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Abstract

In this article, we mainly consider a first-order decoupling penalty method for the
2D/3D time-dependent incompressible magnetohydrodynamic (MHD) equations in
a convex domain. This method applies a penalty term to the constraint “diva = 0,”
which allows us to transform the saddle point problem into two small problems to
solve. The time discretization is based on the backward Euler scheme. Moreover, we
derive the optimal error estimate for the penalty method under semi-discretization
with the relationship € = O(Ar). Finally, we give abundant of numerical tests to
verify the theoretical result and the spatial discretization is based on Lagrange finite
element.

Keywords MHD equations - Penalty method - Error estimate -
Backward Euler scheme

1 Introduction

In this article, we consider the following 2D/3D time-dependent incompressible
MHD equations:

u — R;7'Au+ (u-V)u+Vp — SccurlB x B=f, inQ x [0, T],
divu =0, inQ x [0, T],

B, + R,;lcurl(curlB) —curluxB) =g, inQ x[0,T], (.D
divB=0, inQ x [0, 7],
with the homogeneous boundary conditions and initial conditions
u=0, B-n=0, nxcurlB=0, ondQ x[0,T], (1.2)
ux,0) =ug, B(x,0)=Bg, inQ, '
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where €2 is a bounded, convex, and open domain in R4 (d = 2 or 3) with a suffi-
ciently smooth boundary 0€2. Here, u is the fluid velocity, B is the magnetic field,
p is the hydrodynamic pressure, f denotes the external force term, g is the known
applied current with divg = 0, n denotes the outward normal unit vector on 9€2, R,
is the hydrodynamic Reynolds number, R,, is the magnetic Reynolds number, S, is
the coupling coefficient, and T is the final time.

The incompressible MHD equations mainly describe the dynamic behavior of an
electrically conducting fluid under the effect of an imposed magnetic field. It con-
sists of the Navier-Stokes equations for hydrodynamics and Maxwell’s equations
for electromagnetism. Its applications involve many branches of physics, such as
fusion reactor blankets, liquid metal magnetic pumps, and aluminum electrolysis (see
[11, 19, 32]). The detailed information of physical background of the MHD flow, we
refer to [12, 20]. In recent years, there have been many research works using finite
element method to simulate the MHD equations such as [7, 23, 29-33].

We note that the pressure p does not appear in the incompressible equation, which
makes the equations difficult to solve numerically. A popular way to overcome the
above difficulty is to relax the incompressibility constraint in an appropriate way.
This leads to a number of methods, such as the penalty method, the artificial com-
pressibility method, the pressure stabilization method, and the projection method (see
for instance [3-5, 25, 26]). As far as we know, the stabilization method was proposed
in [3]. Next, a pressure stability analysis for the Stokes problem was given in [2].
For the projection method, it can be traced back to [4, 26]. Then, a consistent pro-
jection finite element method for the incompressible MHD equations was discussed
in [30]. Convergence analysis of an unconditionally energy stable projection scheme
for MHD equations was proposed in [29]. For the artificial compressibility method,
it originated in [4, 5, 25, 26]. Next, the artificial compressibility approximation for
MHD equations in unbounded domain was given in [8]. For the penalty method, we
can refer to [6]. Then, optimal error estimate of the penalty finite element method
for the time-dependent Navier-Stokes equations was given in [13]. A penalty finite
element method based on the Euler implicit/explicit scheme for the time-dependent
Navier-Stokes equations was proposed in [15]. In [22], the authors study iterative
methods in penalty finite element discretization for the steady MHD equations. In
[7], the authors given a decoupling penalty finite element method for the stationary
incompressible MHD equations. It is worth mentioning that the penalty method is
the simplest and the most basic of these mentioned above methods.

In this article, we mainly consider the penalty method to solve the time-dependent
incompressible MHD equations. The penalty method applied to (1.1) and (1.2) is to
approximate the solution (u, p, B) by (u., pe, B¢) satisfying the following penalty
system:

U, — R 'Auc + B(ue,u.) + Vpe — SecurlBe x B =f,  in Q x [0, 71,
divue + Reepe =0, in Q2 x [0, 77,
B + R,;lcurl(curlBE) —curl(ue x B) =g, inQ x[0,T],
divB =0, inQ x [0, T],
(1.3)
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with the homogeneous boundary conditions and initial conditions

{u6=0, B. - n=0, nxcurlB,=0, ond x[0,T], (1.4)

uE (X7 0) = U(), Bé(xs 0) = BO? in Qv

where B(u,v) = (u-V)v+ %(divu)v is the modified bilinear term, and 0 < € < 1 is

penalty parameter. The penalty method is a decoupled method, which can easily elim-

inate the p¢ in (1.3) by “divu. + R.ep. = 07 to obtain a penalty system containing

only (uc, B¢), and then directly get the numerical solution of original equations. This

idea has been widely used in many fields of computational fluid dynamics (please
refer to [7, 13, 15, 18, 21, 22]).

From [7], we know that lir%(ue, Pe, Be) = (u, p, B), the solution of (1.1)-(1.2).
€—>

The error analysis of the penalty finite element method for the stationary MHD equa-
tions is studied in [22-24]. For example, the optimal error estimate of the penalty
system for the stationary MHD equations is as follows:

lw—uclli + 1B =Bell1 + [|p — pell = Ce,

where C > 0 is a general positive constant, and || - ||; and || - || denote the norm
in H'()? and L?(Q), respectively. However, there is no literature on the penalty
method for time-dependent MHD equations. The purpose of this article is to derive
optimal error estimate of the penalty method for the time-dependent MHD equations
and its time-discretization. In Theorem 4.1, we derive that the optimal error estimate
of the penalty method for time-dependent MHD equations is as follows:

OSUPT(IIU(I) —uc ()l + IB@) =Bl + R u@) —uc ()l
=r=

T 1
+ R, IB(t) — B(D)ll1) + (/0 ||p(z>—ps(r>||2dt)2 <Ce.

In Theorem 5.1 and (5.17), we derive that the optimal error estimate of the time-
discretization scheme of the penalty method for the time-dependent MHD equations
is as follows:

Vin(lu@ty) —ugll +IB() = BED + ta(lult) —uZlli + [B() — B¢ |1)

1

N
2
+(At > allp) — p?||2> =C(At+e),

n=1

where At is the time step, t, = nAt (1 <n < N), (u, p?, B?) is an approximation
of (u, p, B) at time ¢,,.

The paper is organized as follows. In Section 2, we introduce some notations and
preliminary results for the time-dependent penalty MHD equations (1.3) and (1.4).
In Section 3, we analyze the error behavior of the linear form for the penalty MHD
equations. In Section 4, we consider the penalty method for the MHD equations. In
Section 5, we analyze the time-discretized scheme of the penalty MHD equations. In
Section 6, we give some numerical tests to verify the theoretical result of the penalty
method. Finally, some conclusions are given in Section 7.
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2 Preliminaries

In this section, we give some notations. For 1 < r < oo, L"(2) denotes the usual
Lebesgue space on 2 with the norm | - ||z-. In particular, we will denote L3(Q)
norm and L%($2) inner product by || - || and (., -), respectively. For all non-negative
integers k and r, W57 (Q) stands for the standard Sobolev space equipped with the
standard Sobolev norm || - ||x,». The norm of the space Wk2(Q) is represented by
Il - llx. The vector functions and vector spaces will be indicated by boldface type.
Now, we introduce the following spaces

X:=H\(Q) ={ve H(Q): v |jo=0},
M:=Li(Q) ={g € L*(Q) : [oqdx =0},
W:=H.(Q) ={we H'(Q)¢:w-n|jo=0},
Xo ;= {v e X : divv = 0},

W = {w e W:divw = 0},

H:= {w e L%(Q) : divw = 0, w - n |30= 0},

and the following trilinear form
1
b(u,v,w) = (B(u,v),w) = ((u -V)v+ E(divu)v, w)

1 1
= Eb(u, V, W) — Eb(u, w,v), Yu,v,weX.

Therefore, the trilinear form b(-, -, -) satisfies
b(u,v,v) =0, Vu,veX 2.1
Moreover, we have the following two formulas (cf. [22]):
(axb)yxec-d=(@axb)-(cxd)=—-(axb)-(dxc),
and

/ curlB - Cdx = — (B xn) - Cds —i—/ B - curlCdx,
Q aQ Q

which imply that for all B, C € W and u € X,

(curluxB),C) = — < (uxB) xn, C > |30+ (ux B, curlC) = —(curlC x B, u).

2.2)

Then, we have the following variational formulation of problem (1.1) and (1.2):

find (w, p,B) € L*©0,T;X) x L*0,T;M) x L?*(0, T; W) such that for all
v,q,C) eXxMx W

(u;, v) + RN (Vu, Vv) + b(u, u, v) — Sc(curlB x B, v) — (p, divv) + (divu, ¢) = (£, v),
B, C) + R,;] (curlB, curlC) — (curl(u x B), C) = (g, C),
u(x,0) =ug, B(x,0) =By,

2.3)
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where divug = divBg = 0 and the variational formulation of (1.3) and (1.4) reads:
find (uc, pe, Be) € L%(0,T;X) x L>(0, T; M) x L*(0, T; W) such that for all
v,q,C) eXxMx W

(Uer, v) + R;I(Vue, Vv) + b(ue, ue, v) — Sc(curlBe x Be, v) — (pe, divv) + (divue, q)
+Ree(pe,q) = (£, v),
B¢, ©) + R,;l(curlBe, curlC) — (curl(ue x Be), C) = (g, ©),
uc(x,0) =ug, Be(x,0)=By.
2.4)

Moreover, from the variational formulation (2.3), we can get divB; = 0 and
divB = 0 (cf. [14, 34]).

We will use the letter C as a general positive constant depending on coefficients
of the equations and the domain €2, which may have different values at its different
occurrences. The following two inequalities will be used repeatedly (cf. [21]):

1 1
b(u,v,w) < Cllul{[IVIZ IVl Iwl, VveHX(Q)NX, uweX, (25
and

lall vl iwl,  Ya,v,we X,
lal2llvll Iwll;, YueHX(Q)NX, v,weX,

b(u, v, w) < (2.6)
lall2 vl Iwll, YueH*(Q)NX, v,weX,
lalliIvl2llwll, ¥ve H* (@) NX, uweX

Furthermore, we have the following estimates (cf. [9, 28]):
(curlC x B,v) + (vx B,curlC) =0, VB,CeW, veX, 2.7)
1 1
vl < wllVvll,  IIviigs < CIVIZIVVIZ,  ivligs < CIIVVIL Vv eX, (2.8)
1 1
IVl + 1VVligs < ClIvIZIVIZ,  ¥v e HX(Q), (2.9
IVB| < Co(JlcurlB|| + ||divB]), VB e W, (2.10)
Ivllgs < CillVvll, VveX, .11
lcurlB| < 2| VB, |ldivB|| < Vd|VB|, YBeW, (2.12)

curl(u x B) = u(divB) — B(divu) + B-V)u— (u-V)B, YueX, BeW, (2.13)

where yy (only dependent on 2) is a positive constant, C (only dependent on €2) is an
embedding constant of H},(Q) < H'(Q) (= denotes the continuous embedding),
and C; (only dependent on £2) is an embedding constant of H' (Q) — LYQ).

We define Aju = —Au and Ajcu = —Au — éVdivu, which are the operators
associated with Navier-Stokes equations and the penalty Navier-Stokes equations.
They are the positive self-adjoint operators from D(A1) = H?(22) N X onto L2(Q)
and the powers AY and A{, (¢ € R) are well defined. Similarly, we define the
Maxwell’s operator Ay = Py (curlcurl — Vdiv) : D(Ap) — H and also define
A2eB = A>B, where D(Aj) = H2(S2) N'W and Py is the Lz-orthogonal projection.
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Finally, it is easy to show that (cf. [21, 27])

1 1
(Aqu, v) = (Alzu, Ajv|=(Vu,Vv), VuvekX,

1 1

(Ajeu, v) = (Afeu, Afév> = (Vu, Vv) + L(divu, divw), Vu,veX,
1 1
(A2B, C) = <A22B, A; C) = (curlB, curlC) + (divB, divC), VB,C e W.
Furthermore, we have the following lemmas given in [21].

Lemma 2.1 There exists a constant Co» > 0 depending only on 2 and such that for
€ sufficiently small, we have

|Au|| < C2||Ajeull, Vu e HX(Q)NX,

1
IVul| < C2llA7ufl, VueX,
IA ull < Collull—,  Yue H2(Q),

where H™2(Q) is the dual space of H*(2) N X, || - |2 is the corresponding norm.

Lemma 2.2 (Gronwall lemma). Let y(t), h(t), g(t), f{t) be nonnegative functions
satisfying

t t T
() +/ h(s)ds < y(0) +/ <g(s)y(s) n f(s))ds, VO<i<T, with/ g(dt < M.
0 0 0

Then

t t
) + / h(s)ds = exp(M) (y(0) + f f@©)ds), VOst<T.
0 0

Lemma 2.3 (discrete Gronwall lemma) Let y*, h", g", f" be nonnegative series
satisfying

m m N
T
™ At W' < B+ At yn m, jith At "<M, YO<m<N=|—|.
'+ EO <B+ Eo(gy + /", wi Eog < =m= [At}
n=! n=| n=l

Assume Atg" < 1 for every n. Define o = max (1 — g"At)~!, then
0<n<N

m m
Y"+ ALY R < exp(o M) (B + At Zf”) YO <m < N.

n=0 n=0

In this paper, we assume that the problem (1.1) satisfies the following conditions.
Assumption A41: The initial data ug € Xp N H2(Q) and By € Wy N H2(R), the
external force f, and the applied current g satisfy the bound

sup {IfO)1| + I£: )] + 18O + g O} + lluoll2 + IBoll2 < C.
0<t<T

@ Springer



Numerical Algorithms (2023) 93:1337-1371 1343

Suppose that 41 ensures the existence of a unique strong solution to the problem
(2.3) on small time interval [0, T'] such that (cf. [20])

ueCO T:X)NLA0, T; HX(Q)), pe L0, T; H(Q)NM),

B € C(0,T; Wo) N L*(0, T; HX(Q)), (2.14)

by using the smoothing property of the Navier-Stokes equations at ¢ = 0, then (see
for instance [16])
tp: € L*0, T; H'(Q)). (2.15)

Assumption A42: Assume that the boundary of 2 is smooth so that the unique
solution (v, g) € X x M of the steady Stokes problem (cf. [14, 34])

—Av+Vg=f divv=0, inQ, vjje=0,
for prescribed f € L2(§2) satisfies
Ivl2 + llglli < clifll;
and Maxwell’s equations
curl(curlC) =g, divC=0, in2, C-n=0, nxcurlC=0, on§g,
for the prescribed g € LZ(Q) admit a unique solution C € W which satisfies
ICll2 < cligll,

where c is a positive constant depending only on €2, and may take different values at
its different places.
Using the operators A ¢, Az, we can rewrite the penalized system (2.4) as

{ u. + R;'Ajcue + B(ue, ue) — SccurlBe x B =, (2.16)

Be + R, 'AxcB. —curl(uc x Bo) = g.

Then, we have
t
||ue(t)||%+||Be<t>||%+/o (luc@B+IB)I3)ds<C, 1e(0.T]. @17)

Taking the L? inner product of the first equation of (2.16) with u,, the second
equation with S.B., and thanks to (2.1), (2.7), we obtain

1d L ]
Ea(nuen2 + ScIBell®) + RyMAZ ue > + ScR,, A2 B? = (f, ue) + (g, ScBe).

Due to Lemma 2.1, we have
Se
2R,

1 1 1
(£ u) + (8 S:B) < CIfI* + Clgl’” + -l Afue” + 2143 Bel™
Combining the above inequality and integrating from O tot < T, we get

t 1 1
luell? + SelBell* + /0 (R;1 A2 ucll* + ScR,," ||A§€Be||2) ds < C. (2.18)
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Taking the L? inner product of the first equation of (2.16) with Aj.u,, the second
equation with A».B, we obtain
1d
2.dt
—b(llé, Ue, Areue) + Se(curlBe x B¢, Ajeue) + (Curl(ue x Be), A2eBe).

1 1
(IIAﬁuEIIZ + ||A21Be||2) + R Areuc | + R, 1 A2eBe||* = (f, Ajeue) + (g, AzeBe)

By using Lemma 2.1, (2.5) and (2.9)—(2.13), we get

1 _
(f Arcuo) + (g, AxcBo) =<2 (R] "Areuel® + Ry, A2eBe ) + ClIEI* + Cligll?,

1 | 1 |

2 2 2 4 2 2

—b(ue, U, Arette) < |luellilucllf uellj 1Areue|l < 3R lAteucll” + ClluellTIIA ] ue
e

Sc(curlBe x Be, Ajeue) = ClicurlBe|[[[Be L~ |Areuc |

=

1 P 1 2 . 2
SR, lAjcuell” + m”AZeBe” + C||B€||1 ||A225Be||
(curl(ue x Be), A2eBe) < C(IBellp [ldivuc]| + [BellLe | Vuell 4 [uellp= [ VBe D[ AzeBe |l

1 1 1 1
< A1+ oo A2 Be P +C ( IBelf AL uel* +lluc I FIAZ B2 ).
8R, S8R,

Combining the above inequalities, we arrive at

d 1 1 _ _
o (nAliuen2 + ||A§€Be||2) + R Areuel? + Ry, | AseBe |2

1 1
< CIfII* + Cligh* + Cluell + IBIDIALuell* + Cllue It + IBelIDIIASBe 1%

Integrating the above inequality over [0, ¢], using (2.18), (2.10), Lemma 2.1 and
the Gronwall lemma, we complete the proof of (2.17).

3 Linearized problem

It is difficult to deal with the nonlinear terms of the MHD equations. Therefore, we
derive the penalty errors of its linear form as an intermediate step in the analysis of
the nonlinear MHD equations in the next section. Next, we will consider the linear
form of MHD equations:

u — Re_lAu—i— Vp =f,
divu =0, u(0) = up,

A
B; + R, 'curl(curlB) = g, G-
divB =0, B(0) =By.
The penalty method applied to (3.1) is
Uy — R 'Auc + Vpe =T,
divu, + Reepe =0, uc(0) = up, (3.2)

B. + R,;lcurl(curlBg) =g,
divB, =0, B(0) = Bo.
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Lettinge =u—u.,n =B — B, & = p — pe, and subtracting (3.2) form (3.1),
we obtain

e, — R;'Ae+VE=0, (3.3)

dive + R.€£ = R.ep, e(0) =0, (3.4)

1, + R, 'curl(curly) = 0, (3.5)

divp =0, 75(0) =0. (3.6)
We can derive from (3.5) and (3.6) that

n+ R, Amm=g,  n(0)=0. 3.7

Lemma 3.1 Under Assumptions A1 — A2, we have

t
llell* + lln >+ /O(R;‘||Ve||2+R,;‘||Vn||2+Ree||su2>dssCe, (3.8)

t
fo (lell> + Inl1P)ds < Ce. (3.9)

Proof Taking the L? inner product of (3.3) with e, (3.4) with &, (3.7) with », and
summing up the three relations, we obtain

Ree > Ree 2
S IE1%+ —= Pl

1d 1
5 77 (NP + I+ RVl + R AT 01+ Reel€]° = Ree (p, ) <

Integrating the above inequality from O to t < T, thanks to e(0) = 0, (0) = 0
and (2.14), we have

t
llell> + Il +/ (R;'IVel? + R, IVyl> + Reell&|P)ds < Ce.
0

We now use the standard duality argument. Taking d = 0 and adding Lagrange
multiplier Vd to (3.1) for the third equation, we can get

w— R TAu+Vp =f,
divu =0, u(0) = up,
B; + R,,'curl(curlB) + Vd = g,
divB =0, B(0) = By.

(3.10)

Then, we have the following variational formulation of the problem (3.10): find
(u, p,B,d) € L?(0, T; X) x L?(0, T; M) x L>(0, T; W) x L*(0, T; M) such that

(uy, v) + Re_1 (Vu, Vv) — (divv, p) 4 (diva, ¢) = (f,v), u(0) = up,
B, C) + R,;l(curlB, curlC) — (divC, d) + (divB, 5) = (g, C), B(0) = By.

Exchanging (u, p, B, d) < (v, ¢, C, s), we get

(vi,u) + R;l (Vv, Vu) — (divu, g) + (divv, p) = (f, v),
(C,,B) + R;ll(curlC, curlB) — (divB, s) + (divC, d) = (g, C).
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Then, we have

(vi,u) + R;L(Vv, Vu) + (divy, p) = (£, v),

—(divu, q) =0,
(C;, B) + R, ! (curlC, curlB) + (divC, d) = (g, C),
—(divB, 5) = 0.

Letting (u, p, B,d) < (w, v, ¢, k), we obtain

(Vi, ®) + R, (Vv, Vo) + (divy, y) = (£, v),
—(divw, g) = 0,

(Ct, ¢) + R, ' (curlC, curlg) + (divC, k) = (g, C),
—(dive, s) = 0.

Integrating the first equation in (3.11) form O to 7', we have

(3.11)

T T
[ 10+ R 9. V) + @ive ptar = [ @
0 0
By integrating by parts, we get

T

T
(1), o(T)) — (v(0), ®(0)) — / [(v, ;) — Re_l(Vv, Vw) — (divv, y)ldt = / (&, v)dr.
0 0

Taking @(T) = v(0) = 0, we obtain
(v, @) — RN (Vv, Vo) — (divy, y) = —(F, v).
Similarly, we can get
(C, ¢, — R,;l(curIC, curlg) — (divC, k) = —(g, C).

Taking f=—e, g = —, thanks to Vk = 0, we get the following dual problem. For
any 0 < t < T, we define (o, y, ¢) by

ws+ R 'Aw+Vy =e, VO<s<t, (3.12)
dive =0, () =0, (3.13)
¢, — R, 'curl(curlp) =y, YO <s <1, (3.14)
divg =0, ¢()=0. (3.15)
We can derive from (3.14) and (3.15) that
¢, — R, Ap=1, n1)=0, Y0O<s<r. (3.16)

Let us first establish the following inequality:

—1 _
RNl 20,712 0) +Rm1”¢”Lz(0,T;H2(Q)) +IVyile2o,7:02@)
= C”e”LZ(O)T;LZ(Q)) + C||77||L2((),T;L2(Q))' (3.17)
Taking the L? inner products of (3.12) with A, (3.16) with A»¢, and summing

up the two relations, we get

1d 1 1 B _
—EE(uAfwuz + 1A 1) + R A1w]* + R, [ A29]1> = —(e, Ajo) — (1, A2¢).
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Integrating the above relation from O to ¢, we have

t t
f (R A @2+ R, A1) ds +1| V() >+ Ve (0) [ scf (lell>+1nl1*)ds.
0 0
Applying the projection operator Py on (3.12) and (3.16), we derive

”wS”LZ(O,T;LZ(Q)) + ||¢3‘||L2(()’T;L2(Q)) = C”e”LZ(O,T;LZ(Q)) + C||77||L2((),T;L2(Q))'

From (3.12) and (3.16), we obtain

IV¥il20,7;22@) = Cllell 2.2y T Clnll 20,7102

The proof of (3.17) is thus complete.
Next, taking the L? inner product of (3.12) with e and (3.14) with g, thanks to
(3.3)—(3.5) and divw = 0, we have

lell> + Inll* = (o5, e) + R, (Aw, e) + (Vy, e) + (¢, 1) — R, (curl(curlg), 1)

= :—S(w, e) — (@, &) — R (Vo, Ve) + (Vy, e)
d
+%(¢, n) — (¢, n,) — R, (curlg, curly)
d d
= d_(w7 e) + (Véa (l)) - ()/7 diVe) + _(¢7 )1)
S ds
—i( )+i(¢ ) — Ree( )
- ds w, e ds , e€ y’pé .

Integrating the above relation from O to #, thanks to w(r) = e(0) = 0 and ¢(¥) =
7(0) = 0, we obtain

t t t
/0<||e||2+||n||2>ds=—Ree/0 (y,padss/O Glly > + CsR2> | pel|Pds,

where Cj is a constant depending on § only. Due to (3.17) and (3.8), we can choose
§ sufficiently small such that

t t
/(I|e||2+lln||2)ds s/ CR.€|pel’ds < Ce?, Vi [0, T1.
0 0

The proof is thus complete. O

Lemma 3.2 Under Assumptions A1 — A2, we have
t
/ s?|lperll*ds < C, vVt e[0,T].
0
We can refer to [21] to prove this result.
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Lemma 3.3 Under Assumptions A1 — A2, we have
t
tlle@®1I? + tln(@)| +f sRIMIVe®)1? + Ry, V()1 + Reell&()I)ds < Ce?,Vt € [0, T,
0
t
R VeI + Ry IVa@)|* + f s2|E(s)|IPds < Ce*, Vi [0, T).
0
Proof Let us consider the decomposition (see, for instance, [10])
_ 1 1 —1 . 2
X=X)®Xy, whereXy ={(—A)"'Vq:qe L*(Q),

andv = (—A)~!'Vq if —Av = Vg and v|3q = 0. It is well known that for p(t) € M,
there exists a unique @(¢) € Xé‘ such that dive () = p(¢) with

le@®l < Clip®Ill, Viel0,T] (3.18)
Moreover, if p;(t) € M, we have divg; () = p;(t) with
el < Clip@®Il, Vrell,T]. (3.19)

Taking the L? inner products of (3.3) with re, (3.4) with ¢£, (3.7) with ¢, summing
up the three relations, and using (3.3), we derive

1d _ 1 d _
5 grtlel + R Vel® + Reet €17 + 5 —tllnll® + Ry el Vall®
1 2 1 2 1 2 1 2 .
= SNl + Reet (p, &) + SInl* = Sllell® + S Inl* + Reer (divg, &) (3.20)
1 2 1 2
= El\ell +§|Inll + Reet (e, ) +€t(Ve, Vo)

1 1 d
= Enen2 + Ennn2 + Re—1(€, @) = Rec(€, 9) = Rect (€, ¢;) + €t (Ve, Vo).

Using (3.18), we get

Reet (e(t), (1)) < flne(r)n2 + R p0)]? < flne(t)u2 Lee.
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Hence, integrating (3.20) from 0 to ¢, using the above relation, the Cauchy-
Schwarz inequality, Lemma 3.1, (3.18), and (3.19), we derive

13
tle®|* + tln@)|? +f0 (R;'s||Vell> + Reesl|&l* + Ry, 's | Vyll*)ds
t t t
<C+C / (eI + n()I1*)ds + Ce f lp()l*ds + Ce? / R PAGIRE
0 0 0
t
=ce s ce [l +RUpiis < ¢,
0
Next, we take the partial derivative with respect to ¢ on (3.4), we obtain

diVe[ + Reesz = Reep,. (321)

Taking the L?{; inner product of (3.3) with r2e,, (3.21) with 2, (3.7) with t2r/,, and
summing up the three relations, we obtain

1d R.e d
2 2 2 2 1 2 1 2 e 2 2

=t(IVel> + IVRl®) + Reet||E]1> + Reet?(pr, €). (3.22)
Due to (3.3) and (3.18), we get

Reet®(pr, &) = Reet’(dive,, ) = —Reet*(9,, VE) = Reet* (e, 9,) + Reet*(Ve,, Vo,)

2
t
<5 le 1> + CRZE* 1% |g, 1> + 1| Vel|* + CR2e* | Vg, |1

2
t
< 5 lledl? + 21 Vel + CRZe* | pi .
Integrating (3.22) and using the Gronwall lemma, we obtain
t
Ry (Vel® + R, 2 Val* + Reer?||€11 +f s2(leclI* + lIm,[%)ds < Ce*, Vi €[0,T1.
0

Finally, we derive from (3.3) that
IEN? < CIVEI?, < CUlAel®, + lle %) < C(lell + lle ).

Therefore, we have

t t
/0 s?&l1%ds < C fo s2(lell? + lle:lI*)ds < Ce>.
The proof is thus complete. O

To summarize, we prove the following theorem.

Theorem 3.1 Under Assumptions A1 — A2, we have

t
t||e<r>||2+run<r>||2+r2||e<r>||%+r2||n(t)(z>||%+f0 s?l°ds < Ce*, Vit €0, T.
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4 Nonlinear MHD equations

In this section, we transform the nonlinear MHD equations into an intermediate linear
equations, and then use the previous result to give an error estimate of the penalty
system. Next, let us consider the following intermediate linear equations:

v; — R;lAv—i— Vg =f— (u-V)u+ S.curlB x B,
divv + R.eqe =0, v(0) = up,

v, + anlcurlcurl\ll =g+ curl(u x B),

divw =0, ¥ (0) =By,

“.1)

where u and B are the solutions of MHD equations (1.1).
Lettingy, =v—u,ng =¥ — B, n, = g — p, and subtracting (1.1) from (4.1),
we obtain
Nur — REIAﬂu + Vnp =0,
divy, + Reen, = 0, n,0) =0,
ng + R, 'curlcurlyg =0,
diVﬂB =0, T]B(O) =0.

4.2)

Lemma 4.1 Under Assumptions A1 — A2, we have

t
/0<||n,,<s)||2 + g 1Pds + t (g, O + lng O + >Un, D15 + Inp O]

t
T f Sllnps)2ds = C2, Vi e [0,T],
0

Proof Thanks to Assumption A1 and (2.14), we have f — B(u, u) + SccurlB x B,
g+ curl(u x B) € L0, T; Lz(Q)). One the other hand, it can be easily shown that
ra, € L*(0, T; X), tB; € L*(0, T; W) (cf. [20]). And, since

t%(f— B(u,u) + SccurlB x B) = t(f, — B(u;,u) — B(u, u;) + S.(curlB; x B + curlB x B;)),
t%(g + curl(u x B)) = #(g, + curl(u; x B) 4 curl(u x B;)),

we have

tg(f— B(u,u) + S.curlB x B), ta(g + curl(u x B)) € L*(0, T; L“(2)).

Then, by applying Lemma 3.1 and Theorem 3.1 to (4.2), we can get Lemma 4.1. [

Next, letting ¢, = uc —v,9p = B — ¥, ¢, = p. — ¢, and subtracting (4.1)
from (4.2), we get

(pu,—Re_lA(pu—i—V(p,,—l—B(ue, u.)—B(u,u)—S.(curlB¢ x B —curlB x B) =0, (4.3)

divgp, + Reepp, =0, ¢,(0) =0, (4.4)
®g + R,Zlcurlcur](oB — curl(ue x B¢) — curl(u x B) =0, 4.5)
divpg =0, @g(0)=0. (4.6)
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Since

curlB x B¢ — curlB x B =curlB x (g + ¢p) +curl(ng + ¢5) x B,

{ B(uc,ul)—B(u,u)=B(u,u.—u) + B(uc —u,uc) = B(w, n, + ¢,) + B, + ¢y, ve),
curl(ue x B¢) — curl(u x B) = curl(u x (ng + @p)) + curl((n, + ¢,) x Be),

4.7)

we can rewrite (4.3)—(4.6) as

Ou + R7A1c@, + B, n, +,) + B, + ¢,.uc) — Sc(curlB x (ng +@p)
+ curl(ng +@p) x Bs) =0, 4.8)
95 + Ry, Axop —cutl(ux (ng +@p)) —curl(m, +¢,) xB) =0.  (4.9)

Theorem 4.1 Under Assumptions A1 — A2, we have the following estimate:

t(llu(®) — ue@?+ IB@) — BeOl») + > (R u(@) —uc )17 + R, IB(t) — Be()1})

t
+ / s21p(s) — pe(s)|Pds < Ce?, YO <1 <T.
0

Proof Taking the L? inner product of (4.8) with Al_:(ou and of (4.9) with A, Gl(p B>
summing up the two relations, we get

_1 1d
ZEnAl:wunz Sl +3 ||A2€ opl* + R, logl?

= —b(u, n, + @y, ALl 0)) — by, + @, e, AL 0))
+ Se(curlB x (15 +@p), A7) @) + Sc(curl(ng + @) x Be, A7 9,)
+ (curl(u x (ng +@p)), A5 @p) + (curl(m, + @,) x Bo), Ay @p).

By using (2.6)—(2.13) and Lemma 2.1, we derive that

b, 1, + 0y, AT 0y — by, + 0y ue, AT 0))
< Clullaling + @ull 1A @ulli + Cllucl2lin, + 9ol 1A1coy,lh

_1 _1
= Cllu\lz(l\ﬂull + leu DA @yl + Cllue ||2(||17,,H +leaDIA @l

I? + Climy 1> + Clull3 + lucliDA,2 %IIZ,

- 4R
Se(curlB x (45 + @p). A} @) + Sc(curl(ng + @) x Be, A 0,)
< anuznnB + 05l 1A @4l + CIBcl2lng +«:B|| 1A @, 111

< sz lesl” + Clingl? +CUBIE + 1B DAL 0,12
(curl(w x (1 +9p)). Ay @) + (curl (1, + 9,) x Bo). Ay pp)

< cnuuznnB + o 1145 01l 4+ ClIBellm, + 0,1 145 01

sﬁnq)un +—||¢B|| + CllngI? + Cllng 12 + € (Il + IB13) 145912
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Combining the above inequalities, we arrive at

d _1 _1 _ _
yn (uAl: oull” + qu:wBuz) + R Noull® + Ry o2 (.10)

_1 1
= Cmal1? + Ing 112 + CCIE + lucl3 + IBI3 + IBADIA L 9,12 + € (Il + 1B I3) 145, 051

Due to f; (I[ul3 + lucl3 + IBI3 + IBc[3) dr < C, we can apply the Gronwall
lemma, Lemma 4.1, and get

_1 _1 t
||A1:<o,,||2+||A2:<p3||2+f0 (R, @ I +R, l@glP)ds <Ce?, Ve e[0, T1. (4.11)

Next, taking L? the inner products of (4.3) with t¢,, (4.4) with t¢,, (4.9) with
top, we derive

lirn 12+ R IVe, 11> + Reetllopll* ||2+1ir|| I>R,, | Vogl?
2 dr Dy e (7% e Pp (/™ 2 dr (] m Pp

1 2, Se 2
= 5 u N B - s u u> Yu) ™ u u> Ye> Py
—2II¢ l +2||<0 1“ —tb(u, n, + @y, @) —1b(My, + @4, Ve, @)

+ Sct(curlB x (ng + @p). ¢,) + Sct(curl(ng + @) x Be, @)
+ t(curl(u x (ng + @), @) + 1 (curl((n, + ¢,) X Be), pp).

From (2.6)-(2.11), we get

—tb(u, 9y + @y, @) —tb(N, + @y, Ve, 9,,)
< Ctllullallng + @, ll1ll@,ll + Ctlluell2lin, + @, 1o,

14
< 5 IV0ul® + Crling I + Cr (a3 + uel3) g
e

Sct(curlB x (ng + @p). @) + Sct(curl(ng + @) x Be, 9,)

= CtlBl2llng + @pllilleyll + CtiBell2llng + @plill@yll

t
< 57 IVosI>+ Crlng 1} + Cr (IBI3 + 1BI3) a1
m
t(curl(ux (1 +¢p)), @) + 1 (curl((ny, + @) X Be), 95)

Cillulzlng + 95l lopl + CriBel2ln, + ool log]
t t

Il + = llogl? + Ct (I + Ingl}) + Cr (1wl + 1B13) sl

4R, 4R,

A

IA

Combining the above inequalities, we arrive at

d _ _
S1Ueul? +lopl®) + RS IVe, I + Ry tIVes I + Reetllop |
= loul? + 95 12Ct (Inall} + Img 1) + Cr (Il + luel3 + IBI3 + 1Bc13) g

+Cr (i + 1B 13) o1
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Integrating the above inequality over [0, 7], using (4.10), Lemma 4.1, and the
Gronwall lemma, we obtain

t
r<||¢u||2+||¢3||2>+/0 SRV, II* + R, IVeglHds < Ce2. (4.12)

Then, we take the partial derivative with respect to ¢ of (4.4) to get
dive,, + Reepp = 0. (4.13)

Taking the L? inner products of (4.3) with t2¢,,, (4.13) with 12, (4.9) with t2¢,
and adding them up, we get
Ploull + g IVl + %%tznwnz +2leg + ﬁ%ﬂnwsuz

=RtV 1> + Ry IV R |” + Reetllgpl* — b, 1y + @yr 91 — 1501y + @y Ve, @1
+ Set*(curlB x (g + @p). 0,0) + Sct*(curl(np + @) x Be, 9,,,)
+ (curl(u x (ng + @), @) + 1> (curl((n, + @) x Bo), @,).

Using (2.6)—(2.12) and Lemma 4.1, we derive

—l‘zb(ll, Nu + Py (/)ut) - tzb("u + Py Ue, (014!)
2 lul2lmng + @yl l@ull + Ce2lucl2ling + @yl

IA

IA

2
t
Tl + € (Il + uel3) + €2 (a3 + Iucl3) 1 Ve, 1.

Set?(curlB x (ng + @), @) + Sct’(curl(np + @) x Be, @)
< C2Blalng + @glilleyl + CEIBcl2llng + ¢ plile.

2
t
< 21041 +C® (IBI3 + [Bel3) + Cr* (IBI3 + [Bel3) [ Vopl™.

t*(curl(u x (g + @p)), @p,) + t*(curl(n, + @,) x Bo), ¢,
< C?|Blallng + ogllilleg | + C2IBcll2ling + @glilles,|

2
t
< Zlos” + € (Il + 1BI3) +Cr2 31 Vo s 1 + CrIB 3 Vo, I

Combining the above inequalities, we obtain

d _ -
2Ulewl® + les I + 2R IVeLI” + R IVesI* + Reellep 1)
= R 1190, I + Ry VoI + Reetllgp IP+Ce? (1ul + luel + IBI3 + [B13)

+ 2 (Il + ol + 1B I13) 1V, 12 + Ci2 (Il + IBI3 + IBI3) 1 Vo,
Integrating over [0, 7], using (4.12) and the Gronwall lemma, we get

t
/0 S2(@u I + log 1Dds + 2 (R Ve, 12 + R, IV pl* + Reellg,I1?) < Ce®. (4.14)
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We have

1B, 0y +@,)ll-1 = Cllulltling + @yl = Cllalli (g /it + @yl
1By + @y ue)ll-1 < Clluelli(ling It + llegllD.

lcurlB x (np + @p)ll-1 < ClIBll1llng + @pl1,

[curl(np +@p) x B)ll—1 < CliBell1(mpllt + ll@pll)-

Due to (4.3) and (4.7), we deduce
Vop=—¢, + Re_lA(pu — B(ue,ue) + B(u,u) + S.(curlB, x B, — curlB x B).

By using previous estimates on the above equation, we have

T T
fosznwpnzdssfo s2 Ve, ds < Ce2,

which completes the proof of Theorem 4.1. O

5 Time discretizations of the penalized system

In this part, we give the time-discretization of the penalty system and derive its error
estimate. Next, we will give some rules for the solutions of the penalty system.

Lemma 5.1 Suppose ug, By € H*(Q) and A1 — A2 are valid. Then the solutions
u., B¢ of (2.18) satisfy
u., B € C(0, T; H (), (5.1
U, € L2(0,T;X), Be € L*0,T: W),
_1
AZ gy, A"TByy € L20, T; LA(Q)), (5.2)
Vi, VBey € L*(0, T; L2(Q)).

Since the proof of (5.1) is standard (cf. [20]), we just need to prove (5.2). Taking
the partial derivative with respect to ¢ on (1.3), we have

Ueyr _R;IAleuer+B(ué[7 u)+B(ue, ue) —SccurlBe, x Be —SccurlBe xBe, =1, (5.3)
Ber + R,;]AZeBet — curl(ue; x Be) — curl(ue x By) = g;. 54

Taking the L? inner product of (5.3) with u,,, (5.4) with S.B,,, thanks to (2.1) and
(2.7), we obtain

1d » 1y, 2 Sed 2 a2 2
Ezlluezll + R Aj uell +?E”Bet” + SRy, 1A Bet || = (£, uer) + (g, Ber)

—b(Uer, Ue, Uer) + Se(curlBe X Ber, uer) + Se(curl(ue x Ber), Bey).

@ Springer



Numerical Algorithms (2023) 93:1337-1371 1355

Using Lemma 2.1 and Young’s inequality, we get

(£, uer) + (& Ber) =< CIIE I uerlh + Clig | [Betl
1

4R,

1
< CIf1* + Clig > + —llAL ue|I* +

Se be 2
1R | Ay Berll”.
m

Due to (2.6) and Young’s inequality, we have
1 1
— b(Uer, Ue, Uer) < Cllue| Juell2llue i < WnAﬁuan? + Cllucll3lue 1%
e

By using (2.8), (2.12), and Young’s inequality, we have

Se(curlBe x Be;, ugr) + Se(curl(ue x Be;), Bey)
< CliBell2lBer |l luerll1 + Clluell2]Ber |l [1Bell 1

Se 1 ) 5 ) )
= 3%, i 1A5Ball + € (IBeIB + uclB ) 1Bar

Combining the above inequalities, we obtain

1
2 2
IAfouell” +

d 1y a3 1y 41
Sruel® +SeBel®) + R AZu | + SeR,, A2 Be |
< CAUEI? + g 1) + Clluc e + € (1B + lucl3) 1Bl

Since uc, B, € C(0, T; H%(S2)), we can show that u,; (0), B, (0) is well defined (cf.
[20]). Hence, integrating over [0, ¢], using the Gronwall lemma and Lemma 2.1, we
derive

t 1 1
e 1? + ScllBer I + / <R;1||A12€llet||2 + SCR,;IMA;EBe,uZ) ds < C.
0

By Lemma 21, we get ||u€l||L2(O‘T;H1(Q)) + ||B€t”L2(O,T;Hl(Q)) < C. Then by
using (2.6), we get

-1 b(ues, ue, v)
[Ae “Buer, ue)|| < [Buer, ue)l[-1 = sup ————— < Cllue | [[uell.
VEH(])(Q) ”V”l

By the same proof, we have

_1
4,7 Bue, ue) |l < Cllug |l fucll2,
_1 _1
4,7 (curlBe; x Bo) |l + [|Ae * (curlBe x Be)[| < CliBer | [[Bell2.

_1 _1
14, (curlue, x Bo)|| < Clluel| [Bell2, 1A, (curlue x Bey)|| < ClBe|| fJucll2.

Thus, we get

1 _1
A uey = A2 {f — RV Ajeue, — B(ugr, ue) — B(ue, ug,) + Se(curlB, x Be + curlBe x Be,)},

le

_1 _1
Ay By = Ay 7 (g — R’;1A2€Bgt + (curl(ue; x Be) + curl(ue x Ber))}.
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Then

1 1

A 2wy, Ay By € LP(0, T LA(Q). (5.5)
Taking the L? inner product of (5.3) with ru,, (5.4) with B, we obtain

2 1 d % 2 2 1 d % 2 1 d % 2 1 d % 2
e || +REZHAIGUEIH + ¢ Berel +mal”A25BezH :EE”AIGHHH +EEHAZ€BQ”

Ht(f ue) +1(8, Berr) — th(Uer, e, eyy) — th(Ue, Uer, Ueyr) + Se(curlBe; x Be, ugyy)
+Sc(curlBe x Ber, uerr) + (curl(uer X Be), Berr) + (curl(ue x Ber), Berr).

Using Schwarz’s inequality, we get

1 uer) + 108, Berr) < I || luesll + £lig, | 1 Bere |l < §<uumn2 + Bere 1% + Cr (U 1% + g, 1)
From (2.6), we obtain

—th(Uer, Ue, Uery) — th(Ue, Uy, Uerr) < Ctlluel2lue |1 uer || < é”llen”z + Ctlluclf3llue 3.
By using (2.12) and Young’s inequality, we obtain

Se(curlBe; x Be, uei) + Se(curlBe x By, uery) < Ct[|Bell2|Bey |11 s | < %uug, I + CrIBeII3IBe 13-

Using (2.8)—(2.13), we can derive

(curl(ue X Be), Beyr) + (curl(ue x Ber), Berr)

A

CtlBell2llue ll1Bers | + Ctlluell21Ber 1 1Bere

t
2 2 2 2 2
= ZIBenll” + CrlBellalue 7 + Crllue 17 [Be 13-

Combining the above inequalities, integrating over [0, T'], and using Assumption
A1 and (5.6), we derive

T
/ t(lues |1 + IBews [H)dt < C.
0

Let us consider the time discretization of the penalized system (2.16) by the
backward Euler scheme
{ da’ — R7VAcu? + Bu?, u?) — SccurlB? x B! = f(1,),

dB! + R;;'AycB! — curl@? x B) = g(ty). (5.6)

where 0 < Ar < 1 is the time-step size, t, = nAt, ty = T, (ug, Bg) = (up, Bp),
and diu! = ﬁ(u’g —u'forl <n<N.
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Lemma 5.2 Under the assumption of Lemma 5.1, we have

m
bt ) = w213 + 1B (1) = BEID) + At Yty (e (1) = w13 + 1Be(t) = BLI3) < CAF, ¥ < N.

n=1

Proof Letting e, = u.(t,) —ul, ey = Bc(#;) — B and subtracting (5.6) from (2.18)
att =t,, we get

dre), + R;lAleeZ + B(u}, e},) + B(ey,, uc(1y)) — Sc(curlB. (1) x e'p +curlely x B)) =R}, (5.7)
die’y + R,;] Asce'lp — (curl(ue (1) x e'p) + curl(e), x BY)) =R, (5.8)

where

1 1 In

R’f = _(uet(tn)_A_t(ué(tn) - ué(tn—l))):_A_t/ (t—tu—uendt, (5.9)
Ih—1
1 1 n

R) = _(Bet(tn)_E(Be(tn) - Be(fn—l)))=—E (t—ty—1)Besdr. (5.10)
th—1

Taking the L? inner product of (5.7) with 2Atey, (5.8) with 25. Ate'y, thanks to (2.1)
and (2.7), we obtain

2 —1)2 1 1
lep® — llep " 1% + llej — e~ 11> + 2R, At||A

le u”

+Sc(legl* — ey N2+ llely — e 1) + 28R 1At||A eZHZ
=2At(R], e;,) +2At (R}, ) — 2Atb(eu, uc(ty), €y)
+2S. At (curlB¢ (1,) x €, €,) + 2S. At (curl(ue(t,) x €'), €'p).

Using the Schwarz inequality, (5.9), and (5.10), we get

_1 _1 1
2A1(RY, €) + 2A1(RY, €ly) = 2A1 (A162R’11,A2 ") +2At <A2€2R§, Azzge%)

1e€u

c (" 1 SN
<= (t =t A S uelldt ) + —IIAIG wll?
ar\J,

c (" 1 2 A
+ (/ (¢ —tnl)IIAszenlldf) + o= IIA gl
Iy

1—1

At _ 1 _ 1
=< o5 (Re 1||A12592||2 + ScRm1”A2zee’I13”2>

t
+CAt2/ <|| Zug? + ||A262Bett” )
ot

We can derive from (2.6) and (5.1) that

At
2A1b(ey, ue(tn), €,) = CAtlle, |l lle,llilluc@)ll2 < — IR, — A} eu|I2+CAt||eZ||2-
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Due to (2.8)—(2.11) and (5.1), we have

2S.At(curlBe (1) x €'y, €,) + 25 At (curl(ue (1) x €'), €)

< CAt|Be(tn)l2llegllilleyll + CAtlluc(t)l2llep el
At 1 2 ScAt 1 2 2 2
< mHAﬂeuH + mHAzzeeBH + CAtlley||” + CAtllepl”.

Combining the above inequalities, we obtain

lerll> — lleh=" 11> + Sc(lleslI* D+ R AzuAk "2+ SeR;, AznAkebu
In
< cmzf (\|A1:um||2+||A25Bm||2) dt + CAtlley||* + CAtlleg|*. (5.11)
1,

n—1

Summing (5.11) from 1 to m, and using the discrete Gronwall lemma, Lemma 5.1,
we derive

" 1
||eg||2+sc||e';,||2+m2( 1||Aleeu|| +S.R 1||A226eZ||2)§CAt2.(5.12)

n=1

Thus,

luglls + IBZ 1 < lleylh + luc@)lh + lleglh + 1Be )l < CllA e" I+ClA e'l'gll +C=C. (513)

Taking the L? inner product of (5.7) with 21, At Ajcey, (5.8) with 2t, At Ayce'y,
we have

1 1L
zn{||A2 e’ — AL ey IP+ 1AL (e;z - e:’,—l) } 2Ry At Areel P + 2Ry 1y At Asely |

1
{\|A2€e3n2 1ALy 12 + 1AL (e — el ')}=2Az(tnR?,Alge;’,)

+2At(t, RE', A2eeriz) — 2ty Atb(qu eZy AleeZ) - ZInAtb(eZ: uc (), Alse;)
+2Scty At (curl(Be (1) X €7, Ajeey) + 2Sct, At (curle’y x BY, Ajcel)
+21, At (curl(ue (1,) X €), Aoce'p) + 2t, At (curl(e,, x BY), Ayce'g).
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Using Young’s inequality, we can derive

2At (1, R}, Ajce Z)+2At(tnR§,A2€e’l';)

Ct t, At

< Cin / = trlwenldr) + 2 aren P
- 2R,

Cty In 2
t — tyu—1)||Besslldt
+ A7 </tn—1( n—1) 1 Berell )

Cty [ (t—t-1)° /’n >
— —dt- tua dt+ Ajce),
~ /t e el 2R, D2 Aree P

Cty (" (t —tam1)? /’n'
——dt - t|B
+At /tnl p . Bes |l 2R

ty
CUIALeel]? + R, Ascey 1P + C A / (e * + ¢ 1B 1P)dt.
In—1

2
el

IA

=<

Due to (2.5)—(2.11) and (5.13), we obtain

—2t, Atb(ul, €, Arcely) — 21, Atb(ey, uc(ty), Alc€ly)

1o
< CtyAtl|Areeg |l gl lley I leglly + CtaAtlue(t)ll2lley ll1llAreeq I

3 1 th At
< CtyAt||Areeyll 2 lleyll] + CruAtlleyll1lAreeyll < gR IArcepl* + Ctu At ],
e
28cty At (curl(Be(t,) x €, Areey) + 2Sct, At (curley, x BY, Ajce),)
< Cty At|Be(t)l2lleg 1 | Areey || + Cty At Areey || ||B”||1||93||1 e ||;
< Ct,,Atlle’;;lll ||Ale€" || + Cty At||Areey || ||A2ee'll;||7 ||6"1'9H17
< 22 Al +
e"
= R, e 4Rm
2t, At (curl(ue (t,) X €), Asce'y) + 21, At (curl(e}, x BY), Axce')

||AzeeB|| + Ciy Atl|epll},

< CtnAtllue(tn)llzlle’}glllIIAzse'};II + Cty At||Azeepll IBZ It ey ||1 lley ||2
ta At

2y
1e€y |~ + ||A2eeB|| + Cty Atl|epllT + CryAtlleg .

4Rm

Combining the above inequalities, we obtain

1
z,l{nAfgezn - I\Ale w +||A2e" 17— 143 5 112 }+tnAt<R;‘||Alee:’,n2+R,;‘nAzge?;uZ)

Iy
<ty At(lleb ] + e 1) + CAL / (tlucrelI* + t11Bers 1P dt. (5.14)

-1

Taking the summation of (5.14) for n form 1 to m, using the discrete Gronwall
lemma and the relation

1
n—1 2 n—1 n—1
{HA]€ ey l® — ||A1€ u |l }=tnI|AfeeZ|| _tn—IHA]e i Atll/‘\le i
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we get
(nAle u||2+||A2€eB||2)+AtZtn(R NAreeg I+ Ry, Azl |?) < CAL,
n=1
The proof is thus complete. O

Thus, we have

g ll2 + 1B ll2 < lleyll2 + [lue (t)ll2 + llegll2 + IBe(t)ll2 < CllArcegll + CllAzeegll + C < C. (5.15)

Finally, combining Theorem 4.1 and Lemma 5.2, we prove the following theorem.

Theorem 5.1 Under the assumption of Lemma 5.1, we have

ta(lu(ty) — ul 12 + 1B(ty) — B I®) + 12 (luty) — ulll] + 1B(t,) — BX D) < C(AF* +€%), Vn < N.

Taking the L? inner product of (5.7) with 2¢2d, " At, (5.8) with 2t2d, e’y At, we
obtain

22| deelll At + 2t RZ(nA e’ - ||A el ‘|\2+||A16<e"7e" HI%)

+ 267 \d; ey || At + 217 R (||A22€e’1§|| - \|A226e" "2 +||A26(93 -y HIA

=2:2(RY, drel) At + 22 (RY, dyely) At — 262b(el, uc (1), drel) At — 2t2b(ul, el dyell) At
+ ZSCtz(curlBE(t,,) X €'g, diey) At +2Sct (curle’y x B}, d;e,) At
+ 2t (curl(ue (1y) x €'p), die'y )At+2t (curl(ey, x BY), die’g)At. (5.16)

Using Young’s inequality, we have

22(RY, dye) At + 22(RE, dyely) At

2 1, 2 2 1, 2
21 y  Chy [ [ 2At ,  Ct, /"
< — t—t, dt " t — )| Bes |ldt
< A /( Dllucld )+ 22 ([ e
’2 2 Ctu [ (t —1n)? o, 2 2
<A e e+ S [ T g [ 2 g P+ [Ber Pt
At -1 t th—1
12 2 o 2 2
< ¢y 2) + CAr / (e I + [Bere|)dr.

In—1
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Due to (2.6)—(2.12), we get

— 212b(e", uc(ty), dre) At — 2t2b(ul, €, dye) At

2 2
Ct, Atlle 1 llue @) l2lldrey | + Cty Atllﬂ"llzllenllllldzeﬁll
2
1

IA

IA

eull” + Cry Ar(lluc (1) |15 + Iluf II2)||A16 wll?,

2S-t (curlB (ty) x €'g, drey) At + ZS-tz(curle'l', x BY, de),) At

< Ci, AtIIBe(tn)IlzlleglllIIdte I+ Cty At] eIl B, [12]1dse |
27

eull” + Ciy At(IBc (1) 5 + ||Bn||2)||A2€eB”

2t (curl(ue(tn) x €p), de'y )At+2t (curl(e;, x BY), die'p) At

<Cr At”ue(tn)”Z”eB)Hl||dteB|| + Cty Atlley 1B 2]l e |
27

eyl? + Cr2Ar|ue (tn>||2||A2EeB) 12+ C2arBLI3IAL el

Combining the above inequalities, we obtain

1
2 (lldre |l + lldiey ) At + 262 R? (HAIE AR HAIL et >+2t,,REn (nAz;e'};n?— ||Azie7g 2 )

In
= car / e P+ B Pyt + €12 A (e o)l + 13+ 1B 1) 1A, €41

In—1

+Ctr ALBe ()15 + IBLI3 + lue (5) 13114 eBHZ

Summing (5.16) from 1 to m and using the discrete Gronwall lemma, we have
m
At 12|yl + lldiel*) < CA®, ¥m < N.
n=1
From Eq. (5.6) and the available estimates for ej;, e, we can prove
N
ALY llp() — pLIP < C(AP +€%), (5.17)

n=1

which is similar to the estimate in the continuous case (see Theorem 4.1).

6 Numerical results

In this section, we present several numerical experiments to illustrate the accuracy
and performance of our proposed method. All finite element calculations are carried
out by (Plb , Py, Plh ) finite element pair. The penalty parameter € is selected as € =
O (h).

@ Springer



1362 Numerical Algorithms (2023) 93:1337-1371

6.1 Accuracy test

This section will test the convergence rates of our proposed penalty finite element
method. We set domain Q = [0, 1]2, physical parameters R, = R, = S, = 1, and
final time 7 = 1. We prescribe the exact solution (u, p, B) as follows:

up = x*(x — D2y(y — DRy — Dcos(r), uz = —y*(y — D?x(x — 1)(2x — 1) cos(1),
By = sin(wrx) cos(mwy) cos(t), By = —sin(wy) cos(mwx) cos(t),
p=Q2x—1Q2y — 1)cos(t).

The time step is chosen by A = O(h?). The error of velocity, pressure, and
magnetic field are presented in Table 1. We observe that the first-order accuracy for
[lu—u?, |1, |B—B?, [l and the second-order accuracy asymptotically for [[u —uZ, [,
B — B, ||, which agree with the theoretical results. Notice that || p — pZ, || has faster
convergence rate than the theoretical result.

6.2 Island coalescence

Let us consider an example of driving magnetic reconnection, the island coalescence
problem. Understanding fast magnetic reconnection is one of the important issues in
plasma physics. We set two magnetic islands as the initial conditions of the perturbed
Harris sheet magnetic field configuration in the island coalescence problem. The
combination of the two magnetic islands produces Lorentz forces, pulling the two
islands together. The detailed information of physical background of this issue, we
can refer to [31].

In this example, we set 2 = [—1, 1] x [-0.5,0.5], R, = R,, = 1000, S, = 1.
The source terms are taken as

f=(0,0),
_ (24(1—12) sinh(§) 2t¢(1-12) sin(%) )
8= 82 (cosh(§)+7 cos(3))3’ 82 (cosh(§)+tcos(3))3 )

The initial conditions are set as
uy = (0, 0),
By = ( sinh(%) 45 T sin(y) + 52) .

cosh(§)+ cos(3) > cosh(§)+1 cos(3)

Table 1 The convergence rates of our scheme at z, = ls (2D)

€h

h lu—u?, |l Ratio |lu—u’,[; Ratio |[p— pZ,I| Ratio |B—B | Ratio |B—BZ|l; Ratio

1/8  2.46e—4 5.34e—-3 4.68e—3 1.26e—2 3.13e—1

1/16 6.18¢e—=5 1.99 2.5%-3 1.04 136e—-3 179 3.22e—3 197 1.58e—1 0.99
1732 1.53e—=5 2.01 1.28e—3 1.02 4.14e—4 171 8.1le—4 199 7.90e—-2 1.00
1/64 3.80e—6 2.01 6.34e—4 1.01 1.34e—4 1.63 2.03e—4 2.00 3.95e—2 1.00
1/128 9.45e—7 2.01 3.16e—4 1.00 4.5le-5 1.57 5.08e—5 2.00 1.98e—2 1.00
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Here §; = —% cos(mx) sin(%ny), 8 = %cos(%ny) sin(;rx) are perturbations,
£=10,7r=02,6 = %, and y = —0.01. The velocity field u and magnetic field
B are periodic boundary conditions on the left and right boundaries, and zeros tan-
gential stress (u2 = 0) and perfect conducting wall (B, = 0) on the top and bottom
boundaries.

We choose h = ﬁ and At = ﬁ. Figure 1 gives the vector field of the mag-
netic field B and the magnitude of the current density J (J = curlB). We observe the
dynamic reconnection behaviors of current density and magnetic island during the
coalescence process, and a sharp peak in current density is appeared at the reconnec-
tion point. Figure 2 shows the magnitude of pressure at different moments, and we
find pressure and magnetic field have the same the coalescence process.

6.3 Hydromagnetic Kelvin-Helmholtz instability

The Kelvin-Helmholtz (K-H) instability in sheared flow configuration is an effective
mechanism to initiate fluid mixing, momentum and energy transfer, and turbulence
development, we can refer to [1]. This question is of great significance when studying
various spaces, astrophysical, and geophysical environments involving shear plasma
flows. Including the interface between the solar wind and the magnetosphere, coronal
streamers moving through the solar wind and so on. Since most astrophysical envi-
ronments are conductive, related fluids may be magnetized. Therefore, it is important
to understand the role of magnetic field in K-H instability. The detailed information
of physical background of this issue, we can refer to [32].

(a) 1=0.2 (b) t=0.62

&

ity

(c) t=0.7 (d) t=0.78

Fig. 1 Snapshots of the magnetic field B (in arrows) and the magnitude of the current density J (in
colormap) at t = 0.2, 0.62, 0.7, 0.78s
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(a) 1=0.2 (b) 1=0.62

(c) t=0.7 (d) t=0.78

Fig.2 Snapshots of the pressure p at t = 0.2, 0.62, 0.7, 0.78s

In this example, the domain of our calculation is = [0,2] x [0, 1]. The
initial velocity is wg = (1.5, 0) in the top half domain and wy = (—1.5,0) in
the bottom half domain. The initial magnetic field is Bo = (tanh(y/7), 0), where
T = 0.07957747154595 (see [32]). The boundary conditions of velocity u are zero
tangential stress (2 = 0) on the top and bottom boundaries, and periodic boundary
conditions on the left and right boundaries. The magnetic field B are Bxn = Bg xn
on the top boundary, B x n = —B( x n on the bottom boundary, and periodic bound-
ary conditions on the left and right boundaries. We set R, = R,,, = 1000, S. = 0.095,
h=d5. At = 5.

Figure 3 shows the contour of the first component B of the magnetic field
B = (B, B») and the velocity u at different moments. We observe the profiles of
vortexes and the magnetic field show the typical structure of K-H instability, and it
deforms and rotates along with the flow. The magnitude of the pressure p at the time
corresponding to By is presented in Fig. 4. We find the obtained numerical results are
consistent with the experimental results discussed in [33].

6.4 Flow around a cylinder

This example is about the calculation of the flow around a cylinder, which is a
well-known problem in [17]. We set the computational domain as Q = [0, 2.2] x
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(a) t=0.01 (b) t=2.6

(c) t=2.8 d) =3

Fig. 3 The velocity u with the filled contour of Bj that shows the hydromagnetic K-H instability.
Snapshots are taken at ¢ = 0.01, 2.6, 2.8, 3s

(a) t=0.01 (b) t=2.6

(c) 1=2.8 (d) =3

Fig.4 Snapshots of the pressure p taken at r = 0.01, 2.6, 2.8, 3s
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[0,0.41]. A disk of radius 0.05 is placed at (0.2,0.2). We take the initial val-
ues ug = By = 0 and the source terms f = g = 0. The velocity u are u =

(ﬁ sin(%’) y(0.41 — y), O) on the left and right boundaries, and no-slip boundary

conditions at the other boundaries.

In Fig. 5, we plot the velocity for the MHD equations without magnetic field with
R, = 1000. We find that with the increase of time, the two vortices behind the
cylinder gradually separated into vortex streets. The numerical results coincide well
with the phenomenon in [17]. In order to show the influence of the magnetic field
on the fluid, the boundary condition of magnetic field is B x n = (1, 0) x n. We set
R, = 1000, R,, = 1 and change the coupling coefficient S, to simulate this problem.
Figures 6, 7, and 8 describe the plot the velocity at S, = 0.5, 1, 100. We find that
with the increase of S, the magnetic field inhibits the formation of vortex streets.

6.5 2D-driven cavity flow

In this example, we simulate the 2D-driven cavity flow, we can refer to [31]. Our
calculation domain is © = [0, 1]2. We take the initial values uy = By = 0 and the
source terms f = g = 0.

The boundary condition of velocity is u = (1, 0) on the top side, and no-flow
boundary conditions on the bottom, left, and right sides. The boundary condition of
magnetic fieldis B x n = (—1,0) x n.

We set h = 4%, At = ﬁ, fix R, = S, = 1 and change the fluid Reynolds
numbers R, or fix R, = R,, = 1 and change the coupling coefficient S, to sim-
ulate this problem. The velocity field u under different fluid Reynolds numbers is
presented in Fig. 9. The velocity field u under different coupling coefficient is pre-
sented in Fig. 10. We can see the main vortex split into two small vortexes as the fluid
Reynolds number increases. The numerical results are similar to the experimental
results discussed in [31, 35], which shows that our algorithm is effective.

(0) t=7 (d) =8

Fig.5 The velocity wat ¢t = 2, 6, 7, 8s for the MHD equations without magnetic field with R, = 1000
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(c) t=7 (d) =8

Fig.6 The velocityuatt =2, 6,7, 8s with R, = 1000, R, =1, S, = 0.5

coo ==
SRY w

(@) =2 (b) =6
— ™ o2
b= B
LI

©) 1=7 (d) =8

Fig.7 The velocitywatt = 2,6, 7, 8s with R, = 1000, R, =1, S, = 1

(a) 1=2 (b) =6

(0) 1=7 (d) t=8

Fig.8 The velocityuatt =2, 6, 7, 8s with R, = 1000, R,, = 1, S, = 100
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]
|
i .
4 I L1
g i = I
\ > —
(a) R.=1 (b) R.=100 (¢) R.=1000

Fig.9 The streamlines of velocity at R, = 1, 100, 1000

6.6 3D-driven cavity flow

In this example, we test the 3D-driven cavity flow problem, we can refer to [31]. We
set a cubic domain Q = [0, 1]3. We take the initial values uy = Bg = 0 and the source
terms f = g = 0. The boundary condition of velocity field is u = (1, 0, 0) on the top
wall, and no-slip boundary conditions on the bottom, front, back, left, and right walls
of the domain. The boundary condition of magnetic fieldis B x n = (—1,0,0) x n
on the walls.

Weseth = %, At = %, fixed R,, = 1, S. = 0.1, and change the fluid Reynolds
numbers R, to simulate this problem. Figure 11 shows the velocity field u at plane
y = 0.5 for fluid Reynolds number Re = 1, 100, 1000. We find the bigger R,, the
vortex becomes larger in the cavity.

7 Conclusions

In this paper, we present the penalty method for the 2D/3D time-dependent MHD
equations. The main idea of this method is to decouple the MHD equations into two
equations, one is the equation of velocity and magnetic field (u, B), and the other
is the equation pressure p. What’s more, we derive the optimal error estimate of the

(a) S.=1 (b) S.=100 (c) §,=1000

Fig. 10 The streamlines of velocity at S, = 1, 100, 1000
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(a) R.=1 (b) R.=100 (c) R,=1000

Fig. 11 The streamlines of velocity at plane y = 0.5 of R, = 1, 100, 1000

time-discretization of the penalty equations. Several 2D and 3D numerical experi-
ments verify the theoretical result. The fully discrete scheme of the time-dependent
MHD equations will be given in our on going work.
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