 1T Numerical approximation of the solution to equation (22). Error versus time step (left graph) and
error versus parameter o (right graph)

where domain Q = [—1, 1] x [—1, 1]. The initial condition is

ug(x, y) = sin(rrx) sin(r y)ecosr) cosr/o,

and function f

(672 + iw) cos(x) cos(rr y) el 4

0.572(—1 + cos(2mx) cos(27 y)) diwt
e,

fl, vy, 0) =21+ >
w w

o a2
The solution to equation (23) reads
u(x,y,t) =sin(mwx) sin(wy) exp(exp(iot) cos(mwx) cos(wy)/w).

Figure 2 presents the error of the proposed method applied to equation (23).

error
error

10-%

1078
1070

107 102 10-1 0 25 50 75 100 125 150 175 200
time step h ©

10-10

Fig. 2 Numerical approximation of the solution to equation (23). Error versus time step (left graph) and
error versus parameter o (right graph)
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Example 3 The wave equation with nonresonance points.

O = Oyxu + f(x, Du(x, 1),

u(—L,t) =u(L,t),
ou(—L,t) = ou(L,1),

where initial conditions

up(x) =e

and function f

The solution to (24) is

u(x,t)=e

tel0,1], x e (=L, L), L=38,
u(x,0) =up(x), dux,0) =rvo(x),

—x2(1/2+1/w?)

12

X
vo(x) = _;”0()5)7

24+ x2(—4 4 w?) gior _ x2(4 4 x%w?) i

w?

_x2/ze_eith2/w2

Figure 3 illustrates the error associated with the approximation of the solution to
equation (24).

Example 4 The wave equation with resonance points.
In the last example, consider now the wave equation with potential function f with
negative frequencies

107
1072
1072
1074
107
107%

error

1077
1078
107°
10710
10711
10712
10-12

Opu = Oxxu + f(x,Du(x, 1),

u(=L,t) =u(L,1),
dqu(—L, 1) = du(L, 1),

—— w=5

1073 102 107t
time step h

tel0.1], x e (~L,L), L=38,
u(x, 0) = e~ 1/2H1/@) 515 0y =0, (25)

error

107!
1072
1073
104
105
10-%
107
1078
107°
10710
1071

1012

Dt

M

0

25 50 75 100 125 150 175 200
w

Fig. 3 Numerical approximation of the solution to equation (24). Error versus time step (left graph) and
error versus  (right graph)
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where function f takes the form

2, Q2+ x%0? —4xP) cos(wr)  4x%cos’(wt)  x*sin?(wr)
_ .

fx,t)=1—x

w? w* 1)
The solution of (25) is equal to

w(x, 1) = e~ cos(wt)xz/wze—xz/Z

Figure 4 presents the error of the proposed method for equation (25).

The Neumann series converges for all variables ¢, unlike the Magnus expansion,
which converges only locally. Therefore, in the proposed scheme, any time step can be
taken to find an approximate solution. In Fig. 5, we illustrate the error of the method for
all four examples with step size 4 = 1, where w ranges from 5 to 1000. In each graph
of error versus time step /£, it can be observed that the proposed method is effective
for both small (w = 5) and large (o = 200) oscillatory parameter w.

6.1 Comparison with other methods

In this section, we compare the proposed numerical method (denoted as N F'3) with
selected existing methods. For this purpose, we used schemes based on the Magnus
expansion: the exponential fourth-order method (denoted as M4) and the exponential
midpoint method of order two (denoted as M?2). Both integrators are described in
detail in [11]. Each scheme was applied to equations (22), (23), and (24), where in
each case the parameter @ = 500. As is well known, the methods M4 and M2 are
very effective for nonoscillatory equations. However, for a large parameter  which
accounts for the oscillation of the equation, their effectiveness is limited. The proposed
N F3 method performs particularly well in a highly oscillatory regime. The results of
the comparisons are shown in Fig. 6.

1072

10°1] —— w=5
—=— w=50

1072 1073

-
10 10
107
, 103
10~

107°

error
error

10°°

107 107

107%
1078

1070

10710 1070

10-11 10-10] #*

107 102 107t 0 25 50 75 100 125 150 175 200
time step h w

Fig. 4 Numerical approximation of the solution to equation (25). Error versus time step (left figure) and
error versus  (right figure)
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error
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1077 4
10-8
10794
10—10

0 100 200 300 400 500 600 700 800 900 1000
w

Fig.5 The error of approximating the solutions of equations (22), (23), (24), and (25), for @ ranging from
5 to 1000, with step sizes h = 1
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- Y107 3 107,

107

10
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100 Jren
11 0% 101
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100 0.

— M 101 10 - M4

10 —— M2 107 —— M2
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s
10°° 107 10
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(d) Example 1 (e) Example 2 (f) Exzample 3

Fig. 6 Comparison of the proposed method N F3 with the exponential 4th order method (M4) and the
exponential 2nd order midpoint method (M2). The numerical schemes have been applied to the equations
(22), (23) and (24), where w = 500. Top row presents accuracy of schemes and the bottom row time of
computation in seconds
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7 Conclusion

The paper proposed a numerical integrator designed for linear partial differential equa-
tions with a highly oscillatory potential function of type (3). The numerical scheme is
constructed by expanding the solution into the Neumann series. Subsequently, the first
three integrals of the Neumann series are approximated using the Filon method. The
classical and asymptotic order of the scheme is 3, which is confirmed by numerical
experiments. The method is effective for both small and large values of the oscillatory
parameter w.

There are possible modifications of the proposed integrator. For integrals from the
Neumann series, different extensions of the Filon method can be applied. For example,
the nonoscillatory integrands can be approximated not only at points that are the ends
of the integration interval but also at intermediate points. This should further improve
the accuracy of the method.

Appendix A

In this section, we provide precise calculations for approximating highly oscillatory
integrals: univariate, bivariate, and trivariate, from the Neumann series.

Univariate integral
Consider the following integral

h .
/ e"Lg,, [11(T)e ™ Fult](0)e @  dr.
0

We denote F (1) := e(h’f)ﬁan1 [t](r)e’ﬁu[t](O). Function F is approximated by
using Hermite interpolation F(0) = p(0), F(h) = p(h), F'(0) = p’(0), F'(h) =
p’(h). The polynomial p approximating function F is equal to

2

p(v) = F(O) +TF'(0) + o5 (3F (k) =3F(0) = 2hF'(0) — hF'(h)
3
+Z—3(hF/(h) —2F(h) + 2F(0) + hF'(0)).
= FQ) + at+ al,zfz + 01,31'3,
where

ai,1 = F'(0),

ajp = h—12(3F(h) —3F(0) —2hF'(0) — hF'(h)),

1
a3 = h—3(hF’(h) — 2F(h) +2F(0) + hF'(0)).
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If function «,,, is dependent on time, then

F(O) = "o [1Oul)0),  F'©) = (—e"Cad )y e, [10)) + ", 1]'©)) ult]0),
Fh) = an [N Culrl(0), F'h) = (=ad @, [1100)e" + 0, 111 ()" ) ulr1(0),

where adlﬁ(a) = [£,a] and [X, Y] = XY — Y X is the commutator of X and Y.
Approximation of the univariate integral is as follows

h h '
/ F(r)e"'*fdr ~ / (F(O) +aiit+ar i+ a1,3r3) e"ietdr,
0 0

Bivariate integral with nonresonnce points
We approximate the following bivariate integral

h [%) .
/ / F(t1, )e'® ™) dr dr,,
o Jo

where F(t1, 172) = e(h_fzma,,z [t](rz)e(’?_”)'cozn1 [£1(t1)e™£u[t](0). Function F is
interpolated in the nodes (0, 0), (k, k), (0, k), and F(0,0) = p(0,0), F(0,h) =
p(0, h), F(h, h) = p(h, h), where p(t1, 72) is a linear polynomial that approximate
function F

F(t1, 1) = F(0,0) + a1 71 + a2 22 +O(h?),

p(t1,72)
where 1 1
a1 = Z(F(h’ h) — F(0,h)), ax»= Z(F(O’ h) — F(0, 0)),

and

F(0,0) = " a,, [11(0)tn, [11(0)ulr1(0),  F(O, k) = atny [11(h)e“ 0t [11(0)ul11(0),
F(h, h) = ap, [11(R)etn, [£1(h)e"Ful1(0).

Approximation of the bivariate integral reads

h ro .
/ / F(t), 1p)e M ntmm)qr 4,
0o Jo
h 1) .
~ / / (F(0,0) + a2 171 + ap 212)eMT1 ) d dr,.
0o Jo

Bivariate integrals with resonnce points
Consider the following sum of two integrals with resonnce points (n, —n) and (—n, n)

h (%) . h (%] .
/ f F (11, 1)@~ d7,d7, + / / F (11, 1)e "+ 2) 47 dr,
0 0 0 0
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where F(t1, 1) = e ™Lq, [1](12)e™ L, [1](t))e" £ ult](0). The bivariate
integrals with resonance points necessitate the imposition of an additional interpo-
lating condition. Let p(t1, 12) = F(0,0) + b1t1 + bo12 + b371 72, be a polynomial
with coefficients b; defined by the formulas

by = L (FO. 1)~ F(O,0),
by = %(ZX + F(0, h) — F(h, h)),

2
b3 = ﬁ(F(h, h) — F(0,h) — X),
where
h
X = / 3! F(r2, )dny
0
h
= / L, [1](r2) (—ad(@al1](22) + enlt] (22)) e ulr] 0)ds.
0

Polynomial p satisfies the conditions

p(0,0) = F(0,0),
p(0,h) = F(0, h),
p(h,h) = F(h, h),

h h
/ 3111P(T2, n)dn = / 3111 F (12, 72)d1s.
0 0
The Filon quadrature reads
h (%)
/ / F(T] , TZ) (eiwn(rl—‘rz) + eiwn(—r1+rz)) dT]de
0o Jo

h T
- / / 2 (21, ) (eia)n(rlfrz) + eiwn(7r1+t2)) drdoy.
0 JO

Trivariate integral
The last integral to be approximated is

h 3 [9) .
/ / / F(11, T, T3)el@Tm+2mtnn) qo o, dry,
o Jo Jo

where F(r1,72,73) = e ™Lq, [1](13)e™ L, [1](r2)e™ ey, [1](11)
e’lﬁu[t](O). Function F' is interpolated in the nodes (0, 0, 0), (0,0, k), (0, h, h),
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(h,h,h) and F(0,0,0) = p(0,0,0), F(,0,h) = p(,0,h), FO,h,h) =
PO, h,h), F(h,h,h) = p(h,h,h).

F(t1,12,13) ® p(t1, 12, 13) = F(0,0,0) +a3,111 + a3 212 + a3 313,

where
1
azz = E(F(O, 0,h) — F(0,0,0)),
azp = %(F(O, h,h) — F(0,0, h)),
a3 = %(F(h, h,h) — F(0, h, h)),
and

F(0.0,0) = e"F s [11(0)atn, [11(0)aty, [£1(0)u[£1(0).
F(0.0, h) = oty [11(h)e"E o, [11(0)atn, [£1(0)u[11(0).
F(O, b, h) = ety [11(h)otn, [1)(h)e"Farn, [11(0)u[1](0),
F(h, h, h) = [ ()atn, [11(h)otn, [11(h)e"Eu[11(0).

Approximation of the trivariate integral is

h 3 (%) .
/ f / F(t1, Ty, T3)e@M+mmtnm) e, 4o, dr,
o Jo Jo

h 3,0 .
% / / f (F(0,0,0)4+az 111+ azrm + a3,3‘L’3)elw(rlnl+12"2+T3n3)d1’1d‘L’zdl’3.
0 0 0
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