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Abstract

In this paper, we construct a reduced-order finite element (ROFE) method holding
seldom unknowns for the parabolic optimal control problem. We apply the proper
orthogonal decomposition (POD) technique to develop two unsteady systems about
state and co-state approximations, which efficiently reduces the number of unknowns
and computational costs. Optimal a priori error estimates for the state, co-state and
control approximations are derived. Finally, numerical examples are presented to ver-
ify that the ROFE method is accurate and efficient for solving the parabolic optimal
control problem.

Keywords Reduced-order finite element method - Parabolic optimal control -
Proper orthogonal decomposition - Computational costs - Error estimates -
Accurate and efficient

1 Introduction

Optimal control problems play a ubiquitous role in several applications, including
shape optimizations [1, 2], fluid dynamics [3, 4], biomedical applications [5, 6] and
environmental applications [7, 8]. It is very challenging to analyze theoretically and
simulate numerically. In this paper, we focus our attention on the following parabolic
optimal control problem.

T
min { / (g + h(u))dr} , (1)
uek 0
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subject to the state equation

v —div(apVy) = f + Bu, in 2 x I,
y(x,t) =0, on 92 x 1, )
y(x, 0) = yo(x), in Q,

where I = [0, T'] is the time interval. 2 and Qy are bounded open convex polygons
in R" (n < 3), with Lipschitz boundaries 92 and 0Q2y/. ag is a positive real number.
B is a linear continuous operator. g(-) and 4 (-) are two convex functionals. K denotes
the admissible set of the control variable u. The mathematical model can be used to
describe a temperature control problem [9].

Numerical discretizations for optimal control problems usually lead to large-scale
algebraic systems so that computational cost is large in real-world engineering applica-
tions. Especially, the computational cost gets larger if the optimization is constrained
to time-dependent PDEs. Surely, time optimization makes the mathematical model
more complete and it arises in many applications [10—13]. An available approach to
reduce the computational costs is to rely on reduced-order methods, which allows us
to solve the large-scale system in a low-dimensional framework. Up to now, many effi-
cient reduced-order methods have been developed to solve PDEs, including the sparse
grid method [14], the spectral element method [15], the balanced truncation method
[16] and the proper orthogonal decomposition (POD) method [17]. Among them, the
proper orthogonal decomposition (POD) method seems to be the most widely used and
has received increasing attention. We refer the reader to [18-24] for more references.

The basis elements based on the POD technique are generated from the numeri-
cal solutions of the systems or from the experimental measurements, and these basis
elements express characteristics of the expected solutions. This is in contrast to tradi-
tional methods, where the basis elements are uncorrelated to the physical properties of
the systems. For example, specific polynomials are used in spectral methods; piece-
wise polynomials are used in finite element methods; grid functions are used in finite
difference methods.

It is worth noting that a new POD technique was used to solve the two-dimensional
Sobolev equation by Luo [25] in 2014, where the POD basis is generated from the
solutions of the traditional method on the initial seldom time nodes, so that it does
not have reduplicated computations. This is a development and improvement on the
methods mentioned above. Since then, such reduced-order methods have been applied
to solve non-stationary Navier-Stokes equation [26], viscoelastic wave equation [27],
unsteady conduction-convection equation [28], non-stationary Boussinesq equation
[29], nonlinear Rosenau equation [30] and so on.

Itis well known [31, 32] that one-to-one correspondence between the linear optimal
control problem and the optimality condition. The optimality condition contains a state,
a co-state system and a variational inequality. We note that the co-state system should
be calculated against the time direction, which combined with the coupling between
systems lead to that the above way of generating the POD basis is not feasible. In the
above way, we have to solve the full-order solutions on all-time nodes to construct the
POD basis, so it’s meaningless to construct such a reduced-order model. [33] and [34]
present a feasible way that the snapshots are related to a specified control input, which
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may not be optimal. This lead to that the POD basis obtained can not better express
the physical characteristics of the system, so that the accuracy of the reduced-order
solutions is affected. Building upon our studies on optimal control using ROMs [35—
37], we propose a perfect way, where the snapshots are related to the optimal control
input and we don’t have to solve full-order solutions on all-time nodes. The details
will be specified later on. In a word, the proposed ROFE method can approximate the
optimal control problems accurately and efficiently.

In this paper, we construct a ROFE method based on POD for the parabolic optimal
control problem. For the convenience of analysis, we introduce the finite element (FE)
method and some corresponding results, where piecewise linear continuous elements
for the state and co-state approximation are adopted, and piecewise constant element
for the control approximation is adopted. Considering that the state and co-state sys-
tems are unsteady, the POD technique is used on the two systems, which produces two
low-dimensional systems and effectively reduces computational costs. And we still
use piecewise constant elements to discrete variational inequality. We then present
optimal a priori error estimates for the state, co-state and control approximations.
Finally, some numerical examples are carried out to verify that the numerical results
are in agreement with the theoretical analysis. By comparing the numerical results of
the FE and ROFE methods, we came to that the ROFE method is accurate and efficient
for solving the parabolic optimal control problem.

The rest of the paper is organized as follows. In Section 2, we review the FE method
and the corresponding results. In Section 3, we construct the POD basis and build the
ROFE method. Optimal a priori error estimates for the state, co-state and control
approximations are derived in Section 4. In Section 5, numerical examples are used
to verify the accuracy and efficiency of the ROFE method.

Throughout this paper, we employ the usual notion for Lebesgue and Sobolev spaces
[38, 39]. In addition, we use K and €, with or without subscripts, to denote a generic
positive constant and an arbitrarily small positive constant, respectively, which could
have different values at different appearances.

2 Review the FE method

In this section, we present the finite element approximation for the parabolic optimal
control problem (1)-(2), and give optimal a priori error estimates for the finite element
solutions.

We take the state space V = HO1 (£2), the control space U = L2(QU). Let K =
fveU:v >0}

We now present the weak formulation of the state equation (2): find y(u) € V such
that forr € 1
{ (), w) +alym), w) = (f + Bu, w), Vw € V, 3)
y(@)(x,0) = yo(x), x e,

where a(v, w) = (apVv, Vw). It is clear that problem (3) has a unique solution for
anyu € K.
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The parabolic optimal control problem can be restated as follows:

T
min { / J(u)dt} , @)
uek 0

where J (1) = g(y(u)) + h(u), and y(u) € V, subject to
{(yz(u), w) + a(y(), w) = (f + Bu,w), YweV, )
y(u)(x, 0) = yo(x).

We assume that

h(u) :/ Ju),
Qu

where j(-) is a convex continuous differential function. It is easy to see that

(H @), v), = ('), v), =/ J@w,

Qu

where h'(-) and j'(-) are the derivatives of i(-) and j(-), respectively, and (-, -)y is
the L? inner product on Q.

From [40], the parabolic optimal control problem has a solution (y, u), and a pair
(v, u) is the solution of the parabolic optimal control problem if there is a co-state
p € V such that the triplet (y, p, u) satisfies the following optimality condition:

{ i w) +a(y, w) = (f + Bu,w), Yw eV, y0) = yo, (6)
—(pr.q)+aq,. p)=(8M.q), YgeV, o
p(T) =0,

T

/ (j/(u)+B*p,v—u)UdtZO, Yv € K, (8)

0

where B* is the adjoint operator of B, g’(-) is the derivative of g(-).

Let 7" and 3&' be regular triangulations of € and Q, respectively, and & =
max,cgn he, hy = maxruef%z hy,, where h, and hy, denote the diameters of the
elements 7 and 7y, respectively.

Let V! C V consist of continuous, piecewise linear functions on .7 handU" c U
consist of piecewise constant functions on 9&‘. Let K" = K nU".

Let At = T /Nt be the time step and t=iAt, i=0,1,---, Np. We define, for
1 < g < oo, the discrete time-dependent norms

1
q q
m,p) ’

Nr
Il wmp ) = <Z At ” f!
i=1
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and the standard modification for ¢ = co. Let
19(1; WP() == {f I flia:wmr)y <00}, 1=<g <o

Define ] )
¢l _ ¢l -1
At

A fully discrete approximation scheme of the parabolic optimal control problem is
to find (y;,, uj,) € Vh x K" i=1,2,---, Ny, such that

didp' = , l<n<Nr.

min NZ Aty (u}) ©)

i h
u, €K i—1

where Jj, (u’h) =g (y;l) +h (u;l), subject to
{ (dty,i, wh) +a (y;'l, wh) = (f (x, )+ Buz, wh) , Ywy, € VI, (10)
Ypx) = ¥ (x), xeqQ,

where y(})l € V" is an approximation of yp, which is determined by the following
elliptic projection (30).

From [40], the fully discrete approximation scheme has a solution (Y;;, U,’;), and a
pair (Y, U ,’;) € V" x K" is the solution of the fully discrete approximation scheme if
there is a co-state P,’;_l € V", such that the triplet (Y;;, P,’;_l, U;;) e Vh x vlh x Kh,
satisfies the following optimality condition:

{(th/flvwh)+a(Y/lz’wh)=(ft+BU;lawh)5 thevh5l=15“'5NTa (1])
Y0 =yg). xeQ,
—(di P, qn) +a (qh, P;;—1> =(¢'(Y)).qn), YgneV"i=Nr,--- .1, 12
PN (x) =0, xeq,
(7 (vi) + B Py~ s = U,Q)U >0, Vopekhi=1 - Nr. (13)

The following convergence of the FE solutions can be obtained from [40].

Theorem 2.1 Assume that u € [>(I; H(Qu)), p € I*’(I; H(Q)), y, p €
1°(I; HH(Q) N H*(Q)) N H'(I; H*(Q)) N H*(I; L*(Q)), and j'() and g'(-) are
Lipschitz continuous. Let (y, p, u) be the solutions of (6)-(8) and (Y, Py, Uj) be the
solutions (11)-(13). There exists a positive constant K independent of Ay, i and At
such that

“y - Yh”lzoo(I;LZ(Q)) + ”p - P]’l”%co(];]}(gz)) + ”M - Uh||l22(1;L2(Qu))

14
<K (h%, Rt (At)z) . 4w
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3 Build the ROFE method

In this section, we build a reduced-order finite element approximation for the parabolic
optimal control problem. In order to obtain a low-dimensional model, the POD tech-
nique is used on the state and co-state systems, and we still use piecewise constant
elements to discrete variational inequality.

The snapshots {Y,’; N iL:I’ {P}’;f] } lN:T ];TLH and the reduced-order solutions (Y., Pd’;] ,
U ;;1) satisfy the following reduced-order optimality conditions:

l=17 : 7L1
(@¥hiwn) +a(Yiw) = (f +BUL ). YweVh  s)
yd
Yy ZZ(V‘/’W’VY;M) 2E (16)
j=1
i=L+1,- Nr,
(th;, wd) +a (Yé, wd> - (f" +BUI wd>, Yug € Ve, (17)
i:NT,"' sNT_L+1,
- (dtp;;l,qh) +a (qh, P,;'l‘l) - (g’ (Y;;) ,qh), Vg € V!, (18)
pd
Pt =3 (Ve VI ) 00 (19
j=1
i=Np—L,--,1,
_ (dth", qd> ta <qd, p;—l) - (g’ (y;) ,qd>, Vaq € V&, (20)
i =17 T, NT7
(7 (uhh) + B P on — U,il)u >0, Y e K", @1

where Vld and V2d are the reduced-order spaces for the state and co-state variables.
The two spaces span of the POD basis ¢,; and ¢, ;, respectively, which are constituted
as follows.

Definition 1 We introduce the correlation matrix Ay = (Ay;), , € RY*F
and Ap = (Ap)y,, € RPE via Ay = (VY/I;I’ Vthl> /L, Apij =
(V PﬁT_i, VPhAirfj ) /L. Related positive eigenvalues and corresponding standard
orthonormal eigenvectors are Ay; and vy;, A,; and v ;.

The matrices Ay and A, are positive semi-definite and have rank y/ and pl, and the
POD basis can be determined in a similar way as [22, 23, 28]. We have the following
results.
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Lemma 3.1 The POD basis is constituted by

L
1 .
= vyi). Y, 1<j<yd<yl, 22
®yj iy, i§=1:( yj)l hl J=VYy y (22)
L
1 Nor—i .
$pj = =Y () B 1< j<pd<pl, (23)
L)\’p/ i=1

where (vy;); and (v,;); (1 < i < L) denote the ith component of the standard
orthonormal eigenvectors vy; and vy, Ay1 > Ay > - > Ay > 0and App > App >
- > Ap; > 0. Furthermore, we have the following error estimate:

2

d yl
1 R .
ZZ Yy _Z(Y;lzl"ﬂyj)w‘/’yj = Z Ayjs 24
i=l1 j=1 W i=vd+l
1 s B ? rl
=1 —1
I P,y _Z(Pth "Pm')wﬁ"pj = Z Apjs (25)
i=l Jj=1 w J=pd+l

where (Y}, ¢y;)y, = (VYEL Voy), 1Y 13, = VY] 2.

Then the reduced-order spaces Vld and V2d for the state and co-state variables as
follows:

V]d = Span {Qoyls (pyZa 7§0)‘d}1 Vzd = Span {‘Pply ‘/’p2’ ~--7‘/7pd}~ (26)

It is easy to see that Vld c V" and Vzd c vh

Remark 3.1 The equation (11) at each time level contains Nj; unknowns, where Np,
represents the number of unknowns of the finite element space in triangulations .7
However, the equation (17) at the same time level only has yd unknowns, where
vd < yl < L & Ny < Nj. For instance, in Example 5.1, yd = 6, N; = 1292.
Likewise, pd < pl < L <« Nt < Nj,. So the ROFE method can immensely decrease
the number of unknowns.

4 Error estimates

In this section, we present the error estimates between the FE solutions and the ROFE
solutions, then obtain error results between the analytical solutions and the ROFE
solutions.

In the following paper, we assume the following convexity condition:

G'@) — j /st —s) = K(t —s)*, Vs,t€R. (27)
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For y;, € V" and p;, € V" define two projections Q¢ : V" — V@ and RY : V' —
Vzd as follows:
d _ d
a (= Q%ynwa) =0, Vuwg e Vi, (28)

a (qd, DPh — deh) =0, Vgq€ Vzd. (29)

Then it is easily known from functional analysis principles [41] that there are two
extensions Q" : V — V" and R" : V — V" of 0¢ and R? such that Qh|Vh = Q1
and R"|,» = R? are defined by

a (y - 0"y, wh) =0, Vw, e V", (30)

a(qnp—R"p) =0, Vg e V", (3D

where y e V,pe V.
Define the negative norm:

3 (v, $)
lvll-1 = sup :
0#pecH! ||¢||1

From [28], the projections Q" and R" are bounded such that

10"yl < Kllyll, YyeV, (32)
IR"pl < Klpl, VpeV. (33)

And there are the following results:

ly — 0"yl < Kh|V(y— Q"y)l. ¥yeV, (34)
ly = Q"yll-1 < Khlly— Q"yll. ¥yeV, (35)
lp—R"pl < KhI|V(p—R"p)I. ¥YpeV, (36)
lp—R"pl—1 < Khlp—R"pl, ¥YpeV. 37)

From [28], there are the following conclusions.

Lemma 4.1 For yd (1 < yd < yl), pd (1 < pd < pl), the projections Qd and RY
satisfy

1
L

L
=

. 2 . N2 !
[HY,;I = ol + w2 | v (viy - ') | ] <KW Y iy (38)
1 j=yd+1

@ Springer



Numerical Algorithms (2024) 95:1189-1211 1197

oo (w3
Jj=pd+1
(39)

L
1 |:HN1 dN i
—E P T —RYPTT
Li:l

where Y/, e V" (i=1,2,---,L), P}, e V' i=Nr —1,Nr —2,--- ,Nr — L)
are the L solutions of equations (15) and (18). Moreover, suppose that (y', p') e
VxV(@i=0,1,---, Nr) are the solutions of the equations (6)-(8), the projections
Q" and R" satisfy the following error estimates:

|

P — Ry H2 s Hv(pi — R'p)

_th2h2vi_hi2 0.
N ' =0"H| =Kh', i=0,1,---,Nr, (40)

2 4
<Kh*, i=0,1,---,Nr, 41

where the constant K is independent of /7, h and At.

Lemma 4.2 Assume that all conditions of Theorem 2.1 are valid. Let Y;; evVh((i =
L+1,L+2,- ,Np),P,eV"(i=Nr—L—1,Nr—L—2,---,0) be the
solutions of (11)-(13), then the projections 07 and R4 satisfy the following error
estimates:

I1YE — QUYiIP < K(h} + h* + (A, (42)
IPi — RYPII1?> < K(h3 + h* + (AD?), (43)
where the constant K is independent of iy, h and At.

Proof Fori = L+ 1,L+2,---, N, since Q"Y] = Q9Y}, using (14) and (40), we
have
R A e A e N Y R [ e A
< Iy =Y+ 1y = "y II?
< K(h? + h* 4+ (An)?). (44)
Fori = Nr —L—1,Ny —L—2,---,0,since R"P} = R?P}, using (14) and (41),
we have
1By = RUPLIZ < 1Py = p'IP + 11p" = R*P'IP + IR" p — R" Py
<|lp' =PI +1Ip" — R"PIIP
< K(h3 + h* 4 (An)?). (45)
Then the proof ends. O

Lemm.a 4.3 Assume that all conditions of Theorem 2.1 are valid and'At = 0O(h).
Let Y, € V" (i = 1,2,---, Nr) be the solutions of (11)-(13) and Y}, € V" (i =
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1,2,---,L)and Yé € Vld (i =1,2,---, Nr) be the solutions of (15)-(21). There
exists a positive constant K independent of /iy, h and At such that

2 Lo 2 Lo . 2
”YhLO_YhLlo +ZZAtHV(Y;,—Y,§1)H SKZAtHU;l—U;”‘U, l<Lop<L.
i=1 i=1
(46)
[ypoypo +ZZAtHV(Yh th)H <KZAt”Uh Uhl l<Ly<L.
J=yd+1
(47)

vl
i v o2 55 e wio o[ <k ot kue 3
i=L+1 j=yd+1

, L+1<L;<Nrp.

+ KZAt |ui- Uhl
(43)
Proof Fori =1,2,---, L, subtracting (15) from (11), we obtain

(@i = Yipown) +a (Vi = ¥iown) = (B(UF = Uy ) wn). Yun e Vi (49)

Select wy, = Y,’; — Y;;l as a test function. The inequality a(a — b) > %(a2 —b?) shows
that

. . . .12 . . 2
(00 -ripi 1) = 5 (- ). o

Combing (49) and (50), multiplying both sides of (49) by 2A¢ and summing over i
from 1 to Lo (1 < Lo < L), we then derive from the continuous property of B that

Y0 Uhl

hl

‘ +2ZAtHV(Yh th)H <KZAI Y,“H +KZAI‘

(51)
From the discrete Gronwall’s lemma, (46) holds for sufficiently small At.

Fori =1,2,.--, L, thereis Q“fY,’;l = Yé. From (38) and (46), we can find that (47)

holds.
Fori=L+1,L+2,---, Nr,subtracting (17) from (11), we obtain

(d,(QdY,;' —Yh, wd> ta (QdY,;' — i, wd) - _ (d,(Y,g' — oy, wd) (52)

+(BW U}, wa), YwgeVi.

Let wg = Q%Y }’l -Y é and multiply both sides of (52) by 2At. We denote the first
right-hand side terms of (52) by Gy, if At = O(h), since (35) and QhY;; = QdY,i,
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we have

1G1l < KA 1Y) — Y12, + 1Y) = 0%y N2 ) +ear| 04y — YiIG
< KADT'R2(Y] — 0YiIIP + 1Y = oY) +ear) QY] — Y2
< KAt(|YE = 0UviIP + 1Y) = 0% NP + eArl| QY — YT

Then sum overi from L + 1to Ly (L +1 < L; < Nr), we get

(53)

Ly
2 .
”Qdy,f'—yjlw +2 ) At”V(QdY;l
i= 1

From (42), (46) and (47), we have

.2 2
i dyL L
~Uji, U+KHQ vE-vi|".

12
_Qdy;l

Ly
> At‘
i=L+1

L 2
<e Y arfolvi-vi|
i=L+1

2 2 2 2
ot —vi| = [t vl [k = wi] o+ i v

v 2
< K+t + (00D + KL Y ayy+ K v - v
j=yd+1
(54)
Combing (42), (53) and (54), we get (48) from the discrete Gronwall’s lemma. O

Lemma 4.4 Assume that all conditions of Theorem 2.1 are valid and Ar = O (h).
Let Pl € V! (i = Ny — 1, Ny — 2, -+, 0) be the solutions of (11)-(13) and P,;'l
V(i =Nr—1,Nr—2,-- NT—L)andP’eV2 i=Nr—1,Nr— ,0)
be the solutions of (15)-(21). There exists a positive constant K mdependent of hU, h
and At such that

Nt . 2
| Po — ppte > vt - Ay (55)
i=Mp+1
< K} +h* + (ADD) +K Lh? Z )»VJ+KZAt HUh U,”H . Np—L<My<Ny—1.
Jj=yd+1
M My |2 - i—1 i1 2
HP o_pl 42 3 AtHV(Ph — P )H (56)
i=Mo+1

2
U/ifU/hHU N7 —L<My<Nr—1.

vl pl Nt
< K +h*+AOD+KLIEY dyy+KLIE Y hp K Y At |
j=yd+1 j=pd+1 i=1

M, M, 2 = d pi—1 i—1 2
| —pi | 42 Y ar|vripT - PY| (57)
=My +1

,0<M<Np—L—1.

< K(h3 +h*+ (A0 + K LA? Z xv,+KLh2Z dopj+K ZAt HU,, Uh1
J=yd+1 Jj=pd+1 i=1
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Proof Fori = Nr,---, Ny — L + 1, subtracting (18) from (12), we obtain
~(arPi= i an)+a (an P =P ) = (g (i) —8' (Y) o an ) Yane V™.

Letgy = P,’;_l - P;;l_l and multiply both sides of (58) by 2A¢ and sum over i from
NrtoMo+1(Nr —L <My < Nt — 1), we have

2 Nr . . 2 Nr . 2 br 2
[pro—pie| 2 3 ar| v =pTh[ sk Y ac| B =R 4K Y ar|vi-vi
i=Mo+1 i=Mo+1 i=Mo+1
(59

From the discrete Gronwall’s lemma and (48), we get phat (55) holds.
Fori = Ny —1,---, Ny — L, there is R‘IP,Q1 = P[’l. From (39) and (55), we can

find that (56) holds.
Fori = Nyt —L,Ntr —L —1,---, 1, subtracting (20) from (12), we obtain
—(d,(R"P;;—P;}), qd) +a (qd, RIpi-! —P;f‘) . (d,(P,{—R"P;,'), qd) (60)

g (Y,i) _g (Y;) . qd) Vgae Ve

Similarly, let g4 = R? P}’;_l - Pé_l and multiply both sides of (60) by 2A¢ and sum
overi from Ny — LtoM;+1(0 < M; < Nr — L —1), we get

2 Nr—L , . 2
+2 Y ar HV(RdP;l_l—PZJ_l)H 61)

i=M

d pM M
HR P — P

Np—L ‘ o Np—L
se Y ar|RPT P 4K Y Ar| P - RIP)
i=Mi+1 ! i=M

:

2 2
d pN7—L Nr—L
—i—KHR pNi=L _ pNt H

-
+K Y ar|vi- v
i=My+1

From (43), (55) and (56), we have

PNT*L

2 2
dpNr—L _ pNr—L dpNr—L _ pNp—L
A A I R B

2 2
Nr—L Nr—L
H Ph IT Pd ' H

ol (62)

<Ky +h* + (ADD) + KLR* > ay
j=pd+1

2
Nr—L _ pNp—L
N LAt
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Combing (43), (61) and (62), we get (57) from the discrete Gronwall’s lemma. O

Lemma 4.5 Assume that all conditions of Theorem 2.1 are valid. Let U ;l e vh (i =
1,2,---, N7) be the solutions of (11)-(13) and U;;l e vh (i=1,2,---,Nr)bethe
solutions of (15)-(21). There exists a positive constant K independent of 4y, h and
At such that

Ly ] 2 Lo . . 2
Sacfup-vh| sk ac|pt =R tssNn @)
i=1 i=1

Proof From (27) about the uniform convexity of j(-), we have

Ly

2 . . . .
./ .7
o=k a (i (vh) =7 () Uk = Vi),

Ly
> ar|ui-uj,
i=1

Lo Ly
=k Y ac (' (Uh)+B P U UL ) K Y s (0 (U )+ BT R UL UL

i=1 i=1

L

A

+K Y ar(B R = Bh U - U)y),

i=1

Ly ) )
<Ky ar(BY R - B0 - U,

i=1

Lz ) 2 Ly ) )
kY ar|pit = e arup - up |
i=1 i=1
(64)
where (13) and (21) are used. So (63) holds. O

Theorem 4.1 Assume that all conditions of Theorem 2.1 are valid and At = O(h).
Let (Y, Py, Up) be the solutions of (11)-(13) and (Yy, Py, Up1) be the solutions of
(15)-(21). There exists a positive constant K independent of iy, & and At such that

”Yh - Yd”lzoc(I;LZ(Q)) + ||Ph - Pd”lzoo(];LZ(Q)) + ”Uh - Uhll'%Z(I;LZ(QU))

Y il (65)
<K(hi +h* + (A + KLR> Y~ Ay + KLR* Y 2y
j=vyd+1 j=pd+1

Proof From (63), we get

2
(66)

Nr 5 Np—1
2& lui - i, ‘U <K 2(; At |- P
1= 1=
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Combing (56), (57) and (66), we obtain

Nt ' 2 yl pl
Yoar|Up-Up || <KGh+h*+@AODFKLE Y ayKLEE Y
i=1 j=yd+1 j=pd+1
(67)
Combing (47), (48), (56), (57) and (67), we have
. 12 . 112 vl rl
[vi = vi| | Pi—Pi| sk HtHAP K LI Y K LR Y Ay
J=yd+1 j=pd+1
(68)
S0 (65) holds. o

Combing Theorem 2.1 and Theorem 4.1, we have the following theorem.

Theorem 4.2 Assume that all conditions of Theorem 2.1 are valid and At = O(h). Let
(v, p, u) be the solutions of (6)-(8) and (Y4, P4, Up1) be the solutions of (15)-(21).
There exists a positive constant K independent of iy, h and At such that

”y - Yd”?oo(l;LZ(Q)) + ”p - Pd”lzoo(];LZ(Q)) + ”M - Uhl ||122(1:L2(9U))

vl pl (69)
<K +h* + (A + KLR* Y~ dyj+ KLh* Y~ 2y
j=yd+1 j=pd+1

Remark 4.1 In the theorem, At = O(h) is a assumption in the proof process. Due
to the limitation of analytical technique, we cannot remove this condition at present.
Ideally, we would obtain the same error results without this assumption. In order to
reflect the ideal results, this assumption is not used in the statement of the main results.

In addition, the piecewise constant is used to approximate the control, which
achieves the first-order optimal approximation of the control. The state variables also
reach the corresponding second-order optimal approximation. According to [40], if
the piecewise linear function is used for control, h%/ will become h%] in the error result
(69). This paper focuses on the application of the POD technique in the optimal con-
trol model. Whether the piecewise linear function or piecewise constant is used for
control, it will not affect our research.

5 Numerical experiments

In this section, we carry out some numerical examples to verify the accuracy and
efficiency of the ROFE method for solving the parabolic optimal control problem.
The accuracy and CPU time of the ROFE method are compared with that of the FE
method.

In the numerical examples below, the number of snapshots L is chosen such that
further increasing it will not produce better results for the ROFE method. From
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Theorem 4.2, we choose yd, pd to satisfy Lh> Z;:l:ydﬂ Ayj + Lh? Z?l:pdﬂ Apj <
K (h%] + h* + (A1)?), where K = 0.1, so that the reduced order method has conver-
gence order.

We consider the following parabolic optimal control problems:

1 /7 2 2
in - - - dt, 70
u{glenK 2/0 (Ily vall“ + llu —uqll ) (70)

subject to the parabolic equation:

yv—Ay=f+4+u, inQxI, )
y(x,0) =yo(x), ingQ,
and the co-state equation is
—pr—Ap=y—yis, mQxI,
{p(x, T) =0, in Q. (72)

Both equations (71) and (72) are combined with homogeneous Dirichlet boundary
conditions.

In the first two examples, we choose the domain 2 = [0, 1] x [0, 1], and in the third
example, we consider the L — shaped domain 2 = [0, 1] x [0, 1]\ (0.5, 1] x (0.5, 1].
T = 10. We adopt the same mesh partition for the state and control such that the
mesh size h = 27", m = 3,4,5,6,7, and time step At = h. Does E denote the
[ (I L2 (Q))-norm for the state and co-state approximations and / 2 (I L2 (Q))-norm
for the control approximation.

Example 5.1 We consider the analytical solutions as follows:

y = x1x2 sin(wxy)sin(mwxy) sin(mwt),

p = 0.5x1x7 sin(rx1) sin(wxp) sin(we),
ug =1 —sin(wrxy) — sin(mwxy),

u =max(ug — p,0).

where the functions f and y, are determined by inserting the known functions y, p,
and u into (71)-(72).

In this example, the number of the snapshots is taken as L = min{20,2"}. The
errors and the convergence rates of the two methods are listed in Table 1. The number
of the POD basis and the CPU time of the two methods are listed in Table 2. The
profiles of the ROFE solutions at + = 4.5 with 7 = 1/128 are displayed in (b) graphs
of Figs. 1,2 and 3. Moreover, we also display the profiles of the FE solutions at ¢ = 4.5
with i = 1/128 in (a) graphs of Figs. 1, 2 and 3.
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Table 1 The errors and the convergence rates of Example 5.1

h ly=Yale Iy=Yule lp="Falle  llp—=Pulle  lu—=Upnlle  llu—-Ulg
1/8 1.73E-3 1.73E-3 241E-2 2.41E-2 1.84E-1 1.84E-1
1/16 6.11E-4 6.11E-4 1.31E-2 1.31E-2 9.37E-2 9.37E-2
1/32 2.32E-4 2.32E-4 6.74E-3 6.74E-3 4.72E-2 4.72E-2
1/64 9.62E-5 9.62E-5 3.41E-3 3.41E-3 2.37E-2 2.37E-2
1/128  431E-5 431E-5 1.71E-3 1.71E-3 1.19E-2 1.19E-2
Rate  1.33 1.33 0.95 0.95 0.99 0.99

Table 2 The number of POD basis and the CPU time of Example 5.1 for 7 = 1/128

Method The number of CPU time (hour)
POD basis Total Form stiff Solve algebraic Constitute the
matrix equation POD basis
FE - 8.246 8.018 0.228 -
ROFE yd =pd =06 0.960 0.955 0.005 0.0002
03 03
0.4
025 0.25
03
02 02
0.2
0.15 0.15
01
0.1 0.1
0
1
1 0.05 0.05
0.5
0.5
0 0
L)

(@) (b

Fig. 1 The state solutions at t = 4.5 with 7 = 1/128 of Example 5.1 ( (a): FE method and (b): ROFE
method )
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0.16

0.12 0.12
0.1 0.1
008 008
0.06 0.06

(]
004 004
1 1
002 002
05
05 0.5
0 0
0 o

Fig. 2 The co-state solutions at t = 4.5 with 2 = 1/128 of Example 5.1 ( (a): FE method and (b): ROFE
method )

0.5
0 o

(a

Example 5.2 We consider the analytical solutions as follows:

y =exp(—t/10)tsin(2mx1)sin(2mw x3),

p =exp(—t/10)(10 — t)sin(2mx1)sin (2w x2),
ug = exp(—t/10)sin(2mwx1)sin(2mwxy),

u =max(ug — p,0),

where the functions f and y, are determined by inserting the known functions y, p,
and u into (71)-(72).

In this example, the number of the snapshots is taken as L = min{20,2"}. The
errors and the convergence rates of the two methods are listed in Table 3. The number
of the POD basis and the CPU time of the two methods are listed in Table 4. The
profiles of the ROFE solutions at t = 4.5 with 7 = 1/128 are displayed in (b) graphs

09 09
08 08
07 0.8 07
06 06 06
05 04 05
04 04
0.2
03 03
02 02
1 1
- 0.1 . i 0.1
0 0
0 o 0 o

(@ (b)

Fig. 3 The control solutions at r = 4.5 with 7 = 1/128 of Example 5.1 ( (a): FE method and (b): ROFE
method )
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Table 3 The errors and the convergence rates of Example 5.2

h ly=Yale Iy=Yule lp="Falle  llp—=Pulle  lu—=Upnlle  llu—-Ulg
/8 2.70E-1 2.70E-1 3.10E-1 3.10E-1 1.36E+0 1.36E+0
1/16 7.17E-2 7.17E-2 9.54E-2 9.54E-2 6.18E-1 6.18E-1
1/32 1.82E-2 1.82E-2 3.08E-2 3.08E-2 2.99E-1 2.99E-1
1/64 4.57E-3 4.57E-3 1.11E-2 1.11E-2 1.48E-1 1.48E-1
/128 1.14E-3 1.14E-3 4.52E-3 4.52E-3 7.40E-2 7.40E-2
Rate 197 1.97 1.53 1.53 1.05 1.05

Table 4 The number of POD basis and the CPU time of Example 5.2 for h = 1/128

Method The number of CPU time (hour)
POD basis Total Form stiff Solve algebraic Constitute the
matrix equation POD basis
FE - 12.389 12.004 0.386 —
ROFE yd =pd=>5 1.455 1.447 0.008 0.0003

0.5
0 o

(a

25

- ]
15

1

05

0
05

B -1
-1.5

1 2
05 25

(b)

Fig. 4 The state solutions at t = 4.5 with 7 = 1/128 of Example 5.2 ( (a): FE method and (b): ROFE

method )
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1 ¥ 05 ! !. 5 1 i 5
0 o
@ (b)

Fig.5 The co-state solutions at t = 4.5 with 4 = 1/128 of Example 5.2 ( (a): FE method and (b): ROFE
method )

&

(b)

Fig. 6 The control solutions at t = 4.5 with 2 = 1/128 of Example 5.2 ( (a): FE method and (b): ROFE
method )

Table 5 The errors and the convergence rates of Example 5.3

h Iy=Yale Wy=Yule Np—"Palle  llp—Polle  lu—Uplle  llu—Ulg
1/8 1.28E-3 1.29E-3 1.40E-1 1.40E-1 5.10E-1 5.10E-1
1/16 5.78E-4 5.86E-4 8.02E-2 8.02E-2 2.51E-1 2.51E-1
1/32 2.44E-4 2.52E-4 4.17E-2 4.17E-2 1.25E-1 1.25E-1
1/64 1.10E-4 1.12E-4 2.11E-2 2.11E-2 6.25E-2 6.25E-2
1/128  5.14E-5 5.24E-5 1.06E-2 1.06E-2 3.13E-2 3.13E-2
Rate  1.16 116 0.93 0.93 1.01 1.01
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Table 6 The number of POD basis and the CPU time of Example 5.3 for # = 1/128

Method The number of CPU time (hour)
POD basis Total Form stiff Solve algebraic Constitute the
matrix equation POD basis
FE - 4.328 4.259 0.069 -
ROFE yd =pd =6 0.702 0.698 0.003 0.001

of Figs. 4, 5 and 6. Moreover, we also display the profiles of the FE solutions at t = 4.5
with 7 = 1/128 in (a) graphs of Figs. 4, 5 and 6.

Example 5.3 We consider the analytical solutions as follows:

y =sin(mt)exp(t)x;(x; —0.5)(x; — Dxa(x2 — 0.5)(x2 — 1),
p =sin(mwt)sin(2rxy)sin(2wxy),

ug=1—sin(2mrxy) — sin(2wxy),

u =max(ug — p,0),

where the functions f and y, are determined by inserting the known functions y, p,
and u into (71)-(72).

In this example, the number of the snapshots is taken as L = min{20, 2"}. The
errors and the convergence rates of the two methods are listed in Table 5. The number
of the POD basis and the CPU time of the two methods are listed in Table 6. The
contours of the ROFE solutions at t = 4.5 with 7 = 1/128 are displayed in (b) graphs
of Figs. 7, 8 and 9. Moreover, we also display the contours of the FE solutions at
t = 4.5 with h = 1/128 in (a) graphs of Figs. 7, 8 and 9.

0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
(@ (b)

Fig. 7 The state contours at + = 4.5 with & = 1/128 of Example 5.3 ( (a): FE method and (b): ROFE
method )
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06 0.9
0.8
0.7

0.6

05
0.4
03

0.2

08 0.1

0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
(@ b)

Fig. 8 The co-state contours at t = 4.5 with 4 = 1/128 of Example 5.3 ( (a): FE method and (b): ROFE
method )

From Tables 1, 3 and 5, we see that the ROFE method has the same convergence
rates as the FE method. And the numerical results are consistent with the theoretical
analysis. Besides, we can see that the ROFE method and FE method have almost the
same numerical accuracy. Every pair of graphs in Figs. 1-9 are basically identical.
From Tables 2, 4 and 6 about CPU time, we can see that the efficiency of the ROFE
method is more than 6 times that of the FE method. And the efficiency of the ROFE
method for solving algebraic equations is more than 23 times that of the FE method for
solving algebraic equations, which is accordant with the number of unknowns of the
two methods. Specifically, in Example 5.3 with complex geometry, the accuracy and
efficiency of the ROFE method have achieved the expected results, which means that
our method can handle the situation with complex geometry. Therefore, the proposed
ROFE method is an accurate and effective numerical method for solving parabolic
optimal control problems.

0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
@ (b)

Fig. 9 The control contours at + = 4.5 with 7 = 1/128 of Example 5.3 ( (a): FE method and (b): ROFE
method )
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