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Abstract
This work develops the Milstein scheme for commutative stochastic differential equa-
tions with piecewise continuous arguments (SDEPCAs), which can be viewed as
stochastic differential equations with time-dependent and piecewise continuous delay.
As far as we know, although there have been several papers investigating the conver-
gence and stability for different numerical methods on SDEPCAs, all of thesemethods
are Euler-type methods and the convergence orders do not exceed 1/2. Accordingly,
we first construct the Milstein scheme for SDEPCAs in this work and then show its
convergence order can reach 1. Moreover, we prove that the Milstein method can
preserve the stability of SDEPCAs. In the last section, we provide several numerical
examples to verify the theoretical results.

Keywords Stochastic differential equations with piecewise continuous arguments ·
Commutative noise · The Milstein method · Convergence order ·
Exponential stability

Mathematics Subject Classification (2010) 60H35 · 65C30 · 60H15

B Minghui Song
songmh@hit.edu.cn

Yuhang Zhang
19b912028@stu.hit.edu.cn

Mingzhu Liu
mzliu@hit.edu.cn

Bowen Zhao
22b904058@stu.hit.edu.cn

1 School of Mathematics, Harbin Institute of Technology, Xidazhi Street, Harbin 150001,
Heilongjiang, China

2 Center for Control Theory and Guidance Technology, Harbin Institute of Technology, Xidazhi Street,
Harbin 150001, Heilongjiang, China

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s11075-023-01652-4&domain=pdf


418 Numerical Algorithms (2024) 96:417–448

1 Introduction

Differential equations with piecewise continuous arguments (EPCAs) are well used
in control theory and some biomedical models ([1–4]). A typical EPCA is of the form

x ′(t) = f (t, x(t), x(h(t))),

where the argument h(t) has intervals of constancy. A potential application of EPCAs
is the stabilization of hybrid control systems with feedback delay [1]. In recent years,
some scholars further developed the theory of stabilization for hybrid stochastic differ-
ential equations by feedback control based on discrete-time state observations ([5, 6]),
and this theory is actually based on the stability of the hybrid stochastic differential
equation with piecewise continuous arguments (SDEPCA)

dx(t) = ( f (x(t), r(t), t) + u(x([t/τ ]τ), r(t), t))dt + g(x(t), r(t), t)dω(t).

Therefore, the properties of SDEPCAs have received more and more consideration.
However, most of SDEPCAs do not have explicit solutions; hence, it is extremely

important to solve them by numerical methods. Moreover, in order to achieve the
required accuracy in many real-world problems, the development of higher-order
numerical methods is necessary. But to our knowledge, the numerical methods cur-
rently developed for global Lipschitz continuous or highly nonlinear SDEPCAs are
all Euler or Euler-type methods (such as the split-step theta method, the tamed Euler
method, the truncated Euler method), and the convergence orders of all of these meth-
ods do not exceed one-half (see, e.g., [7–12]). Therefore, the main aim of this work is
to construct a higher-order numerical scheme for SDEPCAs.

The Milstein scheme is a well-known numerical scheme for stochastic ordinary
differential equations (SODEs) with a strong order of convergence one ([13–19]).
Several scholars have further derived and analyzed the Milstein scheme for stochastic
delay differential equations (SDDEs) [20–29]. However, most of these papers only
consider the stochastic differential equations with constant delay [20–28], while an
SDEPCA can be viewed as a stochastic differential equation with time-dependent
delay, and the delay function is piecewise continuous and not differentiable. Therefore,
it is worthwhile to construct the Milstein scheme for SDEPCAs.

In this work, we construct the Milstein scheme for SDEPCAs following the
approach used by Kloeden et al. for SODEs [14] and SDDEs [29] and prove that
the Milstein solution also converges strongly with order one to the exact solution of
commutative SDEPCAs. It is worth mentioning that the Milstein scheme constructed
in this paper contains only the derivatives of the coefficients f and g j to the first
component, which is different from the ones derived in the existing publications.

Moreover, whether the numerical method can preserve the stability of the exact
solution is also an important criterion for the goodness of the numerical method [30–
33]. Therefore, we also consider the stability of the Milstein method in this paper.
The rest of this work is arranged as follows. Some basic lemmas and preliminaries are
introduced in the second section. The Milstein scheme is developed, and its uniform
boundedness in p-thmoment is obtained in Sect. 3. Then, the strong convergence order
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of the Milstein method is proved in Sect. 4. The mean square exponential stability of
theMilstein method is given in Sect. 5. Finally, several illustrative examples are given.

2 Notations and preliminaries

Throughout this paper, unless otherwise specified, we will use the following notations.
|x | denotes the Euclidean vector norm, and 〈x, y〉 denotes the inner product of vectors
x, y. If A is a vector or matrix, its transpose is denoted by AT. If A is a matrix, its trace
norm is denoted by |A| = √

trace(ATA). For two real numbers a and b, we will use
a ∨ b and a ∧ b for the max {a, b} and min {a, b}, respectively. N := {0, 1, 2, . . . , }.
[·] denotes the greatest-integer function.

Moreover, let (�,F , {Ft }t≥0 ,P) be a complete probability space with a filtration
{Ft }t≥0 satisfying the usual conditions (i.e., it is right continuous and F0 con-
tains all P-null sets), and let E denote the expectation corresponding to P. Denote
by Lp([0, T ];Rn) the family of all Rn-valued, Ft -adapted processes { f (t)}0≤t≤T

such that
∫ T
0 | f (t)|pdt < ∞, a.s. Denote by Lp([0,∞);Rn) the family of process

{ f (t)}t≥0 such that for every T > 0, { f (t)}0≤t≤T ∈ Lp([0, T ];Rn).

Let B(t) = (B1(t), . . . , Bd(t))T is a d-dimensional Brownian motion defined on
the probability space (�,F , {Ft }t≥0 ,P); we consider the following SDEPCA:

dx(t) = f (x(t), x([t]))dt +
d∑

j=1

g j (x(t), x([t]))dB j (t) (1)

on t ≥ 0 with initial data x(0) = x0 ∈ R
n , where x(t) = (x1(t), x2(t), . . . , xn(t))T ∈

R
n , f : Rn × R

n → R
n , g j : Rn × R

n → R
n , j = 1, 2, . . . , d. The definition of the

exact solution for (1) is as follows.

Definition 1 [34] An R
n-valued stochastic process {x(t), t ≥ 0} is called a solution

of (1) on [0,∞), if it has the following properties:

• {x(t), t ≥ 0} is continuous and Ft -adapted;
• { f (x(t), x([t]))} ∈ L1([0,∞);Rn) and

{
g j (x(t), x([t]))

} ∈ L2([0,∞);Rn);
• (1) is satisfied on each interval [n, n+1) ⊂ [0,∞)with integral end points almost
surely.

A solution {x(t), t ≥ 0} is said to be unique if any other solution {x̄(t), t ≥ 0} is
indistinguishable from {x(t), t ≥ 0}, that is,

P {x(t) = x̄(t) for all t ≥ 0} = 1.

We assume that the coefficients of (1) satisfy the following conditions.

Assumption 2.1 Suppose f (x, y) and g j (x, y) are continuously twice differentiable
in x ∈ R

n with derivatives bounded as follows: for constant M > 0

∣∣∣∣
∂ f (x, y)

∂xk

∣∣∣∣ ∨
∣∣∣∣
∂g j (x, y)

∂xk

∣∣∣∣ ∨
∣∣∣∣
∂2 f (x, y)

∂xk∂xi

∣∣∣∣ ∨
∣∣∣∣
∂2g j (x, y)

∂xk∂xi

∣∣∣∣ ≤ M
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holds for all x, y ∈ R
n, k, i = 1, 2, . . . n, and j = 1, 2, . . . , d, where

∂ f (x, y)

∂xk
=
(

∂ f1(x, y)

∂xk
,
∂ f2(x, y)

∂xk
, · · · ,

∂ fn(x, y)

∂xk

)T

,

∂g j (x, y)

∂xk
=
(

∂g1 j (x, y)

∂xk
,
∂g2 j (x, y)

∂xk
, · · · ,

∂gnj (x, y)

∂xk

)T

,

∂2 f (x, y)

∂xk∂xi
= ∂

∂xi

(
∂ f (x, y)

∂xk

)
=
(

∂2 f1(x, y)

∂xk∂xi
, · · · ,

∂2 fn(x, y)

∂xk∂xi

)T

,

∂2g j (x, y)

∂xk∂xi
= ∂

∂xi

(
∂g j (x, y)

∂xk

)
=
(

∂2g1 j (x, y)

∂xk∂xi
, · · · ,

∂2gnj (x, y)

∂xk∂xi

)T

.

Remark 1 Under Assumption 2.1, for all x, y, x̄ ∈ R
n ,

| f (x, y) − f (x̄, y)| ∨ |g j (x, y) − g j (x̄, y)| ≤ M̄|x − x̄ |, (2)

where M̄ = √
nM .

Proof For any x, y, x̄ ∈ R
n , according to the mean value theorem of vector-valued

function (see [35]), we have

| f (x, y) − f (x̄, y)| =
∣∣∣∣
∂ f (x̄ + θ(x − x̄), y)

∂x

∣∣∣∣ |x − x̄ |

=
√√√√

n∑

k=1

∣∣∣∣
∂ f (x̄ + θ(x − x̄), y)

∂xk

∣∣∣∣

2

|x − x̄ |

≤√
nM |x − x̄ |,

where θ ∈ (0, 1), ∂ f (x,y)
∂x :=

(
∂ fl (x,y)

∂xk

)

l,k
, l, k = 1, 2, . . . , n. In the same way, we

can also get
|g j (x, y) − g j (x̄, y)| ≤ √

nM |x − x̄ |.
The proof is completed. ��
Assumption 2.2 There exists a positive constant L such that

| f (x, y) − f (x, ȳ)| ∨ |g j (x, y) − g j (x, ȳ)| ≤ L|y − ȳ| (3)

for all x, y, ȳ ∈ R
n.

Remark 2 Under Assumptions 2.1 and 2.2, there exist a constant L̄ > 0 such that f
and g j , j = 1, . . . , d satisfy the following linear growth condition:

| f (x, y)| ∨ |g j (x, y)| ≤ L̄(1 + |x | + |y|) (4)

for all x, y ∈ R
n .
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Proof By (2) and (3), using the fundamental inequality |a + b| ≤ |a| + |b|, one can
obtain

| f (x, y)| ≤| f (x, y) − f (0, y)| + | f (0, y) − f (0, 0)| + | f (0, 0)|
≤M̄ |x − 0| + L|y − 0| + | f (0, 0)|
≤(M̄ + L + | f (0, 0)|)(1 + |x | + |y|).

Similarly, it can also be proved that

|g j (x, y)| ≤ (M̄ + L + |g j (0, 0)|)(1 + |x | + |y|).

Let L̄ = M̄ + L + | f (0, 0)| +∑d
j=1 |g j (0, 0)|; the proof is completed. ��

Based on Theorem 1 in [36], one can obtain the existence and uniqueness of the
exact solution for (1) on the interval [n, n + 1),∀n ∈ N, then the following existence
and uniqueness of the solution holds on the whole time interval [0,∞) according to
the continuity. For more details, one can also see Theorem 3.1 in [34]. Moreover, the
proof of the following boundedness can be found in [37].

Lemma 2.3 Under Assumptions 2.1 and 2.2, there is a unique global solution x(t) to
(1) on t ≥ 0 with initial data x(0) = x0. Moreover, for any p ≥ 2, there is a positive
constant C such that

E sup
t∈[0,T ]

|x(t)|p < C, ∀T > 0.

Lemma 2.4 [15, 38] Let Z1, . . . , ZN : � → R, N ∈ N be F/B(R)-measurable
mapping with E|Zn|p ≤ ∞ for all n = 1, 2, . . . , N and with E(Zn+1|Z1, . . . , Zn) =
0 for all n = 1, 2, . . . , N − 1. Then,

‖Z1 + · · · + Zn‖L p ≤ Cp(‖Z1‖2L p + · · · + ‖Zn‖2L p )
1
2 ,

for every p ∈ [2,∞), where ‖ · ‖L p := (E| · |p)1/p, Cp is a constant depend on p but
independent of n.

3 TheMilstein scheme

Let us now define the Milstein scheme for (1). Set � = 1/m be a given step size with
integer m ≥ 1, and let the grid points tk be defined by tk = k�(k = 0, 1, . . . ). For
x, y ∈ R

n, j, r = 1, 2, . . . , d, define

L j gr (x, y) =
n∑

i=1

gi j (x, y)
∂gr (x, y)

∂xi
,

Ir j (k) =
∫ tk+1

tk

∫ u

tk
dBr (v)dB j (u).
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In this work, we only consider the SDEPCAs with diffusion coefficients g j satisfies
the so-called commutativity condition L j gr (x, y) = Lr g j (x, y), j �= r .

Since for arbitrary k ∈ N, there always exist s ∈ N and l = 0, 1, 2, . . . ,m−1 such
that k = sm + l, the discrete Milstein solution Xsm+l ≈ x(tsm+l) is defined by

Xsm+l+1 = Xsm+l + f (Xsm+l , Xsm)� +
d∑

j=1

g j (Xsm+l , Xsm)�B j
sm+l

+
d∑

j,r=1

L j gr (Xsm+l , Xsm)Ir j (sm + l), (5)

where X0 = x(0) = x0, �B j
sm+l = B j (tsm+l+1) − B j (tsm+l). Due to Ir j (k) +

I jr (k) = �B j
k �Br

k for r �= j , (5) can also be written as

Xsm+l+1 = Xsm+l + f (Xsm+l , Xsm)� +
d∑

j=1

g j (Xsm+l , Xsm) �B j
sm+l

+1

2

d∑

j,r=1

L j gr (Xsm+l , Xsm)�B j
sm+l�Br

sm+l − 1

2

d∑

j=1

L j g j (Xsm+l , Xsm)�.(6)

Let

X̄(t) =
∞∑

sm+l=0

Xsm+l I[tsm+l ,tsm+l+1)(t), t ≥ 0, (7)

The continuous version of scheme (5) is given by

X(t) = X0 +
∫ t

0
f (X̄(u), X̄([u]))du +

d∑

j=1

∫ t

0
g j (X̄(u), X̄([u]))dB j (u)

+
d∑

j,r=1

∫ t

0
L j gr (X̄(u), X̄([u]))�Br (u)dB j (u), (8)

where �Br (u) = Br (u) − Br ([u/�]�). It can be verified that X(tsm+l) =
X̄(tsm+l) = Xsm+l .

Throughout this paper, let C be a generic constant that varies from one place to
another and depends on p, but independent of �.

Theorem 3.1 Let Assumptions 2.1 and 2.2 hold. Then, for any � ∈ (0, 1] and p ≥ 2,
the Milstein scheme (5) has the following property:

sup
0≤tsm+l≤T

E|Xsm+l |p ≤ C, ∀T > 0.
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Proof For any T > 0, tsm+l+1 ∈ [0, T ], s ∈ N, l = 0, 1, · · · ,m−1, according to (8),
one has

Xsm+l+1 =X(tsm+l+1)

=X(tsm) +
∫ tsm+l+1

tsm
f (X̄(u), X̄([u]))du +

d∑

j=1

∫ tsm+l+1

tsm
g j (X̄(u), X̄([u]))dB j (u)

+
d∑

j,r=1

∫ tsm+l+1

tsm
L j gr (X̄(u), X̄([u]))�Br (u)dB j (u).

By the inequality (
∑n

i=1 |ai |)p ≤ n p−1|ai |p, p ≥ 1, we have

E|Xsm+l+1|p ≤ 4p−1
E|Xsm |p + 4p−1

E

∣∣∣∣

∫ tsm+l+1

tsm
f (X̄(u), X̄([u]))du

∣∣∣∣

p

+(4d)p−1
d∑

j=1

E

∣∣∣∣

∫ tsm+l+1

tsm
g j (X̄(u), X̄([u]))dB j (u)

∣∣∣∣

p

+(4dr)p−1
d∑

j,r=1

E

∣∣∣∣

∫ tsm+l+1

tsm
L j gr (X̄(u), X̄([u]))�Br (u)dB j (u)

∣∣∣∣

p

. (9)

According to Hölder’s inequality and the Burkholder-Davis-Gundy (B-D-G)
inequality, we can deduce that

E|Xsm+l+1|p ≤ CE|Xsm |p + C((l + 1)�)p−1
E

∫ tsm+l+1

tsm

∣∣ f (X̄(u), X̄([u]))∣∣p du

+C((l + 1)�)
p−2
2

d∑

j=1

E

∫ tsm+l+1

tsm

∣∣g j (X̄(u), X̄([u]))∣∣p du

+C((l + 1)�)
p−2
2

d∑

j,r=1

E

∫ tsm+l+1

tsm

∣∣∣L j gr (X̄(u), X̄([u]))�Br (u)

∣∣∣
p
du

≤ CE|Xsm |p + C
l∑

i=0

E

∫ tsm+i+1

tsm+i

| f (Xsm+i , Xsm)|p du

+C
d∑

j=1

l∑

i=0

E

∫ tsm+i+1

tsm+i

∣∣g j (Xsm+i , Xsm)
∣∣p du

+C
d∑

j,r=1

l∑

i=0

E

∫ tsm+i+1

tsm+i

∣∣∣L j gr (Xsm+i , Xsm)�Br (u)

∣∣∣
p
du

≤ CE|Xsm |p + C�

l∑

i=0

E | f (Xsm+i , Xsm)|p + C�

d∑

j=1

l∑

i=0

E
∣∣g j (Xsm+i , Xsm)

∣∣p

+C
d∑

j,r=1

l∑

i=0

E|L j gr (Xsm+i , Xsm)|p
∫ tsm+i+1

tsm+i

E

∣∣∣∣

∫ u

tsm+i

dBr (v)

∣∣∣∣

p

du, (10)
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in the last inequality we use the fact that L j gr (Xsm+i , Xsm) is Ftsm+i -measurable,
while �Br (u) = Br (u) − Br (tsm+i ) is Ftsm+i -independent. Applying the B-D-G
inequality again, together with (4), we can arrive at

E|Xsm+l+1|p ≤ CE|Xsm |p + C�

(

l + 1 +
l∑

i=0

E|Xsm+i |p + (l + 1)E|Xsm |p
)

+C
d∑

j,r=1

l∑

i=0

E|L j gr (Xsm+i , Xsm)|p
∫ tsm+i+1

tsm+i

�
p
2 du

≤ CE|Xsm |p + C + C�

l∑

i=0

E|Xsm+i |p + CE|Xsm |p

+C�
p
2 +1

d∑

j,r=1

l∑

i=0

E

∣∣∣∣∣

n∑

k=1

gk j (Xsm+i , Xsm)
∂gr (Xsm+i , Xsm)

∂xk

∣∣∣∣∣

p

. (11)

According to Assumption 2.1 and (4), one can obtain

E|Xsm+l+1|p ≤ CE|Xsm |p + C + C�

l∑

i=0

E|Xsm+i |p

+CdM pnp−1�
p
2 +1

d∑

j=1

l∑

i=0

n∑

k=1

E
∣∣gkj (Xsm+i , Xsm)

∣∣p

≤ CE|Xsm |p + C + C�

l∑

i=0

E|Xsm+i |p

+Cd2MpnpL�
p
2 +1

(

l + 1 +
l∑

i=0

E|Xsm+i |p + (l + 1)E|Xsm |p
)

≤ CE|Xsm |p + C + C�

l∑

i=0

E|Xsm+i |p. (12)

By the discrete Gronwall inequality, we have

E|Xsm+l+1|p ≤ C(1 + E|Xsm |p)eC(l+1)�,

hence
1 + E|Xsm+l+1|p ≤ C(1 + E|Xsm |p).

In particular, take l = m − 1, it is easy to see that

1 + E|X(s+1)m |p ≤ C(1 + E|Xsm |p).
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Then,

E|Xsm+l+1|p ≤ C(1+E|Xsm |p) ≤ C2(1+E|X(s−1)m |p) ≤ · · · ≤ Cs+1(1+|X0|p).

Consequently, for any T > 0, tsm+l ∈ [0, T ], one can deduce that

E|Xsm+l |p ≤ C [T ]+1(1 + |X0|p) ≤ C .

The proof is completed. ��
Lemma 3.2 Let Assumptions 2.1 and 2.2 hold. Then, for any T > 0,� ∈ (0, 1] and
p ≥ 2,

sup
0≤t≤T

E|X(t) − X̄(t)|p ≤ C�p/2, sup
0≤t≤T

E|X(t)|p ≤ C .

Proof For any t ∈ [0, T ], there are always s ∈ N and l = 0, 1, . . . ,m − 1 such that
t ∈ [tsm+l , tsm+l+1), by (7) and (8), one has

E|X(t) − X̄(t)|p ≤3p−1
E

∣∣∣∣

∫ t

tsm+l

f (Xsm+l , Xsm)du

∣∣∣∣

p

+ 3p−1
E

∣∣∣∣∣∣

d∑

j=1

∫ t

tsm+l

g j (Xsm+l , Xsm)dB j (u)

∣∣∣∣∣∣

p

+ 3p−1
E

∣∣∣∣∣∣

d∑

j,r=1

∫ t

tsm+l

L j gr (Xsm+l , Xsm)�Br (u)dB j (u)

∣∣∣∣∣∣

p

.

Similar to the process of (9)-(12), applying Hölder’s inequality, the B-D-G inequal-
ity, Assumption 2.1, (4), and Theorem 3.1, one can arrive at

E|X(t) − X̄(t)|p ≤C�p
E | f (Xsm+l , Xsm)|p + C�

p
2

d∑

j=1

E
∣∣g j (Xsm+l , Xsm)

∣∣p

+ C�
p−2
2

d∑

j,r=1

E|L j gr (Xsm+l , Xsm)|p
∫ t

tsm+l

E

∣∣∣∣

∫ u

tsm+l

dBr (v)

∣∣∣∣

p

du

≤C�p(1 + E|Xsm+l |p + E|Xsm |p) + C�
p
2 (1 + E|Xsm+l |p + E|Xsm |p)

+ C�p
d∑

j,r=1

E

∣∣∣∣∣

n∑

k=1

gk j (Xsm+l , Xsm)
∂gr (Xsm+l , Xsm)

∂xk

∣∣∣∣∣

p

≤C�
p
2 (1 + E|Xsm+l |p + E|Xsm |p) + C�p

d∑

j,r=1

n∑

k=1

E
∣∣gk j (Xsm+l , Xsm)

∣∣p

≤C�
p
2 (1 + E|Xsm+l |p + E|Xsm |p)

≤C�
p
2 .
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Moreover, it is easy to see that

E|X(t)|p ≤ 2p−1
E|X̄(t)|p + 2p−1

E|X(t) − X̄(t)|p ≤ 2p−1 sup
0≤tsm+l≤T

E|Xsm+l |p + C�
p
2 ≤ C .

��

4 Strong convergence rate of theMilstein scheme

In the following, we sometimes use the notation (�)i to denote the i-th component
of � ∈ R

n . Let ϕ : Rn × R
n → R

n be twice differentiable with respect to the first
component, then according to the Taylor formula,

ϕ(x, y) − ϕ(x̄, y) =
n∑

i=1

∂ϕ(x̄, y)

∂xi
(x − x̄)i + R(ϕ)(x − x̄)

for x, y, x̄ ∈ R
n , where

R(ϕ)(x − x̄) = 1

2

n∑

i, j=1

∂2ϕ(x̄ + θ(x − x̄), y)

∂xi∂x j
(x − x̄)i (x − x̄) j ,

with θ ∈ (0, 1). Note that X([t]) = X̄([t]) for all t ≥ 0, hence

ϕ(X(t), X([t]))−ϕ(X̄(t), X̄([t])) =
n∑

i=1

∂ϕ(X̄(t), X̄([t]))
∂xi

(X(t)− X̄(t))i +R(ϕ)(X(t)− X̄(t)) (13)

with

R(ϕ)(X(t) − X̄(t)) = 1

2

n∑

i, j=1

∂2ϕ(X̄(t) + θ(X(t) − X̄(t)), X̄([t]))
∂xi∂x j

(X(t) − X̄(t))i (X(t) − X̄(t)) j .

Applying (7) and (8), let κ(t) = [t/�]�, one has

(X(t) − X̄(t))i =
∫ t

κ(t)
fi (X̄(u), X̄([u]))du +

d∑

k=1

∫ t

κ(t)
gik(X̄(u), X̄([u]))dBk(u)

+
d∑

k,r=1

∫ t

κ(t)

(
Lkgr (X̄(u), X̄([u]))

)

i
�Br (u)dBk(u).

Define

R̄(ϕ)(X(t) − X̄(t)) := R(ϕ)(X(t) − X̄(t)) +
n∑

i=1

∂ϕ(X̄(t), X̄([t]))
∂xi

∫ t

κ(t)
fi (X̄(u), X̄([u]))du

+
n∑

i=1

∂ϕ(X̄(t), X̄([t]))
∂xi

d∑

k,r=1

∫ t

κ(t)

(
Lkgr (X̄(u), X̄([u]))

)

i
�Br (u)dBk(u), (14)
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which gives

ϕ(X(t), X([t])) − ϕ(X̄(t), X̄([t]))

=
n∑

i=1

∂ϕ(X̄(t), X̄([t]))
∂xi

d∑

k=1

∫ t

κ(t)
gik(X̄(u), X̄([u]))dBk(u)

+R̄(ϕ)(X(t) − X̄(t)). (15)

Lemma 4.1 Let Assumptions 2.1 and 2.2 hold. Then, for any T > 0,� ∈ (0, 1], and
p ≥ 2,

E|R(ϕ)(X(t) − X̄(t))|p ∨ E|R̄(ϕ)(X(t) − X̄(t))|p ≤ C�p, ∀t ∈ [0, T ]

for ϕ = f , g j , j = 1, 2, . . . , d.

Proof Take ϕ = f , for any t ∈ [0, T ], using Hölder’s inequality, one has

E|R( f )(X(t) − X̄(t))|p

=E

∣∣∣∣
1

2

n∑

i,r=1

∂2 f (X̄(t) + θ(X(t) − X̄(t)), X̄([t]))
∂xi∂xr

(X(t) − X̄(t))i (X(t) − X̄(t))r

∣∣∣∣

p

≤n2(p−1)
n∑

i,r=1

E

∣∣∣∣
∂2 f (X̄(t) + θ(X(t) − X̄(t)), X̄([t]))

∂xi∂xr
(X(t) − X̄(t))i (X(t) − X̄(t))r

∣∣∣∣

p

≤n2(p−1)
n∑

i,r=1

(

E

∣∣∣∣
∂2 f (X̄(t) + θ(X(t) − X̄(t)), X̄([t]))

∂xi∂xr

∣∣∣∣

2p
)1/2

× (E|(X(t) − X̄(t))i |4p
)1/4 (

E|(X(t) − X̄(t))r |4p
)1/4

.

By Assumption 2.1 and Lemma 3.2, one can obtain that

E|R( f )(X(t) − X̄(t))|p ≤ n2pM p
(
E|X(t) − X̄(t)|4p

)1/2 ≤ C�p. (16)

Moreover, recall that for any t ∈ [0, T ], there always exist s ∈ N and l = 0, 1, . . . ,m−
1 such that t ∈ [tsm+l , tsm+l+1), which gives κ(t) = tsm+l , hence

E|R̄( f )(X(t) − X̄(t))|p

≤ 3p−1
E|R( f )(X(t) − X̄(t))|p + 3p−1

E

∣∣∣∣∣

n∑

i=1

∂ f (X̄(t), X̄([t]))
∂xi

∫ t

tsm+l

fi (X̄(u), X̄([u]))du
∣∣∣∣∣

p

+3p−1
E

∣∣∣∣∣∣

n∑

i=1

∂ f (X̄(t), X̄([t]))
∂xi

d∑

k,r=1

∫ t

tsm+l

(
Lkgr (X̄(u), X̄([u]))

)

i
�Br (u)dBk(u)

∣∣∣∣∣∣

p

= 3p−1
E|R( f )(X(t) − X̄(t))|p + 3p−1

E

∣∣∣∣∣

n∑

i=1

∂ f (Xsm+l , Xsm)

∂xi

∫ t

tsm+l

fi (Xsm+l , Xsm)du

∣∣∣∣∣

p

+3p−1
E

∣∣∣∣∣∣

n∑

i=1

∂ f (Xsm+l , Xsm)

∂xi

d∑

k,r=1

∫ t

tsm+l

(
Lkgr (Xsm+l , Xsm)

)

i
�Br (u)dBk(u)

∣∣∣∣∣∣

p

. (17)
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Using Assumption 2.1, Hölder’s inequality, (4) and Theorem 3.1, one can deduce that

E

∣∣∣∣∣

n∑

i=1

∂ f (Xsm+l , Xsm)

∂xi

∫ t

tsm+l

fi (Xsm+l , Xsm)du

∣∣∣∣∣

p

≤ n p−1
n∑

i=1

E

∣∣∣∣
∂ f (Xsm+l , Xsm)

∂xi

∫ t

tsm+l

fi (Xsm+l , Xsm)du

∣∣∣∣

p

≤ n p−1Mp
n∑

i=1

E

∣∣∣∣

∫ t

tsm+l

fi (Xsm+l , Xsm)du

∣∣∣∣

p

≤ n p−1Mp�p−1
n∑

i=1

E

∫ t

tsm+l

| fi (Xsm+l , Xsm)|p du

≤ C�p−1
∫ t

tsm+l

(1 + E|Xsm+l |p + E|Xsm |p)du
≤ C�p. (18)

Similarly, applying Assumption 2.1 and the B-D-G inequality, it yields

E

∣∣∣∣∣∣

n∑

i=1

∂ f (Xsm+l , Xsm)

∂xi

d∑

k,r=1

∫ t

tsm+l

(
Lkgr (Xsm+l , Xsm)

)

i
�Br (u)dBk(u)

∣∣∣∣∣∣

p

≤ n p−1d2(p−1)Mp
n∑

i=1

d∑

k,r=1

E

∣∣∣∣

∫ t

tsm+l

(
Lkgr (Xsm+l , Xsm)

)

i
�Br (u)dBk(u)

∣∣∣∣

p

≤ n p−1d2(p−1)Mp
n∑

i=1

d∑

k,r=1

C�
p−2
2 E

∫ t

tsm+l

∣∣∣
(
Lkgr (Xsm+l , Xsm)

)

i
�Br (u)

∣∣∣
p
du

≤ C�
p−2
2

n∑

i=1

d∑

k,r=1

∫ t

tsm+l

E

∣∣∣
(
Lkgr (Xsm+l , Xsm)

)

i

∣∣∣
p
E

∣∣∣∣

∫ u

tsm+l

dBr (v)

∣∣∣∣

p

du. (19)

According to the definition of Lkgr (Xsm+l , Xsm), using Assumptions 2.1, 2.2, and
Theorem 3.1, we can know that

E

∣∣∣
(
Lkgr (Xsm+l , Xsm)

)

i

∣∣∣
p ≤

(
E

∣∣∣Lkgr (Xsm+l , Xsm)

∣∣∣
2p
)1/2

≤
⎛

⎝E

∣∣∣∣∣

n∑

i=1

gik(Xsm+l , Xsm)
∂gr (Xsm+l , Xsm)

∂xi

∣∣∣∣∣

2p
⎞

⎠

1/2
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≤ n
2p−1
2 Mp

(
n∑

i=1

E |gik(Xsm+l , Xsm)|2p
)1/2

≤ C
(
1 + E|Xsm+l |2p + E|Xsm |2p

)1/2

≤ C . (20)

Substituting (20) into (19), with the help of B-D-G inequality again, we can obtain
that

E

∣∣∣∣∣∣

n∑

i=1

∂ f (Xsm+l , Xsm)

∂xi

d∑

k,r=1

∫ t

tsm+l

(
Lkgr (Xsm+l , Xsm)

)

i
�Br (u)dBk(u)

∣∣∣∣∣∣

p

≤ C�
p−2
2

d∑

r=1

∫ t

tsm+l

E

∣∣∣∣

∫ u

tsm+l

dBr (v)

∣∣∣∣
p

du

≤ C�p. (21)

Combining (16), (17), (18), and (21) yields

E|R̄( f )(X(t) − X̄(t))|p ≤ C�p, ∀t ∈ [0, T ].

Repeating the process above, we can also prove

E|R(g j )(X(t) − X̄(t))|p ∨ E|R̄(g j )(X(t) − X̄(t))|p ≤ C�p, ∀t ∈ [0, T ]

for all j = 1, 2, . . . , d. ��
Theorem 4.2 Let Assumptions 2.1 and 2.2 hold. Then, for any � ∈ (0, 1] and p > 0,

E sup
0≤t≤T

|x(t) − X(t)|p ≤ C�p, ∀T > 0.

Proof For any t ∈ [0, T ] and p ≥ 2, according to (1) and (8), using Itô’s formula, we
can arrive at

|x(t) − X(t)|p ≤
∫ t

0
p|x(u) − X(u)|p−2

⎛

⎝(x(u) − X(u))T F(u) + p − 1

2

d∑

j=1

|G j (u)|2
⎞

⎠ du

+
d∑

j=1

∫ t

0
p|x(u) − X(u)|p−2(x(u) − X(u))T G j (u)dB j (u),

where
F(u) = f (x(u), x([u])) − f (X̄(u), X̄([u])),

G j (u) = g j (x(u), x([u])) − g j (X̄(u), X̄([u])) −
d∑

r=1

L j gr (X̄(u), X̄([u]))�Br (u).
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Then, for any T1 ∈ [0, T ],

E sup
0≤t≤T1

|x(t) − X(t)|p ≤
6∑

i=1

Ai , (22)

where

A1 =pE
∫ T1

0
|x(t) − X(t)|p−2 (x(t) − X(t))T ( f (x(t), x([t])) − f (X(t), X([t]))) dt,

A2 =pE
∫ T1

0
|x(t) − X(t)|p−2 (x(t) − X(t))T

(
f (X(t), X([t])) − f (X̄(t), X̄([t]))) dt,

A3 =p(p − 1)E
∫ T1

0
|x(t) − X(t)|p−2

d∑

j=1

|g j (x(t), x([t])) − g j (X(t), X([t]))|2dt,

A4 =p(p − 1)E
∫ T1

0
|x(t) − X(t)|p−2

d∑

j=1

∣∣∣∣g j (X(t), X([t])) − g j (X̄(t), X̄([t]))

−
d∑

r=1

L j gr (X̄(t), X̄([t]))�Br (t)

∣∣∣∣

2

dt,

A5 =p
d∑

j=1

E sup
0≤t≤T1

∫ t

0
|x(u) − X(u)|p−2 (x(u) − X(u))T

× (g j (x(u), x([u])) − g j (X(u), X([u]))) dB j (u),

A6 =p
d∑

j=1

E sup
0≤t≤T1

∫ t

0
|x(u) − X(u)|p−2 (x(u) − X(u))T

×
(
g j (X(u), X([u])) − g j (X̄(u), X̄([u])) −

d∑

r=1

L j gr (X̄(u), X̄([u]))�Br (u)

)
dB j (u).

Applying Young’s inequality, (2) and (3), it is easy to get that

A1 ≤ pE
∫ T1

0
|x(t) − X(t)|p−1 | f (x(t), x([t])) − f (X(t), X([t]))| dt

≤ (p − 1)E
∫ T1

0
|x(t) − X(t)|pdt + E

∫ T1

0
| f (x(t), x([t])) − f (X(t), X([t]))|p dt

≤ CE

∫ T1

0
|x(t) − X(t)|pdt + CE

∫ T1

0
|x([t]) − X([t])|pdt

≤ C
∫ T1

0

(

E sup
0≤u≤t

|x(u) − X(u)|p
)

dt . (23)
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Similarly, we can also get

A3 = p(p − 1)
d∑

j=1

E

∫ T1

0
|x(t) − X(t)|p−2|g j (x(t), x([t])) − g j (X(t), X([t]))|2dt

≤ (p − 1)(p − 2)
d∑

j=1

E

∫ T1

0
|x(t) − X(t)|pdt

+2(p − 1)
d∑

j=1

E

∫ T1

0

∣∣g j (x(t), x([t])) − g j (X(t), X([t]))∣∣p dt

≤ C
∫ T1

0

(

E sup
0≤u≤t

|x(u) − X(u)|p
)

dt . (24)

Next, we give an estimation for A4. According to (15), we have

g j (X(t), X([t])) − g j (X̄(t), X̄([t]))

=
n∑

i=1

∂g j (X̄(t), X̄([t]))
∂xi

d∑

k=1

∫ t

κ(t)
gik(X̄(u), X̄([u]))dBk(u) + R̄(g j )(X(t) − X̄(t)).

Recall that L j gk(x, y) = Lkg j (x, y), we have

n∑

i=1

∂g j (X̄(t), X̄([t]))
∂xi

d∑

k=1

∫ t

κ(t)
gik(X̄(u), X̄([u]))dBk(u)

=
d∑

k=1

n∑

i=1

gik(X̄(t), X̄([t]))∂g j (X̄(t), X̄([t]))
∂xi

∫ t

κ(t)
dBk(u)

=
d∑

k=1

Lkg j (X̄(t), X̄([t]))
∫ t

κ(t)
dBk(u)

=
d∑

k=1

L j gk(X̄(t), X̄([t]))�Bk(t). (25)

Hence,

g j (X(t), X([t])) − g j (X̄(t), X̄([t])) =
d∑

k=1

L j gk(X̄(t), X̄([t]))�Bk(t)

+ R̄(g j )(X(t) − X̄(t)), (26)
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and then

A4 = p(p − 1)E
∫ T1

0
|x(t) − X(t)|p−2

d∑

j=1

∣∣R̄(g j )(X(t) − X̄(t))
∣∣2 dt

≤ (p − 1)(p − 2)
d∑

j=1

E

∫ T1

0
|x(t) − X(t)|pdt + 2(p − 1)

d∑

j=1

E

∫ T1

0

∣∣R̄(g j )(X(t) − X̄(t))
∣∣p dt

≤ CE

∫ T1

0
|x(t) − X(t)|pdt + C

∫ T1

0
E
∣∣R̄(g j )(X(t) − X̄(t))

∣∣p dt

≤ C
∫ T1

0

(

E sup
0≤u≤t

|x(u) − X(u)|p
)

dt + C�p . (27)

Using the B-D-G inequality, fundamental inequality 2ab ≤ a2 + b2, (2), and (3),
one sees that

A5 ≤ C
d∑

j=1

E

(∫ T1

0
|x(t) − X(t)|2p−2|g j (x(t), x([t])) − g j (X(t), X([t]))|2dt

) 1
2

≤ C
d∑

j=1

E

(

sup
0≤t≤T1

|x(t) − X(t)|p
∫ T1

0
|x(t) − X(t)|p−2|g j (x(t), x([t])) − g j (X(t), X([t]))|2dt

) 1
2

≤ 1

8
E sup

0≤t≤T1
|x(t) − X(t)|p

+ C
d∑

j=1

E

∫ T1

0
|x(t) − X(t)|p−2|g j (x(t), x([t])) − g j (X(t), X([t]))|2dt

≤ 1

8
E sup

0≤t≤T1
|x(t) − X(t)|p + CE

∫ T1

0
|x(t) − X(t)|pdt

+ C
d∑

j=1

E

∫ T1

0
|g j (x(t), x([t])) − g j (X(t), X([t]))|pdt

≤ 1

8
E sup

0≤t≤T1
|x(t) − X(t)|p + C

∫ T1

0

(

sup
0≤u≤t

E|x(u) − X(u)|p
)

dt . (28)

Applying the B-D-G inequality again, with the help of (26) and Lemma 4.1, it can
be derived that

A6 ≤ p
d∑

j=1

E sup
0≤t≤T1

∫ t

0
|x(u) − X(u)|p−1|R̄(g j )(X(u) − X̄(u))|dB j (u)

≤ C
d∑

j=1

E

(∫ T1

0
|x(t) − X(t)|2p−2|R̄(g j )(X(t) − X̄(t))|2dt

) 1
2

≤ C
d∑

j=1

E

(

sup
0≤t≤T1

|x(t) − X(t)|p
∫ T1

0
|x(t) − X(t)|p−2|R̄(g j )(X(t) − X̄(t))|2dt

) 1
2
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≤ 1

8
E sup

0≤t≤T1
|x(t) − X(t)|p + C

d∑

j=1

E

∫ T1

0
|x(t) − X(t)|p−2|R̄(g j )(X(t) − X̄(t))|2dt

≤ 1

8
E sup

0≤t≤T1
|x(t) − X(t)|p + CE

∫ T1

0
|x(t) − X(t)|pdt

+C
d∑

j=1

∫ T1

0
E|R̄(g j )(X(t) − X̄(t))|pdt

≤ 1

8
E sup

0≤t≤T1
|x(t) − X(t)|p + C

∫ T1

0

(

E sup
0≤u≤t

|x(u) − X(u)|p
)

dt + C�p. (29)

In the following, we give an estimation for A2. According to (15),
f (X(t), X([t])) − f (X̄(t), X̄([t])) = φ(X̄(t), X̄([t])) + R̄( f )(X(t) − X̄(t)),

where

φ(X̄(t), X̄([t])) :=
n∑

i=1

∂ f (X̄(t), X̄([t]))
∂xi

d∑

k=1

∫ t

κ(t)
gik(X̄(u), X̄([u]))dBk(u).

Using Hölder’s inequality and Lemma 4.1, one has

A2 = pE
∫ T1

0
|x(t) − X(t)|p−2 (x(t) − X(t))T

(
f (X(t), X([t])) − f (X̄(t), X̄([t]))) dt

≤ B + pE
∫ T1

0
|x(t) − X(t)|p−1|R̄( f )(X(t) − X̄(t))|dt

≤ B + (p − 1)E
∫ T1

0
|x(t) − X(t)|pdt +

∫ T1

0
E|R̄( f )(X(t) − X̄(t))|pdt

≤ B + (p − 1)
∫ T1

0

(

E sup
0≤u≤t

|x(u) − X(u)|p
)

dt + C�p, (30)

where

B = pE
∫ T1

0
|x(t) − X(t)|p−2 (x(t) − X(t))T φ(X̄(t), X̄([t]))dt .

According to the Young inequality, it is easy to arrive at

B ≤pE

(

sup
0≤t≤T1

|x(t) − X(t)|p−2
∫ T1

0
(x(t) − X(t))T φ(X̄(t), X̄([t]))dt

)

≤1

8
E sup

0≤t≤T1
|x(t) − X(t)|p + CE

(∫ T1

0
(x(t) − X(t))T φ(X̄(t), X̄([t]))dt

) p
2

.
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Taking the difference between (1) and (8), one has

x(t) − X(t)

=x(κ(t)) − X(κ(t)) +
∫ t

κ(t)
( f (x(u), x([u])) − f (X̄(u), X̄([u])))du

+
d∑

j=1

∫ t

κ(t)

(

g j (x(u), x([u])) − g j (X̄(u), X̄([u])) −
d∑

r=1

L j gr (X̄(u), X̄([u]))�Br (u)

)

dBj (u),

where κ(t) = [t/�]�, then

B ≤ 1

8
E sup

0≤t≤T1
|x(t) − X(t)|p +

5∑

i=1

Bi (31)

with

B1 =CE

(∫ T1

0
(x(κ(t)) − X(κ(t)))Tφ(X̄(t), X̄([t]))dt

) p
2

,

B2 =CE

{∫ T1

0

(∫ t

κ(t)
( f (x(u), x([u])) − f (X(u), X([u])))du

)T

φ(X̄(t), X̄([t]))dt
} p

2

,

B3 =CE

{∫ T1

0

(∫ t

κ(t)
( f (X(u), X([u])) − f (X̄(u), X̄([u])))du

)T

φ(X̄(t), X̄([t]))dt
} p

2

,

B4 =CE

⎧
⎪⎨

⎪⎩

∫ T1

0

⎛

⎝
d∑

j=1

∫ t

κ(t)

(
g j (x(u), x([u])) − g j (X(u), X([u]))) dBj (u)

⎞

⎠

T

φ(X̄(t), X̄([t]))dt

⎫
⎪⎬

⎪⎭

p
2

,

B5 =CE

{∫ T1

0

( d∑

j=1

∫ t

κ(t)

(
g j (X(u), X([u])) − g j (X̄(u), X̄([u]))

−
d∑

r=1

L j gr (X̄(u), X̄([u]))�Br (u)
)
dBj (u)

)T

φ(X̄(t), X̄([t]))dt
} p

2

.

Let N = [T1/�],

B1 =CE

(
N−1∑

sm+l=0

∫ tsm+l+1

tsm+l

(x(κ(t)) − X(κ(t)))Tφ(X̄(t), X̄([t]))dt
) p

2

︸ ︷︷ ︸
B11

+ CE

(∫ T1

κ(T1)
(x(κ(t)) − X(κ(t)))Tφ(X̄(t), X̄([t]))dt

) p
2

︸ ︷︷ ︸
B12

.
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Set

Zsm+l+1 =
∫ tsm+l+1

tsm+l

(x(κ(t))−X(κ(t)))Tφ(X̄(t), X̄([t]))dt, sm+l+1 = 1, . . . , N ,

it is easy to know that E(Zsm+l+2|Z1, Z2, . . . , Zsm+l+1) = 0 for all sm + l + 1 =
1, . . . , N − 1, then for p ≥ 4, by Lemma 2.4, we have

B11 ≤C

∣∣∣∣∣

N−1∑

sm+l=0

Zsm+l+1

∣∣∣∣∣

p
2

L p/2

≤ C

⎛

⎜
⎝Cp

(
N−1∑

sm+l=0

|Zsm+l+1|2L p/2

) 1
2

⎞

⎟
⎠

p
2

≤CN
p
4 −1

N−1∑

sm+l=0

E|Zsm+l+1| p
2

=CN
p
4 −1

N−1∑

sm+l=0

E

∣∣∣∣

∫ tsm+l+1

tsm+l

(x(κ(t)) − X(κ(t)))Tφ(X̄(t), X̄([t]))dt
∣∣∣∣

p
2

≤CT
p
4 −1
1 �

p
4

N−1∑

sm+l=0

E

∫ tsm+l+1

tsm+l

|x(κ(t)) − X(κ(t))| p
2 |φ(X̄(t), X̄([t]))| p

2 dt

≤CE

∫ T1

0
|x(κ(t)) − X(κ(t))| p

2

(
�

p
4 |φ(X̄(t), X̄([t]))| p

2

)
dt

≤CE

∫ T1

0
|x(κ(t)) − X(κ(t))|pdt + C�

p
2

∫ T1

0
E|φ(X̄(t), X̄([t]))|pdt .

Applying Assumption 2.1, the fundamental inequality (
∑n

i=1 ai )
p ≤ n p−1∑n

i=1 a
p
i ,

(4) and Lemma 3.2, for any t ∈ [0, T1],

E|φ(X̄(t), X̄([t]))|p = E

∣∣∣∣∣

n∑

i=1

∂ f (X̄(t), X̄([t]))
∂xi

d∑

k=1

∫ t

κ(t)
gik(X̄(u), X̄([u]))dBk(u)

∣∣∣∣∣

p

≤ Mp(nd)p−1
n∑

i=1

d∑

k=1

E

(
|gik(X̄(t), X̄([t]))|p

∣∣∣∣

∫ t

κ(t)
dBk(u)

∣∣∣∣

p)

≤ Mpnpd p−1
d∑

k=1

(
E|gk(X̄(t), X̄([t]))|2p)

1
2

(

E

∣∣∣∣

∫ t

κ(t)
dBk(u)

∣∣∣∣

2p
) 1

2

≤ C
(
1 + E|X̄(t)|2p + E|X̄([t]))|2p)

1
2

(

E

∣∣∣∣

∫ t

κ(t)
dBk(u)

∣∣∣∣

2p
) 1

2

≤ C�
p
2

(

1 + sup
0≤u≤t

E|X(u)|2p
) 1

2

≤ C�
p
2 . (32)
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Hence,

B11 ≤ C
∫ T1

0

(

E sup
0≤u≤t

|x(u) − X(u)|p
)

dt + C�p.

According to Hölder’s inequality, we can get that

B12 ≤C�
p
2 −1

E

∫ T1

κ(T1)
|x(κ(T1)) − X(κ(T1))| p

2 |φ(X̄(t), X̄([t]))| p
2 dt

≤E

(
|x(κ(T1)) − X(κ(T1))| p

2 · C�
p
2 −1

∫ T1

κ(T1)
|φ(X̄(t), X̄([t]))| p

2 dt

)

≤1

8
E|x(κ(T1)) − X(κ(T1))|p + C�p−2

E

(∫ T1

κ(T1)
|φ(X̄(t), X̄([t]))| p

2 dt

)2

≤1

8
E sup

0≤t≤T1
|x(t) − X(t)|p + C�p−1

∫ T1

κ(T1)
E|φ(X̄(t), X̄([t]))|pdt

≤1

8
E sup

0≤t≤T1
|x(t) − X(t)|p + C�p.

Therefore, one can obtain

B1 ≤ B11 + B12 ≤ 1

8
E sup

0≤t≤T1
|x(t) − X(t)|p + C�p + C

∫ T1

0

(

E sup
0≤u≤t

|x(u) − X(u)|p
)

dt . (33)

Using Hölder’s inequality and (32), together with (2)-(3), one can arrive at

B2 ≤ CE

∫ T1

0

∣∣∣∣

∫ t

κ(t)
( f (x(u), x([u])) − f (X(u), X([u])))du

∣∣∣∣

p
2 ∣∣φ(X̄(t), X̄([t]))∣∣

p
2 dt

≤ C
∫ T1

0

(
E

∣∣∣∣

∫ t

κ(t)
( f (x(u), x([u])) − f (X(u), X([u])))du

∣∣∣∣

p) 1
2 (

E
∣∣φ(X̄(t), X̄([t]))∣∣p

) 1
2
dt

≤ C�
p
4

∫ T1

0

(
E

∣∣∣∣

∫ t

κ(t)
( f (x(u), x([u])) − f (X(u), X([u])))du

∣∣∣∣

p) 1
2

dt

≤ C�
p
4

∫ T1

0

(
�p−1

E

∫ t

κ(t)
(|x(u) − X(u)|p + |x([u]) − X([u])|p)du

) 1
2

dt

≤ C�
p
4

∫ T1

0

(

�p
E sup

0≤u≤t
|x(u) − X(u)|p

) 1
2

dt

≤ C�p + C
∫ T1

0

(

E sup
0≤u≤t

|x(u) − X(u)|p
)

dt . (34)
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Similarly,

B3 ≤CE

∫ T1

0

∣∣∣∣

∫ t

κ(t)
( f (X(u), X([u])) − f (X̄(u), X̄([u])))du

∣∣∣∣

p
2 |φ(X̄(t), X̄([t]))| p

2 dt

≤C�
p
2 −1

E

∫ T1

0

(∫ t

κ(t)

∣∣ f (X(u), X([u])) − f (X̄(u), X̄([u]))∣∣
p
2 du

)
|φ(X̄(t), X̄([t]))| p

2 dt

≤C�
p
2 −1

E

∫ T1

0

(∫ t

κ(t)

∣∣X(u) − X̄(u)
∣∣
p
2 du

)
|φ(X̄(t), X̄([t]))| p

2 dt

≤C�
p
2 −1

∫ T1

0

{

E

(∫ t

κ(t)

∣∣X(u) − X̄(u)
∣∣
p
2 du

)2
} 1

2 {
E|φ(X̄(t), X̄([t]))|p} 1

2 dt

≤C�
3p−2
4

∫ T1

0

{∫ t

κ(t)
E
∣∣X(u) − X̄(u)

∣∣p du
} 1

2

dt .

It follows from Lemma 3.2 that

B3 ≤ C�
3p−2
4

∫ T1

0
�

p+2
4 dt ≤ C�p. (35)

UsingHölder’s inequality and the B-D-G inequality again, with the help of (32), yields

B4 ≤ CE

∫ T1

0

∣∣∣∣∣∣

d∑

j=1

∫ t

κ(t)

(
g j (x(u), x([u])) − g j (X(u), X([u]))) dB(u)

∣∣∣∣∣∣

p
2

|φ(X̄(t), X̄([t]))| p
2 dt

≤ C
d∑

j=1

∫ T1

0

(
E

∣∣∣∣

∫ t

κ(t)

(
g j (x(u), x([u])) − g j (X(u), X([u]))) dB(u)

∣∣∣∣

p) 1
2

× (E|φ(X̄(t), X̄([t]))|p) 12 dt

≤ C�
p
4

d∑

j=1

∫ T1

0

(
�

p−2
2 E

∫ t

κ(t)

∣∣g j (x(u), x([u])) − g j (X(u), X([u]))∣∣p du
) 1

2

dt

≤ C�
p−1
2

∫ T1

0

(
E

∫ t

κ(t)
(|x(u) − X(u)|p + |x([u]) − X([u]))|p)du

) 1
2

dt

≤ C�
p
2

∫ T1

0

(

E sup
0≤u≤t

|x(u) − X(u)|p
) 1

2

dt

≤ C�p + C
∫ T1

0

(

E sup
0≤u≤t

|x(u) − X(u)|p
)

dt . (36)
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By (26), (32) and Lemma 4.1, we have

B5 ≤ CE

∫ T1

0

∣∣∣∣∣∣

d∑

j=1

∫ t

κ(t)
R̄(g j )(X(t) − X̄(t))dBj (u)

∣∣∣∣∣∣

p
2

|φ(X̄(t), X̄([t]))| p
2 dt

≤ C
d∑

j=1

∫ T1

0

(
E

∣∣∣∣

∫ t

κ(t)
R̄(g j )(X(t) − X̄(t))dBj (u)

∣∣∣∣

p) 1
2 (

E|φ(X̄(t), X̄([t]))|p) 12 dt

≤ C�
p
4

d∑

j=1

∫ T1

0

(
�

p−2
2

∫ t

κ(t)
E
∣∣R̄(g j )(X(t) − X̄(t))

∣∣p du
) 1

2

dt

≤ C�p. (37)

Combining (31) and (33)–(37), it yields

B ≤ 1

4
E sup

0≤t≤T1
|x(t) − X(t)|p + C�p + C

∫ T1

0

(

E sup
0≤u≤t

|x(u) − X(u)|p
)

dt .

Substituting this into (30), one has

A2 ≤ 1

4
E sup

0≤t≤T1
|x(t)−X(t)|p+C�p+C

∫ T1

0

(

E sup
0≤u≤t

|x(u) − X(u)|p
)

dt . (38)

Combining (22)–(24),(27)–(29), and (38), we have

E sup
0≤t≤T1

|x(t) − X(t)|p ≤ C�p + C
∫ T1

0

(

E sup
0≤u≤t

|x(u) − X(u)|p
)

dt, ∀T1 ∈ [0, T ].

Consequently, it can be deduced from the Gronwall inequality that

E sup
0≤t≤T

|x(t) − X(t)|p ≤ C�peCT ≤ C�p, p ≥ 4.

Furthermore, for any q ∈ (0, 4), by Hölder’s inequality,

E sup
0≤t≤T

|x(t) − X(t)|q =E

(

sup
0≤t≤T

|x(t) − X(t)|
)q

≤
(

E sup
0≤t≤T

|x(t) − X(t)|p
) q

p

≤C�q .

The proof is completed. ��
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5 Stability analysis of theMilstein method

In this section, we investigate the exponential stability of the Milstein method for (1).
Throughout this section, we shall assume that (1) has a unique global solution for
any given initial data x0. Firstly, we suppose that f (0, 0) = 0 and g j (0, 0) = 0, j =
1, . . . , d and give the following two definitions of stability.

Definition 2 The SDEPCA (1) is said to be exponentially stable in mean square if
there exist positive constants λ and H1 such that for any given initial value x0 ∈ R

n ,

E|x(t)|2 ≤ H1|x0|2e−λt , ∀t ≥ 0.

Definition 3 For a given step-size � > 0, the Milstein method is said to be exponen-
tially stable in mean square if there exist positive constants γ and H2 such that for any
given initial value x0 ∈ R

n ,

E|Xk |2 ≤ H2|x0|2e−γ k�

for all k ∈ N.

Remark 3 Under Assumptions 2.1, 2.2, and f (0, 0) = g j (0, 0) = 0, similar to the
Remark 2, it follows

| f (x, y)| ∨ |g j (x, y)| ≤ L̃(|x | + |y|) (39)

for all x, y ∈ R
n , where L̃ = M̄ + L , M̄ , and L are defined in Assumptions 2.1 and

2.2.

Let g = (g1, g2, . . . , gd), we assume the following condition holds to obtain the
stability.

Assumption 5.1 Assume that there are positive constants λ1 > λ2 > 0 such that

〈x, f (x, y)〉 + 1

2
|g(x, y)|2 ≤ −λ1|x |2 + λ2|y|2, ∀x, y ∈ R

n .

By Theorem 4.1 in [7], we can obtain the exponentially stability in the mean square
of (1).

Theorem 5.2 Let Assumption 5.1 holds. Then, (1) is exponentially stable in mean
square, i.e.,

E|x(t)|2 ≤ H1|x0|2e−λt , ∀t ≥ 0,

where λ = − log r(1) and H1 = r(1)−1 with r(1) = λ2
λ1

+ (1 − λ2
λ1

)e−2λ1 .

To obtain the stability of the Milstein method, we introduce the following lemmas
(for details of the proofs, see [7]).
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Lemma 5.3 Let zsm+l be a sequence of numbers, s,m ∈ N, l = 0, 1, . . . ,m − 1. If
there are constants α > β > 0 such that 1 − α� > 0 and

zsm+l+1 ≤ (1 − α�)zsm+l + β�zsm,

then

zsm+l+1 ≤
(

β

α
+
(
1 − β

α

)
e−α(l+1)�

)
zsm .

Lemma 5.4 Assume that α, β are two positive constants. If α > β, then for all t ≥ 0,
we have

0 <
β

α
+
(
1 − β

α

)
e−αt < 1.

Let K = nd2(d2 + 2)M2 L̃2 + 2L̃2, α = 2λ1 − K�, β = 2λ2 + K�, �(m) =
β
α

+
(
1 − β

α

)
e−α , where M and L̃ are defined in Assumptions 2.1 and Remark 3,

respectively. Then, we obtain the exponential stability of the Milstein method.

Theorem 5.5 Let Assumptions 2.1, 2.2, and 5.1 hold. Then, for any step-size 0 < � <

�̄ ∧ 1, the Milstein scheme (5) is exponentially stable in mean square, i.e.,

E|Xk |2 ≤ H2|x0|2e−γ k�

for all k ∈ N, where H2 = 1
�(m)

, γ = − log�(m),

�̄ =

⎧
⎪⎨

⎪⎩

λ1−λ2
K , if λ21 ≤ K ,

(
λ1−λ2

K

)
∧
(

λ1−
√

λ21−K

K

)

, otherwise.

Moreover, lim�→0 γ = λ, where λ is defined in Theorem 5.2.

Proof For any s ∈ N, l = 0, 1, . . . ,m − 1, according to (6), using Assumption 5.1,

E|Xsm+l+1|2 =E|Xsm+l |2 + E| f (Xsm+l , Xsm) |2�2 + E|g (Xsm+l , Xsm)�Bsm+l |2
+ E|Hsm+l |2 + 2E〈Xsm+l , f (Xsm+l , Xsm)�〉
+ 2E〈Xsm+l + f (Xsm+l , Xsm) �, g (Xsm+l , Xsm) �Bsm+l 〉
+ 2E〈Xsm+l + f (Xsm+l , Xsm) � + g (Xsm+l , Xsm) �Bsm+l , Hsm+l 〉, (40)
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where

Hsm+l =1

2

d∑

j,r=1

L j gr (Xsm+l , Xsm)�B j
sm+l�Br

sm+l − 1

2

d∑

j .=1

L j g j (Xsm+l , Xsm)�

=1

2

d∑

j,r=1, j �=r

L j gr (Xsm+l , Xsm)�B j
sm+l�Br

sm+l

+ 1

2

d∑

j=1

L j g j (Xsm+l , Xsm)
(
(�B j

sm+l)
2 − �

)
.

Note that L j gr (Xsm+l , Xsm) is Ftsm+l -measurable, �B j
sm+l and �Br

sm+l are Ftsm+l -

independent; moreover, �B j
sm+l and �Br

sm+l are independent, and using the funda-
mental inequality, we can arrive at

E|Hsm+l |2 ≤d2

2

d∑

j,r=1, j �=r

E

∣∣∣L j gr (Xsm+l , Xsm)�B j
sm+l�Br

sm+l

∣∣∣
2

+ d

2

d∑

j=1

E

∣∣∣L j g j (Xsm+l , Xsm)
(
(�B j

sm+l)
2 − �

)∣∣∣
2

≤d2

2

d∑

j,r=1, j �=r

E|L j gr (Xsm+l , Xsm)|2E|�B j
sm+l |2E|�Br

sm+l |2

+ d

2

d∑

j=1

E|L j g j (Xsm+l , Xsm)|2E|(�B j
sm+l)

2 − �|2.

Recall the definition of L j gr (x, y), using Assumption 2.1 and (39), we have

E|L j gr (Xsm+l , Xsm)|2 =E

∣∣∣∣∣

n∑

i=1

gi j (Xsm+l , Xsm)
∂gr (Xsm+l , Xsm)

∂xi

∣∣∣∣∣

2

≤nM2
E
∣∣g j (Xsm+l , Xsm)

∣∣2

≤2nM2 L̃2(E|Xsm+l |2 + E|Xsm |2).
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Hence,

E|Hsm+l |2 ≤ nd2M2 L̃2
d∑

j,r=1, j �=r

(E|Xsm+l |2 + E|Xsm |2)E|�B j
sm+l |2E|�Br

sm+l |2

+ndM2 L̃2
d∑

j=1

(E|Xsm+l |2 + E|Xsm |2)E|(�B j
sm+l )

2 − �|2

≤ nd4M2 L̃2(E|Xsm+l |2 + E|Xsm |2)�2

+ndM2 L̃2
d∑

j=1

(E|Xsm+l |2 + E|Xsm |2)(E|�B j
sm+l |4 + �2 − 2�E|�B j

sm+l |2)

≤ nd2(d2 + 2)M2 L̃2(E|Xsm+l |2 + E|Xsm |2)�2. (41)

In addition, using the independence again, one has

E〈Xsm+l + f (Xsm+l , Xsm) �, Hsm+l 〉

= 1

2
E

〈

Xsm+l + f (Xsm+l , Xsm) �,

d∑

j,r=1, j �=r

L j gr (Xsm+l , Xsm)�B j
sm+l�Br

sm+l

〉

+1

2
E

〈

Xsm+l + f (Xsm+l , Xsm) �,

d∑

j=1

L j g j (Xsm+l , Xsm)
(
(�B j

sm+l )
2 − �

)〉

= 1

2

d∑

j,r=1, j �=r

E

{
(Xsm+l + f (Xsm+l , Xsm) �)T L j gr (Xsm+l , Xsm)�B j

sm+l�Br
sm+l

}

+1

2

d∑

j=1

E

{
(Xsm+l + f (Xsm+l , Xsm) �)T L j g j (Xsm+l , Xsm)(�B j

sm+l )
2
}

−1

2

d∑

j=1

E

{
(Xsm+l + f (Xsm+l , Xsm) �)T L j g j (Xsm+l , Xsm)�

}

= 0. (42)
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Similarly,

E〈g (Xsm+l , Xsm) �Bsm+l , Hsm+l 〉

= 1

2
E

⎧
⎨

⎩

(
d∑

k=1

gk (Xsm+l , Xsm) �Bk
sm+l

)T d∑

j,r=1, j �=r

L j gr (Xsm+l , Xsm)�B j
sm+l�Br

sm+l

⎫
⎬

⎭

+1

2
E

⎧
⎨

⎩

(
d∑

k=1

gk (Xsm+l , Xsm) �Bk
sm+l

)T d∑

j=1

L j g j (Xsm+l , Xsm)
(
(�B j

sm+l )
2 − �

)
⎫
⎬

⎭

= 1

2
E

⎧
⎨

⎩

d∑

k, j,r=1,k �= j �=r

gk (Xsm+l , Xsm)T L j gr (Xsm+l , Xsm)�Bk
sm+l�B j

sm+l�Br
sm+l

⎫
⎬

⎭

+1

2
E

⎧
⎨

⎩

d∑

j,r=1, j �=r

g j (Xsm+l , Xsm)TL j gr (Xsm+l , Xsm)(�B j
sm+l )

2�Br
sm+l

⎫
⎬

⎭

+1

2
E

⎧
⎨

⎩

d∑

j,r=1, j �=r

gr (Xsm+l , Xsm)TL j gr (Xsm+l , Xsm)�B j
sm+l (�Br

sm+l )
2

⎫
⎬

⎭

+1

2
E

⎧
⎨

⎩

d∑

k, j=1

gk (Xsm+l , Xsm)T L j g j (Xsm+l , Xsm)
(
(�B j

sm+l )
2 − �

)
�Bk

sm+l

⎫
⎬

⎭

= 0. (43)

Moreover, it is easy to know that

E〈Xsm+l + f (Xsm+l , Xsm)�, g (Xsm+l , Xsm) �Bsm+l〉 = 0. (44)

Substituting (41)–(44) into (40), using (39) and Assumption 5.1, one can obtain that

E|Xsm+l+1|2 =E|Xsm+l |2 + E| f (Xsm+l , Xsm) |2�2 + E|g (Xsm+l , Xsm) �Bsm+l |2
+ nd2(d2 + 2)M2 L̃2(E|Xsm+l |2 + E|Xsm |2)�2

+ 2E〈Xsm+l , f (Xsm+l , Xsm) �〉
=E|Xsm+l |2 +

(
nd2(d2 + 2)M2 L̃2 + 2L̃2

)
(E|Xsm+l |2 + E|Xsm |2)�2

+ 2�E

(
〈Xsm+l , f (Xsm+l , Xsm)〉 + 1

2
|g (Xsm+l , Xsm) |2

)

≤E|Xsm+l |2 + K (E|Xsm+l |2 + E|Xsm |2)�2 − 2λ1E|Xsm+l |2� + 2λ2E|Xsm |2�
= (1 − α�)E|Xsm+l |2 + β�E|Xsm |2.

Since � < �̄, we have α > β > 0 and 1 − α� > 0, by Lemma 5.3, yields

E|Xsm+l+1|2 ≤ �(l + 1)E|Xsm |2.

where �(l + 1) =
(

β
α

+
(
1 − β

α

)
e−α(l+1)�

)
. In particular, if l = m − 1, it follows

E|X(s+1)m |2 ≤ �(m)E|Xsm |2.
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Therefore

E|Xsm+l+1|2 ≤�(l + 1)E|Xsm |2
≤�(l + 1)�(m)E|X(s−1)m |2
...

≤�(l + 1)�(m)s |x0|2.

According to Lemma 5.4, we know that �(l + 1) ∈ (0, 1) for all l = 0, 1, . . . ,m − 1.
Hence,

E|Xsm+l+1|2 ≤ �(l + 1)

�(m)(l+1)�
e(sm+l+1)� log�(m)|x0|2

≤ 1

�(m)
e(sm+l+1)� log�(m)|x0|2.

Let H2 = 1
�(m)

> 1, γ = − log�(m) > 0, we can get that

E|Xk |2 ≤ H2e
−γ k�|x0|2, ∀k ∈ N.

Furthermore,

lim
�→0

γ = − lim
�→0

log�(m)

= − lim
�→0

log

(
β

α
+
(
1 − β

α

)
e−α

)

= − log

(
λ2

λ1
+
(
1 − λ2

λ1

)
e−2λ1

)

=λ.

The proof is completed. ��

6 Numerical examples

In this section, twonumerical examples are given to show the convergence rate obtained
in the previous section.

Example 1 In this example, we consider the scalar SDEPCA

dx(t) = 2x([t])dt − x(t)dB(t)

on t ≥ 0 with the initial value x0 = 1, B(t) is a scalar Brownian motion. We generate
3000 different Brownian paths. Let T = 1, Fig. 1 depicts p-thmoment errorsE|x(1)−
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Fig. 1 Log-log plot of errors against step sizes (left: p = 2; right: p = 4)

Xm |p as a function of the step size � in log-log plot, where we use the numerical
solutions produced by Euler andMilstein methods with step sizes 2−3, 2−4, 2−5, 2−6,
and 2−7. The simulation using the Euler scheme with step size � = 2−16 is regarded
as the “true solution.” It can be seen from Fig. 1 that the convergence order of the
Euler method is around 1

2 , while the convergence order of theMilstein method is close
to 1.

Example 2 In the following, we consider the 2-dim SDEPCA

{
dx1(t) = (−x1(t) + 1

2 x2(t) + sin(x1([t])))dt + (x1(t) + x2([t]) + cos(x2([t])))dB(t),

dx2(t) = ( 12 x1(t) − x2(t) + cos(x1([t])))dt + (sin(x1(t)) + x2([t]))dB(t)

on t ≥ 0 with the initial value x0 = (1, 2)T. We use the numerical solution of the
Euler method with step-size � = 2−15 as the “exact solution,” and the step sizes for
numerical solutions are taken to be 2−4, 2−5, 2−7, 2−8, and 2−9. The convergence
rates for Euler and Milstein methods are shown in Fig. 2.

Fig. 2 Log-log plot of errors against step sizes (left: T = 3, p = 1; right: T = 2, p = 2)
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Fig. 3 The mean square stability of the Milstein solutions for (45)

Example 3 In this example, we consider the stability of the Milstein method for the
following scalar SDEPCA

dx(t) = (−x(t) + 1

4
x([t]))dt + 1

2
x(t)dB(t) (45)

on t ≥ 0with the initial value x0 = 10. It is easy to get that n = d = 1, M = 1, L = 1
4 ,

hence L̃ = M + L = 5
4 and K = 125

16 . On the other hand, we can obtain that
λ1 = 3

4 , λ2 = 1
8 by Assumption 5.1. Since λ21 = 9

16 < K , according to Theorem 5.5,
�̄ = λ1−λ2

K = 2
25 . Therefore, we choose three step sizes � = 2−4, 2−5, and 2−6 to

show the stability of the Milstein method. The mean square stability of the numerical
solutions can be observed from Fig. 3.
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