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Abstract

In this paper, for solving a broad class of large-scale nonconvex and nons-
mooth optimization problems, we propose a stochastic two-step inertial Bregman
proximal alternating linearized minimization (STiBPALM) algorithm with variance-
reduced stochastic gradient estimators. And we show that SAGA and SARAH
are variance-reduced gradient estimators. Under expectation conditions with the
Kurdyka—t.ojasiewicz property and some suitable conditions on the parameters, we
obtain that the sequence generated by the proposed algorithm converges to a critical
point. And the general convergence rate is also provided. Numerical experiments on
sparse nonnegative matrix factorization and blind image-deblurring are presented to
demonstrate the performance of the proposed algorithm.
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1 Introduction

In this paper, we are interested in solving the following composite optimization prob-
lem:

min = ®(x,y) = f(x)+Hx,y)+g(y), (L.D
xeR!, yeRm
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where f : R — (—o00, +oc] and g : R"™ — (—o0, +0o0] are proper lower semicon-
tinuous. H(x, y) = % Z?:l H;(x, y) has a finite-sum structure, H; : R x R" - R
is continuously differentiable, and V H; is Lipschitz continuous on bounded subsets.
Note that here and throughout the paper, no convexity is imposed on ®. In practi-
cal application, numerous problems can be formulated into the form of (1.1), such
as signal and image processing [1, 2], nonnegative matrix factorization [3-5], blind
image-deblurring [5, 6], sparse principal component analysis [7, 8], and compressed
sensing [9, 10]. Here, we list two applications of (1.1), which will also be used in the
numerical experiments.

(1) Sparse nonnegative matrix factorization (S-NMF). The S-NMF has important
applications in image processing (face recognition) and bioinformatics (clustering of
gene expressions) (see [4] for details). Given a matrix A € R/ and an integer
r > 0, we want to seek a factorization A ~ XY, where X € R and Y € R"*" are
nonnegative with » < min {/, m} and X is sparse. One way to solve this problem is by
finding a solution for the nonnegative least squares model given by

min {24 = XY} XY 20, IXilo <5, i=12..orf (1)

where n > 0, X; denotes the ith column of X, and || X;|y denotes the number of
nonzero elements of the ith column of X. In this formulation, the sparsity on X is
strictly enforced using the nonconvex [y constraint. Let H (X, Y) = % A= XY|% =
i TNA; = XiY 1%, £(X) = tx=0(X) +1xzs X)), ozs (X), g(¥) =
ty>0(Y), where A; denotes the ith low of A, and (¢ is the indicator function on C.
Then, this model (1.2) can be converted to (1.1).

(2) Blind image deconvolution (BID). Let A be the observed blurred image, and let
X be the unknown sharp image of the same size. Furthermore, let Y denote a small
unknown blur kernel, and a typical variational formulation of the blind deconvolution
problem is given by the following:

2d
min % IA-X O Y7+ nZR([D(X)]r) P 0<sX<1,0<Y <1 Yl 51} :
' (1.3)
where n > 0, © is the two-dimensional convolution operator, X is the image to recover,
and Y is the blur kernel to estimate. Here, R(-) is an image regularization term, that
imposes sparsity on the image gradient and hence favors sharp images. D(-) is the
differential operator, computing the horizontal and vertical gradients for each pixel.
This model (1.3) can be converted to (1.1), where H(X,Y) = % A —X0© Y||12¢ +
N Y7L RADXOL). f(X) = wo=x=1(X). g(¥) =y}, =1(¥) + to=y <1 (Y). See [6]
for details.
For solving problem (1.1), a frequently applied algorithm is the following proximal
alternating linearized minimization algorithm (PALM) by Bolte et al. [11] based on
results in [12, 13]:

X1 € argmin, g (£ () + (X, Ve H (xi y0) + 7=l = xel13).

. (1.4)
e+l € argminyern {g() + (v, Vo H (k15 30)) + 2= 1y — well3),
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where {A;}reny and {uglren are positive sequences. To further improve the perfor-
mance of PALM, Pock and Sabach [6] introduced an inertial step to PALM and
proposed the following inertial proximal alternating linearized minimization iPALM)
algorithm:

Ui = X + op (X — Xk—1), vie = Xk + Bri(xp — Xk—1),
Xpy1 € argming i { f (X) + (x, Vi H ik, 1)) + g Ilx — uikll3),
uzk = Yk + ook (Yk — Yk—1)» V2k = Yk + Bk Ok — Y1)

e+l € argminyern {g(0) + (v, VyH (i, va)) + gy — uarl3),

(1.5)

where a1k, a2k, Bik, B2k € [0, 1]. Then, Gao et al. [14] presented a Gauss—Seidel type
inertial proximal alternating linearized minimization (GiPALM) algorithm, in which
the inertial step is performed whenever the x or y-subproblem is updated. In order
to use the existing information as much as possible to further improve the numerical
performance, Wang et al. [15] proposed a new inertial version of proximal alternat-
ing linearized minimization (NiPALM) algorithm, which inherits both advantages of
iPALM and GiPALM.

The Bregman distance regularization is an effective way to improve the numerical
results of the algorithm. In [16], the authors constructed the following two-step inertial
Bregman alternating minimization (TiBAM) algorithm using the information of the
previous three iterates:

Xk €argmin, i { P (x, yr)+Dg, (x, X)) +orix (X, Xp—1 —xx) +o2r{x, Xk—2—Xk—1)},
Vi1 €argminyerm {® (xg+1, ¥)+ D, (¥, Vi) +B1a(Ys Ye—1— Vi) +Bok(ys Ye—2 — Yi—1}s
(1.6)
where Dy, (i = 1,2) denotes the Bregman distance with respect to ¢; (i = 1, 2).
By linearizing H (x, y) in TiBAM algorithm, the authors [17] proposed the following
two-step inertial Bregman proximal alternating linearized minimization (TiBPALM)
algorithm:

Xg+1 € argminy cpi{ f(x) + (x, Vo H (xk, yi)) + D, (X, Xk) + ix (x, Xk—1 — Xk)

ook (x, Xp—2 — Xk—1)},

Vi1 € argminyerm {g(¥)+(y, Vy H (xkr1, Y6)) + Dy (v, yi) +B1k (¥, Ye—1— k)

+B2k (¥, Ye—2 — Yi—1)}-
1.7)
If we take ¢1(x) = 5 [x|3 and ¢ (y) = zLﬂnyn% for all x € .R’ and y € R",
then (1.7) becomes two-step inertial proximal alternating linearized minimization
(TiPALM) algorithm. Then, based on alternating minimization algorithm, Chao et al.
[18] proposed inertial alternating minimization with the Bregman distance (BIAM)
algorithm. Other related work can be found in [19, 20] and their references.

It should be noted that all these works are obtained for deterministic methods, i.e.,
no randomness involved. But when the dimension of data is very large, the computing
cost of the full gradient of the function H (x, y) is often prohibitively expensive. In
order to overcome this difficulty, stochastic gradient approximations were applied (see,
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e.g., [21] and the references therein). A block stochastic gradient iteration combining
a simple stochastic gradient descent (SGD) estimator with PALM was first proposed
by Xu and Yin [22]. To weaken the assumptions on the objective function in [22] and
improve the estimates on the convergence rate of a stochastic PALM algorithm, Driggs
et al. [23] used more sophisticated so-called variance-reduced gradient estimators
instead of the simple stochastic gradient descent estimators and proposed the following
stochastic proximal alternating linearized minimization (SPRING) algorithm:

Xiey1 € argmin, i {f (X) + (x, Vi 0o, 31)) + 51 Ix — xxl3), 08
Vet € argminyern {g(y) + (v, Vy (k1. 0)) + 5 |y — ell3)-

The key of SPRING algorithm is replacing the full gradient computations V. H (xx, yk)
and Vy H (xg11, yx) with stochastic estimations %x (xk, yx) and %y (Xk+1, Yk), respec-
tively. Then, Hertrich et al. [24] introduced the following inertial variant of a stochastic
PALM algorithm with a variance-reduced gradient estimator, called SiPALM:

ulg = xr + a1k (xp — Xg—1), vik = Xg + Bk — Xk—1)»

iy € argmin, i {f (X) + (x, Vo ik, y0)) + 2 Ix — uneli3),
usk = Yk + @2k (Yk — Yk—1), v2k = Yk + Bok Yk — yk—1),

Vi1 € argminyepn{g(y) + (¥, Vy kgt va0)) + 5y — w3,

(1.9)

where o1k, o2k, Bik, Bor € [0, 1]. Also, some variance-reduced gradient estimators
are proposed to solve the nonconvex optimization problem. The classical stochastic
gradient direction is modified in various ways so as to drive the variance of the gradient
estimator towards zero, such as SAG [25], SVRG [26, 27], SAGA [28], and SARAH
[29, 30].

In this paper, we combine the inertial technique, Bregman distance, and stochas-
tic gradient estimators to develop a stochastic two-step inertial Bregman proximal
alternating linearized minimization (STiBPALM) algorithm to solve the nonconvex
optimization problem (1.1). Our contributions are listed as follows:

(1) We propose the STIBPALM algorithm with variance-reduced stochastic gradient
estimators to solve the nonconvex optimization problem (1.1). And we show that
SAGA and SARAH are variance-reduced gradient estimators (Definition 3.4) in
the appendix.

(2) We provide theoretical analysis to show that the proposed algorithm with the
variance-reduced stochastic gradient estimator has global convergence under
expectation conditions. Under the expectation version of Kurdyka—t.ojasiewicz
(KL) property, the sequence generated by the proposed algorithm converges to a
critical point and the general convergence rate is also obtained.

(3) We use several well-studied stochastic gradient estimators (e.g., SGD, SAGA, and
SARAH) to test the performance of STIBPALM for sparse nonnegative matrix
factorization and blind image-deblurring problems. And compared with some
existing algorithms (e.g., PALM, iPALM, SPRING, and SiPALM) in the literature,
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we report some preliminary numerical results to demonstrate the effectiveness of
the proposed algorithm.

This paper is organized as follows. In Sect. 2, we recall some concepts and important
lemmas which will be used in the proof of main results. Section 3 introduces our
STiBPALM algorithm in detail. We discuss the convergence behavior of STIBPALM
in Sect. 4. In Sect. 5, we perform some numerical experiments and compare the results
with other algorithms. We give the specific theoretical analysis to show that SAGA
and SARAH have variance-reduced stochastic gradient estimators in the appendix.

2 Preliminaries

In this section, we summarize some useful definitions and lemmas.

Definition 2.1 Let F : RY — (—o0, +00] be a proper and lower semicontinuous
function. For x € domF, the Fréchet subdifferential of F at x, written d F (x), is the
set of vectors v € R which satisfy

lim inf ;[F(y) —F(x) —(v,y=x)] = 0.

y=x flx —yll2

If x ¢ domF, then dF(x) = . The limiting-subdifferential, or simply the subdiffer-
ential for short, of F at x € domF, written d F'(x), is defined as follows:

oF(x):={v e RY : 3x, — x, F(xx) = F(x), v, € 3F(xk), v —> vJ.

Remark 2.1 (a) The above definition implies that dF (x) € 9F (x) for each x € RY,
where the first set is convex and closed while the second one is closed. (see [31]).

(b) (Closedness of d F') Let {xx}ren and {vi}ren be sequences in R4 such that vy €
0F (x) forall k € N. If (xg, vg) — (x,v) and F(x;) — F(x) as k — oo, then
v € JF(x).

(©) If F : RY — (—o00, +00] be a proper and lower semicontinuous and H : RY > R
is a continuously differentiable function, then d(F + H)(x) = dF(x) + VH (x)
for all x € RY.

(d) A necessary (but not sufficient) condition for x € R4 to be a minimizer of F is

0 € dF(x).

A point satisfying 0 € d F (x) is called limiting-critical or simply critical. The set
of critical points of F is denoted by critF.

Definition 2.2 (Kurdyka—t.ojasiewicz property [12]) Let F : R4 — (—00, +00] be a
proper and lower semicontinuous function.

(i) The function F : RY — (—o0, +00] is said to have the Kurdyka—t.ojasiewicz
(KL) property at x* edomF if there exist n € (0, +o0], a neighborhood U of x*
and a continuous concave function ¢ : [0, ) — R such that ¢(0) = 0, ¢ is C'
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on (0, n), forall s € (0, n), itis ¢’(s) > 0,and forall x in U N [F(x*) < F <
F(x™) + n], the Kurdyka—t.ojasiewicz inequality holds

@ (F(x) — F(x*))dist(0, dF (x)) > 1.

(i1) Proper lower semicontinuous functions which satisfy the Kurdyka—t.ojasiewicz
inequality at each point of the domain of its subdifferential are called Kurdyka—
Lojasiewicz (KL) functions.

Roughly speaking, KE functions become sharp up to reparameterization via ¢, a
desingularizing function for F. Typical KL functions include the class of semialgebraic
functions [32, 33]. For instance, the /o pseudonorm and the rank function are KL.
Semialgebraic functions admit desingularizing functions of the form ¢(r) = ar!™?
fora > 0, and ¥ € [0, 1) is known as the KE exponent of the function [11, 32]. For
these functions, the KL inequality reads

(F(x) = F(x*)” < C|€ll, V& € 0F (x) 2.1

for some C > 0.

Definition 2.3 A function F is said convex if domF is a convex set and if, for all x,
y €domF, « € [0, 1],

Flax+ (1 —a)y) <aFx)+ (1 —-a)F(y).

F is said 6-strongly convex with 6 > O if F — %’H - ||? is convex, i.e.,

1
Flax+(1—a)y) < aF@) + (1 —a)F(y) = S0a(l —a)lx - yI?

for all x, y edomF and « € [0, 1].

Suppose that the function F is differentiable. Then, F is convex if and only if dom F
is a convex set and
Fx) = F(y) +(VF(y),x —y)

holds for all x, y edomF. Moreover, F is 6-strongly convex with 6 > 0 if and only if

0
F) =2 FG) + (VEG). x —y) + 5l —yI?

for all x, y edomF.

Definition 2.4 Let ¢ : RY — (—o00, +00] be a convex and Gateaux differentiable
function. The function Dy : dom¢ x intdom¢ — [0, 4+-00), defined by

Dy (x,y) = ¢(x) = (y) = (Vo (), x = y),

is called the Bregman distance with respect to ¢.
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From the above definition, it follows that
0 2
Dg(x,y) > zllx = ylI°, (2.2)

if ¢ is 6-strongly convex.

Lemma 2.1 (Descent lemma[34]) Let F : RY — R be a continuously differentiable
function with gradient V F assumed L-Lipschitz continuous. Then,

|F(y) — F(x) = {y —x, VF())| < = x — ylI*, Vx,y e R, (2.3)

| B

Lemma2.2 Let F : R? — R be a function with L-Lipschitz continuous gradient,
G : R? — R a proper lower semicontinuous function, and 7 € arg min, g {G (V) +
(d,v—x)+ Dy, x)+y (v, u)+ ulv, w)}, where Dy denotes the Bregman distance
with respect to ¢, and x, d, u, w € R%. Then, for all y € R?,

L
F@+G@ =F0) + G+ (VF) —d, 2= y) + 5 llx = Y12 + Dy(y, x)
L
+5 iz — x| =Dz, x) +y(y —zou) + uly —z,w). (2.4

Proof By Lemma 2.1, we have the inequalities

L
F@) = F() < (VF@),x = y) + o lx = yI?,
F(2) = F(x) < (VF(x), 2 — x) + g Iz — xI?.

which implies that

L L
F@) = F()+{VF(),2 =) + 7 llx = yI? + 5 lle— x>, (@25)
Furthermore, by the definition of z, taking v = y, we obtain

G@)+(d,z—x)+ Dg(z,x) + y{z, u) + uiz, w)
SG(y)+(d,y —x)+ Dg(y,x) +y{y,u) + u{y, w),

which implies that
G@) =G+, y—2)+Dg(y,x) —Dy(z, x)+y(y—z,u)+u(y—z, w). (2.6)

Adding (2.5) and (2.6) completes the proof. O
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Lemma 2.3 (sufficient decrease property) Let F, G, and z be defined as in Lemma 2.2,
where x, d, u, w € R?. Assume that ¢ is 0-strongly convex. Then, the following
inequality holds, for any A > 0,

LA+1)—06
2
+y—zou) + plx —z, w). 2.7

1
F(2)+G(2) SF(X)+G(x)+mIId—VF(x)||2+ llx — zI|?

Proof From Lemma 2.2 with y = x, we have
L 2
F(2)+G(@) <Fx)+Gx)+(VF(x) —d,z—x) + 0} lx — zl|
— Dy (z,x) +y(x —z,u) + p(x — z, w).

Using Young’s inequality (VF(x) —d,z — x) < 515 ld = VF) > + & |x — z|I?
and (2.2), we can obtain

FG) + G <F() + G@) + —— lld — VEOP + 2 Jx — o + L e — 2
X xX)+ ——|ld — X — lx — —[lx =
¢ 9= 2LA 2 “dhTs ‘
0
-5z —x[P 4y —zou) + plx —z, w),
which can be abbreviated as the desired result. O
3 Stochastic two-step inertial Bregman proximal alternating
linearized minimization algorithm

Throughout this paper, we impose the following assumptions.

Assumption 3.1 (i) The function ® is bounded from below, i.e., ® (x, y) > P.
(i1) For any fixed y, the partial gradient V, H; (-, y) is globally Lipschitz with module
Lyforalli € {1,...,n}, thatis,
IV H; (x1,y) — Vo H (x2, )| < Ly lx1 — x2ll, Yy, x2 € R

Likewise, for any fixed x, the partial gradient Vy H;(x, -) is globally Lipschitz
with module L,

IVyH; (x, y1) = VyH; (x, y2)| < Ly lly1 — v2ll . Vyi, y2 € R™

(iii) VH is Lipschitz continuous on bounded subsets of R! x R™. In other words, for
each bounded subset B; x By of R/ x R™ there exists M B, xB, > 0 such that

[(VxH (1, y1) = Vi H (x2, ¥2) . Vo H (1, y1) = Vo H (x2, 32)) | < Mg, xp, |1 —x2, y1 =yl -

for all (x1, y1), (x2, y2) € By x Ba.
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(iv) @i (i = 1,2) is 6;-strongly convex differentiable function. And the gradient
V¢; is n;-Lipschitz continuous, i.e.,

V1 (x1) — Vi (x)Il < millx1 — x2ll, Y, x2 € R,
IVoa(y1) — Vo (y) Il < m2llyr — y2ll, Vy1, y2 € R™.

We now introduce a stochastic version of the two-step inertial Bregman proximal
alternating linearized minimization algorithm. The key of our algorithm is replacing
the full grad1ent computat1ons Vi H (ug, yr) and Vy (xg11, vg) with stochastic estima-
tions Vy (uk, yr) and V v(Xk+1, Vi), respectively. We describe the resulting algorithm
as follows.

Algorithm 3.1 Choose (xg, yo) €dom® and set (x_;, y—;) = (x9, yo), i = 1, 2. Take

the sequences {y1x}, {1k} S [0, v11, {vai})s {mak} S [0, v2l, {aik}, {Bix} € [0, 1]
and {oar}, {B2x} € [0, az], where 1 >0, 2 > 0,1 > 0and ap > 0. For k > 0, let

ugp = xg + vik(Xk — xx—1) + vk (k-1 — xr-2),

X1 € argming e { £ (0) + (x, Vi (g, y0)) + Dy, (¥, ) + g e, xg—1 — xx)
+agk (x, Xk—2 — Xk—-1)},

vk = Yk + 1k — Yk—1) + ok (Vk—1 — Yk—2)»

Yea1 € argminyerm {g(Y) + (v, Vy (s, v0)) + Doy (v, Y1) + Bricdy. Y1 — i)
+B2u(y, Yk—2 — Y1)}

3.1

where Dy, and Dy, denote the Bregman distance with respect to ¢ and ¢», respec-
tively.

Stochastic gradients %x (uk, yr) and §y (Xk+1, vk) use the gradients of only a few
indices Vy H; (uy, yr) and Vy H; (xgy1, vg) fori € By C {1,2, ..., n}. The minibatch
By is chosen uniformly at random from all subsets of {1, 2, ..., n} with cardinality
b. The simplest one is the stochastic gradient descent (SGD) estimator [35]. While
the SGD estimator is not variance-reduced, many popular gradient estimators as the
SAGA [28] and SARAH [29, 30] estimators have this property. In this paper, we mainly
consider SAGA (Appendix A) and SARAH (Appendix B) gradient estimators.

Definition 3.1 (SGD [35]) The SGD gradient estimator %fGD(xk, vi) is defined as
follows:

~ 1
VP (e, i) = B > VeHi (G yi).

i€By
where By are mini-batches containing b indices.

The SGD gradient estimator uses the gradient of a randomly sampled batch to
represent the full gradient.
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Definition 3.2 (SAGA [28]) The SAGA gradient estimator V3454 (x;, y;) is defined
as follows:

~ 1 ) 1 < .
VA iy = 2 3 (Ve HiC 30 = Ve Hi(@je y0)) + = 3 Vo Hj (0] 30,
ieBy j=1

where Bj are mini-batches containing b indices. The variables <p;; follow the update
rules (,o,’;Jrl = xy ifi € By and <p,‘;+1 = (p,i otherwise.

Definition 3.3 (SARAH [29, 30]) The SARAH gradient estimator reads for k = 0 as
VAR (x0, yo) = Vi H (x0, Y0).

For k = 1,2, ..., we define random variables py € {0, 1} with P(pr = 0) = %

and P(pp = 1) =1 — %, where p € (1, 00) is a fixed chosen parameter. Let By
be a random subset uniformly drawn from {1, ..., n} of fixed batch size b. Then, for
k=1,2,...,the SARAH gradient estimator reads as

VAR (i, yio)
) Vi H (xk, yi), if pr=0,

T 3 s, (VaHi G o) — Vi Hi (mt, yim 1))+ VEARA (g ye ), i pre=1.

In our analysis, we assume that stochastic gradient estimator used in Algorithm 3.1
is variance-reduced, which is a quite general assumption in stochastic gradient algo-
rithms [23, 24]. The following definition is analogous to Definition 2.1 in [23].

Definition 3.4 (Variance-reduced gradient estimator) Let {zx};cny = { ka, Vi) ey be
the sequence generated by Algorithm 3.1 with some gradient estimator V. This gradient
estimator is called variance-reduced with constants Vi, Vo, Vy > 0, and p € (0, 1] if
it satisfies the following conditions:

(i) (MSE bound) There exists a sequence of random variables '{Tk} ren of the form
Te=>7_ l(U,’()2 for some nonnegative random variables v; € R such that

Ee [ |9 tuas 30 = Vi H G, y0 |* + |9y e, v0) = Vo H G v |

<Yk Vi (Be lzr =26l llze =zt 24+ lzko1 =22 P+ 2 = 2e-312)
(3.2)

and, with Ty = Y0, !
Er [[| Vi (i, yi) = Vi H e, yo || + | Vy Gt ve) = Vo H (v, v |

<y + Vo B Nlzk1 — zill + llzx — zk—1ll + Nlze—1 — zx—2ll + llzk—2 — zx=31) .
(3.3)
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(i1) (Geometric decay) The sequence { Yy}, decays geometrically:

BTkt <(1 = )Tk + Vo (B llzeer = 2l + llzk = 2ot I + it = 22l

+llzk—2 — zk,3||2) . (3.4)

(iii) (Convergence of estimator) If {zz } ;¢ satisfies limg o0 E [ zx — zx—1 I> = 0, then
ETk — 0 and ]EFk — 0.

In the following, if {zx}reny = {(xk, i)} ke 1S the bounded sequence generated by
Algorithm 3.1, we assume V H is M-Lipschitz continuous on {(xk, Yk)}ren-

Assumption 3.2 For the sequences {xi ey and {yk }rcn generated by Algorithm 3.1,
there exists L > 0 such that

sup{Ly, :k €N} <L and sup{L,, :ke N} <L,

where L, and L,, are the Lipschitz constants for V H; (-, yx) and Vy H; (x, -), respec-
tively.

Proposition 3.1 Let {zi}rery = {(Xk, Yi)}ken be the bounded sequence generated by

Algorithm 3.1. Then, the SAGA gradient estimator is variance-reduced with param-
2.,2 4 2 142 2 2

eters Vi = 161va’ V, = 4%, Vy = w and p = %, where

N = max {M, L}, y = max {y, y2}. The SARAH estimator is variance-reduced with

parameters Vi = 6 (1= ) M2(1+2p2 +v3), Va = M,[6(1 = (1 + 297 + 72,
Vr =6(1 >M2(1 422+ y2) and p =

_1 1
p P’

See the detailed proof of Proposition 3.1 in Appendix A and B. And the conclusion
that SVRG gradient estimator is variance-reduced can be obtained similarly.

Below, we give the supermartingale convergence theorem that will be applied to
obtain almost sure convergence of sequences generated by STIBPALM (Algorithm 3.1).

Lemma 3.1 (Supermartingale convergence) Let {Xj}ieny and {Yi}ien be sequences
of bounded nonnegative random variables such that X and Yy depend only on the
first k iterations of Algorithm 3.1. If

Ex X1 + Y < Xk (3.5)

for all k, then Z,‘:io Yy < 400 a.s. and { Xy} converges a.s.

4 Convergence analysis under the Kt property

In this section, under Assumptions 3.1 and 3.2, we prove convergence of the sequence
and extend the convergence rates of SPRING to Algorithm 3.1, for semialgebraic
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function ®. Given k € N, define the quantity

2
llzk — zk—1l

1 Vi+V a) +o 2L(y2 +v2)
wk=q>(zk>+“pn+<1 v/o  iten | ylk Y2) 3z

L 2

Vi+Vy/p ar 2Ly} 2, (Vit+Vx/p 2
— 27 k—1— Zk— —_—+4Z k—2 — k=317,
+< o + > + - + lzk—1—zk—2ll"+ 9 +Z | llzk—2—zk—3l
“.1)
10(V] 4L2(y2 +y3
where A =\/ o 1+VT//T2L witr) 7 - VitVy/p +e>0,e>0

10+ Ve /o) 441272 473)
is small enough. Our first result guarantees that Wy, is decreasing in expectation.

Lemma 4.1 (/> summability) Suppose Assumptions 3.1 and 3.2 hold. Let {z}ycn be
the sequence generated by Algorithm 3.1 with variance-reduced gradient estimator,
and let

A .
0 £ min (01, 62) > L+ 2a1 + 202 + 2/ 100V1 + Vi /p) + 4L2(r2 + v2) + e,

then the following conclusions hold.

(1) Vi satisfies

Bk [ W1 +& 2k —zell* € lzk—zi—t 17 4€ llze—1 —zk—2 17+ Z | zx—2 — 23117 ] < W,
“4.2)

where k = —% -] — oy — \/IO(Vl + Vy/p) —}-4L2()/12 + y22) —3e > 0.
(ii) The expectation of the squared distance between the iterates is summable:

o0 o0

2 2 2
D Bk — x4+ lykpr — w21 =) Ellzir — zll® < oo.
k=0 k=0

Proofv(i) Applying Lemma 2.3 with F(-) = H(-, yx), G(-) = f(-), 2 = Xg41, X = Xg,
d = Vy(ur, yr), u = xx—1 — xx and w = xx_» — x;—1, for any A > 0, we have

H (xp41, yio) + f(xes1)
X I = 2
<H (o y0) + f (o0 + 37— [V ks yio) — Vi H (e, v |~ +
+ o1k Xk 1 — Xk, Xk — Xk—1) + 0k (X1 — Xk, Xk—1 — Xk—2)
1
LA

LA+1)—06; 2
R S— k41 — Xl

o)) 1~ 2
sH(xk,yk>+f<xk)+aHvx(uk,yk)—VxH(uk,yk)II +— IV H (uk, yi) — Vi H (e, yo II?

LA+1)—06
n ( 2) 1

o2k 2 2
+ 7(”xk+l = X |I7 + lxk—1 — xk—217)

2, Yk 2 2
lxk+1 — xell” + 7(||xk+1 = xell” + lxe — xk—1117)
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2) 1 ~
sH(xk,yk>+f<xk>+a||vx(uk,yk> Vo H e, | + = ||uk—xk||2
LA+1)—0 o] +«a
+( ( ) L, 2

2 2, *2 2
Xk4+1 — X, +—x—x,1 +—x,1—x,2
> 2 )II K+ k|l 5 llxk — xk—1ll llxk k=2l

1 = 2 2L )/
SH(Xk,yk)-i-f(xk)-i-a||Vx(uk,yk)—VxH(Mk,yk)H +( )\lk—i- 3 e — xe—1 112

2L}/ LA+1)—61 o+a
+( AZ" + > ) k-1 — xk—2 1> + ( 3 + 5 It — xell® . (4.3)

Inequality (1) is the standard inequality |la — c||> < 2 lla — b||* + 2 ||b — ¢||?, and
(2) uses Assumption 3.1 (ii) and Assumption 3.2. Analogously, for the updates in
Yk, we use Lemma 2.3 with F(-) = H(xk+1,-), G() = (), 2 = Ykt1, X = Yk,
d = Vy(Xg41, vi)s u = yg—1 — Yk and w = yg—2 — yk—1, we have

H(Xk1, Yer1) + (k1)

A

2L LA+1)—60, o+a
+( L T >|yk 1= weal? + ( + Iyksr — wel®. (4.4)

Lui
<H (Xk+1, yk)+g(yk)+f HV (Xk+1, V&) — Vy H (g, vo) | +< L )Ilyk ye-1l?

A 2 2
Adding (4.3) and (4.4), we have

D (X415 Yk+1)

=0, yk>+—(Hvx<uk Y0 =V H (g, 30 [+ 9y ek, 00 =y Hxes, w0 )

Lx+1)— ay +ap 2Ly?
+( i Nt — el + (2L + 4L 2 lzk — zk—1112

2 2 A

2Ly
+< A2+ )IIZk 1= zk—2ll?,

where & = min {0, 6>}. Applying the conditional expectation operator E;, we can
bound the MSE terms using (3.2). This gives

L+1)—6 ar+a Vi
Fy [@(zk+l)+(— -4 1)||zk+1—zk||]

2 2 Li
=@+~ S +2Lyl +5H ) I+ a +2Ly2 +5 ) I”?
ST R T 2 W Lh A 2 1T
4 )
=zl 4.5
7 12k—2 = 2k=sll 3)

Next, we use (3.4) to say that

1 1
— T < — (—Ei Y T +V (E — zl? —z-1l?
V= o (S + Tk Ve (Bellonst = 2l + i = 2
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2 2
+llzk—1 — zk—2ll” + llzk—2 — zk=3ll )) .

Combining these inequalities, we have

1 LO+1)—60 aj+ay Vi+Vy/p )
Ey [P T - — —
k|: (Zkr1)+—— Lip k+1+< 5 5 Ta lzk+1—zkll
1 Vi+Vr/p 2Ly}
<o — Tk -
(zk) + Lo +( iR + . + 2 lzk — zk— 1||

Vi+Vy/p 2Ly} Vi+ Vy/p
+< + 2 42 2 lzk—1 — ze—2 1> + ——""llze—2 — zk—3I.

L A L

This is equivalent to

1 Vi+Vye/p  ar+ar  2L(yE+vE) 2
(o] T 3Z —
|: (Zk+1) + — Lip k+1+ ( R + > + A + lz+1 — zill
Vi+ Vy/p 2Ly} 5 Vi+ Vy/p 2
_ 27 — Zh— —+Z | — Zh—
+( R +2 > 2o n + lzx — zx—1 11" + T +Z | llzk—1 — zx—2ll

LO+1D =6  2(Vi+ Vr/p) LG +77)
I (_ 5 _ 1 LAY/IO —ap — oy — # —3Z ) llzk+1 _Zk“2

1
=P + —Tr +

Lip

V1+VT/P+061+062+2L(V1 +74)
LA 2 A

+32> llzk — za—1 12

Vi+Vx/p 2Ly} Vi+Vx/p
+( Lt Sy WP N Bh e VP T IR

L 2 A L
Vi+Vr/p 2 Vi+Vr/p 2 2
—(z-—L - z-—E C1—zkall? = Zlzk—2 — ze—3 >
( I )”Zk Zk—1l T llzk—1—2zk—2ll lzk—2—2zk—3ll
(4.6)
We have
LOA+1)—0 2(Vi+V- 2L(y2+v)
Eyx |:‘Pk+l+( ( 2) _ A ILAT/p)—al—az—¥—3Z llzxt1 — 2z |I?
Vi+Vy/p 2 Vi+Vr/p 2 2
<y —|z-——2E —uallP-(z-—E 1 =zkall? = Zllzk—r — k3%
< ( R )”Zk Zk—1l A lzk—1 —zk—2ll llzk—2 —zk—3ll
“@.7
2
By ) = \/10(v1+vy/p;u4L i+rd) . we have _L(A+21)79 _ 2(V.J£}\/Y/p) —a —ay —
2L(y2+y2 _
M—u:—#—al—az—\/lo(vl+VT/p)+4L2(y12+y§)—3e=;<.

Hence, (4.7) becomes

Bk [Wi 1+ lzert —zel? e lzk—zk—t 1 +€ llzkm1 — zk—2 1>+ Z lzk—a — zk—311%] < Wk
4.8)
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According to 0 > L + 201 + 202 + 2\/10(V1 + Vv /p) + 4L2()/12 + y22) + 6¢, we
have k¥ > 0. So we prove the first claim.

(i1) We apply the full expectation operator to (4.8) and sum the resulting inequality
fromk=0tok=T—1,

T-1 T-1 T-1
2 2 2
E¥r +x Y Elag —zl* +€ Y Bl —zil* +€ Y Ellzxo1 — 2l
k=0 k=0 k=0
T—-1
2
+2 Y Elz-a — sl
k=0

<V,

Using the fact that & < Wr,

T-1 T-1 T-1
kY Bl —zl?+€ ) Ellz — -l +€ Y Ellzi — ul?
k=0 k=0 k=0
T-1
+2Z Y Bz — sl
k=0
<V — . 4.9)

Taking the limit T — 400, we have the sequence {]E lzk+1 — zk ||2} is summable. O
The next lemma establishes a bound on the norm of the subgradients of ®(zx).

Lemma 4.2 (Subgradient bound) Suppose Assumptions 3.1 and 3.2 hold. Let {zk }xeN
be a bounded sequence, which is generated by Algorithm 3.1 with variance-reduced
gradient estimator. For k > 0, define

AR =V H (o, yi) = Vi (-1, Yie1) + V1 (xk—1) — Vb1 (i) +0t1 g1 (Xg—1 —Xg—2)
+ 0 k—1(Xk—2 — xk—3),

A]; =V H (xk, y&) — %y(xka Vk—1) + Voo (yr—1) — Voo (k) + Bik—1 k-1 — Yk—2)
+ Bok—1(Yk—2 — Yk—3)-

Then, (A%, A%) € 9@ (xt, yi) and

Ee-t | (4%, 4%)

’ (4.10)

< p Ero1 Nz —zk—1 1+ 1zk—1 —zk—2ll+ lzk—2 — Zk—3 | + |2k =3 — Zk—all) + Tk—1,

where p = 22N +n+ Nyt + Nyo + a1 + @) + Vo, N = max{M, L}, n =
max {n1, n2}.
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Proof By the definition of xj, we have that 0 must lie in the subdifferential at point x
of the function

x > FOOH0 Vi (ur—t1, Ye—1))4+Depy O, Xk—1)F01 k-1 (X, Xk—2—Xg—1)F02 k1 (X, Xg—3—Xg—2).

Since ¢ are differential, we have

0 € df () + Vlur—1, yk—1) + Vo1 (xx) — Vb (xx—1) + a1 k-1 (Xx—2 — Xg—1)
+o k-1 (Xp—3 — Xk—2),

which implies that

Vo H (g, yi) — Vi (tk—1, Yi—1) + Vi (xx—1) — Vi (xx)
+ o -1 (Xk—1 — Xk—2) + @2 f—1(Xk—2 — Xk—3)
€ Vi H (x, yi) + 0 f (xk). 4.11)

Similarly, we have

Vy H (X, Yi) — %y(xk, Vk—1) + V2 (Yi—1) — V2 (Vi)
+ Bra—1k=1 — Yk=2) + Bok—1(Vk—2 — Yk—3)
€ VyH (xg, y&) + 98 (Vk)- (4.12)

Because of the structure of @, from (4.11) and (4.12), we have (A’;, A’;) € 0D (xk, yi).

All that remains is to bound the norms of A]; and A/;. Because VH is M-Lipschitz
continuous on bounded sets, then from Assumption 3.1 (iii) and (iv), we have

|

< | Ve H Gk, i) — Ve (up—1, YD || + IVp1(xe—1) — Vo1 (xo) |
+ oy k-1 k-1 — X2l + o2,k—1 I Xk—2 — xXp—3l

<|IVeH (s yio) — Ve H (g1, ye—D | + | Ve H (=1, yr—1) — Ve (g1, Yi—1) |
+ 1 lxe—1 — xll + o k=1 Ixk—1 — xe—2ll + o2 k-1 lxk—2 — xp—3l

< || Ve H i1, yi—1) = Vielug—1, ye—D | + M llxi — ug—1 | + M llyx — ye1
+ i llxe—1 — xll + o k-1 lxk—1 — xe—2ll + o2,k—1 llxk—2 — xx—3ll

< |V H 1, i) = Vi i1, yi) |+ M 4n0) e —xi 1 14+M llyx— i1
(Myy + o) Ixk—1 — xk—2ll + (My2 + a2) I xk—2 — xk—3] - (4.13)

A

A similar argument holds for A’;:

k
|45
<|VyHr, yo) = Vy H G, vt | + | Vy H (e, vk—1) — %y(xk, vk—1) |
+m llyk—1 — Yl + Bik—1 1yk—1 — yk—2ll + B2k—1 lIyk—2 — yk—3ll
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< ||Vy H Gk, ve—1) = Vy Gk vk || + (L + 12) vk — i1l
(Lyr +a1) |yk—1 — ye—2ll + (Ly2 + a2) lyk—2 — yi-3ll . (4.14)

Adding (4.13) and (4.14), we get

&

k
+ i)
< || Ve H ur—1, ye=1) = Vi (i—1, k=) || + | Vy H (xi, vi=1) — Vy (i, ve—1) |
+2CN+n) llzk —zk—1 1 +2(Ny1 +a1) llzk—1 —zk—2 | +2(Ny2 +a2) llzk—2 — zk-31l ,

where N = max {M, L}, n = max {5, n2}. Applying the conditional expectation
operator and using (3.3) to bound the MSE terms, we can obtain

+] 4]
<MAN +2n+ V) Ei—1 llzk — zk—1l + @Ny1 + 201 + V2) llzk—1 — 22l
+ CNy2 + 202 + V2) llzk—2 — zk=3ll + V2 llzk—3 — zk—all + Ti—1
<p Bx—1 llzk —zk—1 1+ llzk—1 — zk—2 1+ l1zk—2 — zk—3 | + [ 2k—3 — 2k —al) + Tk -1,

Beot | Ak, 48| < By [ 4%

where p =2Q2N +n+ Ny1 + Nyo + a1 +o2) + Va. O

Define the set of limit points of {zx};cn as
Q := {z : there exists a subsequence {zk,} of {zx} such that zx, — Z asl — oo}.

The following lemma describes properties of €2.

Lemma 4.3 (Limit points of {zx};en) Suppose Assumptions 3.1 and 3.2 hold. Let
{zk}ken be a bounded sequence, which is generated by Algorithm 3.1 with variance-
reduced gradient estimator, and let

0> L +2a; + 20 + 2\/10(v1 + Vi /p) +4L2 (v + v2) + 6e.

where € > 0 is small enough. Then,

(1) Y2 lzk — zx—1l1? < oo as., and || zx — zk—1l — O a.s.;

2) E®(z1) — DP*, where ®* € [P, 00);

(3) Edist(0, 0P (zx)) — O;

(4) the set Q is nonempty, and for all 7* € Q, Edist(0, 9®(z*)) = 0;
(5) dist(zg, Q) — O a.s.;

(6) Q2 is a.s. compact and connected;

(7)) E®(z*) = ©* forall 7* € Q.

Proof By Lemma 4.1, we have claim (1) holds.
According to (4.2), the supermartingale convergence theorem ensures {W;} con-
verges to a finite, positive random variable. Because |zx — zx—1ll — O as.,
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lzk—1 — zk—2ll — 0 as., ||zk—2 — zx—3] — 0 a.s. and V is variance-reduced so
EY; — 0, we can say

lim EV; = lim E®(zx) € [P, 00),
k—o00

k— 00

which implys claim (2).
Claim (3) holds because, by Lemma 4.2,

Bt 4p]

<PE(lzk — zx—1ll + llzk—1 — zk—2ll + llzk—2 — zk—3ll + llzx—3 — zk—4ll) + Elk—1.

WehavethatE ||z — zxk—1]| = Oand ETx_; — 0. This ensures that E H (A%, A{;)
0. Since (Aﬁ,A’}‘,) is one element of 9®(z;), we obtain Edist(0, 0P (zx)) =<
E H (AL, A{;)H 0.

To prove claim (4), suppose z* = (x*, y*) is a limit point of the sequence

{zk}ren (a limit point must exist because we suppose the sequence {zi}rcy 1S
bounded). This means there exists a subsequence {ij} satisfying lim;j_, o0 2k; =

z*. Furthermore, by the variance-reduced property of V (uy =15 Ykj— 1), we have

= 2
E | Ve k-1, yk;-1) — Vo H(ug;—1. yi;-D ||~ — 0.
Because f and g are lower semicontinuous, we have

—

liminf f(xg;) > f(x"),
J—>00

liminf g(y¢;) = g(3). (4.15)
j—00
By the update rule for xi;, letting x = x*, we have

J )+ iy s V(i —1, yi—1)) +Dgy (kX —1) etk —1 (X, Xk —2— Xk 1)
+ ok —1 Xk, Xkj—3 — Xk —2)
Sf(X*) + ('X*v ex(ukj—ls ykj—l)> + D(Pl (-X*7 xkj—l) + al,kj—l(-x)ka -xkj—2 - xkj—l)

+ o k-1 (X", Xpj—3 — Xkj-2)-
Taking the expectation and taking the limit j — oo,

lim sup f (xk;)

j—o00

<limsup f(x*) + (" = xg;, Vi H (g, -1, yi—1)) + (0 = x5, Ve (g —1 Yo, —1)

j—o00

— Vo H (ug;—1, yi;—1)) + 1(*) — 1 (i) + (Vi (1), ¥ — xp; 1)
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* *
Foon -1 (07 — Xk, Xk =2 — Xkj—1) F @2k —1{XT — Xk, Xkj—3 — Xk;—2).

The second term on the right goes to zero because xi, — x* and { Ve H (ug; 1, yi;~1) }
is bounded. The thrid term is zero almost surely because it is bounded above by
||x* — Xk; 2, and Vi (uk;—1, Yk;—1) — Vi H (uk;—1, yk;—1) — 0 a.s. Noting that ¢;
is differentiable, so lim SUP;_, o0 f(xkj) < f(x*) a.s., which, together with (4.15),
implies thatlim ;oo f(xx;) = f(x*) a.s. Similarly, we have lim j, o0 g (yk;) = (")
a.s., and hence

lim ®(xg;, yi;) = @(x*, y") as. (4.16)
Jj—>00 ’

Claim (3) ensures that Edist(0, 3®(zx)) — 0. Combining (4.16) and the fact that the
subdifferential of @ is closed, we have Edist(0, 0®(z*)) = 0.

Claims (5) and (6) hold for any sequence satisfying ||zx — zk—1]| — O a.s. (this fact
is used in the same context in [11, 36]).

Finally, we must show that ® has constant expectation over €2. From claim (2), we
have E®(z;) — ®*, which implies ED(zx;) — * for every subsequence {z; }

jeN
converging to some z* € Q. In the proof of claim (4), we show that D (zg;) — d(z%)
a.s., so E®(z*) = ®* for all z* € Q. O

The following lemma is analogous to the uniformized Kurdyka—t.ojasiewicz prop-
erty [11]. It is a slight generalization of the KL property showing that z; eventually
enters a region of z for some Z satisfying ®(Z) = ®(z*), and in this region, the KL
inequality holds.

Lemma 4.4 Assume that the conditions of Lemma 4.3 hold and that zj. is not a critical
point of ® after a finite number of iterations. Let ® be a semialgebraic function with
KL exponent ©. Then, there exists an index m and a desingularizing function ¢ so that

the following bound holds:
@' (E[®(zx) — ®FDEdist(0, 0P (z)) > 1, Vk > m,

where ®} is a nondecreasing sequence converging to E®(z*) for all z* € Q.

The proof is almost the same as that of Lemma 4.5 in [23]. We omit the proof here.
We now show that the iterates of Algorithm 3.1 have finite length in expectation.

Theorem 4.1 (Finite length) Assume that the conditions of Lemma 4.3 hold and ®
is a semialgebraic function with KL exponent ¥ € [0, 1). Let {zx}ren be a bounded
sequence, which is generated by Algorithm 3.1 with variance-reduced gradient esti-
mator.

(1) Either zi is a critical point after a finite number of iterations or {zj }rcy Satisfies
the finite length property in expectation:

o0
D Bz — zll < oo,
k=0
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and there exists an integer m so that, for alli > m,

i i i i
D Elzeni—zll+ ) Ela—z-1l+ Y Ellze-i —zx—2ll+ Y Ellzx—2—zx-3

k=m k=m k=m k=m

<VElzm = 2112+ VE 2wt — 2m 2l + yE lzm_2 — zm3l?

2./s
+ VEllzm—3 — Zm—all® + F\[p\/ETm—l + K3Dm,it1s 4.17)

where

K1=p+ 7K3__’ K2:min{K’E’Z}1

K>

p is asin Lemma 4.2, and A, 4 = (E[V), — CD;] - E[Y, — @Z]).
(i1) {zk}ren generated by Algorithm 3.1 converge to a critical point of ® in expectation.

25 Vy _ 4K,
0

Proof (i) If © € (O, %), then @ satisfies the KL property with exponent %, SO we
consider only the case ¥ € [%, 1). By Lemma 4.4, there exists a function ¢o(r) =
ari=? such that

0o (E[®(zx) — ©FEdist(0, 9P (zx)) > 1, Vk > m.
Lemma 4.2 provides a bound on Edist(0, 0P (zx)).

Edist(0, d®(z¢)) < E H (A%, AY) H
SPE (”Zk i Zk_1|| + ”Zk—l _ Zk—2|| + ||Zk—2 —_ Zk_3|| + ||Zk—3 - Zk—4||) + Erk—l

<p(VENzt — 2t 4y E it — sl +yE s — zesl?

+VE s — ial?) + VAT, (4.18)

The final inequality is Jensen’s inequality. Because I'y = Y ;_, v,i for some non-
negative random variables v,i, we can say EI'y = E Zf-:l v,’; <E,/s Zle (v,’;)2 <
/sEY}. We can bound the term +/[EYy using (3.4):

EYs

< U= BT 1+ VrE (2 =zt 12+ Izt — 222+ 22 — 231 + s — 24 1?)

<= pVET T +/Vr (\/E ek = 2112 4+ yE lzeot — 2kl + B 12k — zis]
+yEllzk—3 — Zk_4n2>

o
<= 5)VET +VVr (/E ek = 2kt + Y E 2t — 2kc2l® + /B lzx—z — sl
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+VE llze—3 — Zk—4H2> : (4.19)

The final inequality uses the fact that \/1 — p =1 — § — % — - - -. This implies that

VSEYr_1
Zﬁ 24/sVy
<22 (VEYimy = VET) + 2 (VE N — s P 4+ y Bt — sl

VE Nz — sl + B llzs — Zk_4||2) . (4.20)

Then, from (4.18) and (4.20), we have

Edist(0, 0P (zx))
2 SVT
< (p + ) (\/E lzk = 2kt 12 4 E Nzt — 22l + B llzk2 — sl

2
Bl — i) + 22 (VT - VET)
&1 (Bl = 2t 1+ B s = 22l 4B Nz = zical?

2
+\/E lzk—3 — zk_4||2) + %E (\/En_l — JETQ) :

where K1 = p + 2*/+TT. Define Cy to be the right side of this inequality:

Cr =K1\E 2k — z11* + Ku/]E lzk—1 — zx—2ll* + K1\/E lzx—2 — z—3ll
2/s
+ K \/E lzk—3 — zx—al> + %_ (\/Ekal - \/ETk> .

We then have
GO (E[D(z) — ®FNCi = 1, Vk > m. @.21)

By the definition of ¢y, this is equivalent to

all — ﬁ)C’; > 1, Vk > m. (4.22)
E[®(zx) — DY

We would like to hold the inequality above for W; rather than ®(z;). Replace
E®(z;) with EW by introducing a term of O ((E [llzx — zk—1 I + lzk—1 — zx—2lI?

+llzkn — ze3ll® + Tk])ﬂ) in the denominator. We show that inequality (4.22) still
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holds after this adjustment because these terms are small compared to Cy. Indeed, the
quantity

Ce >e1 (\/E ok = 2112 4 VE Nzt — zal? + B llzk — sl

+\/]E lzx—3 — zx—al® + \/]ETk—l)

for some constant ¢; > 0. And because E ||zx — zx—1]|> = 0, EYx — 0, and 9 > %,
there exists an index m and constants ¢;, ¢3 > 0 such that

(E[¥) — D (z0)])?

1 Vi+V altas  2L(yE+ y2 Vi+V
:<E|:Tk+(l T/p—i-l 2 ¢ i J/2)—1—32 sz—Zkflllz—i-(liT/p

Lip Lh 2 ) Lh
2Ly2 Vi+ Vy/ ’
[2%) %) 2 1 /P 2
= 27 | lzk—1 — 25— P L 7 ) ks — 2
to+t——+ >|Zk 1= zk=2ll +< o )”Zk 2 — zk=3ll D
9
<c <(E (ko1 + N2k — k=117 + llzk—1 — ze—2lI* + llzk—2 — ze=3ll* + llzk—3 — zk—all*]) )

<c3Cr, Yk > m.

The first inequality uses (3.4). Because the terms above are small compared to Cy,
there exists a constant d such that ¢c3 < d < +00 and

ad(l —9)Cy
" 5 = 1, Vk > m.
(E[®(zx) — DY + (E[Wr — P (z)])

For ¢ € [%, 1), using the fact that (a + b)Y < a? +b? forall a, b > 0, we have

ad(l —NC, ad(1 — 9)Cy

(B[ — @71)"  (BID(zx) — F + U — D(z)])”
_ ad(1 — 9)Cy
T (BI®(z) — 011)” + (B[W; — &)
>1, Yk >m.

Therefore, with ¢(r) = adr'=?,
¢ (E[Vy — PNCr = 1, Vk > m. (4.23)
By the concavity of ¢,

@Bk — P D —(E[ W1 — P 1) = ¢ (B[ — D (E[Wk — i+ Py — Wit ])
> ¢' (B[ — OEDE[WL — i1,
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where the last inequality follows from the fact that ® is nondecreasing. With A, , =
pEV, — CDZ]) — (E[W, — <I>2]), we have shown

DNgj+1Cr = E[Wr — Wiy 1], Yk > m.

Using Lemma 4.1, we can bound E[W; — W] below by both E ||zz4; — zkllz,
Ellze — zx—11% E llze—1 — zx—2[1* and E [|zx—2 — zx—3]|*. Specifically,

Arki1Cr = kB ||zpst — 2l + €B llze — 2117 + €EB llzk—1 — zz2l® + ZE llzk—2 — zx_3 112
> KoE || zkt1 — 2P+ K2E llzk — 21 17+ K2E llzk—1 — zk—2 II* + K2E lzk—2 — zk—3 1%,
(4.24)

where K = min {k, €, Z} > 0, «, A, € and Z are set as in Lemma 4.1. Let us use the
first of these inequalities to begin. Applying Young’s inequality to (4.24) yields

VE Iz =22V E 22k 1124y B s~z P+ E a2 —ze s

52\/151 lzks1 — 26 * + Ellzx — ze—1 1> + Ellzs—1 — zx—2l” + E llzk—2 — 2311

Z Cr  2K1Dk k1
<2/ K;'Crn < k| ZR1Okk+L
= s Crk k,k+l_2K + X
1 1
<oVl — sl 4 3y Bl — sl 4 5y Bl — s l?
2K1 Ng g1
+ = \/Ellzk 3 — Zk— 4||2+—(\/ET1( 1—\/IET) —2+ (4.25)

Summing inequality (4.25) from k = m to k =i, set

Z\/Enzw—zk||2+Z\/IE||zk—Zk 1||2+Z\/E||Zk | — 2ol

k=m
+ Z VElzea — s, (4.26)
k=
Then,
i1 VS
TmSET K_( ]ETml_\/ﬁ> mi+ls

which implies that

1
2T <3V Elzm = a1l 3y Bl — a2l 5B N — 2

s 2K,
s — e+ 2 (VEYu—1 = VET)) + =2 B
2 Kip K>
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Dropping the nonpositive term —+/EY;, this shows that

T3 <V E lzm — 2m 112+ VE lzn1 = zmal® + yE 2 — 23l

248
+ \/E lzm—3 — Zm—all* + K—f;\/mm_l + K3Amit1- (4.27)

where K3 = 4K\ Applying Jensen’s inequality to the terms on the left gives
K, - Applymng quality g

i i i i
Y Elasi—zl+ Y Ellze— zill+ Y Bl — zkall + Y Ellzia — zx3ll < T,
k=m

k=m

<VE Nz — 2m 112+ VElzm1 = 2m 2l + VE 22 = zm 31 + B lzms — zn_al?

24/s
+ %,;\/ETmfl + K3lpmiv1-

k=m k=m

The term lim;_, oo Ap i+1 is bounded because EW is bounded due to Lemma 4.1.
Letting i — oo, we prove the assertion.

(i1) An immediate consequence of claim (i) is that the sequence {zj }; <y converges
in expectation to a critical point. This is because, for any p,q € N with p > ¢,

Ezp—z4| =E H Zf;ql (k1 — Zk)” = Zf;ql E |lzx+1 — 2z« ||, and the finite length
property implies this final sum converges to zero. This proves claim (ii). O

Theorem 4.2 Assume that the conditions of Lemma 4.3 hold and ® is a semialgebraic
function with KL exponent ¥ € [0, 1). Let {zx }ren be a bounded sequence, which is
generated by Algorithm 3.1 with variance-reduced gradient estimator. The following
convergence rates hold:

1) Ifv € (0, %], then there existd)y > Qand t € [1 — p, 1) suchthat E ||zx — z*|| <
d,t*.

i) If o e (%, 1), then there exists a constant d» > 0 such that E ||zx — z2*|| <
ok~ 77T

(iii) If © = O, then there exists an m € N such that E® (zx) = E®(z*) for all k > m.

Proof As in the proof of Theorem 4.1, if ¥ € (0, %), then @ satisfies the KE property

with exponent l, so we consider only the case ¥ € [%, 1).
Let

o (0.¢] o
T = VElzar — 2l + 3 VE Nz — 2 P+ Y VE Izt — zal?
k=m k=m

k=m

oo
+y \/E lzx—2 — zx-3l1%.
k=m
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Substituting the desingularizing function ¢(r) = ar'~ into (4.27), leti — oo, then
we have

T <V Elzm — 2m 112+ VElzm1 = zm 2l +yElzm—2 — 232

2./s
+ \/IE lzm—3 = zZm—all* + %\/Em] +aK3 (B[, — 05D 7. (4.28)

Because W, = ®(zn) + Olzm — zm—111> + lzm—1 — Zm—2lI> + llzm—2 — zm—3l1> +

Y.n), we can rewrite the final term as ®(z,,) — @,.

(E[Y,, — @D

1
=(E|lo@)—o* +—7
( [ (@m) =Py + Kt X 2 )

Lip
Vi+Vr/p @  2Ly; 2 (Vi+Vr/p
_— 4 = 27 1 — Zm— —_— 4+ Z
+( ot T S22 ) e P ot

Vi+Vyr/o ait+ar 2L +y3)
( + + 22437 ) lzm— zm—11I?

lzm—2 — zm-3 ”2])1_0

M _ 1 =0 Vi+V- ar+ar 2Ly 4y
< (BL®(zm)— @) 1’+(—ETM> +<<1 x/p enten ZLUIHY) 5y

Lip L 2 A
Vi+ Vy/ 2Ly2 =
1-9 1 Y/P (6%)
Ellzm — zm—1l?) " + ((M +o TZ + 2Z> Ellzm—1 — zm2||2>
Vi+Vx/p =
+ ((T/ + z) Ellzm_s zm,3n2) . (4.29)

Inequality (1) is due to the fact that (a + b)!=? < a!=? + b'=?. Applying the KL
inequality (2.1),

R ) 1=»
aks3 (E[®(zm) — ©},1) <aKqE|Enl) P (4.30)

for all &, € 9 (z,,) and we have absorbed the constant C into K4. Inequality (4.18)
provides a bound on the norm of the subgradient:

=2 2 2 2
E1&nl)'7 s(p <\/E lam—2m 1124y E lzm 1 —2m 2P+ E l2m2— 23]
1-9

5
+\/E lzm—3 — Zm—4||2> + sETm_1> )

Let

O =p (/E lzm = zmt 2+ E Nzt = 2mal? + VB lzm2 — 23l

+\/E lzm—3 — Zm—4||2) + /SEYy—1.

@ Springer



76 Numerical Algorithms (2024) 97:51-100

Therefore, it follows from (4.28) to (4.30) that

T <V E lzm — 2m 112+ VElzm1 — zm 2l + VE lzm2 — 232

2/s 1= 1 1=
+/E ||zm3—zm4||2+K*—€/W +aK4®, +aKs <L—Mmm>
1

+aKs3 (( ! T/ + ! 2+ 1 Y +3Z E”Zm_Zm—l”

L 2 2
Vi + Vy/ 2Ly} =
1 /P %) o) 2
K —_—t+ —+ —=4+2Z|E 1 — Zm—
+a 3(( I + 2 + n + ) lzm—1 — Zm—2ll )
Vi+ V- =0
+akK; ((IL—/\T/p +Z> Ellzm—2 _Zm—3||2) . (4.31)

G Ifo = %, then (E ||§m||)% = [E||&,]. Equation (4.31) then gives

T <VE lzm — 2112 4y E -1 — zmall? + VElzm-s — 2m3l? + VEllzm-3 — 21l

2./
+ K—{p\/mm_l +aKy (p <\/JE lzm — zm—1l* + \/E lzm—1 — Zm—21?
2 2 1
+VElNzm—2 — zm=3l" +VElzm-3 — Zm-a4ll + SEY,—1 ) +akKs3 T)L,OV EY,,

Vi+V a1 +ar  2L(y2 +y2
+ | akyy Vit Vr/o  ator LGP T 4, VElzm = zm-11?
Lx 2 A
Vi+Vr/p o  2Ly?
Ky | X7 2Z | Elzm—1 — zm—2|?
+(a 3\/ o + = > + n + lzm—1 — zZm—2ll
Vi + V- ——
+<aK3 IM()+Z> 1E”meZ_me3”2
LXx
Vi+ V- o] +a 2L(y:+
S(H—aKs (p+\/ L Velp oten (V'A 7, )) (\/Ilanzm—zm_1||2

VB Nemt = 2mal? + B lzm 2 — 2 al? + Bz s — zm74||2)

+(2f+a1(5f>,/mm ,+aK5/ —VET, (4.32)

where Ks = max {K3, K4}. Using (4.19), we have that, for any constant ¢ > 0,

0
0= —cyETited=2)VET—i+eyVr <\/E ||Zk—Zk—1||2+\/E lzk—1 =227
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+VE lze 2 — e sl +yE ks — Zk,4||2) .

Combining this inequality with (4.32),

Vi+V- a1 +ay 2L(y24y2
Tm§(1+aK5 (p-i-\/ ! L;/er 12 24 (Vlk ) a7V (,/Euzm—zm,luz
VE Nzt = 22l + VE lzm2 — zmsl? + E llzm—s — zm_4||2)

2 K ks [ 1
+c(1—§+ Vs +M/§)1/IET,,11—C<1—M M)JIET,”.
' \ Lip

Kipc c c

2.2
Defining A = 1 +aK5s <p+\/V1+L\;LT/P+a1-5a2 +2L(V1)\+)/2) +3Z+c /_VT>,W6

have shown

Ks [ 1
Tm+c<1—a—5 —> EY,
C

2.8 aKs.\/s
<A(Tp 1 —Tp)+c (1 - g PECN i) VET, .

Kipc c

Ks [ 1
(1+A)Tm+c<1—a—5 —)«/IETm
c Lip

2./ aKs./s
§ATm_1+c(1—£+ Vs SI)N/ETm_l.

2 Kjpc c

Then, we get

This implies

Tm +VEY,
-1
A 14 ZVG astG aK5 1
< — | 1—= —_— l-— [ — Tn—1+vEY,—1).
_max{H_A ( 2+K1pc+ c c Lip <m 1+ " 1)

For large c, the second coefficient in the above expression approaches 1 — %. So there
exist T € [1 — p, 1) such that

o0
Z Elzx — zx—1l> < 7 (To + \/ET0> <dt*
k=m
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for some constant d; . Then, using the fact that E ||z, —z*|| =E H Z,fimH (Zk—2k-1) ||
<> re . Ellzk — zk—1l, we prove claim (i).

(ii) Suppose ¥ € (%, 1). Each term on the right side of (4.31) converges to zero,
but at different rates. Because

On =0 (/E lam — 2t 12 4 VB 21 = 2m2l? +E lzm2 — 2nsl?

+\/E lzm—3 — Zm—4||2 + SETm—l) s

11—

and ¢ satisfies % < 1, the term ®,,” dominates the first five terms on the right
1-0
side of (4.31) for large m. Also, because % <1-9,0,"” dominates the final four

terms as well. Combining these facts, there exists a natural number M; such that for
allm > My,
T, < PO, (4.33)

for some constant P > (aK 3)%. The bound of (4.20) implies

2(/sEYp 1
4
< (YTt = VETy + VT (VE b = aml 4 B lint = 2n

+VEl2n2 = zmsl? + yE lzn—3 — zm_4||2>> .

Therefore,

O =p (/E lom — 2m 112+ VE Nzm 1 — zmal? 4y E o2 — 2 sl

+yEllzm_3 — zm74||2) + (2V5E Tt = V5B

4./sVy
< (”“LT) (/E zm = znt P+ E lzmt = zm2 P+ E 2m2— 2mos

VE f2ms - zm_4||2) ; %ﬁ (VEY, — VEY,) ~sEYur.  (434)

Furthermore, because T > 1 and EY,, — 0, for large enough m, we have

9
(VEY) ™ <« +/ETY,,. This ensures that there exists a natural number M> such
that for every m > M,

4451 = p/4) )
VEY,, < P/sEY,,. 4.35
(p(p 4S5V /p) ’ 3
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The constant appearing on the left was chosen to simplify later arguments. Therefore,
(4.33) implies

(T " 4/s(1—p/4) \/7>

p(p+4ysVr/p)
P
H2T=7 2 A= 4/5(1 — p/4) 7 (2) 215 27-
= T <—p(p+4m/p)‘/ ) (1) 70 + 5= (PVSEY,,)

s
3277 45V
== (P (p + — ) <\/E lzm — zm—11% + \/E lzm-1 — zm—2|I* + \/E lzm—2 — zm-3 1>
/ 2\ 4JsP 275
+VElzm—3—zm-all” |+ P - (\/ ]ETm—l_\/ IE’Y\m>_P\/ SEY -1 )+ 5 (PV S]ETm>
s
2T 45V
= (P <p $ L ) <\/E lzm — 2mt 12+ VE 21 — zm2l® + yE lzm—2 — 232

+VEllzm-3 — Zm—4||2> + M (m, \/]ETm>> )

Here, (1) follows by convexity of the function x% for9 € [1/2,1)and x > 0, (2)
a
is (4.35), and (3) is (4.33) combined with (4.34). We absorb the constant % into P.

Define s
4/s(1 —p/4)
Sm =Ty + JEY

T p(p+4VsVr/p)
Sy is bounded for all m because Y o=, \/E lzk+1 — 2k || is bounded by (4.28). Hence,
we have shown

2 4/5Vr

Si7 <P (p + )(Sm 1= S (4.36)
o

The rest of the proof is almost the same as what was mentioned in [23, 37]. We omit
the proof here. (iii)) When ¢ = 0, the KL property (2.1) implies that exactly one of
the following two scenarios holds: either E®(z;) # @} and

0<C=E&ll, V& € 0®(z) (4.37)

or E®(zx) = ®}. We show that the above inequality can hold only for a finite number
of iterations.
Using the subgradient bound (4.10), the first scenario implies

C* < Ell&I?
< (p (B |-z |+ |zt =22 |+ |22~ 23 | +E |23 - zi—a )+ i)
<5p? (B |z — zk-1)* + 507 (B 2kt — ze—2[)* + 597 (B 242 — i)
+5p% (B a3 — 2k—a)? + 5@k
<5p? (B |z — zx-1)® + 507 (B |2kt — zx2])? + 597 (B 242 — z4-3])?
+ 5p2 (]E ||zk_3 — Zk—4 H)2 + 5sEYy_1,
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where we have used the inequality (@ +ax+-- -+ as)2 < s(af + a% +--+ asz) and
Jensen’s inequality. Applying this inequality to the decrease of W (4.2), we obtain

Ey Wi
2 2 2 2
SREYE—1— k+1—<kll — k —<k—1 - k—1—<k=21l — k—2—<k-3
<Ex¥ Kz il —ellzk—zk—1 - —€llz z—2l"—Zlz k=3l

<Ee¥it = €2+ 0 (lzr = 2l?) + O (lzk = ze112) + O (llzke = 22l

+0 <||Zk—2 - Zk—3||2> + O (EYk-1)

for some constant C2. Because the final five terms go to zero as k — oo, there exists

an index M so that the sum of these five terms is bounded above by %2 forallk > My.

Therefore,
2

C
Exv, < Ex ¥ — 7, Vk > Mjy.

Because Wy is bounded below for all k, this inequality can only hold for N < oo steps.
After N steps, it is no longer possible for the bound (4.37) to hold, so it must be that
E®(z) = ®. Because & < &(z%), &7 < EP(z4), and both Ed(z;), &} converge
to E®(z*), we must have &} = E®(zx) = EP(z%). O

5 Numerical experiments

In this section, to demonstrate the advantages of STiBPALM (Algorithm 3.1),
we present our numerical study on the practical performance of the proposed
STiBPALM with three different stochastic gradient estimators, i.e., SGD estima-
tor [35] (STiBPALM-SGD), SAGA gradient [28] estimator (STIBPALM-SAGA),
and SARAH gradient [29] estimator (STIBPALM-SARAH), compared with PALM
[11], iPALM [6], TiPALM [17], SPRING [23], and SiPALM [24] algorithms. We
refer to SPRING with SGD, SAGA, and SARAH gradient estimators as SPRING-
SGD, SPRING-SAGA, and SPRING-SARAH; and SiPALM using the SGD, SAGA,
and SARAH gradient estimators as SIPALM-SGD, SiPALM-SAGA, and SiPALM-
SARAH, respectively. Two applications are considered here for comparison: sparse
nonnegative matrix factorization (S-NMF) and blind image-deblurring (BID).

Since the proposed algorithm is based on the stochastic gradient estimator, we report
the average results (over 10 independent runs) of objective values for all algorithms.
The initial point is also the same for all algorithms. In addition, we choose step size
which is suggested in [11] for PALM and in [6] for iPALM, respectively, and the same
step size based on [23] for all stochastic algorithms for simplicity.
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Fig. 1 ORL face database which includes 400 normalized cropped frontal faces which we used in our
S-NMF example

5.1 Sparse nonnegative matrix factorization

Given a matrix A, sparse nonnegative matrix factorization (S-NMF) [38—40] problem
can be formulated as the following model:

I)I(lilr/l{gHA—XYH%,: XY z0, [Xilp<s. i=12...r}. 6D

In dictionary learning and sparse coding, X is called the learned dictionary with coef-
ficients Y. In this formulation, the sparsity on X is restricted 75% of the entries to be 0.

We use the extended Yale-B dataset and the ORL dataset, which are standard facial
recognition benchmarks consisting of human face images.! For solving this S-NMF
problem (5.1), [6, 14] gave the details on how to solve the X-subproblems and Y-
subproblems. The extended Yale-B dataset contains 2414 cropped images of size
32 x 32, while the ORL dataset contains 400 images sized 64 x 64 (see Fig. 1). In the
experiment for the Yale dataset, we extract 49 sparse basis images for the dataset. For
the ORL dataset, we extract 25 sparse basis images. In each iteration of the stochastic
algorithms, we randomly subsample 5% of the full batch as a minibatch. Here, for

SARAH gradient estimator, we set p = %).

InSTiBPALM, let¢ (X) = 971 ||X||2,¢2(Y) = %2 ||Y||2.Inanumerical experiment,
we choose = 3 and calculate #; and 6> by computing the largest eigenvalues of nY Y7
and nX T'X at k-th iteration, respectively. We choose a1y = Bix = Y1k = Uik = %,
W0p = Pok = Vak = Wok = % in TIPALM and STiBPALM and a1x = Bix = Y1k =
Uik = % in iPALM and SiPALM. We use BTiPALM and BSTiPALM to denote

TiPALM and STiBPALM with ¢;(X) = % X114 ¢2(Y) = % ||V, respectively.
We refer to BSTIPALM using the SGD, SAGA, and SARAH gradient estimators as
BSTiPALM-SGD, BSTiPALM-SAGA, and BSTiPALM-SARAH, respectively.

In Figs. 2 and 3, we report the numerical results for Yale-B dataset. A similar result
for the ORL dataset is plotted in Figs. 4 and 5. One can observe from these four
figures that the STIBPALM can get slightly lower values than the other algorithms
within almost the same computation time. In addition, STIBPALM can get better per-
formance than the SPRING and SiPALM stochastic algorithms with epoch changes.

1 http://www.cad.zju.edu.cn/home/dengcai/Data/FaceData.html.
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Fig. 2 Objective decrease comparison of S-NMF with s = 25% on Yale dataset. From the left column to
the right column are the results of SGD, SAGA, and SARAH, respectively

The stochastic algorithms can improve the numerical results compared with the corre-
sponding deterministic method. Furthermore, compared with the stochastic gradient
algorithm without variance reduction (SGD), the variance-reduced stochastic gradient
(SAGA, SARAH) algorithm can get better numerical results.

The numerical results applying different Bregman distances under the Yale-B
dataset and ORL dataset are reported in Figs. 6 and 7, respectively. We can observe that
BSTiPALM algorithm can obtain better numerical results compared to STIBPALM
algorithm, where SARAH gradient estimator can get the best performance with epoch
changes.

We also compare STIBPALM with SGD, SAGA, and SARAH for different sparsity
settings (the value of s). The results of the basis images are shown in Fig. 8. One can
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Fig.3 Objective decrease comparison of S-NMF with s = 25% on Yale dataset
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Fig. 4 Objective decrease comparison of S-NMF with s = 25% on ORL dataset. From the left column to
the right column are the results of SGD, SAGA, and SARAH, respectively

observe from Fig. 8 that for smaller values of s, the four algorithms lead to more
compact representations. This might improve the generalization capabilities of the
representation.

5.2 Blind image-deblurring
Let A be a blurred image, the problem of blind deconvolution is given by

2d

1
: 2
min § > [A-X O Yllz+n ) R(IDX)]): 0=X=1, 0<Y=I, |[Y];=1
Xy |2
r=1
5.2)
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Fig.5 Objective decrease comparison of S-NMF with s = 25% on ORL dataset
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Fig. 6 Objective decrease comparison of S-NMF with s = 25% on Yale dataset with different Brengman
distance
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Fig.7 Objective decrease comparison of S-NMF with s = 25% on ORL dataset with different Brengman
distance

Fig.8 The results for 25 basis faces using different sparsity settings. From the left column to the right column
are the results of TIPALM, STiBPALM-SGD, STiBPALM-SAGA, and STIBPALM-SARAH, respectively.
From top row to bottom row are the result of s = 25% and s = 50%, respectively
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Fig.9 Objective decrease comparison (epoch counts) of blind image-deconvolution experiment on Kodim08
image using an 11 x 11 motion blur kernel

In numerical experiment, we choose R(v) = log(1 + avz) as in [6], where o = 103
andnp =5 x 1072,

We consider two images, Kodim08 and Kodim15, of size 256 x 256 for testing.
For each image, two blur kernels—Ilinear motion blur and out-of-focus blur—are
considered with additional additive Gaussian noise. In this numerical experiment, we
mainly use SARAH gradient estimator and set p = 6i4. We take a1 = Bk = Yik =

Hik = 53 @k = Pak = yu = pax = to3 in TiPALM and STiBPALM and

aik = Bik = yix = ik = o in iPALM.

The convergence comparisons of the algorithms for both images with motion blur
are provided in Figs.9 and 10, from which we observe STIBPALM-SARAH is faster
than the other methods. Figures 11 and 12 provide comparisons of the recovered
image and blur kernel. We observe superior performance of stochastic algorithms
over deterministic algorithms in these figures as well. In particular, when comparing
the estimated blur kernels of the two algorithms every 20 epochs, we clearly see that
STiBPALM-SARAH more quickly recovers more accurate solutions than TiPALM.
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Fig. 10 Objective decrease comparison (epoch counts) of blind image-deconvolution experiment on
Kodim15 image using an 11 x 11 motion blur kernel
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(c) Recovered by PALM  (d) Recovered by iPALM
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Fig. 11 Image and kernel reconstructions from the blind image-deconvolution experiment on the Kodim08
image using an 11 x 11 motion blur kernel

(a) Original image and ker- (b) Blurred image (c) Recovered by PALM  (d) Recovered by iPALM
nel

(e) Recovered by TiPALM (f) Recovered by SPRING- (g) Recovered by SiPALM- (h) Recovered by STiB
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Fig. 12 Image and kernel reconstructions from the blind image-deconvolution experiment on the Kodim08
image using an 11 x 11 motion blur kernel
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6 Conclusion

In this paper, we propose a stochastic two-step inertial Bregman proximal alternating
linearized minimization (STIBPALM) algorithm with the variance-reduced gradient
estimator to solve a class of nonconvex nonsmooth optimization problems. Under some
mild conditions, we analyze the convergence properties of STIBPALM when using a
variety of variance-reduced gradient estimators and prove specific convergence rates
using the SAGA and SARAH estimators. We also implement the STIBPALM algo-
rithm to sparse nonnegative matrix factorization and blind image-deblurring problems
and perform some numerical experiments to demonstrate the effectiveness of the pro-
posed algorithm.

Appendix
A SAGA variance bound

We define the SAGA gradient estimators %x (ug, yr) and %y (Xg+1, vi) as follows:

~ 1 : | « ;
Vatue o) =5 Y (Ve Hitue 30) = ViHigl 30) + 3 Vi Hy (ol 0.
iel} j=1

(A1)

o~ 1 L ;
¥y G =2 (Vi Hi Cox1, 000 =V Hi G, g,§)>+; >V H; G, &,

iel] j=l1

where [} and / ky are mini-batches containing b indices. The variables (p,i and & ,i follow
the update rqles (,0,"(#1 = ug if i € I} and (p,i+1 = go,i otherwise, and Eli_,’_] = vy if
i€ Iky and & | = S,é otherwise. ' .

To prove our variance bounds, we require the following lemma.

Lemma A.1 Suppose X1, - -- , X, are independent random variables satisfying Ey X;
=0for1 <i <t. Then

B X0+ X2 =B [IX0 2 4+ + 102 (A2)
Proof Our hypotheses on these random variables imply Ey (X ir X j) =0fori # j.

Therefore,

t
B X0+ Xl =B 3 (X0 X5) = B [IX0 P 4 107
ij=1

O
We are now prepared to prove that the SAGA gradient estimator is variance-reduced.
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Lemma A.2 The SAGA gradient estimator satisfies
~ 2 1 & i 2
B [Pt ) = Vel s 30 [* < - 3 | Va0 = Ve Hi ol 30|
j=1

n
- ) 4 2
B [y (o 00 =V H e o) = 5 D7 |93 Hy o w0 = ¥y H o, 1)
j=1

16N2y?

= (el — 2l + 2k = 2l + lzwes =212l (A3)

as well as

~ J— ;
Ee |92 y0) = Vi H g 30| = T S |V e v = Vo 9],

B |9, (e, 00 =V, H (e, 00| < —— ZHV Hj (xes v0) =V, H (e, 1)

4N
+le/ (Ex lzea1 — zell + Nz — zk—1ll + llzk—1 — ze—21D) » (A.4)

where N = max {M, L}, y = max{y1, »}.

Proof According to (A.1), we have

Ex | Vi (uk, yi) — Vi H (., yk)||2 (A.5)

2

1 : 1 )
= D (VaHit 30 = Vi Hi (0 70 ) = Vi H (k. 30+~ 3 Vi Hj (] 30)
iel} j=1

(ug, yi) — Ve H; (9}, yk)”

v )|
J_

Inequality (1) follows from Lemma A.1. By the Jensen’s inequality, we can say that

By | Vi Cur. yi) = Vie H (g, 1) | s\/lEk |9k, yo) — Vi H g y) || (A.6)

<= Zﬂv Htue. 30 — Vel o]y |

j=1

@ Springer



Numerical Algorithms (2024) 97:51-100 89

~ Va0l .

We use an analogous argument for % (Xk+1, k). Let Ex  denote the expectation
conditional on the first k iterations and /]| . By the same reasoning as in (A.5), applying
the Lipschitz continuity of Vy H;, we obtain that

E x W ) (X1, ) — Vy H (Xg41, vk)”2

1
== HVyH (i 00 = Vo H e, 6|

n

4
<—Z|lv HjGoieyr. ) = Vo H (e, i) || +—Z||V H; (i, yo) = Vy Hy o, )|
j=l1 Jj=1

4
i Hv H ok, )~V H 50| 4 ZHV Hj (k. 6~V Hy e )|
2 ), 4M? ), 4L? )
ekt = xell™ + == lloe = yell™ + == e = vkl

=

b
2
+—ZHV H sk, 00 = Yy Hy ot 80 |+ 2 ks =l

IA
\

M2
Hv Hj ot 00 = Yy Hy o 8D 4 o s — P

4(M2 + 1%
M (202 13 = 3112 4+ 27 1yt = 3e2l?)

4
== Hv ot 00 =Yy H . 60 | 47Nz =2l -z 117

b

+llzk—1 — Zk—2||2) , (A7)
where N = max {M, L}, y = max {y1, y»}. Also, by the same reasoning as in (A.6),

B x || Vy o1, vo) — Vo H (it ve) | (A.8)

& 2
E\/Ek x HV (41, Vk) — Vy H (X1, 0 |
Z |9 st ) = 9By 60|+ 22 (leir = 2l + ek — )
\/—
+ ||Zk—1 —zk—2D),
Applying the operator Ey to (A.7) and (A.8), we get the desired result. O
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Now, define
1 & i 2
T == 3 (H VeHj s ver) = VeHil e[ A9)
"
] 2
4| Vo H Gt v ) = Vo H G 64 )| ) ,
1 < ; 2
Crt1 :ﬁ ; (H ViHj(ukt1, yk+1) — Ve Hj(@p g, yk+1)H
j 2
2|V, Hj G viee) = Vo Hy e 6| ) :

By Lemma A.2, we have

Ex [|| Ve (e, yo) — Vi H (ug, yk)||2 + | %y(xk-i-la vk) — Vy H (Xg+1, vk)||2]

2 2 2
<Y+ Vi (Be Nz = 2l + llze = 2112+ llzkes = zeall?)
and

Er [[| Vi (i, yi) = Vi H e, yo || + | Vy Gt ve) = Vo H (v, v ]
<k + Vo Ex Nzkg1 — zicll + llzk — zi—1 | + llze—1 — ze—21) .

16N2y2
b

and V, = ANy

This is exactly the MSE bound, where V| = NG

Lemma A.3 (Geometric decay) Let Yy be defined as in (A.9), then we can establish
the geometric decay property:

BeTern = (1= ) et Ve (B lzess — 2l + Nz — 22 + okt = 2621)
(A.10)
2 2 2
where p = %, Vy = 408nN"(1+2yi +73) (1;2)/' +y2).

Proof We show that [E; Y is decreasing at a geometric rate. By applying the inequal-
ity la—cll> < (1 +¢)la—bl>+ 1 +e ) [Ib—c|? twice, it follows that

. 2
VeHj(upr1, yis1) — Vo Hj (@], yk+1)”

l n
b 2|
j=1
I+¢ o
= bn ZEk‘
j=1

—V H (g, o) ||

1+¢!
bn

. 2
Vo Hj i, i) = Ve Hi (@l )|+

n
> B | Ve Hj (g, yern)
j=1
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(1+6‘)

ZEk 9.1y 30 = Vet w0

L+ +eh) & YK ‘

. . 2
» VeHj (@10 i) — VxHj(¢,f+,,yk+1)H

j=1
1+s

ZEk |V Hj s yir) = Vi Hj e, o) |

_a+ S)Z(I—b/n) (I+e)1+eHm?

. 2
S|V o=V @l o[+ B k= i1
j=1

bn b
14+ Hm?
B (e = el + Dy = )
(1+8)%(1 —b/n) « ; 2 2481 +eHm?
sT/Z]va,-(uk,yk>—vaj<¢z,yk)H Bt Iy — el

(1+eHm?
B (3 ket — e P 4 3 e — el 4+ 3 e — )

(1+&)2(1 = b/n) & ; 2 2+ +e Hm? )
TR |98y 30 =2 Hy o 0 |+ B e =l
3M2(1+ e (1 +2yD) 6M*(1+e (2 + v
+ - LB Nkt — xell® + - L2 lxye — xet 112
6M*(1 + e~ 1yy?
+ "2 et — x2ll?. (A.11)

b
Similarly,
1 < N
S B |V H G ) = Vo Hy o )|
j=I

+¢ " j 2
- Z]Ek HVij(xk_H, vk) — Vy Hj (X1, $k+l)”
=1

147! & 2
ZEk || VyHj(Xg+1, V1) — Vy Hj(Xg11, vk)||
j=1

(1+8)2(1 —b/n) — INL
<R HVij(Xk, vk) = Vy Hj (Xt fk)H
i=1

bn

n (1+e)(1+& A —b/n)

n
> B | Vy Hj et v — Yy Hy G o) |

bn ot
1+t < )
o ZEk [ VyHj (g1, vis1) = Vy Hj (g, ve) |
j=1
A+e)31 —=b/n) & INE
< Y |V Hy e v — VG )|
j=1
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1+8)2(1+e D1 —b/n) < ; 12
+( +e)%( +bsn )( /n)ZEk HVij(xkf/g)_Vij(kasS/f)H
j=1

1 14+ (1 —b/n) &
+( +e)( +Zn )( /n>Z]Ek ”Vij(Xk+],Uk)_Vij(xk,vk)Hz

j=1
l+e ! & 2
o ZEk | VyHj kgt visr) — Vo Hj Gegr, o) |
j=1
(A+€)3(1 —b/n) & P2 A+e)?(+eH(d—b/n)M?
< |V v =V Hy e )| -
j=l
(14+e)A+eH(A=b/m)M? (14eHL?
B l1xks1 —xell*+ 3 M g e —xk||2+T]Ek llo 1 —vell?
(1483 (1=b/n) & 12 C+e)(4e)A+eH(A—b/n)M?
)] [ TR R )] . /
j=1

A+ Hr?
Ex k1 — xell> + — & (3lvkss = vt I + 3 Dyier — el + 3 i — wel)
(1+e)(1=b/n) < 12 +e)(1+e)(1+e~H(1—b/n)M?
ST;"VYH-i(xk’U")_Vny(xkﬂf/f)H + .

3L2(1+ e H( +2y2) 6L2(1 + & H(y2 +v2)
- LB vk — il + - L=

E llxk41 — xi [l +
6L%(1 + e 1)y2
I3k = 3kt P 4+ =2 e = 2. (A.12)
With
n
1 j 2
Ti+1 = Zl ”VxHj(ukH, Yi+1) — Ve Hj(9p 4, ))k+1)H
j:

: 2
4| Vo H ot v ) = Yy H G 64| ) ,

adding (A.11) and (A.12), we can obtain

Ex Yet1

3M2 1+ Ha+2y2)

Ex lyiee1 — yell>+ L

b b

6M>(1+e Dy + ) 6M2(1 + e~ 1yy}
b ! 2 ||Xk—xk71||2+T2

4141 +e HA —b/m)M*2 +¢)
loxe—1 — xx—2lI> + b / B k1 — xxll?

Q+e)(1+e~HMm?

<(1+)3U—b/n)Yr+

2
Ep lxg+1 — xxll” +

4L (1+e DYy +vd)

12L2(1+e HA+2y2)
+ LBk lykr — el + 5 llye—ye—111?

b
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24L%(1 + e Hy?
+ 2 vkt

_ 2
b Yie—2l

BN2(1+e)2+e)(1+e Hd +2yD)

2
5 Ex llze+1 — z«ll

<(1+&)>31 —b/n)Y +

24N2(1 + e Hy2 +v2) 24N2y2(1 + e~ 1)
+ - L= 20 iz — 2 I + 2b
24N2(1+e)2+e)(1+e~ H(1+2y2 +y3)
b

2
lzk—1 — zk—2ll

<(4+6)*(1—b/n) T+ (B lzis — 2zl

2 2
+llzk — zk=1 117 + llzk=1 — zk=2|l )

where N = max {M, L}. Choosing ¢ = 6%, we have (1 + 8)3(1 — %) <1-— %,

producing the inequality -

UN(1+ E)2+ S+ P +27 +vD) 2
(Ex llzxr1 — z«ll

b
Ex Ykt <(1 = =)k +
2n

b
+llzk = zk=11* + lzk—1 — zx—211?)
b 408nN2(14-2y2 +v3)
== )it 7 (Bl =zl +llze =zt P+l = zeal?)
(A.13)
This completes the proof. O

Lemma A.4 (Convergence of estimator) If {zx }ren satisfies limg_ oo E ||zx —z2k—1 %=
0, then EY, — 0and ET', — Qask — oo.

. 2
Proof Wefristshowthat27:1 E H ViH(ug, yo) — VxHj(goli, yk)” — Qask — oo.
Indeed,
ZE HVxHj(uk, ) — Vi H; (g}, yk)” <L’ ZE
j=1 j=l1

12
uk“ﬂ]{”

2n h <& 12
2 2, s2 j
<nL-(1+ 5 VE llug — wg—1 I + L7(1 + 2n) E 1IEHMkl —wkH
]=

2n b b < 2
2 2 2
=L+ R — P+ 120+ 2001 = 3R -
j:

2 2n 2, 72 b\ i

<nL2(1+ SO g — w1 |2 4+ L2 = 2 Y E e — o) |
j=1
2n k b
<nL2(1+ 9 Y (1= S TRl — I (A.14)
=1
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As Ellze — 211> — 0, s0 Ellug —ug_1]|> — 0, it is clear that 3y, (1 —

. 2
L YE llug —u1 > — 0, and hence Y E || Vi Hj (. yi) = Vo Hj (9] yi) H )

2
as k — oo. An analogous argument shows that Z?:] E H VyH;(xp, vi) —Vy Hj(xg, é,f )H

— O0ask — 00.SoEYy — Oask — oo. Similarly, we can get EI'y — Oask — oo.
Indeed,

n n
SB[ ViH; G v = ViHol w0 < LY E Ju— of|
j=1 j=1

n
<nLE|ux —w 1l + LY E Huk—l — ¢ H
j=1

b o ;
< — - — — )
<nLE ug — -l + L(1 = ) Y furr — ¢l |
j=1
Loob
<nl Y (1= B flu — . (A.15)
=1

Because E ||zx — zx—1 ||2 — 0, it follows that E ||zx — zx—1|| — O (because Jensen’s

inequality implies E [|zx — zx—1]| < /E llzk — zk—11*> = 0). So E |lug — ug—_1]| —
0, then it follows that the bound on the right goes to zero as k — o0, hence ET'; — 0.
]

B SARAH variance bound

As in the previous section, we use I} and 1, k} to denote the mini-batches used to
approximate Vy H (ug, yx) and Vy H (xg41, vx), respectively.

Lemma B.1 The SARAH gradient estimator satisfies
Ey <H Vi (ug, yi) — Vi H (ug, yk)“2 + ||§y(xk+1a vk) — Vy H (xp41, Uk)”2>
< <1—%) (Hex(”kfl’)’kfl)—va(“kfhkal)”z‘*'”%y(xk, vk—1)— Vy H (xg, kal)”z)
+ 1 (B flert = 2+ ot = et + oot = a2 + a2 = 2s])
as well as
Bi (Ve Guies y) = Vi H (i, yO | + | Vy Geter, v) = Vo H (e, v |)

1~ ~
=/1- > (| Vs y) = Vi H i, yi) | + || Vy Gek1, v1) = Vy H (g1, v0) |)

+ Vo Bk Nzkgr — zell + Nlzke — ze—1ll + llzk—1 — zk—2ll + llzk—2 — zx=311) ,
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where Vi = 6 (1= 1) M2(1+ 297 + y3) and Vo = M, [6(1 = H)(1+ 297 + 7).

Proof LetE; , denote the expectation conditional on the first k iterations and the event
that we do not compute the full gradient at iteration k. The conditional expectation of
the SARAH gradient estimator in this case is

~ 1 ~
E p Vi (ug, yr) ZBEk,p ZVxHi(uk,}’k)_vai(uk—la)’k—l) + Vi (-1, Yk-1)

: X
USh

=V, H (ug, i) — Ve H (—1, Yi—1) + Ve (ur—1, yi—1), (B.1)

and further

Bt p |V Gt i) = Vi H g, o) |

=Ey,p H%(W—L Yi—1) — Vo H (uk—1, ye—1) + Vx H (ug—1, yk—1) — Vi H (ug, yr)
+V, ks yi) = Vi k1, Y1) ||2

=| Vi (r—1, Yk—1) — Vo H (g1, ykfl)H2 + Ve H (g—1, yk—1) — Vi H (g, yio)lI*
+ Eip | Vi Ctke, yio) — Vi (g, y/c—1)||2
+ 2(%(141(—1, Yi—1) — Ve H (-1, yi—1), Vi H (-1, y—1) — Vi H (ug, y))
— 2(ViH (ug—1, ye—1) — Vi tk—1, Ye—1): Ex p (%(Mk, o) = Vilug-y, Yi-1)))
— 2(Ve H (g, yi) — Vi H i1, Y1) Bap (Ve e, o) = Vi gy, }Uc—l))()B )

By (B.1), we see that
E, p (%x(uk» ) = Vi (ugt, Yi—1)) = Ve H (ug, yo) — Vi H (-1, yi—1).
Thus, the first two inner products in (B.2) sum to zero and the third one is equal to

— 2(Ve H (uge, yo) — Vi H (=1, ye—1)s Exe p (Ve e, y0) = Vi i1, ye—1)))
= —2(VyH (ug, yr) — Vo H (ug—1, yk—1), Vo H (ur, yi) — Vo H (ug—1, yk—1))
= — 2|V H (ug, y&) — Ve H (ug—1, ye—DII*.

This yields
S 2
Ek, p “vx (uk, yr) — Vi H (ug, yk)”
& 2
= |V Cur—r, ye—1) = Ve H (1, ye=D) || = IV H (a1, ye=1) — Ve H (ue, yoII*

+ Ex p ||§x(uk, ) — Vi (ug—1, Yk71)||2
< [ Vet yee1) = Ve H it i) | +Eip | Vo Gt y0) =V e i) |
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We can bound the second term by computing the expectation.
- S 2
Et.p || Vi Cs yi) = Vi (ur—1, yi—1) ||

1
=E,p 5 EZN Vi Hi(ug, yr) — Vo Hi (ug—1, ye—1)
L

1
< Bip | D IViHi i ) = VieHi (i, ye-0)I1?

: X
iel}

l n
= > Ve Hj i, yi) — Vi H (i1, -
=

The inequality is due to the convexity of the function x > ||x |I%. This results in the
recursive inequality

Erp | Vs Gt i) = Vi H (g, yo) ||

~ 1<
<[V i 3y = Vi H e 3 | 3 |V Hj e 30 = Vi H ity |
Jj=1

This bounds the MSE under the condition that the full gradient is not computed. When
the full gradient is computed, the MSE is equal to zero, so taking the M-Lipschitz

continuity of the gradients of the H; into account, we get

By |V G, y0) — Vi Hug, y)|)

1 ~ 1 &
< (1—;> (”Vx(ukl» Yk—1)— Vi H (ug—1, Yk—l)H2+2 Z |V HjGuie, yi) =V Hj (g1, Ykl)Hz)

Jj=1

1 -
< (1 - ;) (HVx(uk—ls Vk—1) — Vx H (ug—1, yk—l)H2 + M [k, yi) — (ug—1, yk—1)||2) .

Using (a + b + c)2 < 3(a? + b* + ¢?), we can estimate

ks Y1) — @x—1, i DI? = Nlug — wr—1 12 + vk — ye—111?
<3l — xicll® + 3 Nk — xx—1 11 + 3 et — ue—1 12 + lyve — e 112

<3(42p8) vk —xk—1 12 +6(r 2+ ) l1xk—1 —xi—2 > +6y7 Ixx—2 —xe—3 11>+ llye — ye11I” .

Substituting the above inequality, we can obtain

Ex || Vs ks yi) = Vi H g 30 ||

1 = 2
< (1—;) (19t 3o = Vi H a0 [P+ 30204292 = 1P
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HOM2 (4 v D) It =k |2 +6M2YF iz —xe—a P+ M2 k=1 [1)
(B.3)

By symmetric arguments, it holds

Ex |Vy Gokg1. v) — Vi H (g1 vk)||2

IA

1\ /1o
<1—;) (Hvy(xk, Vk—1) = Vy H (s v ) |2+ MPEy || e 1, v — (i, Uk—l)Hz)

IA

1\ /e
<1—;> (19 Cots k) =V H e v |4 M s —xe | +3m2 (1423

| yx—yi—1 H2+6M2(M%k,1 +u3) | vk—1—yk—2 H2+6M2M%,k,1 lyk—2—yk—3 Hz)

IA

1_§> (“%y(xh vk 1) = Vy H (g, v D) 24+ M2By |1 —xe | 2 +3M2 (14292
Ik = vt |* + 6M22 + v2) |yt = ve—a|* + 6M22 |k — ve—3 “2) (B4
Combining (B.3) and (B.4), we can obtain

Ey (H%(uk, yk) — Vo H(ug, yk)”2 + || Vy Gk 15 v) — Vy H (1, vk)||2>

| ~ ~
< (1—;) (19 o 3D =V H i, 0 [P 9y o v =y H G w0 |

+MPEy |t — x|+ M2 vk — i [P 4 3M2A +20D) |z — |

+6M2(r + D) |ek1 — zea|* + 6M%0F |aia — ms )
< (1 - %) T +6 (1 - %) 201427 4D (B et — P + ot — a2
ek = sl + ez = zs)?)
Similar bounds hold for 'y due to Jensen’s inequality:
Ex (| Vi urs yo) = Ve H (i, v | + || Vy Gkt ve) = Vo H (it v )

1~ ~
/1= » ([| Vi Gete, 1) = Vi H i, yo | + | Vy i1, v6) = Vy H Gergrs v |)

1
+M\/6(1—p)(1+21/12+7/22) Ex Nzrt1 =zl +Nzk —zk—1ll+lzk—1 — zk—2 |+ llzk—2 — z&=3 1) -

This completes the proof. O
Now, define

Yert = | Vet 3 = Ve H e 30 | + [ Fy gt v — Vo H eger v |

Test = || Veuk, yo) = Vi H G, yo) | + | Vy it vi0) = VyH (1, v0) || - (B.5)
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By Lemma B.1, we have
~ 2 2
Ex [H Vg, yo) — Ve H e, ) |7+ | Vy Gkt vo) — Vo H (e, i) || ]
<Yk Vi (Ee Nz =26l llze = 2ot 24+ 2kt =2 P+ ez = 2e-312)
and

Ex [[| Ve s yo) = Vi H (e, yi | + | Vy (gt v) — Vo H (g, v | ]
<k + Vo B llzet1 — zll + llze — zk=1ll + Nlze—1 — zx=2ll + llzk—2 — ze=31) .

This is exactly the MSE bound, where V| = 6 (1 — %) M*(1 + 2)/12 + yzz) and

V, = M\/6(l -hHa+at+vd.

Lemma B.2 (Geometric decay) Let i be defined as in (B.S), then we can establish
the geometric decay property:

Ex Y1 <(1=p) Ve +Vy (Ek 2kt —zell® +llze — zk—1 12+l zk—1 —ze—2 1> +llzk—2 —zx—311 ) ,
(B.6)
where p = 1, v =6 (1 _ %) M2(1 4292 + y2).

Proof This is a direct result of Lemma B.1. O

Lemma B.3 (Convergence of estimator) If {zx }rcn satisfies limg— oo E || 2k —2k—1 1>=
0, then EY, — 0and ET', — Qask — oo.

Proof By (B.6), we have

EYy

<(1=p) EYk1+VrE (lzk —zk—1 1* +llzk—1 —zk—2 1>+ lzk—2— z—3l1* + llzk—3 — zx—all?)
k

<Vr Y A= E(la — a1l + Iz — a2l + a2 — 23l + s — z-4l?)
=1

which implies EY;, — 0 as k — oo. By Jensen’s inequality, we have EI'y — 0 as
k — oo. O
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