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Abstract

A classical theorem due to Chebyshev, Markov and Stieltjes states that the Gauss-
Legendre quadrature of a generic function f is a Riemann sum of f. In this note we
prove an analogue of this theorem for Romberg quadrature.
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1 Introduction

Let (1,),cy denote a sequence of quadrature rules
LIl = Y woof o), Vf € COla,b] 6))
£=0

(x,, € la,b]V 7,7), where n, + 1 is the number of points needed to evaluate ..
Fejér [8], Stekloff [, p. 350], and Pdlya [15, 16], showed that, if the elements of
(,); ¢y are of interpolazory type and have positive weights: w_, > 0V 7,7, then

(IT [f])TEN converges to / f(x)dx whenever f is Riemann integrable. By interpolatory

type we mean

b

LIl = / P ¥ f, @

a
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where p[f] is the unique polynomial of degree at most n, that interpolates f at the
points x, g, x.,, ..., X, , . However, Fejér highlighted that, for the interpolatory type
quadrature of Gauss-Legendre (which is based on the zeros x o, x;,...,x;, of
the Legendre polynomial of degree n,), this convergence property follows directly
from the separation theorem of Chebyshev, Markov and Stieltjes [16, Section 3.41],

which states that

s

x”—a<anp<xTS+1—a,s=O,1,...,nT—1. 3)
£=0

In view of (3), we can rewrite the right-hand side of (1) as

nT
PN PREARIES /S PNE
=0

with#, = a and

¢

* — — —
I, =X, polpy =a+ ani,f—o,l,...,nr,
i=0

that is, the Gauss-Legendre rule of fis a Riemann sum' of f.

A natural question is whether (3) holds for other quadrature rules with positive
weights. These include the interpolatory type quadratures of Fejér of the first and
second kinds (based on Chebyshev points of the first and second kinds, respectively)
and the Clenshaw-Curtis quadrature (based on extrema of Chebyschev polynomials
of the first kind). However, although the weights for these rules are known in explicit
form [8, 10, 13], their expressions are apparently not of much help in getting sharp
bounds for the sums of consecutive quadrature weights. For instance, the weights for
the Fejér quadrature ([a, b] = [—1, 1]) with Chebyshev points of the second kind

X, = cos(dy), b, = [€ + 1]$,f =0,1,...,7,

n, = 7, are given by [8, p. 301]

We =TJ1r 1 [1 - (1 - %)cos@d)f)— (% - é)cos(4¢f)—

- <—1 - 1) cos([n — 11¢p,) — lcos([n + 1]¢f)],f =0,1,...,7+1,
n=2 1 n
where 7 is the largest odd integer that does not exceed 7 + 1.
Another class of quadrature rules that has positive weights and is guaranteed
to converge for all Riemann integrable functions is the class of classical Romberg

n,

1 All of the integration rules we shall discuss here satisfy Y" w,; = b —a, i.e., I, integrates the constant
i=0

function f = 1 exactly.
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integrals [1]. They are built with the aim of accelerating the convergence of the
composite trapezoidal rule [3, 5]. Denote by

@b = 2=4( 1@+ Ef(a LA “) + 2fb) @
7 \? i=1 4 2

the composite trapezoidal rule of f with g subdivisions of [a, b] and, for fixed posi-
tive integers m and k, let

n=2%m, x;=a+ih, i=0,1,....,n, h = s

be an evenly spaced grid in [a, b], with 2¥m + 1 points. The Romberg integrals are
defined recursively by

gt 77!
i i—1 (5)

s

¥ = L =L
i 41

j=12,...,k, i=j,j+1,...,k, where
70 :=T[fla,b,2'm), i=0,1,...,k (6)

The value T{ is the Romberg integral of order 2j + 2 of f with 2/m subdivisions of
[a, b]. We refer to it as the classical Romberg integral because it can be defined in a
more general setting [4, 5, 6]. Tl/. is exact for polynomials of degree less than or equal
to 2j + 1 and the integration error

b
/ fdx — T

for functions f of class C¥*?[a, b] is O([2'm]~¥*?). For more information about the
convergence of Romberg integrals see [1, 2, 5] and the references therein.

By (5) and (6), Tf is a linear combination of the values of f on the grid
X0 Xakeis X(at-iy2s X(2keiy3s -+ » X(ok-ippiny- Bauer, Rutishauser and Stiefel [1] showed that
the coefficients a;; ,, » in the functional representation

b—a

2im

2im
Z @ of Kppeip) @)

=0

f— TfNa.b,2'm) =

are all positive for m = 1 and satisfy

1/ an o4 .
§<Hﬁ> < @y, < <H4”_1> ~ 1452 Vj,it.

n=1 n=1

They proceed by showing that the following expression for «;; ; , is an alternating
(finite) series with terms that decrease in magnitude:
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s J i i
o 4= _J1L¢=0o0r?=2,
%ile = z_:,) 2 < H 4i-t — 4n+i—j>’ = { 0, otherwise,

n=>0
n#j—r7

(3)

where 2° is the largest power of 2 that divides # (s < j).

The analogue of (3) for T/ is
b—a(
Xok-ip — a Z aj,i,m,f < X2kfi(r+1) —da, (9)
m \?>o

r=0,1,...,2'm — 1. However, as in the cases of Fejér and Clenshaw-Curtis quadra-

tures, (8) does not seem to be very useful for bounding large sums of the Romberg
coefficients. In this note we prove a stronger form of (9) without explicit manipula-
tion of (8).

Foreachj,i,m,r,j>0,0 < r <2"'m,let6;;, . be defined by
jtmr - <Z lmf>
and let
9]’ = 1;1;17}1;1 szmr’ ®j = l’lIIW?X ajzmr (10)
We have
Theorem 1
0.0555 < 6, < ©; <0.8155 Vj > 0. (11)

Corollary1 For j>0and0 < r <27'm

b- b—a<’
Xoip, — A =F = Z “j,i,m,f>
2im 2im 2 S (12)

<m855+n

<(1+ ) m —.ka—i(r+1)—a

Remark 1 We do not need to consider . with 7 > 2='m in (10) and (12) because

Joim,r
the coefficients «; ,, , are symmetric with respect to Z.

Remark 2 The upper and lower bounds of Theorem 1 can be improved for large val-
ues of j (see Table 1 in Section 3).

The following result follows immediately from (12).

Corollary 2 T{[f](a, b, 2'm) is always a Riemann sum of f.
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In the next two sections we make some considerations about the coefficients of
the Romberg functionals and prove Theorem 1. In Section 4 we briefly discuss some
problems related to other quadrature rules based on equally spaced abscissae.

2 On the coefficients of the Romberg functionals

The proof of Theorem 1 is based on the simple observation that the Romberg integrals
are composite rules, that is T/ [f1(a, b, 2'm) =

Tiﬂﬂ(ma;b,24m> +7ﬂﬂﬂ<

This fact can be easily checked by induction on j, using (5) and the fact that the trap-
ezoidal rule (4) is also composite. Thus, we have

b, 2" m >i2j21. (13)

@ = DT[f)(a, b, 2im) 2
Y77 [fN(a, b, 2'm) — T [f1(a, b, 2 "'m)
YT, @+ b)/2,27'm) + FTNF @+ b)/2, 5,2 m)

~T7 ! [f1(a, b, 2" m)

o (b a)/2 2i=Im 2i=lm
=4 Oy iy mef Koieip) + Ut it mef Xoiiim1 g z))
2i-Im
£=0 £=0
21 l

2, i, z ¥y it m ] (pieisi )

2i=Im 2im

Z 40‘, Limtmef (ai-ig) + 24 it Koeiim1 i)

211,

- Z 20y iy el Kpeini ) |
£=0

This relation tells us how to build the vector of coefficients
u=(ug, Uy, ..., Upiy) 1= (aj,i,m,O’ Ajimls > aj,i,m,zfm)
of size 2/m + 1in terms of the vector

A\ :(VO’vl’ ,Vzi—lm)

=Xt m0s Fimtictmls o> Kimlimlm21m)

of size 277 1m + 1:
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4
u=—(v0,v1,v2,v3, ceesVoiry, 0,0, 0, 0,..., 0)

4 —
+4T(0 0, 0, 0, ..., Vg V|,V V3, Vg eens Voict,y) (14)
4]2_ (Vo, 0 Vl, O Vz, O, cee ,O, VZi—lm).

Using (14), we can give another proof of the positivity of the Romberg coefficients
(see Corollary 3 below). Let

v = mlrf} a;

and I = max a;,, /.
im ‘i i,m,l J imt j,i,m,l

An immediate consequence of (14) is that

Jj 4,1
H a4n — = jtmf (15)

n=1

for every j > 1 and for every odd index> # (recall that the weights for j =0 are
1/2,1,...,1,1/2).

q
Lemma1 Foreach j > land g > 0, we havel';,, = 11 nyl"lrj and
n=1

T o 1
Vitg 2 (H 4J~+,1_1>[n—2<2 m)ﬂ]- (16)
n= n=

Proof The proof is by induction on g. Lemma 1 is true for ¢ = 0. Assume now that
(16) holds for g and let us prove it for ¢ + 1. We have

(14 gitgt+l )
Yigrlime 2 et — 10+~ Taerl — 1L
Jrq+1.i,m, Qi+a+l — 1 Jtq 4i+g+1 — 1 J+q

(16)  gj+q+l 9 4i+n q 1
2 4j+q+1_1<H 4i+n — >ly/_2(2ﬁ 7
n=1 n=1
q .
2 4tn
_4j+q+1 — I(H 4n+i — 1> Fj

) EEAER B R P
B n=1 4 —1 7 n=1 i ||

: 4 4
2 Note that, when m is odd, X gy = g(ao.o‘,m,o + aOTO,m,m) = 5(
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Corollary 3
y;20V;j>0. (17)

Proof The weights a;;,, , for j =0 and j = 1are those of the trapezoidal and Simp-
son’s rules, respectively, that is,

1/2, 1,1, ...,1, 1/2 and 1/3, 4/3, 2/3, 4/3, 2/3,....4/3, 1/3.  (18)

In addition, note that, for j = land ¢ > 1,

q
1
n=

This and (16) complete the proof.

Wl

W | =
NN

3 Proof of Theorem 1

The nice thing about (14) is that the same strategy used in the proof of Lemma 1 to
bound the coefficients of the Romberg integrals can be used to bound the sums of
these coefficients. In order to estimate 0j and ®j in Theorem 1, let us also define

9}( = min 6, and @; = max 6;,,..
: i,m,r ' i,m,r (19)
r even r even
Note that, by (15),
Oiimavit = Ojimay + XGimoyer =1 2 05,0, 2 ‘9/,
that is
— o'V
0;=06,vj = 0. (20)
We have
Lemma2 Foreach j> landq > 0,
1
014y 2 s and ©,, < 0.8155, 2D
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¢ i 22)
/
Bjiq S<l_[]4/+n_1>[®f + 1_[]44_1] -1
n= n=
/
and Hj g >
q ; q J q
4+ , 1 , 41 2
(H4j+n_1>l9j_2<24m><®j + H4n_1>] + Z4/+n_]'
n=1 n=1 n=1 n=1
(23)
Proof The inequalities in (21) follow by (22) and (23). Because 8] = @] = % (see

(18)), we get

q
Qo H 4ln 1 Z 2 1
g = 01y 2 <n—1 el ST S B T

In the same fashion, for j = 1, (22) gives

o 4 1 4
O, < (H ﬁ)b + 3] -1 < os1ss.

n=2

The second inequality of (22) follows directly by the previous one and the fact that,
for £ odd,

Jtq
as) 4n as
Gigime = Ling = I I yT— and ©,, = ®j+q+1"j+q— 1.
n=1

The proof of the other inequalities is by induction on g. Lemma 2 is true forg =0 .
Assume now that (22) holds for g and let us prove it for g + 1.
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By (14), for every even r with r < 2¢=1m, we have

P
9j+q+1,i,m,r = Zaj+q+l,i,m,f -r
£=0

. r r/2
~( gy 2 T L aine ) 7
T\ gitatl — 4 Jraimé " pivgrl Jt+q.imt
=0

£=0 (24)

4i+q+1 2
= 4+t — [0j+q,i,m,r + r] - 4ttt — [0j+q,i,m,r/2 + r/Z] -
4i+g+1 2

=41-+q+1 _1 j+q.imr T 4+ — 1 0j+q,i,m,r/2’

Because (22) and (23) hold for ¢, (21) does for ¢ as well. Hence, for j = 1, we can
use

1
9j+q,i,m,r/2 > 0j+q 2 E

>0 (25)
to obtain

, < 4j+q+1
Jrgtl = gjrg+l 1 I

This also holds for j # 1 (see Remark 3). Hence, by the induction hypothesis,

g+l
4tn o
+q+1 = H <4/+r/ — 1> J (26)

This proves the first inequality of (22) for ¢ + 1. In addition, by (24) and the induc-
tion hypothesis, we obtain

, 4j+q+1 , 2

0. . > ————0° — 0,
JgrLimr = pjtg+l _ 1 Jtq Qitgl — ] It

4i+a+1 1 4+ , L1 , ! 4n
Z4J+q+1—1<H4J‘+ﬂ—1>l0f—2 ZW © + § /T
n=1 n= n=1
2

q 4q ; J
2 2 4i+n , 4
+2]44j+:1_1_m+q+1_1<11m+n_1)l®j+114n_1 +4j+q+1_1
n= n= n=

Qita+l 4 gitn ) ALY ) I
_4i+q+1_1<g4i+n_1>l91_2 & 4 © + HM—]

g+l

2
+Z4J.+n_1.
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Therefore,
q+1 . g+l J
4+ 1 4n
!/ / /
0./‘+q+1 Z<H 4i+n — 1) lej B 2(2 W)(GI + H 4n — 1)]
n=1 n=1 n=1
q+1
2
+ z{ yTE
=

This proves (23) for g + 1.

Remark 3 Note that the proof of Lemma 2 for j = 1 is independent of the proof for
other values of j. Hence, once we proved (21) we have (25), since

0j+q,i,m,r/2 2 9j+q = 0.
Using (20), Lemma 2 yields the following result

Corollary 4 Foreach j > land g > 0,

=g , I
O < | Il 7 ®,-+]14,1_1 -1 27)
e

and

q
2
+ X (28)

provided that the term in brackets in (28) is non-negative.

Theorem 1 follows by (21). Slightly sharper bounds can be obtained by com-
puting the right-hand sides of (27) and (28) for some larger values of j and g as is

shown in Table 1.

Table 1 The right-hand sides of (27) and (28) for some values of j

J q Lower bound for 6, 011 Upper bound for ©,, I

1 1 0.1888889 0.2666667 0.8154421 0.6444444
2 1 0.2261905 0.2476190 0.7700560 0.7298060
3 1 0.2372082 0.2426891 0.7615461 0.7516451
4 1 0.2400678 0.2414457 0.7596015 0.7571364
5 1 0.2407892 0.2411342 0.7591269 0.7585112
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4 Some problems on quadrature formulae based on equally spaced
points

According to Pélya [15], if the sequence (1) satisfies

b

lim 7,[p] = / p)dx (29)

b

for every polynomial p, then (IT [f])T < p converges to / f(x)dx for every continuous
function fif and only if ‘

LA 2= ) Iw | (30)
=0

is bounded in 7.
For the (interpolatory) Newton-Cotes quadrature, which is based on the
equally spaced abscissae
b—a

X, p = a+? , £=0,1,...,7(n, = 1),
’ T

the weights w_ , are all positive only for z < 7and = = 9 [7, p. 534]. Moreover, they
do not satisfy (30) [12, 14]. In fact, it was shown by Wilson [17] that a sequence of
quadrature formulae at equally spaced abscissae with positive weights can only exist
if n, is at least proportional to df, where d_ is the exactness degree of I, that is, the
largest positive integer such that

b

Llp] = / p(x)dx (31)

a

holds for every polynomial p of degree at most d,.

Following some ideas of Wilson [18], Huybrechs [9] introduced a method for
obtaining quadrature rules for equally spaced points (with positive weights) based
on least squares. The main idea is to choose the weights w, ., =0,1,...,n in (1)
that satisfy (31) and minimize

nl’

2
Z Wee
=0

Huybrechs showed that the weights obtained by this method are all positive pro-
vided that n_ is sufficiently larger than d,. It remains to check whether these rules
represent Riemann sums in the sense of (3).

Lastly, Klein and Berrut [11] introduced a method for approximating definite integrals
via the integration of Floater-Hormann rational interpolants. The resulting quadrature rules
0, 4lf], indexed by the parameters 7 + 1 (the number of nodes used) and d (the degree of
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b d+2
exactness according to (31)), converge to f f(x)dx with order (%) whenever fis of

class C?*3[a, b] when n — co (for fixed d). However, convergence may fail when n — co
for d =~ n because, for d = n, their method reduces to the Newton-Cotes quadrature. For
fixed d, Q, , satisfies (29) (for n in the place of 7). In light of (30), it is not known whether
these quadrature rules have positive weights for n sufficiently larger than d or even whether
convergence of Q, 4[f]can be ensured for arbitrary continuous functions f whenn — co.
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