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Abstract

This paper presents adaptive, graded and uniform mesh schemes to approximate the
solution of a fractional order advection-diffusion model, which generally shows a
weak singularity at the initial time level. The temporal fractional derivative in the
underlying problem is described in a Caputo form and is discretized by means of
L1 scheme on a nonuniform mesh. The space derivative is discretized on a uniform
mesh employing a fourth-order compact finite difference scheme. The adaptive grid is
generated via equidistribution of a positive monitor function. Stability and convergence
results for the proposed method on graded mesh are established. Numerical examples
are provided to study the accuracy and efficiency of the proposed techniques and
to support the theoretical results. A discussion about the advantages of the graded
and adaptive meshes over the uniform one is also presented. The CPU times for the
proposed numerical schemes are provided.

Keyword Advection-diffusion equation - Weak regularity - Graded mesh - Adaptive
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1 Introduction

Fractional differential equation has emerged as strong tools in the study of various
physical and biological phenomena and modelling of material system and financial
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processes, for example, see [1-8]. Such equations can be used to simulate practical
phenomena more accurately then integer order one [32]. The advection-diffusion (AD)
equation is employed in groundwater hydrology research to model the transport of
passive tracers carried by fluid flow in porous medium [9] and in neurology [10]. It
is also used to describe the transport dynamics in complex systems. In this study, we
consider the following time-fractional advection-diffusion (TFAD) equation:

ax(x,t)

2
x.t) — f, 0, ae@© ), t,ne®© Hx©7T], (1)

Df‘x(x, H-a dx? 0x

subject to the IC (initial condition)

x(x,0) =gx) @)

and BCs (boundary conditions)

x0,1) =0, x(1,1) =0. 3

Here, a and b are real positive constants, f(x,t) € C([0, 1] x [0, T]) and g(x) €
C[0, 1]. Further, D{ x (x, t) denotes the Caputo derivative of order o, which is defined
as [11]:

RS B L) 1C30)
Dlx(x,t)—m/o(t—s) P ds, a € (0,1). 4

Equation (1) describes how the field variable x (x, #) in a medium varies under the
influence of advection and diffusion processes. The solution of the problem considered
has a weak singularity at + = 0. The regularities of the solution satisfy

0 1 N

‘% <G+, Y1 e T, )
Fxx,0)] A
T ECQ f0rk=0,1,2,3,4,5,6, (6)

where C 1 and C’g are constants independent of ¢ and x. In [50], the existence and
uniqueness of the solution to the Caputo time-fractional diffusion equation with Dirich-
let boundary condition have been investigated. The maximum principle was applied
for proving the uniqueness result. Li and Wang [51] prove existence and uniqueness
of the solution to the Caputo time-fractional convection diffusion reaction equation.
Further, the reader can refer to [43, 52]. Due to the weak singularity and nonlocal-
ity character of the time-fractional operator, it is very difficult in obtaining the exact
solution of time-fractional model problems. Many powerful computational techniques
have been used in recent years by researchers to approximate the solutions of several
time-fractional problems, for instance, see [33-38, 40, 41]. On the other hand, various
numerical schemes were used for solving the TFAD equations. Zhuang et al. [13]
designed an implicit meshless scheme for solving the time-dependent fractional AD
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equation with the Caputo time derivative. In this method, the L1 method is employed
for approximation of Caputo temporal fractional derivative on uniform mesh, while an
implicit meshless approach based on the moving least squares technique is employed
for discretization of space derivative. Azin et al. [14] developed a hybrid numerical
scheme based on Chebyshev cardinal functions and the modified Legendre functions to
approximate the solution of (1) over a bounded time domain and an unbounded space
domain. Li et al. [15] proposed a series of high-order numerical schemes on uniform
mesh to solve Caputo-type advection-diffusion equation. The authors first constructed
a series of high-order numerical algorithms to approximate the Caputo derivative and
then derived a high-order finite difference scheme for solving Caputo-type advection-
diffusion equation. In [16], Cao et al. presented a new high-order difference scheme on
uniform mesh to solve Caputo-type AD equation. Mardani [17] proposed a meshless
method, which is based on the moving least square (MLS) approximation, for solving a
time-fractional advection-diffusion model with variable coefficients. In this approach,
the time-fractional derivative (TFD) is approximated by a finite difference scheme on
uniform mesh. It is important to point out that in [13—17], numerical schemes based on
uniform mesh (simpler mesh) are designed to approximate the time-fractional deriva-
tive. Further, the weak singularity was not considered in these papers. The optimal
rate of convergence in time direction was obtained by considering the exact solution
which is smooth enough. Moreover, various numerical techniques were proposed for
solving the time-fractional diffusion and reaction-diffusion problems, see [21-31] and
their references. The authors of these papers ignored weak singularity at + = 0 and
considered numerical examples with smooth analytical solutions to show that their
methods have the optimal order convergence in the time direction. Furthermore, most
of the above-stated methods are of lower orders of convergence in space direction.

In the current work, we aim to develop robust numerical techniques for solving (1)—
(3) subjected to both smooth and nonsmooth analytical solutions. We derive graded
and adaptive mesh numerical schemes for (1)—(3). In these methods, the Caputo time-
fractional derivative is approximated by means of L1 scheme on nonuniform grids and
the space derivatives are approximated by using a compact finite difference (CFD)
scheme on uniform mesh. The graded and adaptive meshes on the time domain are
constructed to overcome the weak singularity at t+ = 0, which produce a fine mesh
near t = 0. The adaptive mesh is generated via equidistribution of a monitor func-
tion [18-20]. The theoretical results on the stability and convergence for the graded
mesh technique are introduced. We consider three test problems to demonstrate the
efficiency and accuracy of the suggested method and to support the theoretical results.
The comparison between the results obtained with graded and adaptive meshes and
those obtained with the uniform mesh is presented. The CPU times for the proposed
techniques are provided. Numerical methods based on graded mesh or adaptive mesh
were proposed in [42-49] to solve various kinds of boundary value problems for
ordinary differential equation or partial differential equations.

The outline of this paper is as follows: Section 2 contains the description of the
discretization scheme on the graded mesh. The adaptive mesh generation algorithm is
described in Section 3. The proposed method on graded mesh is analyzed rigorously
for the stability and convergence in Section 4. In Section 5, three test problems are
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solved and the numerical results are presented to show the robustness of proposed
numerical algorithms. Finally, the conclusions are discussed in Section 6.
2 Derivation of a graded mesh numerical scheme

In this section, a graded mesh technique is derived for solving the TFAD model (1)—(3).

2.1 Time discretization

We discretize (1)—(3) over the domain [0, T], where T > 0. Let t,, = T (m/N)",
m =0, 1, ..., N be the temporal grid points, where A/ be a positive integer and r is the
grading parameter. Let the temporal mesh size be T, = t;, — tyy_1, m = 1,2, ..., N.
If » = 1, then the mesh is uniform. We approximate the Caputo TFD by employing
the L1 scheme on the nonuniform mesh as follows

adx(x s)
r(l_a)Z/,kl("""

= ! l—a _ _ l—a | o— Sm
= m;[(bﬂ Ir—1) (tm — ) ]5; X G, 1) +R™, (7

D} x (x, tw)

where §; x (x, ) = %ﬁutk‘]) withty =t —ti—1, V1 <k <N and R™ is
the truncation error.

Lemma 1 ([12]) Assume that the solution of TFAD problem satisfies (5). Then, we
have the following bound for each (x, t,,) € (0, 1) x (0, T):

|7Qm| S m—min{Z—ot,rot}’ m = 1’ 2’ 7./\/’ (8)
Considering (1) at t = t,,, yields

2

DX (5. t) = a =2 -

Equations (2) and (3) can be expressed as follows

x(x,10) = g(x), (10)

xO,tm) =0, x(1,ty) =0,1 <m < N. (11)

2.2 Spatial discretization

Here, we discretize (9)—(11) in space direction by means of a fourth-order CFD tech-
nique. We introduce uniform spatial grids with spatial step Ax on the interval [0, 1]
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such that {0 = xp < x| < .. < X, < ... < xpm = 1}, where x, = nAx,
n=2~0,1, ..., M and M is the number of mesh elements.

The second-order central finite difference approximation 8§v(x,,) for v”(x,) is
defined by

v(xa—1) — 2v(xa) + v(xn+1)

820 (x,) = 3

n=1,2,., M—1. (12)

The second-order central difference approximation 8, v(x;) for v’(x,) is defined by

5.v(x,) = ”(x"“)zng(x”“), n=1,2, ., M—1. (13)

Denote F(x,) = F,, F'(xy) = F), v(x,) = vy, V' (x,) = v}, and v"(x,,) = vl..

Theorem 1 Suppose the solution v(x) belongs to the function space C°[0, 1]. The
fourth-order compact difference scheme for the problem

9%v(x) v (x)
—a——=+b
470x2 + dx

=F(x), 0<x <1, (14)

is given by
2042 Ax? 2 4
(—a + pAx“)siv, + béyv, = W‘San + qAx 5 F, + F, + O(Ax™), (15)

2
where p = —lbﬂ and g = —%.

Proof Inserting the Taylor’s series expansions for v,11 and v,_; into (12) and (13)
yields

vy =83, — 11, (16)
where
~ Ax?
7= e v©® 4 O(AxS
1= U T gt T O
and .
v, = 8xvp — 12, (17)
where
A Ax?
_ (3) v+ O0(Ax®
2= g T gt T OAXD.

Using (16) and (17), we obtain the following difference approximation for (14) at
X =Xx,:

—a8§vn+b8xvn+f"3 =F,, (18)
where R R .
T3 =aT1 —sz. (19)
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To obtain a fourth-order scheme, one needs to approximate v(3) and v(4) in (19). For
this purpose, we differentiate (14) w.r.t. x and then set x = x,, to get

—av® 4+ bv! = F.. (20)

n

Further, differentiating twice (14) w.r.t. x and then setting x = x,, produces

—av® + 0 = F/. 1)
Using (20) in (21), we obtain
b2 b F//
oW = 3 —v) — —F - 7 (22)

By (22) and (20), it follows from (19) that

A b 5, Ax? bAx?
= — ——F'— " F 1+ 0(AxY. 23
a8 = B = Fa 08D 23)

Using (16) and (17) in (23) gives

b2 Ax? ) Ax? bAx? 4
a 8ivy — —— B 8 ~ 12 — 6 Fy + O(AX7). (24)

T3 = —

Inserting (24) into (18) produces the following fourth-order CFD approximation for
the problem (14):

Ax?
(—a + pAx*)82v, + b8 v, = ——82F, + qAx%8,. Fy + Fy + 0(AxY),  (25)

12
which completes the proof. O
Now, let A
G(x,1) = DY x(x,1). (26)
At the point (x,,, t,,,), (26) leads to
G (ns tm) = DY X (s ). 27

Using (7) in (27), we get

. l m
G(xp, ty) = m Z [(fm — )T =t — tk)lfa] 8, x (xn, t)
k=1
m—1

= B[ﬁm.lx(xns tm) + Z [ﬂm,k+l - ,Bm,k] Xy tm—t) = Bm,m X (Xn, ZO)]’ (28)

k=1
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where . X
1 (tm - tm—k) Y- (tm - tm—k+l) e
B=—————, Bnk = . (29)
re—a)’ ™ Tk 1

When [ = 1, we obtain 8,1 = T,,%. By (27), it follows from (9) that

82 1 0 , 1 A
—a X(xnz ) +b XX, fm) = f(xna tm) — G (X, tn). (30)
9x dax

By means of Theorem 1, equation (30) at the point (x,, t,,) can be written as

Ax2 n
(—a + pAX?)E2 X (Xn, t) + bSx X (X, ) = Tai(fm, tm) — G (Xn, )

+ g AX28, (f (Xn, tm) — G (xn, 1)
+ fXns tm) — Gy 1) + O(AxY).

€1y

We denote x," = x(xn, tw) and f" = f(xn,tm), 0 <m < N;0 <n < M. Thus,
by (28) and (31), one has

—a b BBui1  BuaBgix\ 2a 5Bm.1 B
-~ _ - 1 Pm P22 =L s : m
(sz e TPt 2 Xt \ a2 7T T )

m—1
—a b IBm.IB ﬂm.]qBAx m 5 ! as
+<m+m+p+ 2 +f n+1_BZ /Smk ﬁmk+l E T

5 1 Ax 1 Ax 1 Ax
—k m—k q k q q 0
Xr’zn—l +6Xnn + (12 +T)X,T+1 :|+B.Bmm|:(12 B )Xn 1 + Xn (§+T>Xn+l:|

Ax 1 Ax
+<— 4 >nt+ oy (12+—q2 )f,;'j_,—&-RZZ,n:1,2,...,./\/l—1,m21,

12
(32
where 7@? represents the truncation error at (x,, t,,), which is defined by
Ry < Clm—minrered 4 axh), (33)
where C is a positive constant. Equation (11) is discretized as
xo' =0, Xﬂ:O,mzl. (34)
The IC (10) is discretized as
XY = gxn) = gn, n=0,1,2, ..., M. 35)
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Denoting %" as an approximation of x," and neglecting 7@;" in (32) yields the following
finite difference discretization for (1)-(3):

—a b .Bm IB IBm 1BqAX Am 2a Sﬂm IB ~
R i _rm-1""  _ 2 ’ m
<Ax2 e TP 2 Xt \ a2 T T T )

—da b ,Bm.lB ﬁm,quAx Am ml 1 qAx
+<Ax2 +2Ax +p+ 12 + ) Xn+1 _B;[ﬁm,k ﬂm,k+l] 2 5

5 1 Ax 1 Ax 5 1 Ax
am—k am—k q am—k q 50 50 q 50
X,ZZ—I + gxzn + (E + T)Xr’:irl :| +B,3m,m|:(12 - T)Xn—l + 6Xn + (E + 2 )Xn+l:|

1 Ax 5 1 Ax
+ (7 - L),;"_l + 2+ (7 + %)f,’,’j_,, n=1,2, M—=1, m=>1,

12 2 12
(36)
with
=0, m=1, 37)
=0, m=>1, (38)
=g, n=01,2,.., M. (39)

3 An adaptive numerical method

An adaptive mesh technique for solving the TFAD model (1)—(3) is presented in this
section. We note that the graded mesh technique for solving the problem considered
is defined by (32) and the complete discrete method based on adaptive grid can be
obtained by altering the truncation error term in (32) with the truncation error term
given in (42). The truncation error R™ for TFD in (7) relative to the adaptive mesh is
defined by

_ tx 32
IR"| < C max (Tk)l—“/ Py (40)
1<k<m 1 Jat
Taking into account (40) and (31), we obtain
—a b Bﬁml ﬁm,quAx m 2a S,Bm,lB m
(rxz‘mﬂ’* o f)xnfl +(A72‘21’+T>X"

—1
—a b BuiB | BuigBAx\ g 1 ghix
4,2 ~ Pm 19558 =BY" _ _
+ (A;ﬂ o TPt Tt Xn+1 P [ = Bnicn]|{ 13~ 73
_ 5 . 1 qAx r 1 qAx 5 1 qAx
k k k 0 0 0
ot o+ (E + T)X*ﬂ’ ] + Bﬂm,m[<§ - T)X"*' gt T (—12 +5 Jn

1 A 5 1 A -
+<——u) ,,’”,1+6f,,’”+(—+u) il TRy, n=12 . M-=1 m=>1

2 2 2 2
(41)
The truncation error R in (41) is defined by
|R™ <C max Tl / " |92 G, ) ds + Ax* (42)
nl= l<m<N,l<n<M ™ 1 a2 '
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where C denotes a positive constant. Denoting x," as an approximation of x," and
neglecting R in (41) yields the following numerical scheme for (1)—(3):

—a b ﬁm IB ﬂm.quAx -m 2a Sﬁm.IB -
—“ 2 AP Pm 12487 4 ) 2Pm 12\ Zm
<Ax2 TPt TR 2 Kt a7 —EP T g )X
—a b BuiB | BuaBabx\_, 1 gix
+<sz+m+‘p+ 12 +f Xn+1 —Bk_zl[ﬂmk lsm,k-H] E T
. S e 1 qAx\ _ i 1 qAx\ _ 5_ 1 gqAXx\ _
a4+ o kg (E + T>XZ"+1A] + 3ﬂm,m[<§ - T)X’?*‘ + gx,? + (E +- o
1 qAx 5 1 qLx
+<E_ 2 )f”m*‘JrEf"er(EJr 2 ) wit =2 Mol mz 1
(43)
with
=0, m=>1, (44)
A =0, m=>1, (45)
70 =g n=0,1,2, . M. (46)

3.1 Algorithm for adaptive mesh generation

Here we present an algorithm for generating the adaptive grid and for approximating
the solution of (1)—(3) on the adaptive grid by employing (43)—(46).

Since the solution y (x, ¢) of the problem (1) shows a weak singularity at = 0, a
nonuniform adaptive time grid is generated by means of equidistribution of a positive
monitor function, which is defined by (48). This kind of monitor function (48) has
been employed in [18-20, 39]. Let eV = O=n<ti<..<th <..<tny=T}
be the time mesh. The time mesh ©* is called equidistributed if

Im

. 1 7.
M(pdu = jT//o Mwdw, m=1,2,...N. (47)

Im—1

The monitor function M (w) in (47) is approximated by

M = M tw) = 1+ /|0220], 1 € (tmet, tm)- (48)

In above equation, 6,2 A7 denotes the central difference approximation of X (x,, ) on

nonuniform temporal mesh. The following algorithm is proposed to solve (47):

Step |

Consider j = 0, where j represents the iteration number. Take the uniform temporal
mesh @MN.0) — {(xp, t,(,,o))| 0< n<M,0<m < N} as the initial value for the
iteration. Go to the step Il with j = 0.
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Step I
Solve (43)=(46) for {9} on @MN-) = {(x,, 190 < n < M,0 < m <
N7}. Set Tﬁ,{) = t,gf) 19 for each m. Compute

ml

m ) ZT(])Mk (D (49)
and pick out ; such that
N.() N.(D
= max . 50
7 l§n<./\/l{$n } (50)

The monitor function My’ ‘D in (49) was evaluated at the k-th grid point of the current
grids. We set MO = 710D and 5N = N1 O,

Step Il R
Choose a constant ¢ > 1. If

Max; <\’ T(/)Mm (D

v
s/\/ 0] N’

619

then go to step V, else continue step I'V.

Step IV
Set 1)) = méjN’(”//\/, m=0,1,.., N.Interpolate (1", 1Ty to (éjm’(j), 1.
Generate a new mesh

@MN.(+1) _ {( t,§{+l))|0 <n<M,0<m< ./\/} (52)

StepV .
Set @MNx = @MN.() and {7*} = {32}, then stop.

Remark 1 Itis observed that the coefficient matrix of (36)—(39) or (43)—(46) is strictly
diagonally dominant with nonpositive off-diagonal elements and positive diagonal
elements. Hence, the systems defined by (36)—(39) and (43)—(46) are solvable.

4 Stability and convergence

In this section, we study the stability and convergence for the numerical scheme (36)—
(39).
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4.1 Stability

Here, we present the stability bound of the present numerical scheme (36) for the

considered time-fractional problem. We introduce L°°-norm for any mesh function
U], as follows

um = max |U"| and ||U = max max |U7|. 53
U™ |00 Osnle o U loo OSmSNOSnSMI ol (53)

Lemma 2 The solution of (36) satisfies

171 R = .
X" oo < ﬁ[E||f"’||oo+ﬁm,m||x°||m+2(ﬁm,k—ﬁm,k+1)nx’" k||oo] (54)
mn, k=1
form=1,2,...,N.
Proof Fix m € {1,2, ..., N'}. Choose ng such that [3”| = max |3 = [|X" llcc-
0 0<n<M

Then, (36) at the mesh point (x;, t,,) is

—a b ﬂm lB ,Bm.quAx Am 2a Sﬂm IB A
e b 1B Pmabgax ., 2a ~ m
(sz VT 2 Kig1 ¥\ a2 =3P+ T )Xo

—1
—a b BB BuiBgAx\ ., " 1 qAx
T : Pm 17472 \om — B 2 ' ok — —_ 1=
* (Ax2 o TPt Tt 2 Kig+1 = [Pt = Pt ] 2 2

am—k | D am— 1 qAX\ 1 qAx 5. 1 qgAx .
k k k 0 0 0
Xig—1 + *SX,'0 + <T2 + ) >X,‘rg+1i| + Bﬂmm[(rz - 72))(1”_1 + SX,‘(J + (f T =5 ) Xig+1

I gqAx\ ., S om I gqAx\ .,
+<E_ 2 )ffO*lJrEfioJr(EJrT) -
(55)
By taking L°°-norm in (55) one has
2a 5BmaB\ . 2a BB\, .
__2 ’ m < __2 _ ’ m
(sz P+ — X" oo < NS 6 Hx™ oo
m—1 (56)
1L oo + BumBIZR oo + B Y Bk = Bud+DIZ™ ¥ oo-
k=1

Equation (56) simplifies to

171 . s -
X" lloo < ﬁ[gnfmnm + BumllR Moo + Y Bk = Bu i DIIX™ k||oo}.
" k=1

Thus, we get the desired result.
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Lemma 3 The following properties hold for the coefficients B, i defined in (29):

@) Bmk+1 = Bmk

(tm — tm—k) “« < < (tm — lm—k+1)7a
(1l —a) ’ (1l —a)

Proof Using the mean value theorem one can prove (i). Then, using (i) one can obtain
(ii).

Let us define real numbers D,, ;, form =1, 2, oNandi=1,2,..,m —1such
that

m—i
Dm,m = 11 Dm,i = ZT%fk(ﬂm,k - ,Bm,k+l)Dm—k,i~ (57)
k=1
In view of Lemma 3, it can be seen that D,, ; > 0 for all m and i. O

Lemma4 The solution of (36) satisfies

1
IBm,lB

m
1R oo < 11X °lloo + > Duill 1o (58)
i=1

form=1,2,...,/N.

Proof We use mathematical induction on m to prove the lemma. For m = 1, (54)
reduces to

1 1 D
1 < T T UTI . NI T
X Moo = IBI’ll:ﬂIJHX lloo Bllf ||ooi| X oo _3,31,1||f oo

Thus, (58) is valid for m = 1. Next, we assume that (58) holds true forall 1 < m <
Jj — 1, that s,

m
D Dl filloe. forl <m<j—1. (59

i=1

~m < 11$9 +
X oo = 11X Mloo BB

Now, we prove that the assertion (58) is valid for m = j. Considering (54) at m = j,
yields

i—1

N 171 . ! e

137 lloo < /TI[EHffnooJrﬁj,,»onuoo+Z(ﬂj,k — BjxDIIR "||oo}. (60)
Js k=1

Taking into account (59), it follows from (60) that

, 171 i 1 2 ,
||2j“oo§7|:7||fj”oc + B3 %00 + Y (Bik — Bik )(H)A(()lloo'i' D'—k,illf'\loo):|-
B B o ; / P Bﬂj*k.l ; !
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The above equation simplifies to
j—1 j—k

1 ; 1
fonoosﬁ—[fnﬂnwwj,lnxonoﬁ Zﬂ CBik Bikr1) Y Dj—iillf! ||oo]
k=1 i=1

Now arranging the terms we get

. 1 .
X’ o= oo "/ oo+ 70 0 0 j Dj_ i
Xl < Bﬁj,lH‘f I X1l B/S, ;1 P&l kEI ﬁ], Bjk = Bjs+1)Dj—k, o

i1 i

W\Iﬂllooﬂ\x |\oo+—2||f HOOZT” Bik = Biar1)Dj k-
k=1

Using (57) in (61), one has

1 )
Jj ~0
B Ml 11201loe + Bﬁ] Z||f||oo I}

i=1

137 lloo <

In view of (57), the above equation can be written as

J J 62
X ||°°_Bﬁ] 1 1oo + 11800 + Bﬁ] lZ}:IIflloo ji- (62)
Equation (62) simplifies to
1771100 < 11X ||oo+—ZD,,||f [

Thus, (58) is valid for m = j. Therefore, the assertion (58) is valid for all value of m.
O

Lemma5 Let the parameter A satisfy . < ra and the real number Dy, ; be defined by
(57). Then, for 1 <m < N, we have

(63)

Proof One can prove the lemma following the arguments used in Lemma 4.3 of [12].00

Theorem 2 The solution of (36) satisfies

12" oo < 112 %Moo + T(1 = ) T[] £1lco-
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Proof From lemma 4, we have

12" oo < 11%°1loo +

ZDm,nf lloo = 118100 +

i=1

ZD”” max |fn
i=1

B,sm B,Bm

< max [0<n<M FA ]Bﬂm : Zsz
(64)

Setting A = 0 in (63), one has

| /\

Z: — (65)

Using (65) in (64) yields

X" Moo = 11X |Ioo+F(2—ot) ||f||oo
The above equation implies that
12 loo < 11X°loe + T(1 = ) T[] 1loo- (66)
We now state and prove the main stability theorem. O

Theorem 3 The numerical scheme defined by (36) is unconditionally stable.

Proof Let %" be the approximate solution of (36). The error &' = X" — X', n =
1,..,.M; m=0,1, .., N satisfies

—a b BmaB  BmaBglAx\_, 2a Sﬁm 1B
- e e, - 2
<Ax2 T 2 Gt oz "2t )

1
— b BmaB  BmiBglx\_ - 1 qAx\ _,_
+(Ax2 +2Ax +p+ Wiz + = 2 ;1n+1 BZ Ismk ﬂmk-H] 5—72 6:1”711(

S ek 1 qAX \ _p_k 1 qAx 5 1 qLx
+6:1n +<12+ 2 >1nn+1 + BBm,m 12 2 nl+7n+ 12+ 2 n+1

n=12,., M—1, m=1,2, ., N —1.

(67)

Taking into account Lemma 2 and Theorem 2, one has
118 loe < 118°]lo0, 1 <m <N, (68)
where ||€" |0 = - ’2%{ - |e)'|. This demonstrates that the proposed numerical
scheme (36) is unconditionally stable. O
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5 Convergence analysis

In this section, we study the convergence analysis of the numerical scheme based on
graded mesh described by (36). Lete!! = x" — x for0 <n < Mand0 <m < N.
Then, subtracting (36) from (33), one obtain the following error equation

—a b ﬁm IB ﬂm IBqAX oM Za Sﬁm ]B
- _ - A= Pm IFH A =Ly : m
(Ax2 e TP 2 1t P )

—1
—a b ,Bm,lB ﬁm,quAx s 1 qAx m—k
+<Ax2 + 2Ax trt 12 +f €yl —BZ Bk — ,Bmk+1 I e

S ok 1 qAx qA W0 1 qAx
+ge’r’n +(E+T) n+1j|+Bﬂmm|:< 77 Cn— l+6 n 12+T n+1 +Rm

n=12 ., M-1 m=12.N~-1,
(69)

where 7%? is defined by (33). As the error terms at initial time level are zero, it follows
from (69) that

—a b BB B, 1BgLx m 2a 5Bm1 B
- > _ 2 -2 ’ m
(sz e TPt 2 Gt a2 TPt T )
m—1
—a b ,Bm.lB Bin ]BqAx m . 1 qAx
ot e = — 225 (70
* <[Ax2 T TP T T et kz_; [ = Pmicni] | | 13 (70)
5 1 A
ejfj{‘+6e;"—k+(l2 +%) ,,+1}+R,’,”, =1,2,..M—1,m=>1.

Considering similar arguments as used in Lemma 2, we can obtain the following result

2a 5Bm1 BB m 2a 1B m
(——2p+ﬂT’l)||e ||oos(——2p—’3—1>||e oo

Ax? Ax? 6
m—1 (71)
+ B[ > Bk - ﬁm,kn)ne’"—knoo} IR o,
k=1

which is equivalent to

m—1

1
lle" 1o < ||R’"||oo+—2<ﬁmk BuirDlle" F oo (72)
ﬂm Bl
Lemma 6 The solution of (70) satisfies
m
Moo < Do il R so- 73
lle ||oo_8ﬂm’1§ il 1Rl (73)
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Proof We use induction on m to prove the result. When m = 1, (72) reduces to

1
lle'lloo < 22—11Rloo,

= Bh,

which suggests that (73) holds true for m = 1. Let’s assume that (73) holds true for
1<m<j—1,thatis

lle™ lloo <

m
Dy illR |00, forl <m < j —1. 74
Bﬂm,lg il R oo = =J (74)

Now, we prove that (73) holds true for m = j. Considering (72) at m = j yields

j—1

||RJ||00+_Z(ﬁjk Bkt Dlle! ™ loo. (75)
BjaB Bj.1

lle/ oo =<

Taking into account (74), it follows from (75) that

. | N it
lle/ oo < B—[IIR’Hoo + ) (Bjk — Bjk+1) ZDJ kil R IIOO}
Bin k=1 ﬂf— i=1

j—=1j—k
Bﬁjl[zzﬁ]_ (Bjk — Bjk+1)Dj— kl||R||Oo+||RJ||Ooi|

j—l

A~ 1 ~
R’ i Di_y; R’ ||oo.
<ZBﬁ] I ||ooZﬂ]_ (B~ Bjaer)Djti + grplIR Il

k=1

The last inequality is equivalent to

j—i
~ 1 ~
J < R! e . R D: R/ .
lle ||OO_ZBﬂJ I ||ook§ F-kBik = BiksDDjki + o lIR oo
(76)
Using (57) in (76), one has
j—1

1
lle/ oo < ZWIIR looDj.i + WHR’HOo

The above equation simplifies to
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Fig.1 The generation of temporal mesh points for different «: Top: Graded mesh, Bottom: Adapted mesh
(at last time level)

Thus, (73) is valid for m = j. Therefore, the conclusion of Lemma 6 is proved. We
now state and prove the main convergence theorem. O

Theorem 4 Let y (x, t) be the exact solution of (1)—~(3) and X} be the discrete solution
of (36)—(39). Then, there exist a constant C* independent of Ax and By, 1 such that

||em||oo < C* <N'— min{2—a, ra} + Ax4) .

Fig.2 The generation of adapted ~  SEOIIIIIIIIIIT] 4 1 1
moving meshes for @ = 0.1 20 b 1141 ]
, i
=
2
g 15 ;
%
= 10 4
Q)
=
£
z 5 4
0
0 0.2 0.4 0.6 0.8 1

Positions of time mesh points (a=0.1)
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Fig.3 The generation of adapted 7
moving meshes for @ = 0.4
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Proof From lemma 6, we have

1 & .
l1€" oo < 725 1ZD,,,.,-HR’HOO. (77)
m,

i=1

In view of (33), (77) yields

1
B:Bm,l

lle™ oo <

m
Z Dm,ié<Ax4 + l-—min{2—oc,roz}). (78)

i=1

Taking into account (63), it follows from (78) that

lle"le < T2 —a)C

R Ax4 T« N— min{Z—a,ra}Ta
e ]
—a l—«a

<r - a)T“é(Ax“ + N~ mi“{“”‘“})

= C* (N—min{Z—oc,ra} + Ax4>.

Fig.4 The generation of adapted 4
moving meshes for @ = 0.6 I

Il
A

0 0.2 0.4 0.6 0.8 1
Positions of time mesh points (a=0.6)

Number of iterations
[ ]
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Approximate solution

Time(t)

Subplot 1: Graded mesh, =0.1

Approximate solution

Subplot 2: Adapted mesh, a=0.1

Time(t)

Approximate solution

Subplot 3: Uniform mesh, «=0.1

Time(t)

Fig.5 3D plots of numerical solutions on adapted, graded and uniform meshes for Example 1 when o = 0.1

Hence, Theorem 4 is proved.

6 Numerical results

Here, three numerical examples of the form (1)—(3) are presented to illustrate the
efficiency and robustness of proposed methods. It is worth mentioning that the exact
solution to the first test problem has a weak singularity at the initial time ¢ = 0, while

e
j2
¢

o
IS
3

e
w
Py

0.14

Approximate solution
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N
by

Time(t)

Subplot 1: Graded mesh, «=0.8

0 o x
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Subplot 2: Adapted mesh, «=0.8
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Time(t)

Fig.6 3D plots of numerical solutions on graded, adapted and uniform meshes for Example 1 whena = 0.8
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Table4 The ROC in space for M

araded mesh with Lo error Order L error Order
r=Q2-a)/a, whena =08 4 0.0032 4.0002 0.0023 4.0219
and /' = 12000 for example 1
8 1.9997e—04 4.0013 1.4158e—04 4.0070
16 1.2487e—05 4.0165 8.8060e—06 4.0038
32 7.7156e—07 5.4892¢—07

the solution of second one is smooth and the exact solution to the third problem is
not known. We calculate the L, norm error and the maximum L, norm error in the
computed solution corresponding to the graded mesh using the following formulae

N, M sm
LM — — t 7
50 oSmgﬁf&ngM'X” X Xy t) | (79)
and
N.M & :
s _ om 2
Ly = Oﬁnr}fgj\/ (Ax nE_l O — X xus t)) ) , (80)

where X, and x (xp, t,,) respectively denotes the computed solution and exact solution.
We compare the numerical results obtained with the graded and adaptive meshes with
the results obtained with the uniform mesh.

Example 1 Let us consider (1)~(3) witha =b =1, g(x) = 4x>(1 —x)>and T = 1.
The analytical solution is given by

x(x, 1) = 2x(1 = x))?(t* + sin(x)). (81)

The solution of above problem exhibits a weak singularity at t+ = 0. The right-hand
side source function f(x, ) can be obtained by inserting (81) into left-hand side of
(D).

The presented schemes are employed to approximate the solution of this problem
for various values of «, A and M. Figure 1 shows the formation of mesh points at final
time level corresponding to the adaptive mesh technique and graded mesh technique
for o = 0.1, 0.4, and 0.6, when N' = M = 64. As it can be seen in Fig.1 that
the concentration of mesh points near t = 0 for « = 0.1 is higher than that for
a = 0.6. Figs.2, 3 and 4 show the time evolution of mesh geometry on the adaptive
mesh technique for « = 0.1, « = 0.4 and o = 0.6, respectively. It can be noted from
the figures that the number of iterations (NOI) increases as o decreases. In particular,

Table5 The ROC in space for M

adaptive mesh, when o = 0.8 Lo error Order L, error Order

and N = 12000 for example 1 4 0.0032 4.0002 0.0023 4.0219
8 1.9997e—04 4.0010 1.4158e—04 4.0064
16 1.2489—05 4.0047 8.8097e—06 4.0194
32 7.7801e—07 5.4325¢—07
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Fig.7 Maximum absolute errors on adapted, graded and uniform meshes for « = 0.4

the NOI (within given tolerance) for « = 0.1, « = 0.4 and « = 0.6 are 24, 7 and
4 respectively. The 3D plots of the numerical results on graded, adapted and uniform
grids for « = 0.1 and 0.8 are depicted in Figs.5 and 6, respectively. One can observe
from the Figures that there is an initial layer in the solution profile which is consistent
with (5). Further, one can observe from Figs.5 and 6 that as o decreases the layer at
t = 0 becomes sharper.

Next, we calculate the Ly, norm errors of presented schemes in time direction for
different values of «.. Table 1 lists the L, norm errors, the rate of convergence (ROC)
and CPU time corresponding to the graded mesh with r = 2(2 — «) /«, adaptive mesh
and uniform mesh for « = 0.4, 0.6 and 0.8. It can be noted from the tables that the
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Fig. 8 Maximum absolute errors on adapted, graded and uniform meshes for « = 0.6
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Fig.9 Maximum absolute errors on adapted, graded and uniform meshes for « = 0.8

scheme based on graded mesh yields much better accuracy (in temporal direction)
as compared to the methods on adapted and uniform grids. Further, the method with
adaptive mesh produces an approximation to the solution of the TFAD equation using
more computational resources, both in terms of storage and CPU time. Moreover,
we have calculated the errors on the graded mesh with r = (2 — «)/a and r =
(2 — a)/(2a), as listed in Tables 2 and 3, respectively for different values of «.
One can observe from Tables 1, 2, and 3 that in the case of grading parameter r =
(2 — a)/(2a), the rate of convergence is (2 — «)/2, while for r = 2(2 — )/« and
r = (2 — a)/«, the optimal rate (2 — «) is obtained. Further, the method on graded
mesh with r = 2(2 — o)/ produces more accurate solution than the method with

Subplot 1: Graded mesh, «=0.8 Subplot 2: Adapted mesh, «=0.8 Subplot 3: Uniform mesh, o=0.8

Absolute error

Absolute error
Absolute error

0.5

0.5

Time(t) x X 1

X 1 0

10 Time(t) 0 Time(t)

Fig. 10 3D plots of absolute errors on adapted, graded and uniform meshes for « = 0.8
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Table 6 The ROC in time for uniform mesh for example 2

a=04 a=0.6 a=038
N=M Lo error Order Lo error Order Lo error Order
128 1.2560e—05 1.5702 5.6247e—05 1.3867 2.2853e—04 1.1935
256 4.2297e—06 1.5780 2.1510e—05 1.3915 9.9921e—05 1.1964
512 1.4167e—06 1.5835 8.1991e—06 1.3945 4.3602e—05 1.1980
1024 4.7271e—07 3.1187e—06 1.9006e—05

r = (2 — a)/«. Furthermore, the uniform mesh method fails to provide an optimal
(2 — a)—th order of convergence in time.

Next, we calculate the convergence rates of proposed schemes in space with respect
to L~ and Ly norm errors. To do so, we calculate the errors for various values of M
by fixing N (viz. A/ = 12000). Table 4 lists the L, norm and L, norm errors and the
rates of convergence obtained by the method on graded mesh with r = (2 — )/« for
a = 0.8. Table 5 lists the L, norm and L, norm errors and the rates of convergence
obtained by the method on adapted mesh for « = 0.8. The tables indicate that the
computed solution converges to the exact solution with fourth-order accuracy and
confirm that the numerical results are in agreement with the theoretical results in
Theorem 4. The L, norm errors obtained on graded mesh with r = (2 — «)/«,
adapted grid and uniform grid for « = 0.4, 0.6 and 0.8, are depicted in Figs.7, 8
and 9, respectively. From the figures, one can observe that the error decreases with the
increase in M, A/ and the scheme based on graded mesh yields much better accuracy as
compared to the methods on adapted and uniform grids. The 3D plots of the absolute
errors (in time) obtained by the methods on graded, adapted and uniform grids for

Table 7 The ROC in time for adapted mesh, graded mesh with r = (2 — @)/« and uniform mesh for
example 3

Graded mesh Uniform mesh Adapted mesh

o N =M Lo error Order Lo error Order Lo error Order

0.4 64 5.1901e—03 1.4658 0.0308 0.3068 7.0928e—04 1.3867
128 1.8790e—03 1.5134 0.0249 0.3306 2.7126e—04 1.4698
256 6.5820e—04 1.5317 0.0198 0.3532 9.7932e—05 1.5205
512 2.2765e—04 0.0155 3.4136e—-05

0.6 64 5.1980e—03 1.3309 1.4512e—02 0.5825 1.5212e—03 1.2755
128 2.0761e—03 1.3562 9.6892e—03 0.5942 6.2839e—04 1.3211
256 8.0485¢e—04 1.3671 6.4181e—03 0.5976 2.5149e—04 1.3525
512 3.1094e—04 4.2415e—03 9.8490e—05

0.8 64 5.5986e—03 1.1741 5.4361e—03 0.7953 2.7984e—03 1.1439
128 2.4811e—03 1.1877 3.1325¢—03 0.8007 1.2664e—03 1.1556
256 1.0892e—03 1.1924 1.7983e—03 0.8067 5.6846e—04 1.1766
512 4.7661e—04 1.0281e—03 2.5149e—04
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Subplot 3: Uniform mesh, a=0.1

Subplot 1: Graded mesh, a=0.1 Subplot 2: Adapted mesh, «=0.1

Approximate solution

Approximate solution
Approximate solution

Time(t) 0 Time(t) 0 Time(t) 0

Fig. 11 3D plots of numerical solutions on adapted, graded and uniform meshes for Example 3 when
a=0.1

a = 0.8 are shown in Fig. 10 when M = A = 64. It can be observed from the
Figures that the error increases towards ¢+ = 0 and the present method with graded
grid gives far better results as compared to the method with adapted grid or uniform
grid.

Example 2 Consider (1)-(3) witha = b = 1, g(x) = 4x>(1 —x)%, and T = 1. The
exact solution of this problemis y (x, ) = (2x(1 —x))2(#31 +sin(x)). This example
has a smooth solution at ¢ = 0.

The proposed scheme based on uniform mesh is employed to approximate the
solution of this problem for several values of o, M and N'. The L errors for o =
0.4, 0.6 and 0.8 are reported in Table 6. One can conclude from the table that the
uniform mesh method has an optimal rate convergence (i.e., (2 — «)) in time direction
in the case when the exact solution to the TFAD problem is smooth.

Example 3 Consider (1)-(3) witha = b =1, g(x) = sinx, T = l and f(x,t) =
(1 + t*)(x% — x) + 1. The exact solution of this problem is not known.

The proposed schemes on graded mesh with r = (2 — «)/«, adapted mesh and
uniform mesh are employed to approximate the solution of this problem for several

Table 8 The ROC in space for adapted mesh, graded mesh with r = (2 — &)/« and uniform mesh, when
N = 12000 for example 3

Graded mesh Uniform mesh Adapted mesh
o M Lo error Order Lo error Order Lo error Order
0.8 4 0.0022 4.0436 0.0022 4.0436 0.0022 4.0436
1.3340e—04 3.9901 1.3340e—04 3.9901 1.3340e—04 3.9975
16 8.3951e—06 8.3952e—06 8.3522e—06
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values of &, M and \V. The L, errors for o = 0.4, 0.6 and 0.8 are reported in Table 7.
One can observe from the table that the graded and adaptive mesh methods yield the
optimal rate of convergence O(N —(2=%)) in time, while the uniform mesh yields the
suboptimal order convergence, that is, the order is close to «. Table 8 presents the
L norm errors and the corresponding rates of convergence in space obtained by the
methods on adapted mesh, graded mesh with r = (2 — @)/« and uniform mesh for
o = 0.8. The table indicates that the computed solution converges to the exact solution
with fourth-order accuracy. The 3D plots of the numerical solutions on graded, adapted
and uniform grids for o« = 0.1 are depicted in Fig. 11. One can observe from the Figure
that there is an initial layer in the solution profile.

7 Conclusions

In this article, efficient and robust numerical schemes based on graded and adaptive
meshes have been developed for solving the TFAD model with weakly singular solu-
tion. The temporal derivative is described in the sense of Caputo. We have constructed
adaptive moving mesh algorithm and graded mesh technique to deal with the weak
singularity at the initial time. The space derivative is discretized by a high-order dif-
ference scheme. It has been shown that the graded mesh method is unconditionally
stable. Convergence result of the method based on graded mesh has been established.
Three numerical examples were solved to demonstrate the applicability and efficiency
of proposed methods. The computed results suggest that the method based on graded
or adapted mesh well approximate the solution of a given TFAD problem and yields
the optimal (2 — «)—th order of convergence in time. The results obtained with the
graded or adaptive mesh are better as compared to those obtained with the uniform
mesh in terms of numerical accuracy. The uniform mesh method has the o —th order
of convergence in time in the case when the solution is nonsmooth. The method with
adaptive grid produces an approximation to the solution of the TFAD problem using
more computational resources. In the subsequent paper, we will design and analyze
robust numerical scheme based on adaptive and graded meshes for the efficient numer-
ical solution of a TFAD model with variable coefficients.
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