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Abstract

This work proposes a robust ADI scheme on graded mesh for solving three-
dimensional subdiffusion problems. The Caputo fractional derivative is discretized
by L1 scheme, where the graded mesh is used to eliminate the weak singular behavior
of the exact solution at the initial time # = 0. The spatial derivatives are approximated
by the finite difference method. Based on the improved discrete fractional Gronwall
inequality, we prove the stability and a-robust H'-norm convergence, in which the
error bound does not blow up when the order of fractional derivative « — 17. The
3D numerical examples are proposed to verify the efficiency and accuracy of the ADI
method. The CPU time is also provided, which shows the proposed method is very
efficient for 3D subdiffusion problems.

Keywords Three-dimensional subdiffusion equation - ADI scheme - L1 scheme -
a-Robust - Stability and convergence

1 Introduction

In this article, we consider the following three-dimensional subdiffusion problems

Dfu(x,y,z,t)—Au(x,y,z,)=f(x,y,z, 1), (x,y,20€Y, t€(0,T], (1)
u(x,y,z,t) =v(x,y,z,1), (x,y,z)€dY, te0,T], (2)
ux,y,z,0) =9, y,2), x,y,2€T, (3)
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in which ¥ = (0, £,) x (0, £Ly) x (0, L;), 07 is the boundary, and f, ¥, and ¢
are smooth functions. D u represents the Caputo fractional derivative, which can be
written as

13
Dfu(-,t) := ;/ (t —E)‘“Mdé, ae0,1).
r'a—-w Jo 0&

In recent years, the high-dimensional subdiffusion problems have been used in a
wide variety of application fields due to the nonlocal natures, such as physics, finance,
and chemistry [1-4], and many numerical schemes for solving subdiffusion equations
have been proposed [5—12, 26]. Alikhanov [13] constructed a L2-1,, formula for time-
fractional diffusion equation with variable coefficients. Kopteva et al. [14] considered
an initial-boundary value problem of subdiffusion type. Gao et al. [15] constructed
finite difference methods for solving a class of time-fractional subdiffusion equations.
Zhai et al. [16] constructed the high-precision unconditionally stable finite difference
methods for solving time-space fractional diffusion equation. Wu et al. [17] proposed a
new high-order finite difference scheme for solving the 2D time-fractional convection-
dominated diffusion equation. Du et al. [19] proposed two difference schemes for the
multi-dimensional variable-order time-fractional subdiffusion equations. Zeng et al.
[20, 21] firstly proposed two fully discrete schemes for the time-fractional subdiffu-
sion equation with space discretized by the finite element method and time discretized
by the fractional linear multistep methods. Wang et al. [23] proposed an effective ADI
scheme for solving the two-dimensional time-fractional diffusion equation. Balasim
et al. [22] developed a new detailed group iterative scheme for 2D time-fractional
advection-diffusion equation. Yang et al. [24] constructed a space-time spectral order
sinc-collocation method for the fourth-order nonlocal heat model arising in viscoelas-
ticity. Zeng et al. [25] proposed a new alternating direction implicit Galerkin-Legendre
spectral method for the two-dimensional Riesz space fractional nonlinear reaction-
diffusion equation. Zeng et al. [26] constructed the second-order accurate schemes
for the time-fractional subdiffusion equation with unconditional stability. Zhou et al.
[27] constructed a fast efficient ADI scheme for 3D nonlocal evolution equation with
different weakly singular kernels. Tian et al. [28] proposed an implicit robust differ-
ence method for the modified Burgers model with nonlocal dynamic properties. Zhai
etal. [29, 30] presented the high-order compact finite difference method for the three-
dimensional time-fractional convection-diffusion equation. Roul et al. [31] proposed
compact ADI scheme for the two-dimensional time-fractional convection-diffusion
equation.

In this paper, we propose a robust ADI scheme for solving three-dimensional sub-
diffusion problems. We use L1 scheme on graded mesh to approximate the Caputo
fractional derivative, where the graded mesh is accustomed to eliminate the weakly
singular behavior of the true solution at ¢+ = 0. By using the standard second-order
finite difference for the spatial discretization, we obtain a fully discrete scheme. The
stability and a-robust H '-norm convergence analysis are strictly proved. We obtain
a robust ADI scheme based on the ADI algorithm and give two numerical examples.
The CPU time is also provided. The main contributions of this paper are shown as
follows:
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e In this paper, an a-robust H '-norm convergence analysis for the proposed method
based on non-uniform meshes is developed for the three-dimensional subdiffusion
equation. Theoretical results prove that the error bound does not blow up when
the order of fractional derivative « — 17

e We construct an ADI algorithm to solve the three-dimensional subdiffusion equa-
tion, which greatly reduces the computational cost. We compare the difference
scheme proposed in this paper with the scheme in [23] in numerical examples.
The numerical results verify that our ADI scheme is effective for both 2D and 3D
time-fractional subdiffusion problems.

The remainder of this article is organized as follows: In Sect. 2, we construct the
ADI scheme for three-dimensional subdiffusion problems. The stability and «-robust
H'-norm convergence analysis are presented in Sect. 3. In Sect. 4, the 3D numerical
example is provided. At last, a brief conclusion is provided in Sect. 5.

2 Establishment of the fully discrete ADI scheme

Set hy = %, hy = %, and h, = % for the positive integers x1, x2, and x3, and
t, = T (n/N)Y forapositiveinteger N,y > 1isagrading parameter. Sett, = t,, —f,_1
and T = maxt, forl <n < N.

Let Yp = {(xr, v, 2010 <r < 51,0 < j < 2,0 <k < x3},and ¥j = T, N Y,
Y, = Y, N 3. Denote u) ik be the approximation solution of (2)—(3) at the mesh
point (X, yj, Zk, tn).

Forn=1,2,---, N, we use the L1 scheme as follows:

n—1  p+l b4

1 ur‘k —Uu i tp+1 _
ik My / (b — £)~dE
t

rjk <= : _
F(l Ol) =0 Tp+1 »

DNu

= n,lu’:jk - dn,n“?jk - Z(dn,p - dn,p—{—l)ufﬁcpv 4
where . )
—a _ —a _ _ —a
dn,l — Tn—’ dn,p — (t, tn—p) (t, tn—p—H) L l<p<n.
re—ow) ‘L'n_p_HF(Z—Ol)

Set u, =d _1 = 17" (2 — ), the problem (2)—(3) can be approximated by

D%ui’jk Ahurlk fr’;kv (-xra ij Zk) € T}’h 1 S n S N’ (5)
r]k_w(x}’»yjszkstn) (xr,yj,Zk)eaTh,ISnSN, (6)
u?}k :¢(-xr1 ij Zk)9 (xr’ yj7 Zk) eTha (7)
where
u! o= 2u, 4+ u .
2 2 r+1,j,k rjk r—1,j,k
Ahl’trjk 8 urjk + Sy :l]k + 8z rjk» Sx :‘ljk = /’l2 ’
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n n n
s2n = raik T B T ok
y¥rjk = h2
y

n n n
2t — Uy g1 = 22Uy ey
’ z%rjk — h2 .
V4

To get ADI scheme, we add a small term (28282 + u2828% + u2828%2 —

n%x%y n“x%z n“y“z
ui&%é%S?)D% ul! ik into (6), which is order O (N ~2%). Thus, we can obtain the famous
ADI scheme:

(I + g 8283+ pupde82 + ppdiol — 11y 838382) Dul sy — Aty = !

n%y%z x%y%z rjk = rjk»
(xr7yjazk)€Th5 1§n§N7 (8)
Uy = Y (e, ¥js 2k tn)y (Xr, ¥, 2k) €8T, 1 <n <N, )
u?]k :¢(xrv ij Zk)s (xr’ yja Zk) eTh (10)

By substituting (4) into (8), we have

2 2 2 20202 20202 2¢202
u’rljk_M"(sxu’rljk_ M"(Syu;ljk_ H“nsz u;ljk—i_ Mnaxtsyu?jk—i_ lu“n(sxaz u;ljk+ /’Lngy(sz M:ljk
3¢202¢2 20202 20202 20202 3¢202¢2
_/’LnaxSysz u;ljk = un(I + /’Lnsx‘sy + lu“n5x8z + /‘Lnaysz - /’Lngxayaz)(d’lynugjk—i_

n—1
Z(dn,p - dn,p+l)ul:j;p) + /uLnfrr}-k.
p=1

Define

Fje =tn (I + Up8385 + pades? + 128387 — ta876387) (dn ity +

yYz xYyYz

n—1

n—p
Z(dn,p - dn,p+1)urjk + ,unfrr;‘k,
p=1

then (8) can be rewritten as the following ADI form:
(I = )T = a8 = a8y, = Fliyp, (5, yj,2) € Yy, 1<n < N.
Next, we introduce two intermediate variables to get the solution {u' y o)

1
n—3

Upjp™ = (I _ﬂnszz)”fjka (xr,yj,2k) € Yp, 1 <n <N,

wIN

1
n— n—z
Uyik =(1_Mn5§)urjk3v (xr,yj,2k) € Yp, 1 <n <N,

from which we can solve the problem (8)—(10) by using the following three algorithm
steps.
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2
Algorithm 1 The algorithm of solving {u rik 1.

Input: FX rmn

Output: {urjk"}
1: Fixing j € {1,2,--- , xo — l}and k € {1,2,---, x3 — 1}
2:foreachl <r<y;—1land1 <n < Ndo

2

n?
3 (= pndDu, = Fly

_2 1
4 ug? == g = = b U = Dy
1

1773 2
S50 u, =3 unS )u (I — pndy )(l—untS u”?

6: end for

xuk_ X1:J .k

2
n—3
return {”rjk }

1
Algorithm 2 The algorithm of solving {u ik ).

Input: u, ik
1
Output: {’Jk }
1: Fixingr € {1,2,--- , x1 —l}andk € {1,2,---, x3 — 1}
2:foreachl1 < j <y, —1land1 <n < Ndo

n—4i n—2
3: (Ifﬂnéz,)urjkz :”rjkB
4wy =0 = pnd? U0k
n— 1 2
5: rxzk_(l Und3 )urxzk
6: end for

" n—x
return {urjk }

Algorithm 3 The algorithm of solving {ufj o

1

2 1
3
rjk > rjk
Output: {u "Jk}
I: Fixingr € {1,2,---, x;1 —1l}and j € {1,2,---, xo — 1}
2:foreachl <k <x3—1land1 <n <N do

3: (1— sl =

Input: u

rjk
4: r_/O w(Xr,y_,,zo,tn)
5: "f,j,xz =Y (Xr, ¥j, Zyzs n)
6: end for

return {u )jk}

3 Stability and convergence analysis

In this section, we shall prove the stability and convergence of the ADI difference
scheme (8)—(10) in H'-norm sense. For grid function u = {ul k|0 <r <yx,0<
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J < x2,0 <k < y3,0<n< N}, wedenote

x—1  x-1 x-1

"I = D hy D he Y W),
r=1 k=1

j=1
xi xn-1  x3-1
ny2 __ n 2
ISc | =D D hy Y he )Gy P
r=1 j:l k=1
X X2 x3—1
2 2
18:8yu 1> = h Y Jhy Y ke Yo Gyl iy )%
r=1  j=1 k=1 .
X1 x2 X3
Il = e 3y S S R
r=1 ]:1 k=1
X1 X2 x3—1
2 12 2 2
18:8y82u" 1 =hy D hy Y he Y (8:8,87u" P
2 2
r=1  j=1 k=1

xi—1  xo—1  x3—1

A 1> = ke > by Y he > (Al
r=I1 k=1

j=1

where Syu, 1 = hi(urjk — uy—1,j,k). We can analogously define other norms
X

2.7k
8yul, 18zt I, 18y S u ||, 1858 I, ||3x5z5§u"||, and |8,8.82u" |

Set U, = {upjilurjx = 0if (xp, yj,2k) € 0¥y and (x,, yj,zx) € Y}, for Vu,
w € Uy, we define

IVau™ |1 =18 1> + [18yu™ |17 + 180" |17,
™ 17,0 =lu™ 1> + 1| Vau" |12,
13 =1Vau" 1? + pn (885" I + 118, 87u™ I + 18876 > + [18:87u" ||
+ 118,870 7 + 118850 II” + 311828, 1) + g (11878, 8. |1
+ 1188581 [I* + 18:8y82u™ 7).
3.1 Stability analysis
In this subsection, we first prove a lemma in order to get the stability analysis.
Lemma 3.1 For any grid functions u, w € Uy, we have
x1—1 x2—1 x3—1
—hahyhe Y0 Y0 3 (w0283 + 826+ 826Dl — 028267 ) Al

r=1 j=1 k=1
<llu"lallw” 4 (11)
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where the equality holds when u = w.

Proof By utilizing the Cauchy-Schwartz inequality, we get

xi—lxa—1x3—1
~hehyhz ) Y0 D <M:ljk + g (3385 + 8787 + 838 uy *#2555553“;%) SFwy
r=1 =1 k=1
n—lx—ly-1 n—lx—ly-1
SVNS 3530 3T RIR T RIRET-IN 35 383
r=1 j=1 k=1 r=1 j=1 k=1

xi—lx—1x3—-1
(8x8y8z’4:171 1 kié)(‘sxayszwn

2 2
-1 r,%,j,%’k,%)+unhxhyhz Z Z Z(slgx”f,jyk,%)

r=1 j=1 k=1

ol
ol

xi—1xo—1x3—1
2..n 2 2.n 2..n
@85 )+ hihyh: ; ,X:; ;(5y5x14r1j_%’k)(5y5xwr’]._%’k)

xi—1x—1x3-1

Fuhihyh: Y Y Z(aﬁayazuf,jf%,k%)(afsyszwf,jf
r=1 j=1 k=1

)

k—

=

3
< 18U 18w || + w2 18y 82u™ [118y82w™ || + 118,82u" |[1|8-82w" |
1188y 81" |18y 8w ) + 11311828, 8-u" [|[|828 8, w" .

In addition, taking the inner product with 8w, and 82w}, we will give similar
results as follows:
x1—1 x2—1 x3—1
—hahyhe Y 30 D7 (e R O30 4 6202 + 6302y — 13028267 ) ST
r=1 j=1 k=1
<U8yu" 118y w” | + ey (18:85u™ 118 85w" | + 118850 [ 18:83w" | + 18,8, 8-u” |18,y 8:w" )
+ 11, 1858, 84" 118788 w" [,

xi—1x2—1x3—1

—hehyh; YNy (ufjk + Up (8787 + 8782 + 838Dy — Miafagafu':jk) 52wl
r=1 j=1 k=1

<8 8w | + 2 (N8 82u™ 1118 82w™ | + 18y 82u™ |18y 82w | + 1188y 8.u™ [[[18x8y8:w" 1)
+ 118288y u [|[1628, 8y w" ||

By adding the above three inequalities together, and using the Cauchy-Schwartz
inequality once again, we get

x1—1xa—1x3—1
~hxhyh: Y Y0y <ulr1jk +M5(5f5§+5§5§+5§53)u?jk—M35§5§5§M$’,—k> Apwyj
r=1 j=1 k=1
<I8cu 18w || + iy (18y83u" 118y 50" | + 18:83u" [18:83w" Il + 1828y 81" [[18+8,8:w" )
+ 11878y 11878y 8w [+ 18yt 18y w"™ |+ pap (18530”11828 7w" |+ 118:85u” | 18-85 w” |
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+ 11828y 81" [118x8y8.w™ 1) + s 1858, 8-u™ 11878, 8:w"™ [| + 180" 18- w” || + s (118:872" |-
I18:82w™ | + 18,826 118y 82w | + 1188y 8.u™ [[18x8y8-w" 1) + 43 18288y 1118288y w™ |
< [uvhu”n2 + un (18, 87u" 1> + 18,870 1> + 118:82u" || + 116:87u™ 1> + [18:85u”™ ||
1
18,820 2 + 31188 8. 1) + i (1826, 8.0 |2 + 18388 |2 + 628,819

[uvhw”n2 + un(18y87w" 7 + [18:85w" 1P + 118:87w" 1> + 118.857w" |* + 18,87 w" |

0=

18,82 |2 4 3188, 8:w"I12) + 13 (1638, 80" 12 + 18368, |12 + 1628:8, 0" )]

<llu*llallw™ [l a.
The proof is finished. O

Next, by an improved discrete fractional Gronwall inequality, we yield the following
lemmas.

Lemma 3.2 [34, 35] Suppose that the sequences {s,}° |, {l,}°2 | are nonnegative, if
the grid function {u"* : n = 0,1, --- , N} satisfies uy > 0 and forn =1,2,--- | N
satisfying (Dyu™)u" < s"u" + (I")2, then it holds that

u" <u +I‘anﬁnl(sl+l)+ mlai(n{ll}
i=1

where 9y = 1, 9pi = Y0 mﬁn_m >0 n=12--,N, i=
1,2,---,n—1.
Lemma3.3 [36] Forn =1, ---, N, we obtain

n
Mn Z ﬁn,i =< Ct,?'

i=1

Theorem 3.4 Suppose {u’rljk|0 <r<x,0<j<x2,0<k<yxsl<n<N}is
the solution of discrete problem (8)—(10), where ”;ljk =0if (xr,yj,2k) € OV, then
we have '
lu™lla < 1u®lla + Cg + 1) max {|| £1]1}. (12)
1<i<n

Proof At first, multiplying both sides of (8) by —hyhyh, Apu’
r, j,kfor (x,y;,zx) € Yp, we get

rik’ and summing over

- n,lhxhyhz Z Z

x1—1xo—1x3—1
(e 12 (528 + 5262 + 828200y — 0263820, ) Ay
1

r=1 j=1 k=
x1—1xa—1 x3—1
DA = dal=hahyhe YYD i+ (8387 + 8387 + 8787 u—
r=1 j=1 k=1
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xi—lxa—1x3—1
52525Z r]k)Ah rjk]+Z(d" p np+1)[ hy h h" Z (urjk
r=1 j=1 k=l

x1i—1xo—1x3—1

2,92¢2 242 2¢2 - 2

1 (8385 + 8387 + 83020u) " — pnd78382u Y Ay 1 = hchyh D> Ay
r=1 j=1 k=1

Then, by Lemma 3.1 and using the Cauchy-Schwartz inequality and Young’s
inequality, we obtain

n—1
d " 15 + 1 Apu" 1P < dnlu®llalle" 4 + D (dnp = dups) 10" P llalld" 4
p=1
1 ny2 ny2
+ I A,
Thus, we yield
n—1
dp a1t < dunllu®lallu®lla + D (dnp = dupr) 1" P llallu™lla + IIf I,
p=l1
which obtains
DG ) " |4 < ||f”||2. (13)

Finally by applying Lemma 3.2 to (13) and Lemma 3.3, we have

1
lulla < llu ||A+Mn27-9nl max{Ilf I+3 max{llf 1}

i=1

< [u®la + C@g + 1) max {|| f]1}.
1<i<n

The proof is finished. O
3.2 Convergence analysis

In this subsection, the H!-norm convergence of the ADI scheme (8)-(10) will be
considered.

Define the notation
ek = uCxr, vy 2k tn) — Uy, (4, vj 2k) € U, 0<n <N.

Next, for further analysis, several significant lemmas are presented as follows.
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Lemma 3.5 [33] Suppose that |3} (-, 1)| < C(1 + 171, where ¢ = 0, 1, 2. Then for
all (xy, yj, zk, tn) € Y, one has

IDSu" s — DEu(xyr, yj, 2k, tn)| < Cty @ N~ minleth.Gma)/y), (14)

rjk
Lemma3.6 [36] Set " = NV1¢ " for 1 <y <2—a, & = N* 21271 +
In(t,/t)] for y = 2 —a, E" = N“‘2t,‘f_(2_a)/y fory > 2 — a. Then forn =
1,2,---, N, we have

n
o i ML, ;< e, (15)
i=l1

in which the constant C is a-robust.

Denote
Rl = (I 4 0387+ 1ndr82 + n8387 — 143 878382) Dl i — Dfu(xr, ;. 21).
Ry = Au(xr, yj, 2k, tn) — Aptty .,

where the small term (u26262 + p28282 + p2828% — /L,3,8)%6§82)D have the

n-x-y }'l.XZ nyz

truncation error O (N ~2%), || Ryu"|| = O(hi + h§ + h%).
Then subtracting (2)—(3) from (8)—(10), the error equation are obtained as follows:

Nurjk

(I + 10387 + und302 + 1und367 — 143878382 Dyl — Ane!

n0x0y 1 Up0y0; My 838767 rik rjik
= Rtu”k + Rhur]k, (xr,yj,zk) €Y, 1<n<N. (16)
rjk—O (x/,yj,zx) € 0¥y, 1<n <N, a7
e;)jk =0, x.yj.zx) € Yh. (18)

Theorem 3.7 Suppose that |8,q(~, 1] < C(L+1"Y) forq =0, 1, 2. Then there exists
a a-robust constant C such that

(-, 1) — U || g1 < C(hE + % + h2 4 N~ mintre2-e2ol) (19)

in which the constant C does not blow up when o — 1.

Proof Multiplying —hyhyh:Ape];, to both sides of (17) and summing over r, j, k for
(X, yj. zk) € Tp, we can get

n—1
2 2 0 -
dnalle" 3 + 1ARe" |7 < dnnlle’llalle”la + E (dn.p —dnp+D " Pllalle” [l

p=1
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xi—1x2—1 x3—1 xi—1x2—1x3—1
—hihyhe Y Y Y R el —hahyhe Y Y Rt Anerp
r=1 j=1 k=1 r=1 j=1 k=1
(20)
Since
x1—1 x2—1 x3—1
—hehyh: Y Y Rl Anel < IVaRad |- Vi€ | < ViR u™ |- lle” ] a,
r=1 j=1 k=1
(2D
and

xi—1x2—1x3—1
1
—hehyhe 3D Y Rt Anely < 180" IP + JIRp" P (22)
r=1 j=l k=1

Then substituting (21) and (22) into (20), we have
n—1

2 0 —
duille" % < dunlle®lalle’ |4+ Y (dnp = dnpr)lle" Pl alle" 4
p=1

1
+ IV R |- Nl 4 + 1 Rt |2,
that is,
1
(D le"lalle"la < IVRR:u™|| - lle" |4 + ZIIRhu"IIZ- (23)
From (23), using Lemma 3.2 and noting that ||¢°[|4 = 0, one has
n
n i 1 ; 1 ;
le"lla < Crn D Pu i1V R I+ JIRRU ) + max § [ Ryull . (24)
i=1 -
Then utilizing Lemmas 3.3, 3.5, and 3.6, one gets
n .
”en”A Scu/n Z ﬂn,l(hi + hi + hg + tn—OlN—mln{Ol-'rl,(z—Ol)/V} + tn—OlN—ZC()

i=1

+C(hy +hy +h2)

<C(h} + hy + h? N~ mintre2me2ady (25)
At last, utilizing the definition of || - ||4 and from [32, Lemma 2.2], we know
le" | g1 < Clle™]|a. The proof of the theorem is finished. O
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4 Numerical experiment

In this section, we conduct two numerical experiments on the proposed ADI difference

scheme, which show that the numerical results are in agreement with the theoretical

analysis results. Set parameters £y = Ly =L, =7, x1 = x2 = x3,and T = 1.
Define the H'-norm error E(z, h) of the numerical solutions by

Eg(z, h) = Vlle"||> + || Ve |12

The spatial and temporal convergence orders are calculated respectively by

EHI (T, 2h)

Eyi (21, h)
Epi (T, h) '

Rate® =lo
are gz[ Eq ()

] , Rate' =log, [
Example 1 In the first example, we consider the following problem:

Diu(x,y,z,t) — Au(x,y,z,t) = f(x,y,z,1), (x,y,2) €Y, t€(0,T],
ulx,y,z,t) =0, (x,y,z2)€dY, te0,T],
ux,y,z,00 =0, (x,y,2) €,

where the source term is
f(x,y,z,t) = (1 + a)sinx sin y sin z + 3¢* sin x sin y sin z.

The exact solution is u(x, y, z,t) = t* sin x sin y sin z.

Table 1 lists the numerical results about the H!-norm errors, the temporal con-
vergence rates, and the CPU time with different « and N when y = 2 — « and
X1 = x2 = x3 = x = 128. We can clearly see that the ADI scheme (8)—(10)

Table 1 H!-norm errors and the temporal convergence rates for y = 128 with y = 2 — & for Example 1

a=02 a=04
N E (T, h) Rate' CPU(s) Epi (T, h) Rate’ CPU(s)
4 1.3661e-0 - 32.513 9.1094e-1 - 32.497
1.1232e-0 0.2824 87.607 5.6976e-1 0.6770 88.205
16 9.0493e-1 0.3117 268.63 3.4179e-1 0.7372 269.64
32 7.1699e-1 0.3359 917.34 1.9994e-1 0.7736 912.70
a=0.6 a=0.8
N Epi (T, h) Rate’ CPU(s) E (T, h) Rate’ CPU(s)
4 5.9914e-1 - 32.060 3.8784e-1 - 31.942
2.7754e-1 1.1102 86.150 1.3675e-1 1.5040 87.370
16 1.2272e-1 1.1774 266.48 4.6830e-2 1.5460 266.81
32 5.3271e-2 1.2039 912.08 1.6058e-2 1.5441 904.85
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Table 2 H!-norm errors and the temporal convergence rates with y = 2(2 — «) for Example 1 when
x=128andtr =T

o =0.15 o =0.25 o =0.30 o =0.45
X E (T, h) Rate’ E (T, h) Rate’ E (T, h) Rate’ E 1 (t,h) Rate’
4 1.6300e-0 — 1.4504¢-0 — 1.3351e-0 — 1.0809¢e-0 —
1.4648¢-0 0.1542 1.1921e-0 0.2830 1.0315e-0 0.3721 6.9242¢-1 0.6425
16 1.2855¢e-0 0.1884  9.3610e-1 0.3487 7.5521e-1 0.4498 4.0928e-1 0.7586
32 1.1085e-0 0.2137 7.1016e-1 0.3985 5.3135e-1 0.5072 2.2977e-1 0.8329

Table 3 H!-norm errors and the spatial convergence rates for N = 512 with y = 2770‘ for Example 1

a=0.6 a=0.8
X Eyi(t, h) Rate® CPU(s) Egi(t, h) Rate™ CPU(s)
4 1.2262e-1 — 37.124 1.2046e-1 - 36.695
3.1420e-2 1.9645 200.25 3.2878e-2 1.8733 198.80
16 5.9406e-3 2.4030 963.63 8.4240e-3 1.9645 953.88
32 8.6023e-4 2.7878 4354.0 1.9254¢-3 2.1294 4403.7
10'F 3
Order =0.4
Order =0.8
Order =1.2
—%— Order =1.2
—-—-a=02
8- a=04
10%F —Qt 2:0%6 E
g
i
] -1
=10 E
102} - ]

107
.

Fig.1 The temporal convergence orders for Example 1
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numerical solution

Fig.2 The numerical solution surface witha = 0.6, x = 128, and N = 32 when y = 2 — « for Example 1

obtain O (N~ minlve.2=e.2¢}y aecyracy in time as predicted. In Table 2, we give the
H'-norm errors and the temporal convergence rates of different small fractional order
o fory =22 —a), x = 128,andt = T. It can be seen that when « is a small
value, the convergence order of 2« is basically satisfied. In Table 3, fixing N = 128,
y = (2 — a)/a and choosing different «, the second-order accuracy can be clearly
observed in space. In addition, the CPU times in seconds of Tables 1 and 3 are given.
Figure 1 shows the order of temporal convergence. Figures 2 and 3 show the values
of the numerical solutions and the exact solutions obtained at different cross sections
of the three-dimensional space when « = 0.6, x = 128, N =32, and y = 2 — «,
respectively, where the color represents the calculated amplitude.

In Tables 4, 5, and 6, we compare the H !_norm errors and the temporal convergence
rates of our 3D ADI scheme (8)—(10) with the 2D ADI scheme in [23] for different y .

)
o
exact solution

Fig.3 The exact solution surface with « = 0.6, x = 128, and N = 32 when y = 2 — « for Example 1
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Table4 Comparison in time with y =2 — « and x = 128 for Example 1

o N The present 3D ADI scheme The 2D ADI scheme in [23]
E (1. ) Rate’ Eqi(t.h) Rate’
4 1.3661e-0 — 4.3891e-1 —
a=02 1.1232e-0 0.2824 3.3492e-1 0.3349
16 9.0493e-1 0.3117 2.7352e-1 0.3474
32 7.1699e-1 0.3359 2.1317e-1 0.3596

Numerical results show that our ADI scheme is effective for both three-dimensional
and two-dimensional, and there is no significant increase in CPU time for 3D.

Example 2 In this example, we consider the following problem:

Diu(x,y,z,t) — Au(x,y,z,t) = f(x,y,z,1), (x,y,2)€Y, t€(0,T],
u(x,y,z,t) =0, (x,y,2) €97, re(0,T],
u(x,y,z,0) =sinxsinysinz, (x,y,z)eY,, (26)

where the forcing term is

3—a

6t
fx,y,z,0) = [3(:“ +H+T 4+ o)+ C :|sinx sin y sin z.

(4—-a)

The exact solution « is unknown; we take different o of the numerical solution to

verify the feasibility of the algorithm when spacial node number x = 128, temporal

node number N = 32, and the grid mesh y = 2 — «. From Figs. 4 and 5, we can see
that the method still works properly in this case.

5 Conclusion
This study proposes an efficient ADI scheme for three-dimensional subdiffusion prob-

lems on graded mesh. We obtain a fully discrete scheme with space discretized by the
standard second-order finite difference and the Caputo fractional derivative discretized

Table 5 Comparison in time with y = 2 and x = 128 for Example 1

o N The present 3D ADI scheme The 2D ADI scheme in [23]
E 1 (t. ) Rate’ Ei(t.h) Rate’
a=02 4 1.3925e-0 - 4.4872e-1 -
8 1.1527e-0 0.2727 3.5819¢-1 0.3251
16 9.3289¢-1 0.3052 2.8267e-1 0.3416
32 7.4146e-1 0.3313 2.2083e-2 0.3562
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Table 6 Comparison in time with y = 27701 and y = 128 for Example 1

o N The present 3D ADI scheme The 2D ADI scheme in [23]
E (T, h) Rate’ Ei(t.h) Rate’
4 2.1452¢-1 - 2.8041e-1 -
a=0.6 8 1.1060e-1 0.9557 1.3696e-2 1.0338
16 5.1856e-2 1.0928 6.2911e-2 1.1224
32 2.3154e-2 1.1633 2.7959e-2 1.1700

numerical solution

1.6

'S

numerical solution

Fig.5 The numerical solution surface with o = 0.8, x = 128, and N = 32 when y = 2 — « for Example 2
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by L1 scheme. ADI algorithm is used to transform the three-dimensional problem into
three one-dimensional problems, which greatly reduces the computational cost. The
theoretical analysis shows that our scheme is unconditionally stable with the spatial
convergence order of two and the temporal convergence order of min{y«, 2 — «, 2c}.
We give two numerical examples and also compare our present 3D ADI scheme with
the 2D ADI scheme in [23]. Numerical results show that our ADI scheme is very effec-
tive in solving the three-dimensional subdiffusion problems. In further work, we will
consider applying this method to nonlinear problems, such as phase field equations.
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