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Abstract

This paper is concerned with the unconditionally optimal H !-error estimate of a fast
second-order scheme for solving nonlinear subdiffusion equations on the nonuniform
mesh. We use the Galerkin finite element method (FEM) to discretize the spacial
direction, the Newton linearization method to approximate the nonlinear term and
the sum-of-exponentials (SOE) approximation to speed up the evaluation of Caputo
derivative. Our analysis of the unconditionally optimal H '-error estimate involves the
temporal-spatial error splitting approach, an improved discrete fractional Grénwall
inequality and error convolution structure. In order to find a suitable test function
to estimate H !-error, we here consider two cases: linear and high-order FEM space,
using the time-discrete operator and Laplace operator in the test function respectively.
Numerical tests are provided demonstrate the effectiveness and the unconditionally
optimal H !-error convergence of our scheme.
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1 Introduction

The subdiffusion equations are widely used to describe various phenomena of
anomalous diffusion in control systems, physics, biology [1-3], and attract lots of
researchers in theoretical and numerical analysis. This paper focuses on the uncon-
ditionally optimal H'-error estimate of a fully discrete scheme for the following
nonlinear subdiffusion problem on a bounded convex domain 2 C R4 d=1,2,3):

CDY%(x, 1) = Au(x, 1)+ f(u), xeQ, 1€ (0T, (1.1)
u(x,0) = up(x), xeQ, (1.2)
u(x, 1) = 0, x€dQ,1€[0,T), (1.3)

where the Caputo derivative CD;" (0 < @ < 1) acting on u is defined as
t
CDY(x, 1) = / du(x, s)wi—o(t —s)ds  with  wp(t) =P71/T(B). (1.4)
0

There are three features for problem (1.1)—(1.3):

e the solution u has the initial time singularity;
the Caputo derivative is nonlocal;
e the problem is nonlinear.

The first feature of problem (1.1)—(1.3) is ubiquitous in nature that the solution u
is weakly singular near the initial time ¢ = 0. Generally, the regularity of the solution
has the following property [4—10]:

197wl oy < C1%™™,  form = 1,2. (1.5)

We point out that here C generally means a constant, which is independent of mesh
sizes h and 7, but it may depend on the given data (such as f, ug, «, 2, T). Thus, the
initial regularity will become an important consideration for any numerical method
to solve the subdiffusion problems. To achieve the optimal convergence rate, the
nonuniform/adaptive time step is required, which also brings more complicated and
difficult theoretical analysis of numerical schemes comparing with the uniform mesh.
A typical nonuniform mesh is the following general graded mesh

a<Cyry 7V (1<k<N), #=Cyticq and 0/6<Cpur/ti 2 <k < N),
(1.6)
where N represents the total number of time steps, y > 1 is a parameter and
T = maxX|<k<n Tk 1S the maximum step size. The general graded mesh has been suc-
cessfully applied to various time fractional PDEs, see [8—18]. For instance, Liao et al.

@ Springer



Numerical Algorithms (2023) 92:1655-1677 1657

[8] obtain the optimal O(rmi“{”“’z_"‘} ) convergence rate of L1 scheme on the nonuni-
form mesh. In which, a theoretical framework is proposed by presenting a discrete
complementary convolution (DCC) kernel, a discrete fractional Gronwall inequality
and an error convolution structure (ECS). Based on this framework, the optimal con-
vergence order of several widely used numerical schemes on the nonuniform mesh
is obtained successively, such as the optimal O(rmi“{V“’Z} ) convergence rate of L.2-
1o scheme in L2-norm [9] and the optimal O(rmi“{”“’z_“}) convergence rate of the
two-level fast L1 scheme in L2-norm [13].

The second nonlocal feature will lead to the huge computational storage and cost
for the long-time or small-mesh simulations, which is especially prohibitive to com-
pute the high-dimensional problem. To circumvent this difficulty of computational
complexity, there are generally two alternatives: one is to introduce the fast algo-
rithms to significantly reduce the computational storage and cost; another is to use
the high-order schemes to obtain the same accuracy with less time steps. For the fast
algorithms, one can refer to [19-26]. For instance, Jiang et al. [20] present the sum-
of-exponentials (SOE) approximation to speed up the efficient evaluation of Caputo
derivative, which significantly reduces the computational storage and cost. Late, Yan
etal. [21] apply the idea of SOE approximate to the second-order L.2-1, scheme. Baf-
fet et al. [22] combine the kernel compression scheme with a time stepping method.
Zhu et al. [23] present a fast L2 scheme with (3-«)-order with the application of
SOE approximation. Guo et al. [24] apply the fractional linear multistep method to
deal with the tempered fractional integral and derivative operators. For the high-order
schemes, one can refer to [27-30] for the widely used L2 scheme [28] and L2-1,
scheme [29]. In this paper, we will use the L2-1, scheme with the corresponding fast
algorithm presented in [20, 21] to speed up the computation of the Caputo derivative
on general graded mesh (1.6).

The third feature involves the nonlinearity of the problem itself. The typical meth-
ods to numerically deal with the nonlinearity involves pure explicit scheme, fully
implicit scheme, and implicit-explicit (or semi-implicit) scheme and so on. The pure
explicit scheme is the most easy implementation, but suffers from a CFL condi-
tion for the stability. The fully implicit scheme is generally unconditionally stable,
but needs extra computational cost for iteratively solving a nonlinear algebraic sys-
tem. A popular alternative is semi-implicit scheme which discretizes the linear term
by implicit scheme and the nonlinear term by a linearized or an explicit scheme.
The resulting semi-implicit scheme circumvents the iteration for the fully implicit
scheme, but also brings the difficulty of theoretical analysis of the unconditional
convergence. The so-called unconditional convergence here means the optimal con-
vergence does not suffer from any restrictions of ratios between temporal and spacial
mesh sizes. In this paper, we use the implicit scheme to discretize the linear disper-
sive term and use the Newton linearization method to approximate the nonlinear term
for the time direction, and employ the Galerkin FEM for the spacial direction.

The focus of this paper is on the unconditionally optimal H '-error estimate for
the proposed second order fast scheme to numerically solve problem (1.1) on the
nonuniform mesh. To do so, we first carefully use the SOE-based fast L2-1, approx-
imation of Caputo derivative [20, 21], which significantly reduce the computational
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complexity when the total number of the time step is large enough. After that, we use
the spatial-temporal splitting approach introduced in [31, 32] to prove our lineariza-
tion scheme is unconditionally convergent. The idea of the spatial-temporal splitting
approach is beginning with proving the boundedness of the solution to the temporal
semi-discrete scheme in the infinity norm, and then prove the optimal error estimate
of the fully discrete scheme, which successfully evade the ratio between time and
space mesh sizes. In the proof process, we consider u# is smooth enough in spatial
directions. Combined with the original (1.1), it further implies that Au is zero on
0%2. Finally, we use the theoretical framework developed in [8—10] to present the
error estimate for subdiffusion equations, which involves the discrete time fractional
Gronwall inequality, DCC kernel and ECS. This framework can effectively deal with
the nonuniform temporal scheme when the initial regularity is considered. Specially
for H'-error estimate, we divide the FEM space into two cases of linear and high-
order. Namely, when r = 1 (here r represents the degree of continuous piecewise
polynomials), the time-discrete operator is taken in the test function like [33, 34];
when r > 2, the Laplace operator is taken in the test function.

The paper is organized as follows. In Section 2, we introduce the fast L2-1,
scheme and fully discrete scheme. In Section 3, we first give some necessary lem-
mas, then split the error into spatial and temporal components for detailed analysis
respectively, and present the unconditionally optimal H'-error estimate. In Section 4,
some numerical results are provided to verify our theoretical analysis.

2 FastL2-1, and fully discrete schemes

We take the general nonuniform by 0 = #p < #f; < h < ... < ty = T with
time steps tx = fx — fx—1. Set tx—o = (1 — o)ty + otx—1, 0 € [0, 1] and the step
ratios px = Tx/Tik+1. There is a constant p > 0 such that the step ratios px < p for
1 <k <N-—1Setur =u(,t),u*° = (1 —o)uf + ou*~" and the difference
operator Vruk =u* —uk1for1 <k < N.Taking o = % here and after, the L2-1,
scheme is defined by

n—1

t h—o
Cpeyr—o = Z/ A (Mo ku(x, $))w1—¢ (th—o — ) ds+/ A5 (M1 u(x, $))w1—g (th—o — 5) ds
k=1 " 1k=1

th—1

n
=Y AP Vot @7
k=1

where I ru(x, s) and Iy xu(x, s) represent the linear interpolation with the nodes
tk—1, 1 and the quadratic interpolation at fx, #x—1, fx+1 for the variable s, and the

discrete convolution kernel Afl"_) & can be calculated by

ay” + pu1b}", k=n,
Ai,n_)k = a{ln_;k + pl(c—)lb,(,n,)kJr] - b,(;?ka 2<k=n-—1, (2.8)
n n
an—l_bn—l’ k=1,
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with

(n) 1 h—o (l’l) 1 179
ap’ = —/ o1—q(tn—o —8)ds, a, = —/ W1—g(th—o — 5)ds,
Tn th—1 Tk tk—1

2 /‘tk
= — (s—1t,_1)wi_g(ty—s — s)ds.
T e+ i) Jy k=2 e

It is known that the direct algorithm of the L.2-1, scheme (2.7) has the computational
complexity with the storage O(N) and cost O(N?), respectively. This computational
complexity will be huge and inadmissible for small time size or long time simula-
tions. It motivates us to consider a fast algorithm of L2-1, scheme based on the SOE
technique developed in [20, 21] to approximate the kernel # ~*. The resulting fast L2-
1, scheme only has the complexity of the storage O(log? N) and cost O(N log® N),
which significantly reduces the computational complexity for large N. The main
methodology of the fast algorithm in [20, 21] is presented as follows.
We first split CDf‘u"“’ into a local part / and a history part I, say

th—o
CD;"M”_" = / Osu(x, S)w|_q(ty—s —s)ds +/ Osu(x, $)w)—q(ty—g —s)ds =1+ 1I. (2.9)
1 0

n—1

The local part I is directly approximated by

h—o V. u" h—o
1@/ 3 (M u(x, ))w1—a(ty— — 5) ds = ;” / O1—a(the — $)ds == a" Veu". (2.10)

-1 n th—1

To speed up the evaluation of /I, we use the following SOEs approximation for the
kernel t~¢.

Lemma 2.1 ([20, 21]) For the given parameters «, €, 8 and T, one can find a family
of points s; and weights w; ; (i = 1,2, ..., P) such that

P
‘t—a _ Zwie—sil
i=1

where the total number P of exponentials needed is of order

<e, Vtels T], (2.11)

P = (’)((log(T/S) +log(loge ) loge ™" + (logs™! + log(loge™)) loch_]).
212)

Remark 1 In the practical simulations, we generally fix the tolerance error € as the
machine precision. Once fixing €, taking § = minj<x<y 7 and noting N = O(T' /1)
in (2.12), we have P = O(log N) for T > 1 and P = (’)(log2 N) for T = O(1).

By using the SOEs approximation of =% in (2.11), the history part /I can be
written as

P P
1 Ih—1
I~ —— Z/ s (Hz’n_lu(x, s))a),-e_s"(t"*"_s) ds := Z H;i(th—1)
P =)= Jo i=l )13
(2.13)
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with the history integral H;(fp) = 0 and the following recurrence formula

l th—1
Hi(ty—1) = e " Hi(ty_2)+ —— f a5 (Mo p—qu(x, s))wie™" (tn—o=$) g
ra-a/j,,
(2.14)
Combining (2.9), (2.10) and (2.13), we have the fast L2-1, scheme given as
P
FDYU"" = af"Veu" + " Hiltao). (2.15)

i=1
where H;(t,—1) can be calculated by the recurrence formula (2.14). For further

theoretical analysis, we can equivalently reformulate (2.15) into the following

convolution form
n

F — k
D" =Y B\, Vo, (2.16)
k=1
where
P -
ay” + 3 pu1by”, k=n,
i=1
P - ~
B;in—)k _ Z:l e—Si(fn—a—karl—o)(a:lk_';]) + e—sirk+1—apk,]br<lk_)k+l - b,(lk_tl)L 2<k=n-1,
i=
P ~
.z:lefsi(fn—a*TZ—rr)(&}gz_)l _ bflz—)l)’ k=1,
i=
2.17)
where
. 173
&r(zk—_:l) — i / e 5i(kt1-6—5) ds,
' —a) J,_,
- 2w; Tk .
b,(zkjk]) = ! f (s —t,_1)e ™ (ht1-0=5) g,
(o + e+ ) A — @) Jyy 2

(n)

n—

ML. B, | —B™ >0, forl<k<n-—1,

M2, B, > L eimelbm g gy—0 forl <k <n,

(n) 26 [t @1—g(In—S) 27,
M3. By" =1 ), , T O = ity

The discrete convolution kernel B, ', has the following properties [35]:

where € < €] = min{ﬁa)l_a(ﬂ, z—lﬁa)l_a(T)}. We point out that we only con-
sider « is a given constant throughout the paper, and does not consider the case of
oa — 0.

For the discretization in space, the continuous Galerkin FEM is used. For brevity,
we denote || - [loo as || - oo and || - |l @s || - [lyym.2, where || - [|wm.p represent
the norms for the Sobolev space W™ 7 ($2) [36]. Let V}, C Hl0 (2) be the space of
piecewise polynomials of degree < r corresponding to a conforming (quasi-uniform)
triangulation of © with maximum element size 2. We can get the following fully
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discrete scheme based on the Newton linearization method forn = 1,2,..., N,
namely

(DU, v) = —(VU™, Vo) + (fWU ) + (1 = o) /(U VU v), v e(zwf'g)

We first report the unconditionally optimal error estimate of scheme (2.18) as
follows.

Theorem 2.1 Assume the problem (1.1)—(1.3) has a unique solution u™ which satis-
fies (1.5) and is smooth enough in spatial directions. Then the fully discrete scheme

defined in (2.18) has a unique solution U;l’. If f e ct (R), there exist t*, h*, €*, such
that whent < t™*, h < h*, € < €*and ya <2 (y > 1), satisfying

lu" — UMy < C*(e™nved L g ), (2.19)

where C* is a positive constant independent of h, T and €.

The proof of Theorem 2.1 is presented in the next section.

3 Unconditionally optimal H'-error estimate

We here consider the truncation errors caused by the Taylor expansion at t,,_, and the
Newton linearization method, and introduce a discrete fractional Gronwall inequality.
After that, we use the temporal-spatial error splitting approach developed in [31] to
obtain the unconditionally optimal H '-error estimate.

3.1 Preliminaries

It is known that the continued kernel w, holds the semigroup property wq * wg =
W+, Namely

t
/ wu(t — Wwg(u — s)dp = weyp(t —s5), Y0 <s <t <00, (3.20)
N

thus we have wy * wi_¢ = w; = 1. For the discrete kernel Br(l"_)j in (2.17), it gen-
erally does not hold the same semigroup property (3.20) as the continued kernel. To

preserve the same property, a complementary discrete kernel P,f'i)k proposed in [9] is
introduced such that

S PM B =1, 1<ks<n (3.21)
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For the given value B;’_) » We can calculate Pn('i) f from (3.21) by using the following
recursive formula:

1, j =n,
m _ 1

n=i = g ® ® | p (3:22)
n n .
By Dh=jr1 Bl — B )P, 1= j<n—1

Next, we present several useful Lemmas.

N
n=1’

Lemma 3.1 ([10]) Let Br(ln_)k has properties M1 and M2. For any sequence (V™)
it holds

1 n
3 > B VAWK < (DX 0" 0), for 1<n<N. (3.23)
k=1

Lemma 3.2 ([34] An improved discrete fractional Gronwall inequality) Assume
Bé"_)k holds the properties of M1 and M2, and (S”)llqul, (r)")f:/:1 and (Al);vzgl are
three nonnegative sequences. If the nonnegative sequence (v*) 11<V=0 satisfies

n n
Y OBV <Y Mk 0" TE (P 1<n <N (324)
k=1 k=1

and the maximum step size T < 1//2naAl'(2 — ), then there exists a constant
A > ZINZBIM such that

k
0 (k) &j a/2 k
< 2E,(2max(1, p)nAAt,‘f)(v + 1211?; E 1 Pkfjgf + VAl —a) lr;llgn{tk n })
j=

2Eq (2 max(l, p)nAAx;f)(vo +7AT(1 — @) le‘i‘n{’-?gj} +Vmal (1 —a) lglfjn{z:/zn"})i (3.25)

<
S
A

IA

Lemma 3.3 ([35]) Assume that v € C3((0, T1) and satisfies (1.5). Denote
RE=7 = D%y (1 _o) — FD¥F 0 (3.26)
as the local consistency error of fast L2-1, scheme. Then the global consistency error
can be bounded by
n ,L.C(
Y PMIRT| < Cv(y1 +
k=1

-3 3 _—« € a2
max XX T, Y 4+ —t%t ), 3.27
1 2<k<n k k=1 "k “k—1 ntn—1 ( )

where f, = max{1, t,,}.

Lemma 3.4 Assume that v € C>((0,T]) and satisfies (1.5), and the nonlinear
function f(v) = f € C*(R). Denote the local truncation error by

Ry = f(vlt-0)) — FOH = (A —0) f/ W H V. (3.28)
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Then the global consistency error can bounded by

(n) k—o (n) k—o (n) k—o 2 2(ot 1)
XZ:P R +ZP VR +ZP ARV < Co(T +15 max i )-
(3.29)
The proof is presented in the Appendix for brevity.
Lemma 3.5 ([37]) Assume v € C>((0, T1) and satisfies (1.5). Denote by
R = Av(tp_y) — AVFTO.
Then it holds
_L,Za
Z P ‘Rk o| < CU( + 12 max £ fr,f) (3.30)
P o 2<k<n

3.2 Analysis of the semi-discrete scheme

We now consider the following semi-discrete problem at time f,,_,, namely
Fpegn=o = AU+ f(U" DY+ —0) U HV,U", n=1,...,N (3.31)

with the initial and boundary conditions

U%x) = uo(x), x €, (3.32)
U'(x) = 0, xe€dQ, n=1,...,N. (3.33)
Sete" =u" —U",n=0,1,..., N.Subtracting (3.31) from (1.1) produces
"DYe" 7 = A" " + E{TT + Ry T+ R+ R, (3.34)
where
EN = f" Y+ 0 -o)f @ V" — fU" -1 —0) f (U HV.U".
(3.35)

Next, we consider the boundedness of U” and the error estimate of e”.

Theorem 3.1 The semi-discrete problem (3.31)—(3.33) has a unique solution U".
Moreover, if f € C4(R), there exist €* > 0 and t™* > 0 such that when € < €* and
T < ™ it holds

le"|la < Crz™nre2) 4 O, (3.36)
10" loo < Q1, (3.37)
IFDEU" |, < C3, (3.38)
where ya =< 2, 01 = maXi<u<n |[W'llec + 1, C1,C2 and C3 are constants

independent of T and €.

Proof At each time level, (3.31) is a linear elliptic problem. So it is easy to obtain
the existence and uniqueness of the solution U”. We now use the induction to prove
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(3.36) and (3.37). For n = 0, it is obvious that (3.36) and (3.37) hold. Then, we
assume that (3.36) holds for 0 < k < n — 1, and have

1T oo < bl + lle¥lloo < lu¥[los + CalleX |2
< ¥l + Ca(Crz™m72 4 Cre) < 04, (3.39)

1
whenever € < ¢ = 1/(2CqCy) and t < 1, = (2CqCy) minlye2,| Noting ||Uk||Oo
and ||u*| oo are bounded for all 0 < k < n — 1, we further have

A

IEY N2 < 1@ D + 0 =) f/ " HVeuk = f U = (1 = o) f/ W HVU 2

If @ = FWE Dl + @ =) lI(f @ = F WD)k
+A =)l f WH @ = UH I+ A = o)lI(f @) = WD),
+(1 =)l WH @ = Ul

Calle* "Iz + Calie*, (3.40)

IA

IA

where C4 is a constant dependent on u, o, f, Q1.
Taking the inner production with ¢~ both sides of (3.34) for k = n, we have

(F»Ditekfa’ekfa) _ (Aekia,ekia) + (E{c—a’ekfa) + (R(lifa’ekfa) + (R:cfa’ekfa) + (Rl}—ri’ekfo)
= VUG + (Ef ™7, &) + (RS2 + Rf 7 + R4, ¢570)
(Ellcfa’ek—a) + (R(I;—rr + R:(_O _‘_R;fa’ek—o)

IA

Cs  pe Cs _ _ _ _
S NG + 1 IG + IR + RE™7 + Ry llolle" ™ o, (3.41)

where Cs is a constant dependent on u, o, f, Q1. By Lemma 3.1 (3.41) can be
rewritten as

k Cs  y Cs _ _ _ _
ZB“V 1115 < S G+ 1M 15+ RS + R + Ry llolle* = lo.

(3.42)
Recalling Lemma 3.2 and taking 7 < 7, = 1//8C5I'(2 — &), it holds

j
ek llo < 4E,(8Cs max{1, ,o}tk)( max ZP(” IR + R~ + R o). (3.43)
i_

Similarly, taking the inner production with —Ae*~7 both sides of (3.34) yields
Frya k— k—
( DIe" ™%, —Ae 0)
= (Aek™7, — A7) 1 (BN, — A=) 4 (RE77 + RE=7 ¢ R;T", — A7)
= —|Ae" |G+ (VE{ ™, Ve ™) + (V(RE™ + RF7 + R}77), Vet )

(VEf_U,V€k7U)+(V(Rk70 Rk*O‘ Rk U) Vek O‘)

IA

IA

Cs _
7||Ve’< g+ ||v 15+ V(RS + R + R )llol Ve 7 llo, (3.44)
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where Cg is a constant dependent on u, o, f, Q1.
Recalling Lemma 3.2 again and taking 7 < 7. = 1//8CsI" (2 — ), it holds

J
196" lo = 4Ea(8Comax(1, p}i)( max 3 PILIV(RG ™" + R~ + R77)lo).
T i=l

(3.45)
Next, multiplying (3.34) by A%~ and integrating the result over €2, we get

(FD?Ek_U,Azek_U) — (Aek_d, A2€k—c)+ (Ellcfa, A2€k—a) + (R(I;—a +R;r—cr + Rl;fn’ A2€k—c)

= —|AVE UG + (AEY, Ae ™) + (A(RS7 + R + Ry7), Adk™%)

IA

(AEF=, Aek=7) + (A(RE= + RE=7 4 R’;"’), Aek7)

IA

Cy _ Cq _ _ _ _
S 1ATHG + 1A IG + IARE™ + RE™7 + Ry loll e o, (3.46)

where C7 is a constant dependent on u, o, f, Q1.
Recalling Lemma 3.2 again and taking T < 75 = 1//8C7I'(2 — &), it holds

J
k ()
lAe ||os4Ea(8c7max{1,p}tz‘)(g7§k _§ PONARE + R+ R )lo).
1=

(3.47)
Based on Lemmas 3.3, 3.4 and 3.5, one has
! )
Dy pi- i— i—
S PR + RITT 4 R
i=1
< Y POART I+ Y PRI I+ PR N
i=1 i=1 i=1
2a oc
T
< Co(-% +1¢% max 1 12r2+ + max 41 Pl + 7t T +tf Jmax rztz(“ 1))
o 2<i<j o 1 —o2<i<j = ! <Jj
<C(i+t°‘ max %7 27% + max 47373 +ftt + 1 maxr2t2(a 1))
—Ua j2; tlt ]70{2<17 1 -1 iti—1
< C(_L,min{yot.Z +7(T7”-)a)’ (3.48)
o

where T = max{1, T}. Then putting (3.48) into (3.43), (3.45) and (3.47), we can
obtain

ekl < €y (emintre2) 4 E(Tf)“) = C M2 4 e, (3.49)

where C; = (Tg)a Cy and

C = 4Cu\/E§(8C5 max{l, p}T?) + E2(8Ce¢ max{l, p}T®) + E2(8C7 max{l1, p}T).

Then, whenever € < ¢; and T < 7,, we have

1U*loe < llu¥lloo + lle*loe < llu¥lloc + Ca(Crz™™®2) + Cre) < Q1. (3.50)
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Thus, the estimates (3.36) and (3.37) hold for n = k by taking t** = min{z,, 7,
7., T4} and € < €. The mathematical induction is finished.
Based on the above results, we now consider the proof of (3.38). By the definition,
we have
n—1
IFDEe" N2 = 1BV = Y (B, — B )e* — B, ll2
k=1
n—1
= B lle" 2+ > (B — BNk 2+ B 1012
k=1

IA

n—1
(B(()n) + Z(Br(tn—)k—l - Br(ln—)k) + Br(ln—)l)(clfmm{ya'Z} + Cae)
k=1

4 487~ .
< 2B(()n) (Cltmm{ya,Z} + C2€) < llr(;n_ p (Clrmln{}’a,Z} + CQG)
48
< —— (C;+ Cy), 3.51
< 11I‘(2—oz)( 1+ C2) (3.51)

where we apply the properties M3 in the penultimate inequality and take € < €3 =
rminly2} and yo < 2 in the last inequality. Therefore,

IFDXU" ||, < IFD*u" 7 |l + |IFD2%e" 7|2 < Cs. (3.52)

The proof is completed after taking €* = min{ey, €2, €3}. O
3.3 Analysis of the fully discrete scheme

We now consider the boundedness of the fully discrete solution U;'. To analyze
the fully discrete scheme (2.18), we introduce the Ritz projection operator R; :
Hj(Q) — Vj C HH(Q) by

(Vv — Ryv), Vo) =0, Vo € Vj.
For Vv € H*(Q) N H} (), it holds
[v— Rypvllo + AV — Rypv)flo < Coh’llvlls, 1<s<r+1. (3.53)
Let
U'—Up =U"-RU"+ R U"=U!=p}' +6;, n=0,1,...,N. (3.54)

The weak form of the semi-discrete (3.31) is

(DU v) = —(VU"°, Vo)+(f (U ) +1—0) f/(U V.U, v), Vv € V). (3.55)

Subtracting (2.18) from (3.55), we get
(FD2O) 7 v) = —(VO; 7, V) + (ES 7, v) — (FDp ™, v), (3.56)

T
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where

ES " = fU" Y+ U o)WV U" - fUH = (A —0) f (U V.U

(3.57)
Then, based on the boundedness of ||U" || in Theorem 3.1, we present the following
result.

Theorem 3.2 Suppose the semi-discrete scheme (3.55) has a unique solution U™ and
the fully discrete scheme defined in (2.18) has a unique solution U}', n = 1, ..., N. If
f e C4(R), there exist h* > 0 and ©™** > 0 such that when h < h* and T < ©***,
it holds

16} llo < h3, (3.58)
U} oo < Q2, (3.59)

where Oy = max ||RyU" |l + 1.
1<n<N

Proof Noting the coefficient matrix of the linear system arising from (2.18) is diag-
onally dominant, the solution U}’ of (2.18) exists and is unique. Here, we also apply
the mathematical induction to prove (3.58). It is easy to show (3.58) hold for n = 0.
Next, we assume (3.58) holds for 1 < k < n — 1, and have

A

k k k k —d Ak
1U oo < 1RRU oo 4 16F oo < 1RAU* |00 + Cah™21|6F 10
d_ 17
IR\ U |0 + Cah™2h% < |RpU¥ oo +1 < 02, (3.60)

IA

__4
whenever i < hy = Co .

Similar to the estimate (3.40) of E{‘f", we use the boundedness of ||U¥ ||« and
||U,f||Oo forall0 < k <n — 1 to obtain

IES ™ llo < If U + (1 = o) 0NV U = fUF) = (1= 0) f/WUfF )V UFllo
< IFWN = FWF Yo+ A =)W = F W)Uk
+(1 =) UFHWU* = UHNlo+ (1 =IO = F W) uk o
+(1 =) f OFHW = U Yl
< GsllUF = Uf o + CsllU* = Ufllo
< Csl6f"llo + Csllfllo + 2CsCah?, (3.61)

where Cg is a constant dependent on o, f, Q> and (3.53) is used in the last inequality.
Setting k = n and v = 6} 7 in (3.56), we obtain

("DEOL70,77) = —(VOT VO + (By 00,77 = (DR 7 6,77)

IA

_ Cy Co _ _ .
—vek G|\g+7||e{;||g+ 7ne,’j 13+ (2CsCah® + 1IFD2 of 7 1lo) 165 o

IA

Cy Co _ _
7||e,’;né+7ue,f N2+ (2CsCah® + CalFDEU*112h2) 16 N0, (3.62)
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where Cyg is a constant dependent on o, f, Q2. Applying Lemma 3.2, we have

A

16510 = 2Eq(8Co max{L. p}f) (1670 + 41 T(1 — o) (2CsCah® + max Cal DU |2h?))
==

IA

2E,(8Co max{l, p}z;;‘)(cg +4T°T(1 — &)(2CsCq + max Co [Fpeyi—° ||z))h2

< hi, (3.63)

whent < 1, = 1//8Col'(2 — @) and
) -4
h<hy= (ZEO,(SCg max{1, p}f)(Ca +4T“T(1 — @) 2CsCa + max Col DIV Hz)))
Then, when h < h1, we can verify that
_d

U oo < IRRU* lloo + 116 oo < IRAU loo + Cah ™2 651l0 < Q2. (3.64)
Thus, the estimates (3.58) and (3.59) hold for n = k by taking #* = min{h, h;} and
T*** = 1,. The proof is completed. O

3.4 The proof of Theorem 2.1

Noting the boundedness of ||U" || in Theorem 3.1, we can use the method in [33,
34] to get the estimate of |[u" — U}||; for the linear element (i.e., r = 1). The method
in [33, 34] will become too complicated to be used for high-order elements (i.e.,
r > 2). Hence, the following proof will be split into two cases: one is for » = 1 and
another one is for r > 2.

Proof We first prove the case of r = 1 by taking v = FD?6,'~7 in (3.56 ) to get

(FD?0270,F'D$9;”7”) = —(VQ}’Z*U,FD?VQ};Zfa)+(Er1707FDa9;lzfo) (F'Dap" o FDaezfg)
— _ C C B C
< —(vo 7 Foeve )+ e + eyt + o
*“FD“QZ ““o+*IIFD” ||o+*||FDa9;'Z °I3, (3.65)

where Cjg is a constant dependent on o, f, Q;. Rearranging (3.65) produces

Cio Cio C10

("Dve. Vo) < CIeIG + 16 I + HFD“ g
Cio Cio
= SoI6IG + =16, ||0+—h4+ <CQ||FD“U" 7ll2h*)?
Cl()CQ CIOCQ 10 -
= 5 IVEIG+ VO3 + 4+5(CQ||FD$U" 7l

From Lemma 3.2, it holds

V6 llo < 2E4(8C19Cq max{l, p}z,)

(V8810 + V28 (T = ot ( max Col'DyU7 2 + VCio)?). (3.66)
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when 7 < 75y = 1/4/8C10Col' (2 — a). Therefore, we have
lu" —Uyllt < lu" =U"|l1 + IU" = RyU"™ |1 + R U™ — U}/ |11
le™ I+ ol + 16711 < C*(z™ 2 4 h +€). (3.67)

Then, we prove the case of r > 2 by considering the exact solution u” satisfies
(FDYu"= v) = —(Vu"7, Vo) + (f@" H+ 1 —0) /" HVeu", v), Yo e Vi (3.68)
Set

" U =u" —Ryu" + R - U, =& +n,, n=0,1,...,N. (3.69)
Subtracting (2.18) from (3.68), we get

(FD¥ 0% v) = — (V7% Vu) + (E5 7, v) + (R + R + Ry v) — (FD2gr, v),
(3.70)

where
Ef O = f@" N+ f@" Ve — fUTH = (1= o) f/(U; YU (371

It is obvious that ||u" || and ||U}'||cc are bounded for 1 < n < N. So we obtain

IVE;™llo < IV(f @)+ 1 — o) f' " )Veu") = V(FW™H + A = o) f/ WU HV U o

< V(@™ = £ )0+ A =)V (/@Y = /Ol
+(1 =) V(W@ = UM)llo + A =)V ((F @™ = W Nu"" o
+(1 = )V(F WU H@ ™ = U H)lo
< Cnlva" = Ui Yl + CulV@™ = Upllo
< CullVai Mo + Ciul Vaillo + CuliVEL o + CrilIVEL o
< Culvay o+ CiliVagllo +2C11 Cah”, (3.72)
where C1j is a constant dependent on u, o, f and Q». Next, taking v = —AWZ_U in
(3.68) , we get
("D — A T) = (Vi =V AT 4 (BT —Any )
+HRI T+ R+ R, —Any ) — ("DEET, — A7)

— ARG + (VES™, V™)
+(VR!™ + VR + VR, V=) — (FD2VE! =, Vi ~°)

f
Ciy Ciy _
< 7||Vn,’§||3+7wnz "2+ (2CnCah”
HIVRI™ + Ry 4+ R llo + 1FDEVE ™ o) IVa; 7 llo
Ciy Ci2 _ _ _
< 7||Vn,’;||é+7uwz "3 + (2C11 Coh”™ + V(R + R

+R} o + Call"DEVU" =7 |11k IV 15~ o, (3.73)
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where C13 is a constant dependent on u, o, f and Q>. By Lemma 3.2 and (3.48), it
holds

A

1V9;ll0 = 2E48C1) (IV151F + 45T (1 = )(2C11 Ca” + max ColPDIVu,414")
<i<n

J
() i—o i—o i—o
+ max 3 PLLIVRT 4+ R+ Ry )l)

i=1

IA

2Ea(80,2tg‘)(cg +4TT(1 — ) (2C1 1 Cah” + max CalFDVU' |, 41h")
<i<n

+C(mintra2) 4 E(Tf)a)), (3.74)
o

when 7 < 7, = 1/4/8C12I'(2 — «). Therefore, we have

lu™ — Uil < llu" — Ruu" [y + [ Rau™ = Uyl = 18711+ Il < CH(™r @2 4 h7 4 €),
(3.75)

whenever ya < 2, t* = min{t™, t** 1/, 1.}, " = min{hy, hy} and €* =

min{eq, €;, €3}. Thus the proof of Theorem 2.1 is completed. O]

4 Numerical examples

We now provide two examples to demonstrate the unconditionally optimal con-
vergence orders with O(z™™Mr%2}) in time and O(h") in space as presented in
Theorem 2.1. Here we consider the graded meshes # = (k/N)Y (k = 1,..., N),
and divide the space 2 into M parts with quasi-uniform quadrilateral partition
Ti @ =1,---, M) with maximum mesh size 7 = max;<;<y{diam 7;}. The error is
calculated by H!-norm in space and the maximum norm in time.

Example 4.1 We first consider the following nonlinear subdiffusion equation
“Ditu = Au+sin(@) + g(x, .1,  (x,y) €O, D> 1€ 1]

As a benchmark solution to investigate the convergence orders in time and space
by using the linear and quadratic elements, the exact solution is constructed by
u(x, y, 1) = @ +1%x(1 —x)y(1 —y).

Tables 1 and 2 show the temporal errors and convergence orders by taking N =
8,16,32,64 and M = [NY%] with linear element for « = 0.5 and & = 0.8, respec-
tively. Table 3 presents the numerical results of the linear and quadratic elements for
a=05y=2,N= 104, M = 12,24, 48, 96, which illustrates the r-degree finite
element method has r-order accuracy.

The CPU time of the direct algorithm (2.7) and the fast algorithm (2.16) is given in
Table 4, which is calculated by using the linear finite element with M = 15, « = 0.5,
y = 2 and changing N from 1000 to 16000. One can see that the fast L2-1, scheme
can speed up the simulations significantly as N is larger.

If a numerical method is unconditionally convergent, given a N, the error should
be tended to a constant as M is taken larger and larger. The phenomenon is displayed
in Fig. 1 by respectively taking the linear and quadratic elements witho = 0.5,y = 2
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Table 1 Errors and convergence orders of temporal directions for Example 4.1
o N y=2 y =4
Error Order Error Order
0.5 8 3.72e-02 - 6.50e-03 -
16 1.87e-02 1.00 1.74e-03 1.90
32 9.32e-03 1.00 4.51e-04 1.95
64 4.66e-03 1.00 1.15e-04 1.98
yo 1 2
Table 2 Errors and convergence orders of temporal directions for Example 4.1
o N y =125 y =25
Error Order Error Order
0.8 8 3.74e-02 - 5.50e-03 -
16 1.86e-02 1.00 1.39e-03 1.99
32 9.32¢-03 1.00 3.48e-04 1.99
64 4.66e-03 1.00 8.7037e-05 2.00
yo 1 2

Table 3 Errors and convergence orders of spatial directions when & = 0.5,y = 2 and N = 10* for

Example 4.1
M Linear element Quadratic element

Error Order Error Order
12 2.49e-02 - 1.87e-04 -
24 1.24e-02 1.00 3.52e-05 241
48 6.21e-03 1.00 6.44e-06 245
96 3.11e-03 1.00 1.42e-06 2.18
Table 4 Computational time with M = 15, « = 0.5, y = 2 for Example 4.1
N 1000 2000 4000 8000 16000
fast algorithm 18.7s 59.8s 138s 289s 623s
direct algorithm 98.1s 472s 2104s 7546s 24920s
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Linear FEM %1 0_3 Quadrtic FEM
0.06 1.5
——N=5 ——N=15
——N=6 ——N=20
0.05
z N=7 2 4 N=25
£ —~N-8 2 ——N=30
= 0.04 g =
= 0.03 T 05
0.02 | |
100 200 300 400 05 10 15 20

M M

Fig.1 H'-errors of linear and quadratic finite elements with « = 0.5 and y = 2 for Example 4.1

for different M and N. Figure 1 shows that our error estimates are unconditionally
convergent.

Example 4.2 Consider the following two-dimensional nonlinear subdiffusion equa-
tion

D% = Au+u(l —u?) +g(x,y, 1), (x,y) €0, 1% 1e(,1],

with u(x, y, 1) = (1 4+ %) sin(zrx) sin(;ry) to investigate the convergence order in
time and space by using the linear and quadratic elements.

Tables 5 and 6 show the errors and convergence orders of temporal directions by
taking N = 8, 16, 32,64 and M = [N?*] with linear element for « = 0.5 and @ =
0.8, respectively. Table 7 presents the numerical results of the linear and quadratic
elements for« = 0.5,y =2, N = 104, M = 8, 16, 32, 64, which illustrates the
r-degree finite element method has r-order accuracy again.

In Table 8, the computational time of the direct algorithm (2.7) is compared with
the fast algorithm (2.16) with M = 10, ¢ = 0.3 and y = 2 for N from 1000 to 16000.
One can see that the smaller the time step, the more effective the fast algorithm.

In Fig. 2, the errors of the linear (on the left) and quadratic (on the right) elements
are shown with a fixed N and increasing M for « = 0.3, y = 2. The figure shows

Table 5 Errors and convergence orders of temporal directions for Example 4.2

o N y=2 y=4
Error Order Error Order
0.5 8 5.03e-01 - 6.64e-02 -
16 2.52e-01 1.00 1.67e-02 1.99
32 1.26e-01 1.00 4.18e-03 2.00
64 6.30e-01 1.00 1.05e-03 2.00
yao 1 2

@ Springer



Numerical Algorithms (2023) 92:1655-1677 1673
Table 6 Errors and convergence orders of temporal directions for Example 4.2
o N y =125 y =25
Error Order Error Order
0.8 8 5.03e-01 - 6.38e-02 -
16 2.52e-01 1.00 1.60e-02 2.00
32 1.26e-01 1.00 3.99¢-03 2.00
64 6.30e-01 1.00 9.98e-04 2.00
yo 1 2

Table 7 Errors and convergence orders of spatial directions when & = 0.5,y = 2 and N = 10* for

Example 4.2
M Linear element Quadratic element
Error Order Error Order
8 5.03e-01 - 2.66e-02 -
16 2.52e-01 1.00 6.56e-03 2.02
32 1.26e-01 1.00 1.62e-03 2.02
64 6.30e-02 1.00 4.02e-04 2.01
Table8 Computational time with M = 10, « = 0.3 and y = 2 for Example 4.2
N 1000 2000 4000 8000 16000
Fast algorithm 10.7s 35.6s 85.8s 201s 562s
Direct algorithm 77.1s 399s 1980s 7063s 24115s
0.06 Linear FEM %1 0-3 Quadrtic FEM
——N=15
005 1 ——N=20]
5 2 ——N=25
£0.04 = ——N=30
B 7 05
0.03 &
0.02 i 0
100 200 300 400 5 10 15 20

M

M

Fig.2 H'-errors of linear and quadratic finite elements with & = 0.3 and y = 2 for Example 4.2
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that the errors tend to different constants which illustrates our theoretical analysis is
unconditionally convergent.

5 Conclusion

The unconditionally optimal H '-error estimate of the SOE-based fast L2-1, scheme
is presented to numerically solve the nonlinear subdiffusion problem (1.1)—(1.3) on
the nonuniform mesh. The SOE approximation for Caputo derivative can efficiently
reduce the computational storage and cost when time steps are large. To deal with
the initial singularity of the solution, a nonuniform mesh is used to have the globally
optimal convergence, which also bring the complication of theoretical analysis. Thus,
we used a modified discrete fractional Gronwall inequality to present the stability
analysis, and introduced the ECS to express the truncation error of SOE-based fast
L2-1, scheme. Combining with DCC kernels and ECS, the global error analysis is
significantly simplified. For the nonlinear term, we consider a linearized scheme by
approximating it with a Newton linearization method and approximate the dissipative
term with implicit scheme. Then, we use the spatial-temporal splitting approach to
prove that the proposed scheme is unconditionally convergent. Numerical tests are
given to verify the effectiveness and optimal convergence of our scheme.

Appendix. The proof of Lemma 3.4

Proof By the Taylor expansion, we obtain

R = [ 6 s
_ / [kao N R kal)] £ (kal s — kal)) W7 — vk 1y ds
0
1
= (1 -2k = kal)zf A=) f" (kal +s@FT — vk—l)) ds,
0
VRET = (1 — )2 —o*1)2 1(1 —9f" (Uk—l T+ — Uk—l)) v (vk—l + sk — vk—l)) ds
f 0
1
+2(1 — 0)2(F — vy @k — vk’I)/ (1—=s)f" (vk’1 +s@kF7 — vk’I)) ds,
0
1
AR =201 - 0)?(0F = THVeF - v"*‘)f (1=s)f" (u"*‘ +s@7 — u"*‘))
’ 0
v (v"_l +s@F7 — vk_l)) ds
1
(1 — o)k — v"*‘)zf (1—s)f® (v"*‘ +sfT - v"*‘)) (V(vk*] +sfT - UH)))2 ds
0
1
+(1 —0)2(F — vk_l)Z/ (1 —s)f"” (vk_l +s7 — vk_l)) A (vk_l +sk — vk_l)) ds
0

1
+2(1 — 0)? (V(vk — vk’]))Z/ 1 —s)f" (vk’1 +s(k7 — vk’I)) ds
0
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1
201 — 02 (0F — AWK — vk_l)/ a—s)f" (vk_l s - vk_l)) ds
0
1
1201 — )20k — oYV ok — vk’])/ A=) f" (uk*‘ sk — uk*‘))
0

\Y (v’kl +s(k7 — vkil)) ds.

By the condition (1.5) of v, we have

I 2 N 2 2 ﬂ _
®| < (/ Iv’(z)ld’> =G (/ (1+t°‘")dt> =3 MU E A,
’ 1 i1 Cu(sz + rk2tk—l ), 2<k=<n,

1 2 I 1% 2, 1 —
<G (/ |v’(r>|dr) L G G i i
7= k- 7= Co(ty + 772 ), 2<k=<n,

i I I 2 I 2
< Cy / |U/(l‘)|dl‘/ VY (1)|dt + Cy </ \v/(t)\dt) +Cy (/ |v/(t)|dt>
th—1 k-1 tk—1 Te—1

t 2 I I t 1
+Cy </ \Vv'(t)\dt) + CU/ |v’(t)|dt/ AV (2)|dt + CU‘/. \v’(t)\dt[ |V (t)|dt
f—1 -1 Tk—1 Tk—1 -1

‘[20(
- Co(rf + 1), k=1,
CoE + 722%™y, 2<k<n

k—o
|VRf

A

k—o
|ARf

It can be further obtained that

n n n

@ | k= ™ |y pk- ™ | A k-
ZPn’jk‘Rf d +Zglfk‘VRf. ”‘JrZP"'Lk‘ARf o
k=1 k=1 k=1

+ max
2<k=n

+ max
2<k<n

() | pl—
= [%71 Rv ’ —

k—o
Rf

n

(n) (n) 1— k—
ZPH k+Pn—l |VR1/ 7 VRf 7
k=2

n

(n)
Z Pn—k
k=2

+ max
2<k=<n

+R ARy

k—o
ARf

n
(n)
pIEA
k=2

3a o 2 2,202
=G [11 +nax iy (fk + Tl )]

where C, in different places represents different constant. The proof is completed.
O
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