Numerical Algorithms (2023) 92:335-375
https://doi.org/10.1007/s11075-022-01365-0

ORIGINAL PAPER

®

Check for
updates

Generalized discrete Lotka-Volterra equation, orthogonal
polynomials and generalized epsilon algorithm

Xiao-Min Chen' - Xiang-Ke Chang®*® . Yi He*® . Xing-Biao Hu*?

Received: 1 December 2021 / Accepted: 20 June 2022 /Published online: 18 July 2022
©The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature
2022

Abstract

In this paper, we propose a generalized discrete Lotka-Volterra equation and explore
its connections with symmetric orthogonal polynomials, Hankel determinants and
convergence acceleration algorithms. Firstly, we extend the fully discrete Lotka-Vol-
terra equation to a generalized one with a sequence of given constants {ug")} and
derive its solution in terms of Hankel determinants. Then, it is shown that the dis-
crete equation of motion is transformed into a discrete Riccati system for a discrete
Stieltjes function, hence leading to a complete linearization. Besides, we obtain its
Lax pair in terms of symmetric orthogonal polynomials by generalizing the Christ-
offel transformation for the symmetric orthogonal polynomials. Moreover, a gen-
eralization of the famous Wynn’s e-algorithm is also derived via a Miura transfor-
mation to the generalized discrete Lotka-Volterra equation. Finally, the numerical
effects of this generalized e-algorithm are discussed by applying to some linearly,
logarithmically convergent sequences and some divergent series.

Keywords Fully discrete Lotka-Volterra lattice - Orthogonal polynomials -
Convergence acceleration algorithm - Hankel determinant
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1 Introduction

As a class of intriguing systems in the nonlinear world, discrete integrable equations
have always been highly concerned by scientists due to their rich mathematical struc-
tures and many applications in natural sciences. It is known that discrete integrable
systems have some fundamental connections with orthogonal polynomials (OPs) via
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the discrete Lax pair formalism [16, 18, 41, 44, 45]. (Here, we remark that a Lax
Fair consists of a pair of linear systems, the compatibility condition of which can
lead to a given (partial) differential (or difference) equation (or system) [27]. If a Lax
pair exists, it implies that a corresponding equation (or system) is integrable.) Since
the theory of formal OPs plays a central role in modern numerical analysis [8—11],
especially in the theory of eigenvalue problems, convergence acceleration algorithms,
Padé approximations, continued fractions etc., discrete integrable systems are closely
related to numerical algorithms [12, 13, 17, 26, 33, 34, 37, 39, 46, 48]. For example,
the discrete Toda equation (or called the quotient-difference (QD) algorithm) is noth-
ing but the compatibility condition of spectral transformations of the ordinary OPs
[41, 44]. The compatibility of spectral transformations for the symmetric OPs yields
the discrete-time Lotka-Volterra (LV) chain, which can be used to compute singu-
lar values for bidiagonal matrices [33, 45]. The fully discrete potential KAV equation
can be regarded as the Wynn’s e-algorithm—one of the most important convergence
acceleration algorithms [40].

Furthermore, it is worth pointing out that discrete integrable systems may lead
to many unexpected applications in numerical analysis. In particular, some new
algorithms for computing eigenvalues and new convergence acceleration algo-
rithms have been proposed via discrete integrable systems. For example, in [25], a
new algorithm has been designed based on the discrete hungry Lotka-Volterra sys-
tem for computing complex eigenvalues of a certain band matrix. Besides, Wynn’s
e-algorithms has been generalized with the help of the hungry LV equation [13, 46].
Sometimes, an integrable system may bring advantages in some numerical calcula-
tions because it possesses a sufficient number of conserved quantities, especially in
the case that the problem has something that must be conserved during the calcula-
tion, such as energy or the eigenvalues of a matrix [3, 22, 23, 47].

This paper is devoted to exploring the so-called generalized discrete Lotka-Volt-
erra (dLV) equation (see (2.1) for more details)

(A + h " VA + ™Dy = (4 + A+ b)),

which is an extension of the ordinary dLV equation

(n+1) _ (n)

(n) (n) (n+1)_ (n+1)
e T )

u + Ry — e

(1.1)

proposed in [30, 31]. Here, 4 is a step-size parameter. In fact, the dLV equation is a
time discretization of the semi-discrete Lotka-Volterra (LV) equation [4, 20, 35, 38,
42]

() = w (D@ () — wy_, (1)),

in Euler-type scheme, and uﬁ(") represents the approximation solution of u,(f) at ¢
= hn in the LV equation. Here, we remark that the semi-discrete LV lattice is one
of the most famous integrable lattice systems, also known under several different
names such as discrete KdV equation, Langmuir lattice, Kac-van Moerbeke lattice,
and so on. It has rich applications in biological systems [32], the propagation of
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electron density waves [52] and electric network [28, 29], etc. The semi-discrete LV
equation together with the boundary condition

uy(H) =0
is referred as the restricted LV equation, while the boundary condition
(1) # 0

is called the unrestricted case, as is used in [42, 49]. Note that the unrestricted case

can be considered as a bilaterally infinite lattice [42, 49], but the semi-infinite part
is sufficient for us. Compared with the restricted case, the unrestricted case is more
general and of course more complicated to deal with.

As for the dLV equation, the boundary condition

ug’) =0
is usually considered in the literature. It has been shown to be intimately connected
with convergence acceleration algorithms etc. And in the finite truncation case
=0 =0

it has important applications to compute singular values for some types of matrices
[33, 48]. From the view of algebraic structure, the underlying reason is that the inte-
grability of the restricted dLV equation is intimately related to some orthogonality.
In fact, the restricted dLV equation can be regarded as the compatibility condition
of some recurrence relations or spectral transformations pertaining to symmetric
OPs, which naturally leads to solutions in terms of Hankel determinants with the
moments satisfying linear relations as the entries. The solution indeed means that
the restricted dLV can be linearized [45].

However, as far as we know, the unrestricted dLV equation (i.e. that under the
boundary condition u(()") # 0) has not yet been investigated. This problem is a sig-
nificant and fundamental problem. On one hand, in contrast to a large number of
literatures on restricted discrete integrable systems, there are still few researches
on unrestricted discrete integrable systems. To our knowledge, only one such work
was done by Kajiwara etal.[36], where Hankel type determinant formulae for the
solution of the unrestricted discrete Toda equation are given. On the other hand, it
is not clear whether there are any new phenomena when studying the connection
with symmetric OPs, convergent acceleration algorithms, eigenvalue problems etc.
And, as is known that the unrestricted semi-discrete LV lattice can be linearized to
a Riccati equation via a Stieltjes function, it is natural to ask what happens to the
unrestricted dLV equation. To this end, we derive the generalized dLV (2.1) with a
sequence of given constants {u(")} Although, it is not referred as the “unrestricted”
dLV equation when u ) #0 in this paper since the equations themselves are not
identical, the generahzed dLV (2.1) is of sufficient interest.

The first aim of the present work is to explore the solution to the generalized dLV
equation and to investigate its connection with the Riccati system. The generalized
dLV (2.1) together with its Hankel determinant solution is firstly proposed by using
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bilinear and determinantal techniques. Besides, it turns out that the generalized dLV
equation is equivalent to a discrete Riccati system by introducing a discrete Stieltjes
function. Since the latter is known to be linearizable, we thus achieve a linearization
of this nonlinear difference equation. These results are presented in Section 2.

The second goal of this paper is to interpret the generalized dLV equation pro-
posed in this paper from the standpoint of OPs, which is placed in Section 3. It is
known that the restricted dLV equation has intimate connections with symmetric
OPs [45]. In fact, the restricted dLV equation can be derived from the compatibility
condition of the three-term recurrence relation and the Christoffel transformation’
for the symmetric OPs (see Section 3.1 for more details). As for the generalized dLV
equation, we propose a generalized Christoffel transformation for symmetric OPs in
Section 3.2 and demonstrate that the generalized Christoffel transformation and the
three-term recurrence relation for the symmetric OPs form a Lax pair of the general-
ized dLV equation.

The third purpose of this paper is to investigate an application of the general-
ized dLV (2.1) to convergence accelerate algorithms. Wynn’s e-algorithm is one
of the most famous convergence acceleration algorithms and it is connected with
the restricted dLV equation through a Miura transformation 2. More details for
these known results are given in Section 4.1; motivated by which, a generalized
e-algorithm connected with the generalized dLV equation is proposed in Section 4.2.
Applications of this generalized e-algorithm to some linearly, logarithmically con-
vergent sequences as well as a certain divergent series are presented in Section 4.3.

At the end of the introduction, we remark that all the results of the generalized
dLV equation obtained in this paper can be reduced to the restricted case and will
cover those for the semi-discrete LV equation in the continuous time limit. For con-
venience of presentation, we only sketch the proofs of the main results in the main
body and put the details of the proofs in the Appendix A.

2 Generalized dLV equation

In this section, we shall present the main object of this paper, i.e. the generalized
dLV equation and discuss some of its properties.

2.1 Generalized dLV and its solution

Based on the work in [21], we extend the restricted dLV equation to a generalized
case, which reads

! The so-called Christoffel transformation is a nice formula that generates a new class of (bi)OPs with a
modified measure dp from a given class of (bi)OPs together with the measure dp.
2 Miura transform is originally known as the transformation between the KdV equation and modified
KdV equation, which are two famous integrable systems. Nowadays, the term Miura transform has been
widely used to indicate a transformation that links certain two integrable systems.
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(A + a0+ ™Dy = A+ A+ b)), @.1)

where integers n >0, k > 1 and ug’) are arbitrary constants. Its Hankel type solution

is also obtained and presented in the following theorem. Here, we note that, for con-
venience, the proofs for the theorems are confined in the main body of the paper and
many lengthy details for the proofs are put in the Appendix A.

Theorem 2.1.1 The generalized dLV (2.1) admits a solution in the form of

(n) yy(n+1) (n) (n+1)

k17 k-1,0 k+1,0" T k=1,1
u® = bl 0 o M0 KL 12, n=0,1,...,
2k—1 H(n)H(n+1) 2k H(n+1)H(n)
k0 k-1.1 k0 Tkl
2.2)
where the Hankel determinants’ Hl(("i) are defined as
(n) (1) (n)
G G G
@ R O
. : ) .
Hk,/‘ = ./;rl ./:+2 . J:+k , (2.3)
(n) (n) (1)
Civi=1 Cimx " Ciran—2
with the convention
() _
Hy; =1, 24)
and the elements {CJ(.”)} satisfying
™ o=l ul i @) (D)
n) _ 0 n) (n - —
¢ = + ™ G ¢y j=12,...,n=0,1,... (2.5)
CO =0

with arbitrary constants cf)") #0.

Proof The case for k =1 in (2.1) is trivial. We proceed the proof for k > 2, which can
be achieved based on Corollary A.3.2. If we use the notation r]((") appearing in Corol-
lary A.3.2, it is equivalent to prove

(n) _(n+1)

) _ Ck+2tk-1
kT ) () (2.6)
ke+1 %k

solves the generalized dLV (2.1).
Substituting (2.6) into (2.1), we are left to prove

3 For fixed n, Hg) are Hankel determinants of a sequence {c](.") I3
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D) ((+1)_(142) (14D _(n42) 1) (L) D) o G) k)
k42 (Tk Tt T ) @ty k-1 (Tk+2 o ThTT )
=1+ huo )

(1+2) 0
Tk Tier 1

(A + )
By employing Corollary A.3.2, we easily arrive at

(1 + hul)BD = (1 + hul™)po,

which is obviously valid because of the definition of ™ in (3.12). Thus, the proof is
completed.

Remark 2.1.2 The (2.1) can be rewritten as

() _
k+1

1 <(1 + hu V(1 + hu™ D)
u —_—
h

(1 +hug1+1))u;{n) 1), k= 1,2,..., n:O,l,“__

It is not hard to see that all u,(:’) will be determined iteratively via the initial values
(n) (n)

u, andu; with integers n > 0. Since
(n) (n+1)
un = S ( + <n>) _1
“ Cé &
all u(") are actually determined by u(") and c(")

Remark 2.1.3 1If ug') =0, (2.1) reduces to the restricted dLV (1.1). Correspondingly,
its solution (2.2) with (2.5) reduces to the solution of the restricted dLV (1.1).

The generalized dLV equation can be regarded as a discrete analogue of the
unrestricted semi-discrete LV equation discussed in [21, 42]. We will show in Sec-
tion 2.2 that, as the discrete step size h — 0, the generalized dLV equation tends to
the unrestricted semi-discrete LV equation. Moreover, in Section 2.3, we linearize
the generalized dLV equation to a Riccati system in terms of a Stieltjes function.

2.2 Continuous time limit

In this subsection, we deduce the unrestricted semi-discrete LV equation discussed
in [21, 42] by investigating the continuum limits of the results in Theorem 2.1.1 as
h — 0, so that the generalized dLV (2.1) can be regarded as a discrete analogue of
the unrestricted semi-discrete LV equation.

As is known, the solution of the semi-discrete LV equation [4, 20, 35, 38, 42]

i (1) = w (O (g1 (D) — w1 (1)), 2.7)
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satisfies
0 1 0 1
Hk—lHk Hk+1Hk—l
Mokt = TropT Uy, = T k=1,2,..., (2.8)
k™ k-1 k™ k
where
Ht) = det(c,.+j+m(t))jf;0, m=0,1, kez,

and {¢;} is a set of functions of 7. Note that H}" are the Hankel determinants of a
sequence of {c,}.

In the restricted case, namely, 1, =0, the Hankel determinant solutions (2.8) are
completely determined by an arbitrary differentiable moment function ¢ of # with

C‘j(t) = Cit1o j=0,1,....

While for the unrestricted case with u(1)#0, in order to make the Hankel
determinant expressions (2.8) still be the solution of (2.7), it requires to add an
quadratic term in the evolution equation for the moments {¢;} [21, 42]

J
u
&) = cjpy = — Y cicii (2.9)
Co i=0

with arbitrary function cy(#)#0.
Now, we will point out that, as the step size h — 0, the generalized dLV (2.1)
and its solution (2.2) with determinant elements {cj(.")} satisfying the recursion

relation (2.5) converge to the unrestricted semi-infinite (2.7), and the corre-
sponding solution (2.8) with recursion relation (2.9), respectively.
First, let us rewrite the generalized dLV (2.1) as

u(n+l ) u(n)
k L NO LD
-y k (n) X (n+1)

1 +lm81+ b

= u u
h (n)  k+1 (n+1) k=17
1+ hu, 1+ hu,
with a sequence of given constants {uf)")}. It is easy to see that, as the step size
h — 0, it tends to the unrestricted semi-infinite (2.7) with arbitrary function u(f). At
the same time, the recursion relation (2.5) approaches to

1

dc i U il
j 0 .
o= + — Ci_1_is =1,2,3,...,
C] d[ C() ; thj—l—z J
which is equivalent to (2.9) with arbitrary function c,(#)#0. Consequently, the solu-
tion (2.2) of the generalized dLV equation naturally tends to (2.8) as &7 — 0.
In particular, if letting u(()") = 0 and u(f) =0, the above process also gives the con-
nection between the restricted semi-discrete LV equation and the restricted dLV (1.1).
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2.3 Riccati system in terms of a Stieltjes function

Some nonlinear difference equation can be linearized via a suitable change of
variables. An important example is the discrete Riccati equation, which is a non-
linear difference equation, possessing a quadratic nonlinearity. The discrete Ric-
cati equation is a difference analogue of the famous Riccati differential equa-
tion which can—as is well known—be linearized [27, Chapter one, pp 16]. It is
shown in [21] that, the unrestricted semi-discrete LV equation could be trans-
formed to a Riccati equation in terms of a Stieltjes function. Inspired by this
work, we now pose a discrete Riccati equation pertaining to the generalized dLV
equation.
Define a set of Stieltjes functions {F"} as,

o

Fo=3y (2.10)

2j+1°
Jj=0 A

which acts as a generating function of sequence {c(”)} (Here, we remark that such
Stieltjes functions arise in the case of zero odd moments which naturally appear in
the context of symmetric OPs.) Then, it is not hard to see that the recursion relation
(2.5) of {c](.")} is equivalent to the following discrete Riccati equation in terms of F,

(n)
u
— —C(n)/1 + /IZF(n) _ LAF(H)F(H-H).
h 0 RO
0

Fo+D _ g

Obviously, as & — 0, this discrete Riccati equation will tend to

dF(t
ar@ _ —coh + A2F — 2 F2,
Tdr Coy

and F™ in (2.10) will approach to
o0 c.
_ j
F= z A2+
j=0

This is the Riccati equation given in [21], and this result coincides with the case of
the unrestricted semi-discrete LV equation.

3 Connection with OPs
In this section, we discuss connections between the generalized dLV equation

and symmetric OPs. Let us first outline some useful knowledge on symmetric
OPs and their relationship with the restricted dLV equation in Section 3.1.
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3.1 On symmetric OPs and restricted dLV

It is known that a set of monic symmetric OPs {P(x)} 2 defined on a symmetric
subset of R satisfy the three-term recursion relation as follows,

xP(x) =P () + v P (0), k=0,1,2...,

with the initial conditions P_(x) =0, Py(x) = 1. From this recursion relation, one can
easily find that these polynomials possess the parity property P,(—x) = (— l)kPk(x)

Let P(O) (x) := P,(x), then, for fixed n, we define a sequence of symmetric OPs
{P(")(x)}k 2 in terms of an infinite sequence {c( )} as

(n) (n)
xH (x) H ()
) 2k-2.1 () k0 _
P2k_1(x) T’ 2% ) ) k_ 1,2’3’”" (31)
Hk—l,l Hk,o
where
k-1
n) _ (n)
HY) = det (e ’+l+j)i,l=0 (3.2)
with cj(.”) restricted by
(n+1) (n)
RON u, j=1,2,3,..., 3.3)
J h

and H(()';) = 1. And, %ﬁ" (x),j=0,1, is a polynomial of degree 2k in x, defined as
follows

P ) &

J ]+l j+k
n n n
m W
H(")( - j+1 2 k1 fe 123
2k M M ". E ’ = 9 L9y sy
! RO I
k=1 Cjrk j+2k—1

1 X2 o xk

together with %&" )(x) =1

For each set of the OPs {P(")(x)}k 2,» they satisfy the following three-term
recurrence relation,

PP =P ) +vPPY (), k=0,1,2,... (3.42)
P"x =0, PP =1, (3.4b)

where
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(n) (n) (n) yy(n)
o k+1,0Hk—1,1 O k,lHk—l,O 3.5)
) S — =1 " ) ) '
Hk, 1 Hk,O Hk,OHk— 1,1

Actually, one can construct {P2"+1)(x)},f‘;0 from {Pi") () }2, via the Christoffel trans-
formation. Sometimes they are called adjacent families with each other. The cor-
responding Christoffel transformations between the adjacent families of {PI(C”)()C)}]‘:‘;0
reads,

AP +w(n) p

chn+1) = K2 Mk k=0.1.2, ..., (3.6)
hx? +1
where
(n+1) 15(n) (n+1) 15(n)
W = Hk,l Hk—l,l ROR Hk,o Hk—l,() 37
2k T ) gyntl) O 2%=1 " T ) gt D) .
Hk,lHk—l,l Hk,on—l,o

In the sequel, we also need to use the notion of the associated polynomials.
According to the work [42] of Peherstorfer etal., the so-called j-associated polyno-
mials Qg’")(x) of the adjacent OPs {P]((")(x) }, satisfy the recurrence relation

X0 () = QU1 ) + v oM ), k=0,1,2,..., 3.8)
with the initial conditions

Gy — Gy — o
0" =0, 07" = ¢’

where v,((") is defined by (3.5). In addition, there exists the following recurrence rela-
tion among the j-associated polynomials,
0" ) =X @) v O W, jn=0,12,.., (39

with initial condition 0" (x) = P (x).

Since we will particularly concern the 1-associated polynomials in Section 3.2,
we give more information on it. We abbreviate Qlil’")(x) as Q]((")(x) for convenience,
which also applies in the sequel. In the literature, the 1-associated polynomials

(n)

{Q, "} are usually defined as

P& — P (x)
(n) _ prn k k
Qk_](x)_'c < §—x )3

where . is a linear function of &, satisfying
LOEFy =0, LOE =", k=0,1,2,....

() .
.} enjoy

Similar to the adjacent OPs {Pl({”) (x)}, the 1-associated polynomials {Q
determinant expressions

@ Springer



Numerical Algorithms (2023) 92:335-375 345

(n) (n) (n)
c?) c(l ) C;k)
n n n
) | e ke
Oy () = ol N : ) (3.10a)
ol o N0
L k=1 08 hkeia
n -1 (n —1-2i
0 cyx ... Xipex
(n) (n) (n)
S S -
n n n
o) 1 cz. 63. k+2
Oy =-m| : : : ; (3.10b)
N ORI o)
t w Hw o K ok
A —zl
cy € g xt . Zizoci X

where H,f;? is defined by (3.2).

3.2 Link between the generalized dLV and symmetric OPs

In this subsection, we will discuss the connection between the generalized dLV
equation and symmetric OPs. As mentioned in introduction, it is already known that
the restricted dLV equation (uf)") = 0) can be derived as a compatibility condition
of Lax pair in terms of symmetric OPs. For the generalized dLV (2.1) proposed in
this paper, correspondingly, we can also construct a Lax pair from the perspective of
symmetric OPs.

To this end, we need to use the l-associated polynomials of {Q;c")(x)},‘j‘;o in
(3.10a) for the symmetric OPs {P,((")(x)}z‘;o. In fact, in the case of the generalized

recursion relation (2.5) satisfied by {cj(.") }, we can obtain the generalized Christoffel

transformation for { P;")(x)}]‘f’zo, which will reduce to the Christoffel transformation
(3.6) when u” = 0.

2
J
satisfy the following formulae for k =0,1,2,...,

Theorem 3.2.1 Assume {c;"} satisfy the recursion relation (2.5), then {P]((")(x)};‘;o

hP" () + fOw™ PP (x) + hxa™ Q"D (x)

prHD oy =kt k1" k 1 (3.11)
e hx? +1
where wj{") is defined by (3.7) and
(n)
a =5 B =1 g (3.12)
o

EOtD D)

Proof The result follows from the identity (A.9g), and replacing E; w1, By

G (), G2 (1), via (A.6b), (A.61), (A.6)) and (A.6m).

We end this section by a Lax pair of the generalized dLV (2.1).
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Theorem 3.2.2 The generalized dLV (2.1) may be obtained by the compatibility
condition of the three-term recurrence relation (3.4a) and the generalized Christoffel
transformation (3.11).

Proof First, for k =1,2,..., using (3.4a), we obtain that

élltl)(x)+v(n+l)P(n+l)( )_xP(n+l)(x)

Then replacing Pl(c'”ll), P("+1) P;"Jrll), by using the generalized Christoffel transfor-

mation (3.11) into the above relation, we obtain that

V(n+1) (n) (n), ()

(k) B VIE )Wk v (n+1) _ ( )
(n) n . (n n n
P Wiy = W) + h( Viga) =

where the relation (3.8) and the linear independence property of {P;(")(x) 172, are used.
Under the change of variables

(n) _ (n) (n)

v, = ,;(m u, (L +hu,_,),

() _ (n) (ﬂ)
w, = (ﬂ(”))z(l + hu, )(1 + hu ),

the generalized dLV equation (2.1) is immediately deduced. Hence, we complete the proof.

Remark 3.2.3 We remark that the variable transformations

v = g ), (3.132)
w = ﬂ(ﬂ))z(l +hu™)(A + hu™), (3.13b)

are motivated by those for the restricted dLV equation. Actually, this can be con-
structed via their connections with the Hankel determinants H](("].). Substituting the

expressions, we have

g™ (1) 77 (n+1) (1) 77 (n+1)
(n)(l + hu(n) ) j+1o(HjoH] 11+thlH, 10)
ﬂ(m 2} 2j—1 ﬁ(n)H(nH)H(n)H(n) ’

H™ (1) 1) (n) <n+1)
l(H H +hH H )

1 (n) (n) /+1 J+1.0
g gy (1 + hity) = O, OH,('T"H}'?

Then, (3.13a) immediately follows from the bilinear relation (A.10) with respect
to k =2j —2 and k =2j — 1, respectively. Similarly, the validity of the transformation
(3.13b) can be verified.

3.3 Aview of thelimith - 0

In this subsection, we interpret the Lax pair of the generalized dLV equation given in
Theorem 3.2.2, from the point of view of approximation as the discrete step size & — 0.
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As is known, after introducing a certain one-parametric deformation of measure
that introduces the additional variable 7, the symmetric OPs P, consequently become
a function of two variables x and ¢ [42]. Such symmetric OPs P,(x,?) still satisfy the
three-term recurrence relation

.ka(x, t) = Pk+l(.x,t) + I/lk(t)Pk_l(.x, t), k = 0, 1,2, ceey
P—](x’ t) = 0, P()(X, t) = 1,

where the coefficient u,(f) solves the semi-discrete LV (2.7). It was pointed out by
Peherstorfer etal. [42] that such a three-term recurrence relation of P,(x.f), together
with the following continuous time evolution differential equation,

: _ Uty @)
Pi(x,0) = —wuy_ Pr_o(x, 1) + C—Qk_z(x, 1), (3.14)
0

give a a Lax par of the unrestricted semi-discrete LV (2.7), where the dot represents
the differential with respect to ¢, and Qf_)z(x, 1) is the so-called 2-associated polyno-
mials of P,(x,t) satisfying

X020 = 0F) (0. 1) + 1 (DO (x,1).

It is noted that there are no simply explicit formulae for Qf) (x, 1), which are differ-
ent from the 1-associated polynomials Q]((z) (x) in (3.10a) that are shorten for Q;{l ’") x)
atn =2.

Now, we will show that, the Lax pair given in Theorem 3.2.2 can be regarded as a
discrete analogue of the above semi-discrete case. To this end, we first rewrite the gen-
eralized Christoffel transformation (3.11) on { P;") (x)} as follows

(n+1) (1) (n) (n) (n) (n) (n)
[ — P(") + g )t —uy P(")
h k+2 ™ k
QD (3.15)

1
_x2 P;:H— ) + =
)

where (3.12) and (3.13b) are used.
With the help of the recurrence relation (3.4a) satisfied by the adjacent OPs
{P]((")(x) }, we easily see

2 pn+l) _ pn+l) (n+1) (n+1) p(n+1) (n+1)_ (n+1) pn+1)
XPU =P 0y P Ay v P (3.16)

Besides, from the recurrence relation (3.9), we obviously have

xQ" V) = It VP () + 0P R D (x), (3.17)

by using the conventions Q,io’"+1) ) = P,({"“) (x) and Q;l’”“)(x) = Q;{"H)(x).

Then, the relation (3.15) will become
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PP ) (n+1) 2 ) (n+1) | (n+1)y plnt1)
= PPy )t ( ﬂ<n>+ P = Virr WPy )
Wi ) ) (n+1) 0
+ p(n>+ P+ ( w P ﬂ(n)Pk ) (3.18)
(n) (n+l)
D D) (n+1) u v ont)
-1 Vi Ppo T T L

by use of (3.16) and (3.17).

Although the upper index n of P;(") (x), as mentioned in the beginning of Section 3.1,
stands for n repeated applications of the Christoffel transformation to the initial sym-
metric OPs P,(x), quite interestingly, one can still interpret it in terms of the discretiza-
tion index of time 7.

Now, consider P;{") () as the approximation of Pi(x,f) at t = hn. As the discrete step
size h — 0, we have

PO) = Px,n), 0200 = 02 (0, ul” = u (o),
and also

e R 10

obtained from (3.12) and (3.13a). Thus, as & — 0, the (3.18) approaches to the con-
tinuous time evolution (3.14) of the symmetric OPs P,(x.t).
We summarize the above interpretation into the following theorem.

Theorem 3.3.1 As the discrete step size & — 0, the Lax pair of the generalized
dLV equation given in Theorem 3.2.2,

PP = PP @+ P ), PYw=0, PPo=1 k=0,12...

k+1
P(n+l)(x) _ liPk+2(x)+ﬁ(")w(") P(")(x)+hxa(")Q("+”( )
p =

k+17 k
hx?+1

)

tends to the Lax pair of the unrestricted semi-discrete LV (2.7), appeared in [42],

XP(x, 1) = Py (6 0) +u (P (x,1), P_j(x,t)=0, Pylx,0)=1, k=0,1,2,...
Po(x,t) = —wguy_ Pry(x,0) + “““'Q(Z)Z(x, 1),

where {Q(z) (x, 1)} are the 2-associated polynomials of the symmetric OPs {P(x,f)}.

Remark 3.3.2 Take the boundary condition ué") = 0, then Theorem 3.3.1 gives a cor-
respondence between the Lax pairs of the dLV equation and the semi-discrete LV
equation in the restricted case.
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4 Connection with g-algorithm

In this section, we will investigate the application of the generalized dLV (2.1) to the
field of numerical computation. Based on the generalized recursion relation (2.5) of
{c;") }, we derive a generalized e-algorithm. It turns out that this generalized e-algorithm
is connected with the generalized dLV (2.1) via a Miura transformation. We then ana-
lyse the numerical effect of this generalized e-algorithm through several examples.

To begin with, let us first sketch some relevant knowledge about Wynn’s
e-algorithm in Section 4.1.

4.1 Review of Shanks transformation and Wynn's e-algorithm

Sequences and series are two quite common notions which appear frequently in

mathematics and engineering. Unfortunately, many sequences or series converge so

slowly that they almost have no effective use in practice. Moreover, certain diver-

gent sequences and series can also be summed by applying a suitable summation

approach. Sequence transformation, in such situation, is an effective way to acceler-

ate the rate of convergence or to achieve a summation of certain divergent sequences.
Formally, a sequence transformation 7 is simply a map

T:{S,}~»{T,},

which transforms the original unsatisfactory sequence {S,} to a new sequence {7}
with hopefully better numerical properties. It is normally required that the new
sequence {7, } first must be convergent, then it is supposed to have the same (gener-
alized) limit S as the {S,}. A sequence transformation 7 is called to accelerate the
convergence of the sequence {S,} or that the sequence {7} converges faster than
(S}, if
. TI,=-S
lim —— =0
n—oo S” —_ S
So far, there exist many sequence transformations in the literature and many of
them can be expressed as ratios of determinants. The most well-known sequence
transformation is the Aitken’s A2-transformation [2] and its high order extension, i.e.
the Shanks transformation [14, 43],

Sn Sn+1 o Sn+k

ASn ASn+1 ASn+k

AkSn AkSn+l AkSn+k
e(S,) = 1 1 - 1

ASn ASn+l ASn+k

AkSn AkSn+1 AkSn+k

where A is the usual forward difference operator
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Af(m) =f(n+1) = f(n), (4.1a)

and its higher powers are defined by
Alf(n) = AQT (), iEN, (4.1b)
A% (n) = f(n). (4.1¢)

Here, we remark that Aitken’s A’-transformation [2] corresponds to the special
case k =2 of the Shanks transformation.

To avoid evaluating the determinants, it iS very necessary to implement recur-
sive algorithms called convergence acceleration algorithms to compute the sequence
transformation. In fact, the Shanks transformation can be computed recursively via
the following nonlinear recursion algorithm

() _ _(n+1) _ 1
Er1 " &1 T e (4.2a)
k k

e"=0 ”=5§

m=0, e’=S, n=012.., (4.2b)

which is nothing but Wynn’s e-algorithm [51]. The boundary value problem (4.1)
admits the unique solution

(n) _ Hk+l(Sn) n) _ Hk(A3Sn)

6 - 9 - —’ 4.
2k Hk(AZSn) 62k+1 Hk+l(ASn) ( 3)

where H,(g,) is a k-order Hankel determinant defined as

8n 8ns1 7 Bntk—1
Hk(gn)= gn+1 gn:+2 gn:+k

8ntk—1 En+k " En+2k-2

Obviously, the connection between the e-algorithm and Shanks transformation is
given by

n n 1
() _ ex(S,), (n)

e e = —, kn=0,1,....
2k 2k+1 ek(ASn) (44)

which can be found in Wynn’s paper [51, Theorem on p. 91].

In addition, the E-transformation, Levin’s transformation, the p-algorithm,
0-algorithm and n-algorithm etc. are also well-known examples in the theory of
sequence transformations and convergence acceleration algorithms. For an extensive
investigation on sequence transformations and convergence acceleration algorithms,
one might consult the book [14] and a recent review [15] and their reference in.

There exist interesting relations between convergence acceleration algorithms
and integrable systems. The e-algorithm is nothing but the fully discrete potential
KdV equation, which is related to restricted dLV equation, while the p-algorithm
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corresponds to the cylindrical KdV equation [40]. Based on these facts, many new
convergence acceleration algorithms have been proposed. For instance, a new con-
vergence accelerate algorithm was derived in [26] from the lattice Boussinesq equa-
tion. Brezinski et al. in [13] obtained a multi-step extension of the e-algorithm to
implement a multi-step extension of the Shanks sequence transformation. For more
recent developments, see, e.g. [15, 17, 46].

Now, we present more details on the link between Wynn’s e-algorithm and the
restricted dLV equation. To this end, we first claim that the solution (4.3) of Wynn’s
e-algorithm is equivalent to the following form

(n) (n)

(n) _ k+1,—1 n _ k2
2k ™ o1 = H® ’ (4.5)
k.1 k+1,0

where H(") is a Hankel determinant defined by (3.2) with its elements {c(")} satisfy-

(n)

ing (3. 3) N0t1ng that we introduce additionally ¢, in (4.5), we hence extend the

recursion relation (3.3) for {c(") } valid to c( ") namely,
(n+1) (n)
cg')z%, n=0,1,2,.... (4.6)
In fact, the claim easily follows from the fact
H) = H(NY'S,),
and

n):Aj+IS,1s j:—l,o,l,...,

if we set ¢”" ]) S,

Under the relations (3.3) and (4.6), one can prove

HSD HY —HY) (HT -1 H =0, (4.7a)
HOH YD —HEVHE - 1Y H =0, (4.7b)
Hl(ﬁl(;Hl(cnz) - Hl(:r)1 oHl(cn;l) - Hl(:r)1 1H(n+1) 0, 4.7¢)
HOH") — HCVH -2, H'Y =0, (4.7d)

by using the Jacobi identity for the determinants (A.8). Actually, this confirms the
soluton (4.5) of Wynn’s e-algorithm (4.1). With the help of the bilinear relations
(4.7a), and using the determinant expressions (2.2) for uj(."), and (4.5) for s(") it is not
hard to see that there exists the following Miura transformation between the
restricted dLV equation and Wynn’s e-algorithm [13]
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(n) (n+1) (n)

Yo Skl T &
D T ) (D)’
k k-1 k-1

4.2 Generalized e-algorithm

Based on the connection between the restricted dLV equation and Wynn’s
e-algorithm introduced in Section 4.1, the purpose of this subsection is to acquire
a convergence accelerate algorithm connected with the generalized dLV (2.1).
First, for a given sequence {S,}, we denote c(_"l) = S,. Then, we define a gener-
alized Shanks transformation &, : {S,} — {€,(S,)} by,

(n)

k+1,-1
()’
k.1

& (S,) = (4.8)

where HZ;) is a Hankel determinant defined by (2.3), and its determinant elements
c;") satisfying the recursion relations (2.5) plus (4.6). For convenience, we unify

(2.5) plus (4.6) particularly in Section 4.2-4.3 into the following form

(n+1) (n) (n) j-1

1 1 .
c;") ; On) c ")c](flri)i, j=0,1,2,3, ... 4.9)
C i=0 ’

with the convention Z;’zp{} = 0 for p > ¢. Noting the formulas (4.4) and (4.5) of
Shanks transformation, it is easy to see that the generalized Shanks transformation
&, will be reduced to the Shanks transformation if taking ug“) =0.

It is noted that, almost all the sequence transformations have the form f/Df
with D = Y .0/0S,,; (see, e.g. [14]). This fact also applies to the generalized
Shanks transformation (4.8) described in the following theorem.

Theorem 4.2.1 Let f(S,, 8,15+ »Sypa) = H

D(H, L) = HYY)

_, and D= 3.0/dS,,,, then,
and the generalized Shanks transformation (4.8) has the form as
S (S0 Sugts oo s Spian)

Df(Sn’ Sn+1 LA Sn+2k) .

Proof First of all, from the convention c = S, and the recursion relation (4.9) for
( ) itis easy to find that

e,(S,) =

AS AS . —AS AS
C(()n) — _n’ c(ln) — n+1 n + u(n) n+1
h h? 0 h

Recursively, one can obtain that the c](.”) defined by (4.9) are functions in terms of

AS, .., 1=0,1,...j, namely,

@ Springer



Numerical Algorithms (2023) 92:335-375 353

A = G(AS,, A,y Ay, j=0,12,.,

where A is the forward difference operator defined by (4.1a).
Now, we apply the operator D to H](:r)1 _,- Since

L]

D™ =1, DAS,)=0, i=0,1,.

and from the property of determinant derivative, it finally holds

1 0 0 O
C(On) (ln) Czn)
(n) _ n) (n) (n) _ g
D )= ¢ ¢y =y | =Hy
W
o1 S 7 S

Therefore, by means of the definition (4.8) of the generalized Shanks transformation,
we obtain &,(S,) = f/Df.

In order to avoid direct calculations of determinants, now we design an algo-
rithm to implement the generalized Shanks transformation.

(n)

Theorem 4.2.2 Given an initial sequence {S,}, and a sequence of parameters u,

for n =0,1,2,..., the generalized e-algorithm reads,

=)+l _ hp™ _ (n) —
Erpl — & = Ei"+])—5(k")—h9k_+la(") ho. '™, k=0,1,2,..., (4.10a)
~(n) _ ) _ () _
=0, g =c"=85, (4.10b)
where
1+ (=1
ek - %,

and a™ and " are defined as

o
a™ = E)n) . P =1+ hugl).
o
It enjoys solution
(n) H®
) k-l Ly k2
Eor = H® %01 T 4.11)
k1 k+1,0

with the Hankel determinant expressions (2.3) and the elements c;") satisfying (4.9).
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From (4.11), we can see that, the generalized Shanks transformation (4.8) of

&,(S,) can be computed via 6(2/()* namely,
&(S,) = &5,
But for eg]? ;» similar to Wynn’s e-algorithm, it only acts as an auxiliary quantity.

The generalized e-algorithm is an extension of Wynn’s e-algorithm, and it is con-
nected with the generalized dLV (2.1). We illustrate these in the following remarks.

Remark 4.2.3 If ug’) =0, then a”™ =0 and ﬂ(”) =1, the generalized e-algorithm
(4.2.2) reduces to

~(n) 41y _ h
k‘H k=1 = gD -(,,) s
&k
=) _ ~(Vl) (n) _
5_] _0, 6(] _1 _Sn7 k,l’l—O,l,Z,...,

which is Wynn’s e-algorithm (4.1) if taking the step size # = 1. Correspondingly, the
solution (4.11) with (4.9) of the generalized e-algorithm reduces to that for Wynn’s
e-algorithm.

Remark 4.2.4 The generalized e-algorithm (4.2.2) is connected with the generalized
dLV equation via the following Miura transformation

(n) ~(n+l) ~(n)
Uep1 (Opsan™ +0,)8 7 — €, — Ocha E=0.1.2
U™ (O u D + 6,) 2D — D g pa)

where

ﬁ(n) + a(n)c(n)

(n) _
H (n+l)

1 +atc”

and (x(”),ﬂ("),ek are defined in Theorem 4.2.2.

By employing the determinant expressions (2.2) of u;") and (4.11) of ég'), this
Miura transformation can be easily checked with the help of Corollary A.3.3.

4.3 Numerical experiments

This section endeavors to investigate effect of acceleration convergence of the gener-
alized e-algorithm (4.2.2). We will apply the generalized e-algorithm (4.2.2) to some
linearly, logarithmically convergent sequences and a divergent series, and compare
its numerical effects with those of Wynn’s e-algorithm (4.1).

Note that, the generalized e-algorithm (4.2.2) relies on a sequence of parameters {u( )}
in addition to the initial sequence {S,}. Namely, all the quantities & £ are determlned

uniquely and recursively via the generalized e-algorithm (4.2.2), if fixing {S,,} and {ug’) 1
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Now, we provide a way of choice of u(")

0-algorithm. The @-algorithm [7, 14, 50],

by taking advantage of Brezinski’s

(n) (n+1) 1
192k+1 192k 1 + (2';«“) &(n)’

('9(»1+2) 2'9(n+l)) (S(n+7)_19(n+]))

8(:1) 19(n+l) 2k+1 " U 2k+1
- (n+2) (n+1) | g(n) 4
(2k)+2 Zk ) _ 92k+] _2‘92k+1 +’92k+1
n n
=0, "= kon=0,1,..,

l‘l'

proposed by Brezinski in 1971, is a very versatile algorithm. It is not only able to
accelerate linearly convergent sequence and sum certain divergent series efficiently,
but is also capable of accelerating the convergence of many logarithmically conver-
gent sequences and series. As in the case of Wynn’s e-algorithm and the generalized
e-algorithm, only the elements 19(") with even subscripts provide approximations to the
limit of the sequence S,,, and 19(”)2 with odd subscrlpts only acts as an auxiliary quan-
tity. In particular, among these useful elements 1921(’ the simplest element is 9% which
possesses the following form by implementing the above 8- algorithm, recursively,

(AS,) (AS,;1) (A%S,41)
(ASn+2)(A2Sn) - (ASn)(A Sn+1)

In order to seek for a choice of the parameter u™ in the generalized e-algorithm
(4.2.2), we now impose the assumption £ ~(2”) 192". Then, using the determinant
expressions (4. ll) of ~(") and the recursion relation (4.9) of the determinant elements

( g by noting c S one can easily obtain the following result by direct calcula-

() _
192 - Sn+1 -

t10n of determlnant,

4 = (AS)(AS,,5) — (AS,,)?
0 7 (Spra — SPAS,,; — 2(AS,)(AS,,)

Under the choice of ug') in (4.12), it is easy to find that, given N terms of initial

data of the sequence {S,}, it will produce u(”) with (N —3) terms. Then, the number
obtained by the generalized sequence transformatlon ”(2']? with k=1,2,...,[(N —4)/2]
is (N —2k —2). Here, the notation [.] means the ceiling function.

It is well known that, Wynn’s e-algorithm can efficiently accelerate linearly
convergent sequences and is also able to sum even wildly divergent series. To
investigate the acceleration effect of the generalized e-algorithm (4.2.2), we will apply
it to some linearly, logarithmically convergent sequences and a certain divergent
series, and compare their numerical effects with those of Wynn’s e-algorithm in the
following.

(4.12)

Example 4.1 We consider the linearly convergent sequence

o (=1F

n ’
~k+1

n=0,1,2,...,
which converges to S = log 2.
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Table 1 Numerical results of Example 4.1

no15,-8 le” = S| leg” =S| leg” =S lely =Sl lely =Sl

0 3.07x 107! 6.85x 1073 1.86x 107* 1.52x 1077 1.28>< 10710 3.33>< 1071
1 1.93x 107! 2.67x 1073 5.77x 1073 3.81x 1078 291x 107" 5.55x 1071°
2 1.40% 107! 1.30% 1073 2.22x 1073 1.14x 1078 7.62% 10712

5 7.65x 1072 2.90x 1074 2.68x 107° 6.26x 10710 2.60x 10713

7 5.86x 1072 1.44% 1074 9.48x 1077 1.36x 10710 4.04x 1071

11 3.99x 1072 5.05x 1073 1.92x 1077 1.17%x 10~

15  3.03x 1072 2.32x 1073 5.71x 1078
17 2.70x 1072 1.68% 1073
19  2.44x 1072

n IS, -8l |8 — 5] g — s 12\ =S| |87 — 5] &) - 5|

0 3.07x 107! 130x 1072 2.15x 1077 1.35% 10710 1.67x 1071 322x 10713
1 1.93x 107" 4.39x 107* 8.12x 1078 161 x 1071 276x 107 8.88x 107!°
2 1.40% 107! 1.86x 107* 3.00x 1078 8.84x 10712 1.31x 1071

5 7.65% 1072 2.96x 1073 2.33x 1077 5.61x 10713 9.99x 10713

7 5.86x 1072  1.23x 107 5.80x 1071 1.06x 10713

11 3.99x 1072 3.22%x 107° 6.42x 107!

15  3.03x 1072 1.18x 1076
17 2.70x 1072
19  244x 1072

Numerical results of applying Wynn’s e-algorithm (4.1) and the generalized
e-algorithm (4.2.2) to the sequence {S,} of Example 4.1 are listed in Table 1, where it
should be noted that, the generalized Shanks transformation 2k) is compared with the
Shanks transformation 5;7;2 with £ =1,3,5,8, based on the same number of used data
of sequence {S,}. This table shows that, the generalized e-algorithm (4.2.2) efﬁciently
accelerates this linearly convergent sequence as well. The numerical effect of £2k oisa
little bit better than the one of £ 2k ). Under the same initial data of sequence {S,}, applying
the generalized e-algorithm (4.2.2) and Wynn’s e-algorithm finally reach to the same level

of the error order of approximation, but the former is iterated twice lesser than the latter.

Example 4.2 We consider the linearly convergent sequence
0.8 k+1
S, = ZL n=0,1,2,...,

which converges to § = log 5.

The corresponding numerical results of Example 4.2 are placed in Table 2. We
choose the same number of sequence {S'Z} as the one in Example 4.1, and compare
the generalized Shanks transformation 521( with the Shanks transformation 82]5 )2

=1,3,5,8. From this table we can see that, in general, for k =3,5,8, the effects of £,," are

slightly better than those of 6(21)_'_2. The final error order of approximation of applylng
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Table2 Numerical results of Example 4.2

n IS, — Sl el — 5] el — 5] el =S| e — 5] el =S|

0 8.09x 107! 1.24x 107! 1.86x 1072 4.05x 107* 8.70x 107° 2.60x 1078
1 4.89% 107! 6.28x 1072 8.69x 1073 1.75% 1074 3.64x 1076 1.30% 1078
2 3.19%x 107! 3.43% 1072 434% 1073 8.02x 1073 1.59% 107

5 1.07x 107! 7.28% 1073 7.10x 1074 9.79x 107° 1.65% 1077

7 5.62x 1072 2.95% 1073 2.46x 107* 2.78x 107° 4.16x 1073

11 1.70%x 1072 5.82x 1074 3.65x 1073 2.84x 1077

15 5.55% 1073 1.34x 1074 6.56x 107°
17 3.23x1073 6.66x 1073
19 1.89% 1073

n IS, — Sl |80 — 5] g — s &%) =S| 127 — 5| &) - 5|
0 8.09x 107! 7.95x 1072 2.54x 1074 1.41x 107° 1.48% 1076 6.55 % 1077
1 4.89% 107! 3.57x 1072 1.71x 1074 1.25%x 1076 3.11x 1078 6.50x 1077
2 3.19%x 107! 1.77% 1072 227x 107* 5.94x 1077 3.46x 1078

5 1.07x 107! 3.00x 1073 3.65x 1077 3.67x 1078 6.17x 1077

7 5.62x 1072 1.08x 1073 1.00x 1076 1.50% 1078

11 1.70%x 1072 1.77% 107* 1.99x 1077

15 5.55% 1073 3.49%x 1073
17 3.23x 1073
19 1.89x 1073

the generalized e-algorithm (4.2.2) is higher than applying Wynn’s e-algorithm (4.1),
beyond the advantage of twice iterations lesser than the latter.

Example 4.3 We consider the partial sums
S,= D (=Dfkiz*,  n=0,1,2,..., (4.13)
k=0

of the factorially divergent asymptotic series with z =3.

This corresponds to an exponential integral

o —t
Ez) = / € ar
;1

® et 1 [T et
CE(z =/ dz:-/ <,
1@ oz+t  z) o l+1/z

which admits the asymptotic expansion

satisfying
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1)k
s =, Fy(1,1; = 1/2), 7> . (4.14)

26°E|(z) ~ Z
k=0

If we replace z by 1/z, we obtain the so-called series

7k

D (DK = Fo(1,1-2),  z-0
k=0

which is the most simple prototype of a factorially divergent power series, and
involves a factorially divergent generalized hypergeometric series ,F,, as z = 0. It
can be seen as the asymptotic expansion of the Euler integral

g Ty
= 1.
(Z) /0 1 + zt

We note that the Euler series has many physical applications, such as quantum
physics [24], optics [5] etc.

It has been shown that sequence transformations are principal tools that can
accomplish an efficient summation of the factorially divergent expansions of the
type of the Euler series [6, 19]. For example, it was shown rigorously and explicitly
in [6] that Wynn’s epsilon algorithm or equivalently Padé approximants as well as
some Levin-type transformations are able to sum the Euler series £(z) provided that
Z & (—o0,0]. Since reliable programs for the exponential integral E,(z) with z € R,
are available, (4.14) is well suited to test the ability of a sequence transformation
of summing even wildly divergent series. In the following, we will take the partial
sums (4.13) of the factorially divergent asymptotic series (4.14) as an example.

Now, we take advantage of the known result [6, 19] of
2 Fo(1,1; = 1/2)],53 = 26°E(2)] =3 = 0.78625122076594, to investigate the ability
of a sequence transformation of summing the divergent series ,F(1,1;—1/z) for z
=3. It has been shown that, the subsequence e(znljztjl/ 2D of the Padé table of
,F(1,1;—1/z) converges to the Euler integral for z =3, (see [50, Eq. (4.3-6)-(4.3-
7),Table 13-1] and [19]). Here, the notation |.| means the floor function.

Let § =0.78625122076594, and choose 22 terms of data of the sequence {S,}
given in Example 4.3. We compare summation results of using Wynn’s e-algorithm
and the generalized e-algorithm (4.2.2) respectively to {S,} in Table 3. Similar to

~(m=2|m/2] . (m+2-2|(m+2)/2])
the above two examples, we compare & \mp) with €3(n12)/2) for m

=14,15,...,21. The results show that, compared to Wynn’s g-algorithm, the general-
ized e-algorithm (4.2.2) behaves slightly more powerful, and the error order of
approximation corresponding to the latter is improved at least an order of
magnitude.

In summary, from the above three examples, we conclude that, as an extension
of Wynn’s e-algorithm, the generalized e-algorithm (4.2.2) under the choice of
parameter ug') (4.12) enjoys similar numerical effects to the former when it comes
to linearly convergent sequences or certain divergent series. For a given number of
sequence {S,}, the generalized e-algorithm generally saves twice iterations to reach
the same or even slightly higher error order of magnitude.
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bl Numeralealisof Ty gy s

14 1.50% 10* 9.33x 1077 6.58x 107°
15 7.61x 10* 7.01% 1077 6.67x 1077
16 4.10x 10° 2.88x 1077 1.56x 107°
17 2.34x% 10° 2.19x 1077 1.65% 107°
18 1.42% 107 9.45% 1078 4.00x 10710
19 9.05x 107 7.29% 1078 4.42%x 10710
20 6.07 x 10 3.27x 1078

21 4.28% 10° 2.55x 1078

We end of this section by an example that shows an obviously better performance
of the generalized e-algorithm than Wynn'’s e-algorithm. Here, a different choice of
ug') is considered.

Example 4.4 We consider the sequence

n-2 i
Sty 4 1
Sn=s+100g(1—§gm)(1+§>, n=12,...,

which converges to S =1.

This is a logarithmically convergent sequence because

Sn+1 =S

lim =1.

n—e § —
Numerical results of applying Wynn’s e-algorithm (4.1) and the generalized
g-algorithm (4.2.2) with ug') = 4*—1 to the sequence {S,} of Example 4.4 are listed
in Table 4, from which we see that our proposed algorithm (4.2.2) accelerates the
convergence, while Wynn'’s e-algorithm does not. It is noted that, for given sequence
{S,} with number N, the number obtained by the generalized sequence transforma-
tion £ with k =1,2,...,[(N = 2)/2] is (N —2K).

5 Conclusion and final remarks

This paper extends the restricted fully discrete LV equation to a generalized case with
a sequence of given constants {u(()") }. This generalized dLV equation possesses a Han-
kel-type solution and can be connected with a discrete Riccati system. As the discrete
step size h goes to zero, the generalized dLV equation with its solution, and the cor-
responding discrete Riccati system, both tend to the counterparts of the unrestricted
semi-discrete LV equation given by [42]. In addition, we present a Lax pair of the
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Table 4 Numerical results of Example 4.4

no 154 le” =] leg” = 5| lely =] le5y = 5| legy =S|
2 1.39x 10 2.48 1.64x 107! 2.71x 1072 4.48x 1073 2.42% 1073
5 2.50 7.32%x 107! 6.95x 1072 1.37%x 1072 3.35%x 1073

8 1.16 3.43% 107! 3.73x 1072 7.95% 1073 2.63x 1073

12 592x 107! 1.70x 107! 1.94x 1072 437x 1073

16 3.59%x 107! 1.01x 107! 1.15%x 1072 2.42% 1073

22 2.00x 107! 547x 1072 6.00x 1073

28 1.26x 107! 3.34x 1072

30 1.10x 107!

n 1S, — S &) — 5] g - 5| &) — 8| 12 — s 12 -S|
2 1.39% 10 2.05x 1072 1.27%x 1073 1.64x 1077 1.63x 107! 5.55x 10716
5 2.50 1.16x 107! 4.59% 1077 3.79x 1071 9.79x 10713

8 1.16 2.17x 1072 1.24x 1078 4.60x 10712 331x 107

12 592x107! 1.56% 1073 3.81x 1071 2.11x 10712

16 3.59%x 107! 9.90x 1073 1.35x 10713 1.61x 10713

22 2.00x 107! 1.49% 1076 2.07x 1071

28 1.26x 107! 2.18x 1078

30 1.10x 107!

generalized dLV equation in terms of symmetric OPs. We also show that the resulting
equation is linked to a generalization of the famous Wynn’s e-algorithm. Finally, we
apply this generalized e-algorithm to two linearly convergent sequences, one loga-
rithmically convergent sequence as well as one divergent sequence, and compare the
numerical effects between the generalized e-algorithm and Wynn’s e-algorithm.

As is described in the paper, the generalized e-algorithm relies on the choice
of ug’). It deserves to be investigated further to distinguish its roles in accelerat-
ing different types of sequences. Recall that the first three examples in Section 4.3
are based the choice of u(") in (4.12), while the last example involves a choice that
ug’) = 2, which exhibits an extremely good performance. In fact, we can obtain the
SO- called kernel of e(”) More precisely, as for the sequence given by

—S+0H<l+

where S,0,x are arbitrary constants with ¢#0,k#0, applying the generalized
e-algorithm to {S,} will exactly give e(”) S. The last example is constructed based
on a perturbation of such a sequence.
Furthermore, we note that the generalized dLV equation obtained in this paper is
a discrete analogue of the isospectral unrestricted semi-discrete LV equation, while
Hankel-type solutions for the first two equations of the Volterra lattice hierarchy and
the first two equations of its non-isospectral extension are addressed in [21]. A non-
isospectral integrable equation means, the spectrum in its Lax pair is dependent on

) n=12,...,
l(1+u(’))
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time ¢ instead of a constant. It is interesting to see whether a certain non-isospectral
generalized dLV equation together with its solution exist and how to design it as an
convergence acceleration algorithm, which we leave for future work.

Appendix A: Technical details for the main results

This appendix is devoted to providing some linear and bilinear relations which serve
for the proofs of the theorems in Sections 2—4. In Appendix A.1, some notations and
auxiliary determinants are introduced. Appendix A.2 contains some linear relations,
while Appendix A.3 includes some bilinear relations. Based on these relations, one
can prove the main results in Sections 2—4.

A.1. Notations

For integers k > 1, j,r >—1, s,n >0, and [ =0, 1, we first define two sets of
sequences, {a'™} and {d'"} satisfying

s—1
g = o _ 12y o o
N N ﬁ(n) 1 Nt}

i=0

and

) r—1
) _ my _ ha Z () ()
dr =, ﬁ(n) di r—i’
i=—1

where a™ and ™ are defined by (3.12). Then, in order to express determinants in
this appendix conveniently, we introduce the following vectors,

ﬂ(n) (n+1)
a(n)
(”) ﬂ(") (n+1) |
a 1 /+1 (n) (n) (n+1)
A(n: — s+l | Bin?f' ) — X +ac; ¢ i (A.1a)
(n) »
Q-1 ﬂ<)/(+:])l (n)zk 1) (ntD)
l j+k 1-i
C}”) d;”) s 1 (-n) (n-l-—l)
= 1 S—1
(n) (1) s+1 _(n) (n+1)
m_| ¢ w_| 4 wr) _ | X
Ck,j = J;H , Dk,j = J;H s by = i=2 z: s+1—i . (A.1b)
(nS (n; s+k—1 (n) (n+1)
Citi—1 Ao Xtk G Conii

with the convention 5("+1) =0.

Use these vectors, we define some auxiliary determinants as follows,
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(n+1) _ (n) H(n+l) (n+1) (n+1)
ity 2 ok T e

n+ _ n n+ n+ n+
Fk,j,r - |Dk,r’Ck' ""’Ck,j+k—3’Ck,j+k—2|’
ENY = GBI, B LB,

bty — i e, A
o(n+l) _ n+ n+ n+ n+
Ek,s,r = |Bk,r ’Bk,s ’"'I’Bk,s+k—3’B{<,s+k—2|’ .
D) 1 —a(”)c;“) —a(”)c(.flr) —a(”)cj(.::_)z
K  =lem  goth o) g+l |
k—1,1 k—1,j+1 k=1j+2 0 Pk=lj+k-1
(n) pn+l) (n+1) (n+1)
G(Z'Il:fll)(x) — |Gt Bii - Biier B ,
’ L yin o Yiokes Vi
(n+1) pn+1) (n+1)
G;’;l)(x) = Bk—l,l Bk—1,1+1 Bk—l,l+k—1 ,
’ Vi2 Yiga .- ik
with the conventions
(n+1) _ (n+1) _ () (n+1) _ (n+1) _ (n)
FOJ,S =0, FlJ,s =4 1—‘0,]',r =0, FIJ,V _dr ’ (A.22)
(n+1) _ () pnt+l) _ =(n+l) _ pnt+l)
El,/‘,r =65 EO,s,r =1, El,s,r - Bl,r ’ (A.2b)
(n+1) _ (1), N 1 D
Kl,j,l - 19 GO,[ (x) - 17 GZ,[ (x) - yl,z’ (AZC)
where
1 k=1
2 2k—2 (n+1) 2i
Yok = @ + Z)x —a® Z e, X (A.3)

i=1-1

Using these notations, it is easy to see that the Hankel determinant H](:;) can be
expressed in terms of vector C](("l.) as follows

(n) _ () () ()
Hk,;' = |Ck,/"Ck,/'+1’ ’Ck,j+k—1 :

Now, let us present the relations among the vectors defined in (A.1). First, we
rewrite (2.5) as follows
ﬁ(”)c(."H) c(n) j-1
(n) _ Y (n) n (n+1) .
G =0 Y +a ;cicj_l_i, j=1,23,.... (A4)
Then, we have the following lemma.

Lemma A.1.1 Assume {c](.")} defined by the recursion relation (A.4) and (4.6), then

(n+1) _ ()
th.—l _Ck,—l

(n) _
Ck,() - hy @ 5 (A5a)
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() _ pr+l) a® (ﬂ+1) (n) P
€)= B + g -1 | j=1,2,.

. (A.5Db)
where " is defined by

YW =1+ a(")c(_"il).

Proof The relation (A.5b) is obtained directly by applying (A.4) to C(") For (A. 5a)

noting the definition of recursion relation (4.6) for c(") and using (A 4) to C, w

kO’
first have
(n+l)
71
ﬂ(,t)j’gzﬂ)
h 1
) _ () (n+1) ~(n) () (n+1) 1w
rCp=a"cy Gt Pl o a(n)c(”) <n+1) th’_l.

h

ﬁ(,,) (n+l)

2 YE2 ) ()
" Z i k 2—i

Then, it is easy to find that the summation of the first two terms in the above
right hand of equation identifies with Bl(('”1 ), by noting its definition in (A.la). Thus,
(A.5a) gets proved.

A.2. Linear relations

In Lemma A.2.1, we list some important linear relations, which serve to deduce
Corollary A.2.2. The proof of Lemma A.2.1 is implemented by performing some
row and column transformations on determinants based on the determinant proper-
ties. Due to the lengthy details, we place its proof in Appendix A.4.

Lemma A.2.1 Assume {c( )} satisfy the recursion relations (2.5) and (4.6), then for
integers k > 1, j,r >—1, and 1 =0, 1, the following formulae hold

Hl(cj-)l—l = y<1n) /(::,111,-1’ (A.6a)

") = E, (A.6b)
HY) = K01 = By - (A6c)
EC) = (%)k_lrgf_l;, (A.6d)
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k=1
(n+1) _ (" (n+1)
Ejo = ( 3 ) Fiio (A.6e)
EoD (227 R | Bl ey A.6f)
kio = \h kj.0 g Crja (A.
F(n+1) (n+1)
(n+1) __ hE i ~E i
Ego = — o (A.6g)
(n+1) _ (B 1)
Egi = i Figa (A.6h)
(1) _ gndD) 1 (et .
Ek,i,l - Ek,/,o hEk,/,o ’ (A.61)
k
Bt _ (n+1) .
Ek,r+1,r - (T) Hk,r ’ (A6J)
(n+1) _ (B kD) aW @O (n)
KkJ,l T pk1 k=141 k=2 ij,o > (A.6k)
(n) p(n)
(n+1) _ H P ®
Gy ) = ==, (A.6])
> (n+1
GANE
or-nr (et o-ma o, ) (A.6m)
= hkx! :

Using Lemma A.2.1, it is not hard to derive the following corollary, whose detail
is omitted.
Corollary A.2.2 Under the recursion relations (2.5) and (4.6) satisfied by {cj(.")},

there hold the following important identities for k =1, 2,...,

HY = ()T (ATa)
iy = L D, (A.7b)
H(n) _ <ﬂ("> )k‘lF(nH) (A.7c)

k,0 h k,0,0 °
HY) = LR, (ATd)
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k

() _ [ " (n+1) _ B! p(nt+1)

Hk,l - < h ) Hk,O hk Fk,l,O 5 (A7e)
w _ (ﬂ(n))k(ﬁ(n)H,((f’(:“l)_F;r.l:(l)))

Hk,l - hk(ﬂ(n)+a(n)c(_"])) ’ (A.7f)

k

n) _ B k) g B (n+1)

Hy, = = —H,, ha™H, |, ) Fean (ATg)

Moreover, it is easy to check that relations (A.7e) and (A.7g) also hold for £ =0,
by using the conventions (2.4) and (A.2a).

A.3.Bilinear relations
Now, we apply the Jacobi identity to produce some bilinear relations, which play

crucial roles in the main results. For any determinant D, the Jacobi determinant
identity [1] reads

D-D[’.1 " =D[’.‘]-D[’?]—D[’.l].D[’?], (A.8)
Ji J2 ] Ji J2 J2 Ji

where

il l.2 b ik_ . . . . . .
D[j1 Pt I <y <o <p, J1 <Jp <o <Jps

denotes the determinant obtained from D by removing the rows at positions iy,i,,...
Ji» and the columns at positions j;,j,,... ;. in the respective matrix.

LemmaA.3.1 For k=0, 1, 2,...,and j =0, 1, the following bilinear relations hold,

Pl = FEGo M+ FEL S =0 o
R - HEGRLY ~ R =0 o
HIT VR~ FVH — G = (499
R - HEGREY - FUGHE =0 o

T Y BSOS AT =0 s
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(D) gt D) pnt]) D) D) (nt1) _

Devvo—ifo  —Hgi 2o Do =0, (A.9f)
(+]) N p+]) AL o (D) (D), N EtD)

GrnjOE 1 = Gy WE i+ Gy WEL 1y ;=0 (A.92)

Proof For k =0, all these equations are easily checked. For k > 1, (A.9a) is obtained

from the Jacobi identity (A.8) with D = F ](:3213 o and noticing

D 1 k+2 — H"D. D[l]_H(n+1)

1 k+2| 7kl 1 = P10
k+2] _ D) I | @D k+2| o+
D k+2] _Fk+1,0,0’ D k+2 _Fk+1,l,l’ D 1 _Hk+1,()'
(A.9b) follows from the Jacobi identity with
(n) (n+1) (n+1) (n+1)
a?n) c?n+1) 01(3#1) Cé‘n+1)
4G TG G 1)
D=] : : : : = s
W () D) () k1,00
4 G 2%u-1 C2%
o o0 - 0 1
and
k+1k+2 (n+1) k+1 (n+1)
p|" 7 "L =HYY DT | =HY
k+2 _ o+ k+1 _ p(ntl) k+2 D)
D 2 ] = Fk+1,1,0’ D 2 = Fk,l,O . D 1 = Hk+l,0'

(A.9c¢) is derived by employing the Jacobi identity with
11 1 0 - 0
0 g™ D LoD D)

| k-1
_ 0y D) ) Gl | D)
D=10a c"" ¢, " ¢ = Fii100°
L) D) ) D)
0a" ¢ 1T Cormt

and
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367

[2 k+2 (n+1) k+2 (n+1) 2 (n+1)
D 1 2 ] =H_, D 2 =H, " D o) =H., "
] 11 0 - 0
r ) (n+1) _(n+1) (n+1)
2 a,’ c c e C
_ 1 1 2 k _ (n+1) _ (n+1)
D 1] - : : : _Hkl Fk,z,l ’
- a(n) (n+1) (n+1) (n+1)
k k+1 2k—1
1 1 o - 0
[ 1 n) (n+1) (n+1D) (n+1)
k+2 a,’ c c e C
p| T =% o e o gl - P,
- 0 el (D) TS
k-1 “k-1 2k=2
where we subtract the first columns of the determinants from the second ones in the
. 2 k+2 .
calculations of D[ 1 and D[ 1t and use the determinant property.
To prove (A.9d), we apply the Jacobi identity to
0O O o - 0 1
) (it D) (kD) (kD)
o by by Gy b k43 k)
_ n n n n n — (_
D=la c¢/" 7y g w1 | = DTG 00
) ) (D) (D) (D)
G S G T Cunr O
with
12 (n+1) 1 (n+1) 2 2 (D)
D 1217 H," D 1= Hip D 2= D Fa 0
1 (n+1) 2 42 k1)
D 2] - Fk+1,1,0’ D 1|~ =D Hk,l :
(A.9e) is obtained from the Jacobi identity with D = Fz(cTzl i ,_p>and
1 k+2 (n+1) 1 (n+1)
D 1 2 ] =H, " D 1= He o
k+2 (n+1) 1 (n+1) k+2 (n+1)
D 2 ] =Dio-1r D 270 = Do D 1 =He1 .
(A.9f) is proved by applying the Jacobi identity to
0 1 o - 0 0
)+l (n+1) (n+1)  (n+1)
d<_1> C<_1+1> C? +1) C'(‘_+21) C’(‘_+11> (n+1)
_ n n n n n —
D=ld; ¢, ¢ G S =-Liii0-1
) ) ) (D)
4’ Gy 6  Cor—a Cori

with
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k+1k+2 _ n+D) k+1 _ An+D) k+2 _ p(ntl)
D 1 k+2| 7 Ek,j+1,j’ D 1 = G2k+2,/'(x)’ D k+2| = Ek+1,j,j’

k+1] _ o+ k+2] _ sm+D
Dl + 2] =Gy, (), D | =By
Corollary A.3.2 If we let
n) _ ry(n) mny _ g _
Ty _Hk,O’ Tort —Hk,l, kn=0,1,...,

with the elements of H" satisfying (2.5) as well as arbitrary constants c(()") # 0, then

kj
TIE”) satisfy the bilinear relations

T

) _) ) D) ) () _ _
PTn T — BB — Mt =0, kn=0,1,....  (A.10)

Proof We prove (A.10) with respect to its odd and even parts, respectively.

For k =2j +1,j =0, 1, 2,..., the relation (A.10) can be obtained from the iden-
tity (A.9a) and eliminating F;(:;,I&O’ F,({':,I&O and F/ETI11)1 via the relations (A.7¢) and
(A.7d) respectively.

For k =2j, j =0, 1, 2,..., the (A.10) immediately follows from the identities
(A.9b) and eliminating F,ﬁ':!l&o, and F,Zl:é), F]({':ll)o via the relations (A.7¢c) and
(A.7e) respectively.

Corollary A.3.3 For k =0, 1, 2,..., the Hankel determinants Hl(:;.) with the elements
restricted by (2.5) and (4.6) satisfy the following bilinear relations

W™ ) e gD ) ) ) _

HOH L Hyy 2y = BPH G oo = Hio 1 H =0, (A.1la)
W) g ) gD ) ) _

WUH L H = e H th+1,0Hk,() =0, (A.11b)

) g4 o) gyt D) ) ppn) kD)
Hk,ZHk,O ( ﬁl) I('I/)n Hk,l Hk+1,0Hk—1,2 (Allc)
(n) g+ n _ .

+ha Hk,o Hk+l,0_0’

H(’H'])H(") _ H(”) H(”‘H) hH(") H('H'l)

k+1,07 252 0k T M
D oy (A.11d)
+thaH ol =0,
where
(n) (n) (n) (1)
m _ o ) _ ) w BV e
= P =1t huy's p = n+D)
[N 1 +amc?’]

Proof The proof can be achieved by employing the determinant relations given in
Lemma A.3.1 and linear relations of determinants presented in Corollary A.2.2.
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In particular, (A.11a) and (A.11b) are direct consequences of applying the rela-
tions (A.9¢) and (A.9f) and replacing Ff('j:fll’_], Ff(”;l)l, F,i"f(l)), in terms of HZ;.) via
(A.7a), (A.7b) and (A.7f).

Similarly, (A.11c) and (A.11d) can be obtained by the bilinear relations (A.9c),
(A.9d) and replacing Fgﬁ‘go, F;”ﬁ(?, F,ﬁ";l” in (A.9¢) and (A.9d) via (A.7c), (A.7¢)
and (A.7g).

A.4. Proof of Lemma A.2.1 For k =1, all these relations (A.6a)—(A.6m) can be easily
confirmed. We are going to prove that these relations also hold for k >2.

First of all, with the help of determinant properties, (A.6g) and (A.6i) can be eas-

ily checked by substituting (A.5a) and (A.5b) into the first column of E](("].Jz)l) and

(n+1)
Ek 10

For the remaining relations, we will prove them by performing row or column
transformation to a certain determinant and using the recursion relations (A.4) and
(4.6) for {c").

(1) Column transformation.

The proofs of (A.6a)—(A.6¢) and (A.61) are conducted by performing a series of
column transformations on determinants.

We first consider (A.6b). To begin with, we deal with the last column of H,(:l) by
substituting the relation (A.5b) into it, which yields

respectively, where the convention 5(”+ ) = 0is used in the proof of (A.6i).

+1 +1 1
(B(’l ) +a(n)§(” ) __Cgl)

(n) (n) () (n)
H |C C C kl+k—2 kl+k—2 I+k— 2)|

kl? k1 k=2
Now, we perform some column transformations in order to eliminate the appeared
vector a(”)!;]((”;r lk) , and C(”) raa /T Concretely, we add the (k — 1)-th column of H]Ef’l)
multiplied by 1/A to the k th column, then C ") Klis2 /h is eliminated. Next, noticing /
=0, 1, adding the i-th column multiplied by —a ”)cgﬁl]) to the k-th column for i = (2
— 0,3 —=1D,..., (k=1), it is not hard to check that a(”)f("ﬂ) also dlsappears

kl4k—2
Then, we dlspose the (k — 1)-th, (k — 2)-th, ..., 2nd columns of Hk |» succes-
sively. For each of these columns, after replacing the column vector C(”) by (A.5b),
we conduct similar column operations in order to eliminate the appeared vector

a(”)fl(:;ll) and Cg;_l /h in the corresponding column. Finally, it leads to

(n) (n) pn+l) (n+1) (n+1)
H |Ckl’B ’ Bk1+k S’Bkl+k 2|

which gives (A.6b).

Now, we turn to prove (A.6a). Based on the above calculations, we see that

(n) (n) (n) (n+1) (n+1) (n+1)
Hk+1 1 |Ck+1 l’Ck+10’Bk+lO"' Bk+1k 3’Bk+1k 2|

Then using (A.5a) and adding the first column multlplied by 1/(hy™) to the second
one, (A.6a) is immediately derived by eliminating C +1 W/ (hy™).
To prove (A.6¢), we first rewrite the determinant as
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1 0 o ... O
H,((nz) =™ ) D cm |-
’ k1 “k2 k3 7 Ykk+l

By following the similar column operations to the proof of (A.6b), we obtain

CEI PR iy A
fl _a(n)lggnﬂ) —a(")c(k’ﬁrl) .”.:a(n)cfzjrll)
(n) (n+1) (n+1) w3
+Ck,11 lB ]ila(n)c(lnﬂfgliz' _a(;;).c.,znjlfk,k
C}({n; 0 B&H) BZ[}:D )

which obviously leads to (A.6c¢).
Now, we proceed to prove (A.6l). Noticing first the determinant expression (3.1)
of P](:’)(x), it is easy to see that

H(")P(”) ()C)
(n) Tkl 2kl _
HY ()= =2 1=0.1.

Thus, to prove (A.6l), we only need to prove (%g'l?l(x) = G(z'zl)(x). This can be

proved by performing some column transformations to 3?!;21@) in a similar way to
prove (A.6b). We omit the details.

(2) Row transformation.

The strategy to prove (A.6d)-(A.6f), (A.6h), (A.6j)-(A.6m) is based on a series of
row transformations performed on determinants. The crucial observation is that, the

column vectors with B]({';rl) can be converted to ﬂ(")C](:'.J'D /h after performing appro-

1) s eliminated.

B B KO
(x) have the majority columns in common in terms of BZ’;r ), we will con-

priate row transformations so that the summation term of B

Moreover, it should be noted that, since the determinants
G
2%,
duct the same row operations to transform them. In order to illustrate these consist-

ent row transformations performed on determinants uniformly and clearly, we now
take the following determinant as an example.
Noting that the types of the columns of the determinants in question mainly

and

involve vectors C,(:'S), BZ’;I) withs =—1,0,1andj >—1, we set
M® = c” ™ B"™U Bt BttD o i=—1,0,1,....

k+24.—1 k42,-17 “k42,07 Dk42, K+ 2j+k—2" "2 k2 j+k—1

The row transformations will be conducted on M/E’jr)z i
the last row, successively. More precisely, for fixed p =2, 3,...,k +2, we add the i-th

row multiplied by —ha®c” /" with i=1,2,3,....p - 1 to the p-th row of M,ﬁ'fzd.!_l,

| from the second row until to

which leads to
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FORNe e s
-1 7o h h
o d(m ® UG P i
n 2 1 h l;
Mg = P2 - fO D 00D §
(n) cm ;+,; + a(n)z (n) (n+l) Ciaprk-t + a(n)z (n) (n+1)
p] p /+Pl h =1 j+p+k]z
c(n) ON mm (n)zkﬂ R I féi’ (n)zkﬂ )+
k k+1 i=1"i ]+k+l i i=1"1i J+2k i
Obviously, for p = k +2, we have
e ﬂ(") D" A(n) et (AS5)
k+24-1 = k+2,—1° k42,0 k42,5 k42, j+k—1 :

Then, (A.6d), (A.6e) and (A.6j) follow immediately since the involved columns of

n+1) (n+1) (n+1) : (n)
the determinants E , E 10 and E ] AT€ only part of the determinant M, 2

In order to prove the relations (A.6f), (A.6h) and (A.6k), we first conduct equ1va-
lent deformations on the determinants EVH", ™D and K"tV before performing

kj0 > Tkl k0.1’
row transformations.
Note that
(n)
B huo _
p® pm’
and
ha™d® ha®d™
Cl(:()) = (Cg,l()) ﬂ(n) lcgli) e ]CI(cnl) ’
(n) _ (n)
Ck,l = (1 - ﬂ(") )Ckl’

from which, we immediately have

(n+1) _ () _ ha®d”) (n) (n+1) +l)  ptl) ha®d™ _(n41)
Eio = |<Ck0 ﬂ(r’) C.1)B; By B o Fo Tkl

(+1) _ pn) (n) (n+1) (1) plnt1)
Ek,/l =p" |<1 ﬂm) )Ckl’B ’ Bk,,+k 3 k,/+k 2ls

a(”)c(”+]) —a®¢ §"+1> a(”)c(";:])z
K("+1) ﬂ(n) l(}fl;') Jtk—
ki1 1= M\ om B(n+l) B(n+l) B+D
o k=11 k=141 k=142 Ph-ljtk-1
Now, we operate the same row transformations as those on M](( +)2 upon the

above determinants. For the first two, we have

() _ B2 k) p0 At ha®d®™) (a1
Eo = |D/<0’ C ) Ck,/+k | s Tkl
(n) h (n)d(’l)
- () ey
(n+1) _ a4 ™M) ﬁ(") (n+1) ™ ('H'l) _ (B p(n+1)
E =p"A C »oee Ck,;+k ol == ki1 °

kil k12 g
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which are nothing but (A.6f) and (A.6h). While for the third one, it is not hard to
obtain the following result by conducting the row transformations from the third row
to the last one,

L D) ) D) _ ) (nt])
KD = goo| g > TG T G
kil A+D ﬁc(nﬂ) ﬂC(nH) ﬂ(’”C(nH)
k=1,1 p Tk=1j+1 p Tk=1j42 7 p Tk=lj+k-1
_ 1 (n+1) (n+1) (n+1)
= O TR G S
- = n+ n+ n+ n+
Ak—l,l Ck—l,j+1 k—1j+2 *°° Ck—l,j+k—l
(n) g™ (n+1) (n+1) (n+1)
_ _ ! (Al,o(_ ﬁatn)) (' N C(tjﬂl) - (j+1k)_2
k=2 n+ n+ n+ n+
Ak—l,l Ck—lj+l Ck—lJ+2 Ck—l,j+k—1

aO POV (k) B0 pa(nD)
T e F kjo ha(n>Hk—l,j+1 ’

which identifies with (A.6k) by observing the fact

_ 1 =A(") _ ﬂ(n)
ha®™ L0 ha®”

Thus, (A.6f), (A.6h) and (A.6k) all get verified.
Now, we remain to prove (A.6m). For determinant G(Z'Fll) (x), I =0,1, from the
second row to the last second row, after conducting several row transformations the

same as those on M/(;Jlr)z,,'_v and noticing the expressions (A.3), (3.1) and (3.10b) of

Yioko P:’) and Ql(:’), respectively, we obtain that

B (nkl) 0 (nt1) B (1)
> (n+1 — C C
G(z’}:; o) = | 7 k=L h kL k=Ll
Y2 Yia oo Y2k
- +1) (1) (n+1)
_ e e |G Gy G
h 1 2 .. X
k—1 (n+1) (n+1) (n+1)
_a(n>(ﬂ> o Ck—(l,ll) Rl Tl
7 n+) o n+l) 2 -1 (D) 2
Tl X D€ X M G X

(1) yk—1 2 (n+1) p(n+1) () ¢ () \k—1 gg(n+1) H(n+1)
BT e+ DET Py W) _ ¢ A L I C))

hxd k=1 =1

which is exactly (A.6m).
Therefore, we complete the proof of Lemma A.2.1.
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