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Abstract

It is common for mathematical models of physical systems to possess qualitative
properties such as positivity, monotonicity, or conservation of underlying physical
behavior. When these models consist of differential equations, it is also common
for them to be solved via splitting, i.e., splitting the differential equations into parts
that are integrated separately. All splitting strategies are not created equal; however,
in this work, we study the effect of two splitting strategies on qualitative property
preservation applied to the basic susceptible-infected-recovered (SIR) model from
epidemiology and the effect of backward integration of operator-splitting methods on
positivity preservation in the Robertson test problem. We find that qualitative property
preservation does depend on the splitting strategy even if the sub-integrations are
performed exactly. Accordingly, the specific choice of splitting strategy used may be
informed by requirements of qualitative property preservation. The choice of operator-
splitting method also depends on the specific properties of the exact solution of the
sub-systems.

Keywords Operator splitting - SIR model - Production-destruction system -
Qualitative property preservation - High order

1 Introduction

The influence of mathematical models on modern daily life has increased in accor-
dance with the dramatic increase in modern computing power. Many of these models
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are based on differential equations, e.g., numerical weather prediction, investment
portfolio behavior, and trajectory prediction of astronomical bodies. It is not hard to
imagine that these models are often large and complex and accordingly have no analyt-
ical mathematical solution. Thus, not only do their solutions need to be approximated
numerically, but it is also often necessary for the model to be split into multiple parts
in order to facilitate their numerical solution. For example, splitting methods are used
to solve advection-diffusion-reaction problems [1] and large-scale chemical reaction
systems [2].

A production-destruction system (PDS) is a system of ordinary differential equa-
tions (ODEs) that is often used in biology and chemistry to describe the production
and destruction mechanism between variables.

Definition 1 A production-destruction system of N constituents can be written as a
system of differential equations of the form

N N
d .
VO =D pija®) =Y dijy®).  i=12....N, (1)
j=l1 j=1
where'y = [y1, y2, ..., yn1! is the vector of constituents. For solutions to be non-

negative, we assume that the production terms p;; and the destruction terms d;; are

non-negative. The production term p;; is the rate at which constituent j transforms into

constituent i, and the destruction term d;; is the rate at which constituent i transforms

into constituent j. We assume p;j(y),d;j(y) = 0 for y;(t) > 0,i =1,2,..., N and

all t > 0. A sufficient condition for y(t) to be non-negative is then 1in(l)+ dij(y) =0,
yi—>

i=1,2,...,N.

Definition 2 A PDS (1) is called non-negative if non-negative initial values y; (0) > 0
fori =1,2,..., N imply non-negative solutions y;(t) > 0 fori = 1,2,..., N for
allt > 0.

Definition3 A PDS (1) is called conservative if p;j(y) = dji(y) for all i, =
1,2, ..., N. The system is called fully conservative if in addition p;;(y) = d;i(y) =0
foralli =1,2,...,N.

For the purposes of this analysis and without loss of generality, we only consider fully
conservative PDSs.

Definition 4 Given a numerical method to solve (1), let y, denote the approximation
of y(t,,) at a time step t,. The numerical method is called

e unconditionally conservative if the sum of all components of 'y, is constant for all
n € Nand all At > 0.

e unconditionally non-negative if all components of y,1 is non-negative for all
At > 0 whenever all components of y, is non-negative.

In this paper, we are interested in two examples of PDSs: the susceptible-infected-
recovered (SIR) model [3] and the stiff Robertson test problem [4, 5].
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Models of PDSs have qualitative properties associated with their variables such
as positivity or conservation of underlying physical behavior. Models such as the
SIR model further requires monotonicity of certain variables based on the model
assumptions. Violation of such properties at best undermines confidence in the model
or its solution/predictions; at worst, the modelling process can be invalidated.

Real-world models of complex phenomena such as the spread of disease through-
out a population tend to also become complex themselves as the number of processes
included or the demands on the predictions increase. Models based on differential equa-
tions must be solved numerically. Real-world problems quickly become too unwieldy
solve monolithically, either due to their complexity or size, and splitting is a divide-
and-conquer approach to obtain numerical solutions more efficiently (or at all) [1,
6-8].

It is well known that numerical solutions generally do not preserve known prop-
erties of the exact solution. There are some notable exceptions, however, such as the
preservation of linear invariants for linear multi-step and Runge—Kutta methods [9],
and a great deal of research has gone into preserving qualitative properties such as
positivity, monotonicity, and symplecticity, to name but a few; see, e.g., [1, 10, 11] and
references therein. Such methods are also referred to as structure-preserving methods.

Many studies focus on the positivity-preserving property of a method. In [12], the
authors consider graph-Laplacian ODEs and propose some second-order methods that
unconditionally preserve positivity as well as a third-order method that preserves pos-
itivity under mild restrictions. These methods are based on Magnus integrators [13].
The authors of [12] propose a splitting strategy for the original system written in an
extended space that applies to stiff or non-separable problems and uses the Strang split-
ting method. The overall method is second order and unconditionally conserves mass
(akin to total population in the SIR model) and positivity. Patankar—Runge—Kutta meth-
ods (and their modified versions) have been developed to solve production-destruction
systems (PDSs) monolithically while preserving the positivity and mass conserva-
tion [14, 15]. It turns out that such methods can be interpreted as approximations to
the methods proposed in [12].

Although methods that preserve qualitative properties may involve splitting,
e.g., [10, 16, 17], few studies systematically consider the effect of splitting strate-
gies used in practice on qualitative property preservation. Given that splitting is so
common due to its necessity or utility in practice, we systematically explore the effect
of the choice of splitting strategy on the preservation of qualitative properties of the
numerical solution of a differential equation. In this study, we limit the strategies
considered to the process-based splitting as well as dynamic linearization.

The importance of the choice of splitting strategy on qualitative property preser-
vation is shown indirectly in [12] in the context of insisting on writing the system
in graph-Laplacian form. The effect of the choice of splitting strategy on the solu-
tion itself is shown more directly and dramatically in [18], where it is shown that
two-dimensional rotations can be integrated exactly in time with the use of a splitting
strategy based on shear rotations but not with the use of standard directional splitting.

The remainder of this paper is organized as follows. In Section 2, we give a descrip-
tion of operator-splitting methods including Nop-additively split methods for Nop > 2
and relevant background, definitions, and the qualitative properties of interest on the
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SIR model and Robertson test problem. We describe two specific splitting strategies
applied to the SIR model in Section 2.2, a process-based splitting based on the produc-
tion and destruction terms and one based on dynamic linearization, which essentially
performs a local linearization at every step of a numerical method. We further describe
the generalization of process-based splitting to PDSs in Section 2.3. In Section 3, we
give the main theoretical results regarding qualitative property preservation from the
splitting strategies applied to the SIR model and the Robertson test problem. We find
that not all splitting strategies are created equal when it comes to qualitative property
preservation. How well an operator-splitting method preserves the desired qualitative
properties depends on the splitting strategy (process-based or dynamical linearization),
the operator-splitting method, and the form of the exact solution of the sub-systems.
In Section 4, we offer some numerical experiments to support the theoretical results
reported in the previous sections. Finally, in Section 5, we summarize our results and
offer some conclusions.

2 Theoretical background

In this section, we describe the relevant theoretical background for the study of
qualitative property preservation by operator splitting in the context of the production-
destruction systems (PDSs). Accordingly, we introduce the necessary background on
operator-splitting methods and the qualitative properties of interest. We examine two
ways to split the SIR model (process-based and dynamic linearization) and a process-
based splitting of the Robertson test problem in detail.

2.1 Operator-splitting methods

In this section, we introduce the operator-splitting (OS) methods as presented in [10].
We consider the initial value problem (IVP) for a 2-additive ordinary differential
equation

dy

o =Fey=Flen+Fley, ¥y =y 2

Let go[Ael] be the exact flow of the sub-system

dyt!
= Fllg i
a &y

for £ = 1, 2. Compositions of <p%t] can be used to construct numerical solutions to
(2). The most commonly known methods are the first-order Godunov (or Lie-Trotter)
splitting method,

G ._ 2] [1]
QR = @p; 00p;

and the second-order Strang splitting method,

s . [l (2] [1]
QAr = Par2 ©Par © Pasya
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To construct a general s-stage operator—splitting method we consider splitting coef-
ficients @« = [e1, @2, ..., o], where oy = [ozk ,ozk ] k=1,2,...,s. An s-stage
operator-splitting method that solves (2) can be written as

S
{k} {s} {A 1} {1}
War = l_[q)ockAt (DotxAt o P, 1At © cDoth’ 3)
k=1

(k} . 12] [1] : P
where @ wpAt = ‘”ag“m o wa%’”m' To achieve an order-p o g operator-splitting method,

the coefficients & must satisfy a system of polynomial equations derived from the
Baker—Campbell-Hausdorff (BCH) formula [10]. For method up to order pps = 3,
the order conditions are:

- 1 2
pos =1: ZO(]E]ZI, Zot][{]:l,
k=1 k=1
2( < 1
pos=2: Z H(ZO‘;E])Z%,
i=1 k=1
s—1 K 2 s s 2
[1] 1 < M2 1
pos =3: Z“ (Z“k) =3 2 <Z“k) =3
i=1 k=i+1 i=1 k=i

The application of OS methods is often limited to first- and second-order because
methods of order three or higher require backward-in-time sub-steps for each operator
during the integration [19]. In the case of the SIR model, backward-in-time integration
tends to add challenges to preserving monotonicity of the numerical solution.

The family of two-stage, second-order operator-splitting methods admits a one-
parameter set of solutions, of which the well-known Strang splitting method is a
member. This family can be described using a free parameter § # 1. We denote such
a method as OS228, whose coefficients are given in Table 1. By varying the values of
B, we can derive second-order OS methods with backward-in-time integration in only
one or both of the operators. For 0 < 8 < 0.5, both operators are integrated forward-
in-time only. For 8 > 0.5, operator 1 requires backward integration at one sub-step.
For B > 1 or B < 0, operator 2 requires backward integration at one sub-step. This
makes OS228 a good template to examine the effect of backward integration on the
properties (P1)—-(P4).

We note that 0S228(1 — +/2/2) is the “best” two-stage, second-order OS method
in the sense that it has the minimum local error measure for this class of methods [20].
For the purposes of comparison with higher-order methods, we also present numerical
solutions from the third-order Ruth (R3) method, whose coefficients are given in

'I(')asl:)zlgl; Coefficients ot,[(ij for i 0([ 1] a[2]
28—1
1 261 1=f
1
2 2B p
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Table 2 Coefficients algi] for the

R3 method “l[cl] 0‘1[3]
1 7/24 2/3
2 3/4 -2/3
3 —1/24 1

Table 2, and the fourth-order Yoshida (Y4) method, whose coefficients are given in
Table 3.

2.1.1 Operator-splitting for Nop-additive problems

Consider the IVP for an Nop-additive ODE

No
dy &

5 =Fey= gﬂ%, Y.  y0) =yo. @

The IVP (4) can be solved using a generalized Godunov or Strang Np-splitting
method,

G—N,, Ny, 2 1
o =l o Rl o . ®)
S=Nop ._ [1] 2] [Nop] 2] (1]
Dy, = PAty2 ©Par2 O Par Mo PAty2° Pary2 (6)

Remark 1 We note that the Strang splitting method is a composition of the Godunov
splitting method with its adjoint over At /2. One of the approaches to generate high-
order Ngp-split operator-splitting methods is to use composition methods. We can
compose basic low order N,p-split operator-splitting methods with different step sizes
to generate high-order methods [10]. For example, let y| = y3 = 2_;1/3, and y» =

— —2312/13/3 . We can generate a Yoshida-like fourth-order N,p-split method by composing

the Strang splitting method (6):

Y—Nop S=Nop - S=Nop _ ~ S—Nop

Dy =@ T oD T o ©)
Table 3 Coefficients "‘15” for the ol 2!
Y4 method, where 6 = 2_2%/3 k k

1 0/2 0

2 (1-6)/2 1-260

3 1-0)/2 o

4 6/2 0
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Table 4 Coefficients aIEi] for the Nop-split Yoshida method, where 6 = ﬁ

k ol ol aIENop*I] a]ENop]
1 /2 0/2 0/2

2 0 0 0/2

Nop — 1 0 0/2 0 0

Nop (1-8))2 (1-20)/2 (1-26)/2 1-20
Nop + 1 0 0 (1-26)/2 0
2Nop — 1 1-0)/2 0/2 0/2 0
2Nop 0 0 0/2

3Nop — 3 0 0/2 0 0
3Nop — 2 /2 0 0 0

The explicit coefficients of the N,p-split Yoshida method can be found in Table 4.

2.2 The SIR model

The susceptible-infected-recovered (SIR) model is a basic compartmental model first
introduced by Kermack and McKendrick [3] in 1927. It is used for modeling of the
spread of infectious diseases. Each living member of a general population is assigned
to compartments susceptible (S), infectious (I), or recovered (R) according to whether

they have never had the disease, have the disease, or no longer have the disease. The
mathematical model can be described using the following differential equations

d
ES(I) =—aS)I(1),
%I(t) =aSt)I(t) — bl (1), (3)

d
3 k@ = bl (1),

forall # > 0, a, b > 0 with the initial condition

S(0) = So, 1(0) = Ip, R(0) = Ryo.
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Despite its simplicity, the SIR model can be used to demonstrate general trends in the
evolution of its constituent compartments in response to new data (e.g., suggesting
changes in parameter values) and potential interventions (e.g., mandatory masking,
limits on gathering sizes, or lockdowns).

2.2.1 Process-based splitting of the SIR model with exact sub-integration

We first solve the SIR model with an operator-splitting strategy that splits the right-
hand side of (8) according to the physical processes between the variables:

(1]
asth _

f
dst
S = —b[[”(t), (9a)

(11
dR= = b1 (1),

asl 5121y 1120y,

d,
# = aSP(H 12 @), (9b)
drl?

k= =o0.

Remark 2 We note that (9a) describes the transformation of population between I and
R and (9b) describes the transformation of population between S and 1. In this case,
the process-based splitting coincides with a linear-nonlinear splitting of the original
system of ODE. Linear-nonlinear splitting is a common splitting strategy for systems
such as reaction-diffusion systems [21].

At each OS stage k, sub-systems (9a) and (9b) are solved sequentially with time
step-sizes a,El]At and a,Ez]At. For such a splitting strategy, each sub-integration can
be performed exactly. The exact solutions to (9a) and (9b) at OS stage k are

[1 [2]
S Snk[ll’
1 _ 2
i =il (00
[ 2] o—bepar
Ry =Ry + (1= o )Ink 10
sl2l _ [S“ +1,415, 4
nk = M explacst' +1) )(amAt)] st
RO "k
12— [SSA+T Y (10b)
nk = ]
Sy expl—a(S, 1, k)(ak At)]+’,,k
[2] _ plll
Rn,k - Rn,k'

The algorithm to advance the numerical solution of (9a) and (9b) using OS228
with exact sub-integration (10) from given S,, I,, R, values at time #, to values
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Sn+1, Int1, Ryy1 at time t,41 = t,, + At has the following form.

[1]
Sn,l = S"’ "
I,H =e P A, (0S228-process-based. 1)

RL%II =R, +(1— e—baEI]At)In’

[, 01l
S[Z] — [Sn.l+ln.l]sn,l
1 = et e an T
72 [y 1+ 1 (0S22B-process-based.2)
e R AT
R~ =R
n,1 n,1°

11 _ ¢l2]
Sn,2 - Sn,l’m
I,EI% = e b A’In[z}, (0S228-process-based.3)
[ ’ (1
Y
2 (st 475t
Spi1 = Sr[lé — 2T 5010,2

L3 expla(S,3+1, )@ ADI+S, 3
1 1 1
=72 — [Sy5+ 0010115 (OS228-process-based.4)
w2 = T a1 @ A+
2] n,Z[l]p n,2 " n,2 2 n2
Rut1 = R = RIS

n,

2.2.2 Dynamic linearization of the SIR model with exact sub-integration

To solve an ODE % = f(¢, y) using dynamic linearization, we first write the ODE as

d
d_f =f(t.y) =Jy+ E@.y) —Jy),

where J = 0f /dy is the Jacobian matrix. Then, the ODE is split as

dy!! 2]

— = 'y’ nd_—ft’y _ly
dr 4 dr .y

Unless f(¢, y) is linear and has constant coefficients, J is generally a function of ¢
and the solution y(#). In the method of dynamic linearization, J is evaluated and then
frozen at the beginning of each time step. Specifically, solving the SIR model using
dynamic linearization from ¢, to f,+1, we evaluate the Jacobian matrix at (t,,, y,) as

—al(t,) —aS(t,) O
J.=1| al(ty) aS(t,) —bO0
0 b 0
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For a splitting based on dynamic linearization of (8), the sub-systems

—dfi;l] = —al(t,)SM (1) — aS(t,) 1M (1),
d{itlJ - aI(tn)S[l](t) + aS(t,,)I[”(t) _ b[m(t), (11a)
UK = b1 (1),
4 = —aSPW IO +al () SPYO) +as) 1P,
d(]112] =aSP () IP(t) — al(t,) S (1) — aSt,) I (1), (11b)
dri2!
drR= _
dt ’

can again be integrated exactly and the solutions X, for X € {S, I, R} are derived
using a desired OS method. The exact solutions to (11a) and (11b) can be generated
by using a computer algebra system such as Maple. Due to the complexity of these
solutions, we do not present them here.

2.3 Robertson test problem and general PDSs

The Robertson test problem is a stiff system of three non-linear ODEs that describes
the chemical reaction between three variables. It is given as follows

d—X =aY()Z(t) — bX (1)

dl =da ( ) - 3

dy )

i bX(t) —aY () Z(t) — cY (1), (12)
dz oYY

PPk (1),

where a, b, ¢ are positive constants and the initial conditions X (0) = X¢, Y (0) = Yo,
Z(0) = Zy are all positive.

2.3.1 Process-based splitting of the Robertson test problem with exact
sub-integration

As proposed in (2.2.1), we split the Robertson problem according to processes into
the following two sub-systems:

%tm =ayM ) zW @) —pxM(r),
dyt
Cdr
dzm
T

=bxXM@) —ayM @y zW (), (13a)

’
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dxt
dt

dyt
dt

dz2l
dt

=0,

— —C(Y[z](l‘))z, (13b)

= c(YP (1))

Similar to the SIR problem, at each OS stage k, sub-systems (13a) and (13b) are solved

exactly with time step-sizes a,E” At and oz,[f] At. The exact solutions to (13a) and (13b)

at OS stage k are

L —exp(=@zl’)_ + by Ay z

] [2] [2] [2] [2]
k=1 — Xy kPt az Kokt

n,k—1n, n,k—1
nk— [2]
azn.kfl +b
[2] [1] [2] [2] [2] [2] [2]
Y[l] _ exp(i(azn.kfl + b)ak At)(aYn.kfl Zn,kfl B bXn.,kfl) + b(Xn,kfl + Yn.kfl) (14&)
nk — 5

[2]
aznvki1 +b
[ _ ~I2]
Zn,k - Zn,kfl ’
21 _ 1]
Xn,k - Xn,k’

(1]
Y@ = BT S
ey Mo a4+ (14b)
1]yl 711,020 (1]
21 _ Yag g T 2 ) A+ 2,
nk — ,

v o ar+1
where {a,f}ij’% _jand X, Y, Z, are the numerical approximations of the variables
X,Y,Z att = t,. We note that XELZE) = X,, Y,EZ(% =Y,,and Z,[lz(]) = Z,. To advance
from ¢, to f,4+1, apply (14a) and (14b) consecutively over all s stages of the operator-
splitting method, and let X,,4+1 = X,[ZZ]S, Yoy = Y,?S] Znt1 = Z,[fl

2.3.2 Process-based splitting of the production-destruction systems

A natural way to solve a fully conservative PDS (1) with N constituents using operator

splitting is to split the system into w sub-systems,
dyi _ d
& pij(y) — dij(y),
=4 = P, (15)
G =0, fork #1i, j

fori=1,2,..., N—landj=i+1,i+2,...,N.

Remark 3 1. We note that each sub-system describes the rate at which constituents i
and j are transformed from one to the other. If all constituentsi and j have two-way
connections, a process-based splitting strategy will have N(N — 1)/2 operators.
For example, a general PDS with three constituents would be split into three sub-
systems as depicted in Fig. 1. In the case of the SIR model, the transformations
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Fig.1 Flowchart of a PDS with
three constituents

Y1 Y2

Y3

are unidirectional and only between S and I and I and R as shown in Fig.2.
Therefore, the resulting split system consists of only two sub-systems (each treated
as one operator on two constituents at a time).

2. The choice on how to split a system of differential equations usually depends
on the goals of the simulation, e.g., on the properties to be preserved or the
physical or computational characteristics of the solution. Splitting the PDSs as
described in (15) produces much simpler sub-systems and generally increases the
chances of obtaining an exact solution for each sub-system (if desired). There are
several available high-order 2- and 3-split operator-splitting methods available,
e.g., [20, 22]. Np-split operator-splitting methods include Godunov (5), Strang
(6), and Yoshida (7). We are unaware of general N,y-split operator-splitting meth-
ods beyond these.

2.4 Qualitative properties
2.4.1 Qualitative properties for the SIR model

Numerical solutions to the SIR model must share important properties with the true
solution in order for them to have physical interpretations. We denote the numerical
solutions X,, ~ X(t,), X € {S, I, R}, fort, =nAt,n e N:={0,1,...}.

1. The dynamics of an epidemic often dominate the dynamics of birth, death, and
population immigration. Accordingly, it is justified to omit the effects of births,
deaths, and immigration in a simple SIR model. Hence, the total population is

Fig.2 Flowchart of the SIR

model S I R
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conserved. The conservation of total population can be derived from the differential
equations. By adding the equations of system (8), it is easy to obtain

dS dI dR
— 4+ —+—=0 = S@+1(t)+ R(t)= Npforallt > 0.
dr dr dt

We demand the same property from the numerical solutions; i.e., given initial
conditions So 4+ Iop + Ryo = No, we have

Sy + 1+ R, =Npforalln e N (P1)

Failure to satisfy (P1) would undermine the credibility of any results. That being
said, satisfaction of (P1) in itself does not guarantee reliable solutions; i.e., (P1)
is a necessary but not sufficient indicator of solution quality.

2. Because the functions S, I, R denote population densities, their values should
remain non-negative. Hence, we require the same from the numerical solution;
i.e., given initial condition Xy > 0, we have

X, >0, foralln e Nand X € {S, I, R}. (P2)

3. We assume that infected or recovered individuals develop immunity; therefore,
the function S is non-increasing in time. We require that the numerical solution
satisfies

Sy > Sp41 foralln € N. (P3)

4. We assume that recovered individuals do not move to another compartment. Hence,
R must be an non-decreasing function in time. We require the same from the
numerical solution:

R, < Ryy foralln € N. (P4)

2.4.2 Qualitative properties for general PDSs

General production-destruction systems do not require monotonicity in its variables.
We are interested in preserving the conservation and positivity properties in the numer-
ical solution as defined in (4). In the context of the Robertson test problem introduced
in Section 2.3.1, because the original ODE (12) is unconditionally conservative, there-
fore for all Ar > 0, foreachn € N:

Xo+Y,+27Z,=Xo+ Yo+ Zo. (Robertson P1)

Because each variable X, Y, Z represents a chemical concentration, for all At > 0,
foreachn € N:
Xn> Yn, Zn 2 0. (Robertson P2)
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3 Main results: effect of splitting strategy on qualitative property
preservation of production-destruction systems

In this section, we give the main results on the qualitative property preservation of
the two different splitting strategies considered applied to the SIR model and process-
based splitting applied to the Robertson test problem. We also extend to the positivity-
preserving property of OS methods to general production-destruction systems.

3.1 Conservation property of operator-splitting methods

In this section, we discuss the effect of operator-splitting methods in preserving the
conservation property of a production-destruction system.

Theorem 1 Assume that each sub-system (15) of a process-based splitting strategy of a
PDS (1) has an exact solution. Then, the numerical approximation obtained using the
operator-splitting methods and exact sub-integration is unconditionally conservative.

Proof When solving (1) using operator-splitting methods, let ygz]k be the numerical

solution of solving the sub-system (15) exactly over a fraction of oz,[f] At. Because the

sum of the derivatives in (15) is equal to zero, the total sum of components of y,[f]k

does not change regardless of the value of ay]. Hence, the sum of the components of
numerical solution y, 4+ at r = #,41 is equal to the sum of the components of numer-
ical solution y, at t = t,,. Hence, the operator-splitting methods are unconditionally
conservative. O

Remark 4 We note that the conservation property relies on two facts: 1. each sub-
system is unconditionally conservative, i.e., the sum of the derivatives equals zero,
and 2. the underlying numerical method to solve the sub-systems is also uncondi-
tionally conservative. In this case, the operator-splitting methods do not affect the
conservation property. For the same reason, if the SIR model is split using dynamic
linearization (11a) and (11b) and solved using operator-splitting methods with exact
sub-integration, the numerical solution is still unconditionally conservative. In con-
clusion, property (P1) is satisfied for the SIR model with both process-based splitting
and dynamical linearization splitting, and property (Robertson P1) is satisfied for the
Robertson test problem.

Remark 5 Onemay contemplate eliminating one variable using the conservation prop-
erty of the system for the SIR model and solving a system with one less unknown.
However, it is unclear that such an approach would significantly simplify the solu-
tion of the SIR model or (even more so) other larger and more complex systems, e.g.,
production-destruction systems.

3.2 Process-based splitting of the SIR model
In this section, we focus on the effect of negative time-stepping on the qualitative prop-

erties (P2)—(P4). If we do not need to employ any backward stepping, the properties
(P2)—(P4) are satisfied trivially as stated in (2).
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Theorem 2 Assume that all ozk > 0. Then, properties (P2)—(P4) are satisfied when
we solve the SIR model using (10).

Proof Property (P2) is satisfied because the exact solutions (10a) and (10b) are both

positive for all intermediate stages of S, I, R if At > 0 and a,[f] > 0.

Property (P3) is satisfied because dgt = 0 and %22] < 0 when all intermediate

variables of S, I, R are all positive. Hence, when the subsystems (9a) and (9b) are
solved exactly, the desired montonicity property (P3) is preserved.

dRr!! dr2
dr

Similarly, Property (P4) is satisfied because =;— > 0 and = 0 when all

intermediate variables of S, I, R are all positive. O

3.2.1 Solving the SIR model using 05228 with negative coefficients

Lemmal IfS, > 0and I, > 0, then S,4+1 > 0 and 1,41 > 0 for all At > 0 when
the SIR model is solved using (OS22B-process-based.1).

Proof Equation (10a) implies that at each stage k, after solving the first sub-system
©a)overa'ar, SI') > 0and 11} > 0if S}, > 0and 17| > 0.

Equatlon (IOb) implies that at each stage k, after solving the second sub-system
(9b) over Otk At, Sr[lzl]C > (0 and In,k > 0if Sr[llllC > (0 and In)lll > ( because exponential
functions are positive.

Therefore, if S,, > 0 and I, > 0, we can recursively conclude that S,[f}( >0
and I}E{Z,]( >0for¢ = 1,2andall k = 1,2,...,s. Hence, S,+1 = S,[fg > 0 and
Lijy = 13 > 0. O

Proposition 1 Property (P4) holds for the SIR model for all At > 0 if S, > 0 and
I, > 0in (OS22B-process-based.1).

Proof We consider the following two cases:
e B € (—00,0.5].
When g € (—00,0.5], al! > 0 fork = 1, 2.

Hence, 1 — e’b“/[cl]A’ > 0 for k = 1, 2. Furthermore, the proof of (1) implies that
I, > 0 and I,llzll > (. Therefore,

[1] [1]
Rupt = Ry = Li(1— 7180 + [21(1 — e %) > 0,

and so R,+1 > R, for all n.

e B (0.5 1)U(l,00).
When 8 € (0.5, 1) U (1, 00), solving the SIR model with (OS228-process-based)
yields

(1 ] (1
pallary , In(1L— €728 (S, + et A e b A
Riy1— R, =1,(1—e b At)_|_ '

[l
—bat AL, 121 [
S, e @GSt e T e AL g by At
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We first show that

[1] [1 (1]
In(l _e—bot2 At)(Sn +Ine—bal At)e—botl At

[1]
Rus1 — Ry = I,(1 —e P A1) ¢ -
Sn +Ine—ba1 At

(16)
When g € (0.5, 1),0151] < O,a?] > 0,and ozy] > 0, and the following inequalities
hold:

L 1
I,(1 — e b Aty - because ozg I <o,
[1] 1 1]
—basy ' At —ba; Aty —baj At
_ 2 1 e 1 1
L(=e l(fi’fg[”e e > 0, because ocg IS o,
Sne—a(sn+1ne_ o] ’)aEZ]Az_Hne—baE”Az

(1]
B “pallary 121 2
e~ Sntlne 1 AL because oz%] > 0.

Hence, (16) holds.
When g € (1, 00), agl] > 0, ocF] < 0,and ag] < 0, and the following inequalities
hold:

i
I,(1 — e bar Aty 5 0 because agl] > 0:

11 1] (1
—bas ' At —bay Aty —bai At
— 2 1 1 1
(e )(Snt1ne e < 0, because ozg I < 0;

el

[2] [1]
Sne—a(SnJrlne )0(1 At_,’_lnefbat1 At

[1]
B bl A, 121
e a(Sp+1Ie 1 )0(1 At > 1’ because 01[12] < 0.

Hence, (16) holds.
Finally,

[1] [1] [1]
I,(1 _e—baz At)(Sn +Ine—ba] At)e—ba] At

[1]
Ryy1 — Ry > Iy(1— e P A1) 4 -
Sy +Ine—ba1 At

[1] (1] [11
— In(l _e—botl Al) +1n(1 _e—bolz Al)e—boll At

=1y — Ine_ba%”m + Ine_b"‘%”m — Ine—b(a%”+a£”)m

= Iy(1 — b ey

We note that oc{l] +a£1] = 1 from the order conditions. Therefore, R,,+1 — R, > O.

In conclusion, R,+; > R, for all Az > 0 when the SIR model is solved using
(OS228-process-based). m]

Corollary 1 Property (P2) holds for all At > O when the SIR model is solved using
(OS22B-process-based).

Proof Proposition 1 implies that, for all At > 0, R,4+1 > 0if R, > 0. Equation (1)
and the initial condition Sy, Iy, Ry > 0 imply that S, I,,, R, > 0 for all n. O
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Remark 6 We note that the intermediate stages R,[f}c

solution values at t = t,41 are non-negative.
F urthermore, the proof of Proposition I can be generalized to cases where a,El] +

may not all be positive, but all

O‘k+1 > 0, which is a property both R3 and Y4 satisfy. In partlcular it can easily be
verified that in R3, we have a2 + a3 > 0, and in Y4, we have al + azl] > 0 and

oAl 4 alll > 0

Proposition 2 Property (P3) is a result of property (P2) for the SIR model for all B # 1
in (OS22B-process-based).

Proof
e If B €0, 1), then am > 0 for k = 1, 2. Because all intermediate stages S[zk and
I [611 are non-negative, dzl = —aS21[2] < 0. Therefore,

1 2 1
Sur1 =S < S =57 < st =5,

Hence, property (P3) holds for all At > 0.
e If 8 < 0, then a%ll, aél], a% ~ 0 and a£2] <0

To show that S, +1 > S, it is sufficient to show that % <1.

[2] [2] (1] [2] [2]
Sn+l S _ Sn, Sn 2 S S
Tl Tl [1] [1] ' [l]
S" S Sn, Sn,l Sn 2 Sn 1
[543 + 1,11 [Sp1+ 111

~ 1M expla(st + 1M @ a0t + s 1 explast + 1M @@ an) + s
To show that "“ < 1, it is sufficient to show that

L)@ AN+ (I expla(S) |+ D@ An1+5,)
— S+ hest'h + 11 > o, (18)

(I 2 exp[a(S[]]

Expanding and simplifying the left-hand side of (18), we get

II%IIEI} exp[a(S,[:]z + I,E}%)(a%z]At)] exp[a(S + In 1)(0‘1 At)] nlglrm
part 1
+1! S[llexp[a(S[l + 1@ an] - 11 st
+111 s expla(st + 1) (o 2]At)] st (19)

part 2

Before we show that both parts 1 and 2 are positive, we derive some useful equations
and inequalities:
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The order-1 condition is

o a1,

Because agll > (0 and agl] > 0, R’El]1 < R’[lllz. Therefore, (P1) implies that

[1] [1] [1] [1]
Sn,l + In,l > Sn,Z + In,2 = 0.

Dividing the § and I terms in (10), we get

S[l] S[I] AL
2= S expl———— —a(S + 11D - afh A,
In’2 In’1 2(1 — o )
Hence,
[11 7011 _ ol1]4(01] bAt [1] [1] [2]
Sn,ZIn,l - Sn,lln,Z P[ 2 a(Sn,l + In,l)(1 ) )Ar].
2(1 —ay)

We now consider the exponential terms in part 1:

expla(SL') + 1" (@5 A expla(st] + 1D @ an)
explaat(S) + 11" had +anr(st + 111 — ob]
expladral (S} + 11 — (st + 1Dy + aar(st + 1h1 > 1.,

using (21) and aéz] < 0. Therefore, part 1 is positive.

We now consider part 2. First, we note that (21) and aéz] < 0 imply

exp[a(S,E}Jz + I,E}%)a%zlAt] > exp[a(S,[:J1 + I,E’lf)oéz]At] > 0.

Substituting (20), (22), and (23) into part 2, we get

part2 > I,EL;SLHI exp[a(S,[:]l

+1M st explacst'] + 11'ha

1 2 1 1
+ @ Aan) - 1t

[l

2
—dg])At)]— n,1°n,2

= 118!} [explacs)!] + 1Ded an) — 1]
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X [exp[a(S[”

n,1

+ 1M = afhan] - 1]

_ bAt T |: bAt (S[l]
— | —exp| ———+ —a
20— o) | 201 — )

[1] ¢l1]
:In,2Sn,l exp n,1
1y, [2
+ 1@ an -1}

+1i'ha —agm)m]

—l—exp[a(S[l]

n,1

bAt
L2(1 — o) ]

- <1 - exp[a(S,[:]] + I,E}})(OlgzlAf)])}

— 7l ¢ll]
_In’zS

1 exp (1= explacst!] + 1@l = nan)

> I,EIASLHI exp[ ] (1 — exp[a(S,[:]l + I,Ll})(otgz] — I)At])

2(1 — ol

= (1= explacst!] + 1@l - nan)}

bAt
= 1118 (exol—"" 1= 1) (1 = explacst] + 11 @l = D)
2 21 — oy o

> 0,

because aéz] < 0.

Now because parts 1 and 2 are both positive, S,+1 < Sj,.

e If 8 > 1, then allll, otgz] > (0 and aI12]’ a[21] < 0. Similar to the case where 8 < 0,

to show property (P3), it is enough to show that % < 1, which is equivalent to

showing that (18) holds.
Equation (18) can be split into two parts as in (19), and again we show that both
parts 1 and 2 are positive.

We note that when 8 > 1, (20) and (22) still hold. Furthermore, because ocgl] <0,
[2]
I

T Hence,

(1]
In’2 >

1 1 2 1 2 2 1 1
W =sP s sP P =st il =0 @

n, n,l

Now the exponential terms in part 1 can be written as

explanral! (S + 11 — (st + 11'h) +aar(st +1'hy > 1.,

n,

using (24) and a£2] > 0. Hence, part 1 is positive.
We now consider part 2. Using (20), (22), and (24), we get

part2 = I,[II%S,[IH1 {exp[ expl — a(S,E%]l + IH)(I — agz])At]

bAt 1
21 — ol 2(1 — ol
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+expla(st) + 1)@ an - 1}

bAt
1 1 1 1 2
> 11stM Yexpl J —a +1'"ha - afharn

DAL
_ AL A
2(1 — o) 2(1 — ol
+expla(st] + 1@ an] - 1}
bAt
= 1118t 3 —expl—= 1 (expl=a(si!} + "Dt = aPhar - 1)
2 21 — ol S

+ (explas] + 1@ an1 - 1))

bAt
> 1,[1;5,51]1 —exp[iz(1 ozm)] (exp[—a(.S‘,[:]1 + 1,[}})(1 - a&zl)At] — 1)
)

+ (expl=asil} + 1'hat = afhar - 1)}

bAt
= 1S (expl—a(st + 1My — oA —1) (1 — expl————1]
n,2%n,1 < n,1 n,1 2 ) 21 — O[£2])
> 0,
because ozg] > 1. Having shown parts 1 and 2 are both positive, we have the

desired property (P3).
i

Remark 7 We note that when the SIR model is solved using OS22 and the sub-systems
(9a) and (9b) are solved exactly, all properties (P1)—(P4) are satisfied for all At > 0.
Asdiscussed in [17,23], if the nonlinear sub-system (9b) is solved using a Runge—Kutta
method, properties (P2)—(P4) are only satisfied with a time-step restriction. This is due
to the fact that the Runge—Kutta method does not preserve positivity or monotonicity
of the sub-system.

3.3 Dynamic linearization of the SIR model

In this section, we show that property (P2) does not hold for the SIR model when
dynamic linearization is applied even when all a,[f] > 0. Because (P3) and (P4) are
usually consequences of (P2) with potentially more restricted step-sizes, we do not
discuss step-size restriction on (P3) and (P4) in this section.

Due to the complexity of the exact solution of (11a) and (11b), we illustrate that
property (P2) does not hold for the following set of parameters {¢ = 0.0005,b =
0.05, Sop = 800, Iy = 200, Ry = 0}.

Proposition 3 There exists a step-size At* > 0 such that (P2) does not hold for
t > At* when (11) is solved with an s-stage operator-splitting method with oy ' > 0.

Proof Using the parameter values {a = 0.0005, b = 0.05, So = 800, Iy = 200, Ry =
0}. It is enough to show that there is some At* > 0 such that not all of Sy, I;, R} > 0.
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We show that when At is sufficiently large, R; is either negative or greater than Ny,
implying that one of S7 and /1 must be negative.

Solving (11a) exactly over agl]At, we get

Ri = Ry = Ry
(1
= (—1.3489017711)_| — 1.106365)°) _ el 02192207 A1
[1]
+(0.34886183217)_| +0.106336S51_ )¢ 22808 ar g1 12 4+ RPL
(11
= (—1.34890177117_| — 1.106365)°)_)el-021922as At

(1]
+(0.3488618321)7_| +0.1063365(°] )¢ 28087 A 4 Ny,

where No = So + 1o + Ry is the conserved total population.
Regardless of the values of S([fg_l and I(E’zs]_l, R — ocoor Ry — —ooas At — o0.
Hence, for sufficiently large A¢, Ry > 1000 or R; < 0, implying that (P2) fails

when At is sufficiently large. O

Remark 8 We note that when ot,[f] > 0, the property (P2) does not hold because the
exact sub-integration of R is no longer non-negative for all At > 0. This is a critical
difference between the solution of the SIR model using process-based splitting and the
solution using dIynamic linearization.

Finally, %f a£ ' <0, it can be shown from the graph of Ry that depending on the
values of So%g_l and I(g’zs]_l, R < 0 for some choices of At > 0.

3.4 Positivity-preservation for the Robertson test problem

Proposition 4 The numerical solution to the Robertson test problem (12) is uncondi-
tionally positive for all At > 0 when process-based splitting is used provided that all

. [€],¢=1,2 .
OS coefficients {oy "}, _'5 are non-negative.

Proof Consider the exact solution (14a) to sub-system (13a). Assume that X;[12}<—1’

Y2z = 0. Because o1 > 0, exp(—(az’l_| + b)a['an) < 1 for all

At > 0. Now, we consider the following two cases:

. (2] [2] [2]
e Case 1: IfaYmklen‘kf1 — bXn‘kf1 > 0, then

[2] [2] [2] [2] [2] [2]
_(aYn,k—l Zn,k—l - bXn,k—1)+aZn,k—l (Xn,k—l + Yn,k—l)

2] =X,k 120,
azn,kfl +0b

nk—1=

[1]
Xn,k >

2 1 2 2 2 2 2
pl _ SPC@Z 0+ a1 AN@Y 25— bX DG YD
g aZP]_ +b -

)

again because both the numerator and denominator are positive.
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2

o Case 2: IfaY,E?g_IZL%,]C_l — bX,[l}C_1 < 0, then

(1]
Xn,k z 0’
because both the numerator and denominator are positive, and

[2] [2] [2] [2] [2]
yl o @Y, 12y g1 =X ) + DX+ Y5 )
alellc | +b

_ yl2]
n,k =7, 20’

n,k—1

because both the numerator and denominator are positive.

It is obvious that Z,[ll}( = Z,[lz}c_ | = 0in both cases. The exact solution (14b) of

sub-system (13b) is obviously non-negative if X,[ll}(, Yﬂ, Z,[:,]( > 0 and a,[cz] > 0.
Therefore, X,,+1, Yut1, Zu+1 = 0if Xy, Yy, Z, > 0. Because the initial conditions

Xo, Yo, Zo = 0, we have X,,, Y, Z, > O0foralln =1,2,.... O

We now focus our attention on OS228 and study the effect of backward integration
on the Robertson test problem. We use the OS22 8 method for analysis because it admits
backward integration in either one or both of the sub-systems. The generalization of
the results to other operator-splitting methods can be done using similar argument.

Proposition 5 We solve the Robertson problem (12) using OS228 with (13a) and (13b)
integrated exactly. If ot,Eu < 0 for some k and £, then one of X1, Y1, Z1 is negative for
At sufficiently large.

Proof We note that for 8 € [0, 0.5], all coefficients of OS228 are non-negative.
Therefore, we only need to discuss the following three cases: g € (0.5, 1), 8 € (1, 00),
and 8 € (—o0, 0).

e (05,1
For 8 € (0.5, 1),04{” < Oandag ,ag], > 0, we show thatifaYyZo—bXgy <
0, then X1 < O for At sufficiently large.

— IfaYyZo — bXo < 0, after integrating the first operator (13a) over otllllAt,

—exp(—(aZo + byl Ar) (Yo Zo — bXo) + aZo(Xo + YO)

[1]
X =
0.1 aZo+b
U exp(—(aZy + b)a At)(aY()Z() —bXp) +b(Xo + Yo)
0.1 aZo+b
(1]
ZO,I = Zy.

(25)
We note that Y(glll — —o0 as At — oo because all initial conditions Xg, Yo,

Zo > 0 and a%l] < 0. Hence, we can choose At large enough such that

@ Springer



Numerical Algorithms (2024) 96:1391-1421 1413

Yé}ll < 0 and a(Yé}l] + Z([)l’]l) + b < 0. After integrating the second operator
(13b) over ot A7,

1

2] _ 1]
Xo1=Xo.1»
[1]
yl2 Yo
0.1 cY(l)lllotllzlAt + l’
[1] v/ [1] [11y . [2] [1] [1]
21 Yoo +Zg Doy Ar+-2Zy 7 Yo,1 [, 1]
Zoa = 2] =T RRONREANE
’ cYyja A +1 cYy A +1 ’ ’
(26)
‘We note that X([)zl1 > 0, and, for At sufficiently large, Yézll > 0 and Z([)Z} < 0.
[
[2] [2] _ Y01
Moreover, as At — o0, YO’1 — 0 and aZQ1 +b = a(—W) +

a(Yé}E + Z([)H) + b < 0. After integrating the first operator (13a) over ag]At,

2 1 2] 12 2 2 2 2
K~ exp(—(aZy | +b)ay AN @Y1 Z ~bXg) +aZot (X1 +Y5)
2 aZll+b

27
We note that (a¥( | Z{7] — bX[7]) < 0 and exp(—(aZ{] + b)e ! Ar) —>( og
as At — oo. Hence, the numerator of X([)f]z is positive for At sufficiently
large. Because the denominator of X(l)lé is negative, X(l)lé < 0. Therefore,
X1 = X2 = xi} <o.

- If aYoZo — bXo > 0, because a%” < 0, exp(—(aZp + b)agl]At) — 00 as
At — oo. Referring to the expression of X ([)1]1 in (25), itis obvious that X ([)1]1 <
0 and Y(g’llj, Z(l)%Jl > 0 for Ar sufficiently large. Referring to the expressions (26)
of integrating (13b) over aEZ]At, in this case X([)Z]1 < 0 and Y&Zl], Z([)Z{ > 0.
Moreover Y(E’zl] — 0 as Ar — oo. Therefore, we can choose At sufficiently
large such that X ([)2]1 + Yé)zl] < 0. Now refer to (27) for the solution of X ([)1]2 after
integrating (13a) over ozg]At. Because Z([)ﬂ > Oand aél] > 0, exp(—(aZ([)ﬂ +
b)ag]At) — 0 as At — o0o. Because X([)z]1 + Y&zl] < 0, for At sufficiently
large, )(’([)17]2 < 0. Therefore, X; = X([)?]z = X([)l,]z < 0.

e B e(l,00)

For g € (1, 00), oc%l], a£2] > 0 and 0452], ocgl] < 0. After integrating the first
operator (13a) over aEl]At, the resulting intermediate values X, ([)1]1 Yé}ll, and Z([)E]I
are non-negative for any At > (. After integrating the second operator (13b) over
a negative time-step agl]At, X([)2]1 and Z([f} are non-negative for all At > 0, and
Y(g’zl] < 0 for At sufficiently large. Therefore, aY(E?l] Zéﬂ - bX([f]1 < 0. Because
aél] < 0, exp(—(aZ([ﬂ + b)agl]At) — 00 as At — 00. Therefore, X([){]z — 00,
Y(g.lzl — —00, and Z([){]z > 0 when At — oco. Moreover, because X([)”2 + Y(g‘lz] + Z([f]z
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remains constant, for Az sufficiently large, Y(glz] + Z([)I% < 0. Now consider Z| =

Z([ﬂ. Because a[2“ > 0, Yé}zl <0, Z([)g > 0, Y([)’lzl + Zé)g < 0, the numerator of Z;
is positive and the denominator of Z; is negative for Ar sufficiently large. Hence,
Z < 0.

e B e (—0o0,0):
For 8 € (=00, 0), agl], agz], ag] > 0 and a£2] < 0. As shown in the proof of (4),
because the initial conditions Xg, Yy, Zo > 0, the intermediate values X([)1]2, Yé}z],

and Z([)g after integrating the first operator (13a) over a[21 IAt are all non-negative

(2]
2

for any Ar > 0. Because ;' < 0, the exact solution of the second operator (14b)

indicate that Y1 = 522] < 0 for At sufficiently large.

]

Remark 9 We note that although the Robertson test problem has exact solutions (14a)
and (14b) for each of the sub-systems, the exact solutions are not always positive
when ot,[f] < 0. In fact, the exact solutions blow up when a,[f] < 0 and At — oo.
This instability in the exact solution is a main difference between the Robertson test
problem and the SIR model. Moreover, although we only care about the positivity of
the variables at the end of each time-step t,, it is beneficial to keep the intermediate
variables X ,[f}( Yy,l Z,[f}c positive because this would reduce the chance of blow up

in the next sub-step.

Remark 10 Assume that each sub-system (15) of a process-based splitting strategy of
a PDS (1) has a positive exact solution. Then, the numerical results obtained using
the Godunov or Strang splitting method with N(N — 1)/2 operators and exact sub-
integration is unconditionally positive because the exact solution of each sub-system
(15) is unconditionally positive. However, if we use a generalized Yoshida method
(7), the positivity is not guaranteed because the exact solution can be negative when
integrated backward in time, and this negativity might not be compensated by the
subsequent forward integration.

4 Numerical experiments

In this section, we give the results of some numerical experiments to support the
theoretical results reported in the previous sections.

We also performed experiments with the SIR model using the modified Patankar—
Runge—Kutta method MPRK22 from [24] as well as the splitting method ES2 from [12]
for differential equations that are not split additively. True to the theory, both methods
produced results that satisfy (P1)-(P2). However, the resulting accuracies appeared to
be significantly worse than solving (9) using Strang splitting ((OS22-process-based)
with 8 = 1/2) for a given time step-size.
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Fig. 3 Plots of the numerical solution for various operator-splitting methods applied to a process-based
splitting. Properties (P1)—(P4) all hold

4.1 Process-based splitting

The SIR model is solved using (OS22-process-based). The splitting methods exam-
ined are Strang, 0S228(1—+/2/2) (“Best22”), R3, Y4, 0S228(—0.25), 0S22(0.75),
and OS228(1.5). Figures 3 and 4 display the numerical results for Az = 15. In agree-
ment with the theory, we see that properties (P1)—(P4) all hold. Of note, we see that
the presence of positive coefficients in the OS methods is neither necessary nor suf-
ficient for qualitative property preservation. We further note that the numerical result
for larger At is similar the case when Ar = 15, as proved in Section 3.2.

0822b(-0.25) plot with dt=15 0822b(0.75) plot with dt=15
00 - - Sref 01 - - Sref
1000 - — o 1000 — =5t
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Fig. 4 Plots of the numerical solution for various OS228 operator-splitting methods applied to a process-
based splitting. Properties (P1)—(P4) all hold
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4.2 Dynamic linearization

The SIR model is now solved using dynamic linearization (11). The splitting methods
examined again are Strang, OS228(1 — «/5/2), R3, Y4, and OS228(—0.25). Table 5
summarizes the smallest step-size such that each property fails for each method. In
agreement with the theoretical results, property (P1) holds for all step-sizes, and there
is a step-size At beyond which each qualitative property (P2)—(P4) does not hold.

We note that both Strang and 0S228(1 — +/2/2) only have positive coefficients.
Nonetheless, properties (P2)—(P4) fail for Ar sufficiently large. That is, the mere
absence of negative coefficients is not sufficient to guarantee the success of a splitting
method depending on the goals.

That being said, all of R3 and Y4 have negative coefficients in both operators,
and 0S228(—0.25) has a negative coefficient in only the second operator. Again the
properties (P2)—(P4) fail for sufficiently large A¢, in agreement with the theory. It
seems, however, for this model, the presence of negative coefficients may lead to
qualitative property preservation breaking down sooner, i.e., for smaller At, than for
the case where negative coefficients are absent.

08228(1 —+/2/2) is the method with the smallest splitting error among all 0522
methods. We see from Table 5 that it can take a step-size that is almost 50% larger
than Strang before any of the properties (P2)—(P4) cease to hold.

Finally, we note from the results of Strang, OS228(1 — \/5/2), and 0S228(—0.25)
that properties (P3) and (P4) are not a consequence of (P2). Any of the three properties
may cease to fail first.

4.3 Robertson test problem

In this section, we solve the Robertson test problem (12) using process-based splitting.
The operator-splitting methods examined here are OS228(—0.2), 0S225(0.7), and
0S226(1.2). The sub-systems (13a) and (13b) are solved exactly. For the numerical
experiments, we use the parameter values @ = le4, b = 0.04, and ¢ = 3e7 with initial
conditions X(0) = Xg = 1 —2eps, Y(0) = Yy = eps, Z(0) = Zg = eps. In Table
6, we present the stepsize Ar when one of the three variables X1, Y1, Z; false to be
positive. As proved in Section 3.4, when one of the a,[f] is negative, (Robertson P2)
false for At sufficiently large.

Remark 11 We note that Table 6 indicates that when At is sufficiently large, at least
one of X1, Y1, o0rZ is negative. However, the step sizes that preserve positivity of
X1, Y1, Z1 do not guarantee positivity of X, Yy, Z, for all n > 1. In the case of
05228(0.7), both step sizes At = 0.12 and At = 0.13 fail to produce a positive solu-
tion to the Robertson problem over the full interval [0, 1e + 10].

On the other hand, when process-based splitting is employed and all operator split-
ting coefficients are positive, positivity of the variables X, Y, Z, forn > 1is satisfied
unconditionally, as claimed in Proposition 4. Figure 5 presents the numerical solution
of the Robertson problem solved using process-based splitting with 0S22B(1 —+/2/2)
for At = 10. Positivity of all three variables and the conservation of the sumof X, Y, Z
are satisfied as expected. We note that the numerical results for larger At are similar to
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Table 6 In each case, for At is sufficiently large, one of X1, Y1, Z; < 0 when the Robertson test problem
is solved using process-based splitting

Method 08228(—0.2) 08228(0.7) 08228(1.2)
Stepsize At 0.0015 0.002 0.12 0.13 le-7 2e-7
X1 >0 T T T F T T
Y1 >0 T T T T T T
Z1 >0 T F T T T F

the case when At = 10. Although operator-splitting methods with positive coefficients
are unconditionally positive for the Robertson test problem, they are less accurate as
the MPRK22 method for a given step size for this problem.

Remark 12 Furthermore, the differential equations of the Robertson problem imply
that Z should be monotonically increasing. When using process-based splitting and
an operator-splitting method with positivie coefficients, the monotonicity of Z is sat-
isfied unconditionally for the same reason that R, in the S1 R model, is monotonically
increasing as presented in Theorem 2. When using operator splitting method with
negative coefficients, this property fails for At sufficiently large as shown in Fig. 6.

5 Summary and conclusions

Mathematical modelling is omni-present in modern daily life. These models are typi-
cally large, complex, and require solutions to be approximated by numerical methods.

08223(1 — v/2/2) with dt = 10

T T T T

=57
—Y*10000
z

—X+Y+2Z

0.4 -

0.2~ ~

0 1 | | Il Il
10" 10° 10° 10 10° 108 10
t

Fig. 5 Positivity of all three variables and the conservation of the sum of X, Y, Z are satisfied when the
Robertson problem is solved using process-based splitting with operator splitting method 0S228(1—+/2/2)
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Fig.6 When solving the Robertson problem with operator-splitting methods with negative coefficients, Z
fails to be monotonically increasing for At sufficiently large

Often, the problems are posed as differential equations that are so large that they
must be split into pieces that are solved separately. Furthermore, the numerical solu-
tions may be required to satisfy certain qualitative properties in order to be physically
meaningful.

The SIR model is a basic model of infectious disease spread that can be used to
illustrate how qualitative properties, such as positivity, monotonicity, or conservation
of total population, are affected by the choice of splitting strategy, i.e., despite the
fact that the sub-systems are integrated exactly. Accordingly, an analysis such as
this can inform which splitting strategies are most amenable to qualitative property
preservation.

We have demonstrated that a process-based splitting, which for the SIR model also
happens to correspond to a splitting based on linear/nonlinear terms, unconditionally
preserves positivity, monotonicity, and total population. This result has some applica-
bility to understanding qualitative property preservation of the more general class of
production-destruction systems. For PDSs, total population and positivity are uncon-
ditionally preserved under process-based splitting.

On the other hand, the popular and powerful dynamic linearization method is only
conditionally stable; i.e., there is a step-size beyond which at least one of the qualita-
tive properties (P1)—(P4) cease to hold. In practice, these step-sizes may be so large
as to yield inaccurate solutions, in which case smaller step-sizes would be required
anyway, and the conditional nature of qualitative property preservation may largely
be irrelevant. As usual, the impact of the presence or absence of restrictions due to
stability depends on the goals of the simulation.

Comparing the two splitting strategies applied to the SIR model, we conclude that
the process-based splitting is preferred over dynamic linearization because the exact
solutions of sub-systems of the process-based splitting are unconditionally positive
and conservative for all Az > 0. By comparing the results of the SIR model and the
Robertson test problem, we conclude that when choosing a particular operator-splitting
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method, if the exact solution to the sub-systems preserves the desired qualitative
properties for At < 0, then it is safe to use operator-splitting methods involving
backward integration. Otherwise, one should expect a step-size restriction to preserve
positivity when using operator-splitting methods with negative coefficients.
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