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Abstract

In this paper, we study the split feasibility problem with multiple output sets in
Hilbert spaces. For solving the aforementioned problem, we propose two new
self-adaptive relaxed C Q algorithms which involve computing of projections onto
half-spaces instead of computing onto the closed convex sets, and it does not require
calculating the operator norm. We establish a weak and a strong convergence the-
orems for the proposed algorithms. We apply the new results to solve some other
problems. Finally, we present some numerical examples to show the efficiency and
accuracy of our algorithm compared to some existing results. Our results extend and
improve some existing methods in the literature.
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1 Introduction

Let H; and H; be two real Hilbert spaces. Let C and Q be nonempty, closed, and
convex subsets of Hj and Hj, respectively. Let A : Hi — H» be a nonzero bounded
linear operator and let A* : H, — H be its adjoint. The split feasibility
problem (SFP) is formulated to find a point x* € H; satisfying

x* € C such that Ax* € Q. )]

The SFP was first introduced in 1994 by Censor and Elfving [1] in finite-dimensional
Hilbert spaces for modeling certain inverse problems and has received a great atten-
tion since then. This is because the SFP can be used to model several inverse problems
arising from, for example, phase retrievals and in medical image reconstruction [1, 2],
intensity-modulated radiation therapy (IMRT) [3-5], gene regulatory network infer-
ence [6], just to mention but few, for more details one can, see, e.g., [7-14] and the
references therein. In the span of the last twenty five years, focusing on real world
applications, several iterative methods for solving the SFP (1) have been introduced
and analyzed. Among them, Byrne [2, 9] introduced the first applicable and most
celebrated method called the well-known CQ-algorithm as follows: for xg € Hy;

Xnt1 = Pc(xn — T, A*(I — Pp)Axy)), )

where Pc and Pg are the metric projections onto C and Q, respectively, and the
stepsize 1, € (O, W) where ||A||? is the spectral radius of the matrix A*A.

The C Q algorithm proposed by Byrne [2, 9], requires the computation of metric
projection onto the sets C and Q (in some cases, it is impossible or is too expensive to
exactly compute the metric projection). In addition, the determination of the stepsize
depends on the operator norm which computation (or at least estimate) is not easy
task. In practical applications, the sets C and Q are usually the level sets of convex
functions which are given by

C:={xeH :c(x) <0land Q ={y € Hy: q(y) <0}, (3)

where ¢ : Hf — R and g : Hy — R are convex and subdifferentiable functions
on Hj and H,, respectively, and that subdifferentials dc(x) and dg(y) of ¢ and ¢,
respectively, are bounded operators (i.e., bounded on bounded sets).

Later, in 2004, Yang [12] generalized the C Q method to the so-called relaxed
CQ algorithm, needing computation of the metric projection onto (relaxed sets)
half-spaces C, and Q,, where

Cy = {x € Hy : c(xp) = &n, xp — x)}, @)
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where &, € dc(x,) and

On :={y € Hy: q(Axy) = (nn, Axn — y)}, ®)

where 1, € dq(Ax,). Itis easy toseethat C € C, and Q € Q, foralln > 1.
Moreover, it is known that projections onto half-spaces C,, and Q,, have closed forms.
In what follows, define

1
Julon) = 110 = Po,)Axyll?, (©6)

where Q, is given as in (5). f, is a convex and differentiable function with its
gradient V f,, defined by

V fu(xn) := A*(I — Pg,)Axy. @)
More precisely, Yang [12] introduced the following relaxed C Q algorithm for solving
the SFP (1) in a finite-dimensional Hilbert space: for xo € Hj;

Xn+1 = PCn (xn — TtV fu(xn)), ®)

where 1, € (O, W) Since Pc, and Py, are easily calculated, this method appears

to be very practical. However, to compute the norm of A turns out to be complicated
and costly. To overcome this difficulty, in 2012, Lopez et al. [15] introduced a relaxed
C Q algorithm for solving the SFP (1) with a new adaptive way of determining the
stepsize sequence T, defined as follows:

Pn fu(xn)
IV fu )l
where p, € (0,4),Vn > 1 such that liminf p, (4 — p,) > 0. It was proved that the
n—>oo

©)

sequence {x,} generated by (8) with 7, defined by (9) converges weakly to a solution
of the SFP (1). That is, their algorithm has only weak convergence in the framework
of infinite-dimensional Hilbert spaces. But, in the infinite-dimensional spaces norm
(strong) convergence is more desirable than the weak convergence for solving our
problems. In this regard, many authors proposed algorithms that generate a sequence
{xn}, converges strongly to a point in the solution set of the SFP (1), see, e.g., [15-19].
In particular, Lopez et al. [15] proposed a Halpern’s iterative scheme for
solving the SFP (1) in the setting of infinite-dimensional Hilbert spaces as follows:
foru, xg € Hy;

Xpt1 = auu + (1 — an)PCn (X = TaVfu(xp)),¥n > 1, (10)

where {o,} C (0, 1), and V f,(x,) and 1, are given by (7) and (9), respectively. In
2013, He et al. [16] also introduced a new relaxed C Q algorithm for solving the SFP
(1) such that strong convergence is guaranteed in infinite-dimensional Hilbert space.
Their algorithm generates a sequence {x,} by the following manner: for u, xo € Hj;

Xnt1 = Pc, (anu +(1 - ‘Xn)(xn - Tann(xn))) ) (11)
where C,, and 7, are given as in (4) and (9), respectively, and {«,,} C (0, 1) such that
o0

lim o, =0and Y o, = +00. Under some standard conditions, it was shown that
n—oo n=1
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the sequence {x,} generated by (10) and (11) converges strongly to p* = Pq(u) €
Q ={p e H : p € Csuchthat Ap € Q} of the SFP (1). Both schemes (10)
and (11) do not require any prior knowledge of the operator norm and compute the
projections onto the half-spaces C,, and Q,, (which have closed-form), and thus both
are easily implementable.

Some generalizations of the SFP have also been studied by many authors. We
mention, for instance, the multiple-sets SFP (MSSFP) [3, 20-34], the split common
fixed point problem (SFPP) [35, 36], the split variational inequality problem (SVIP)
[37], and the split common null point problem (SCNPP) [38—42].

Very recently, Reich et al. [43] considered and studied the following split
feasibility problem with multiple output sets in real Hilbert spaces.

Let H, H;, i = 1,2,..., N, be real Hilbert spaces and let A; : H — H;, i =
1,2,..., N, be bounded linear operators. Let C and Q;,i = 1,2,..., N, be
nonempty, closed, and convex subsets of H and H;, i = 1,2, ..., N, respectively.
Given H, H;, and A; as above, the split feasibility problem with
multiple output sets (SFPMOS, for short) is to find an element p* such that

prei=cn(nLa7'©n) # 0 (12)

Thatis p* € C and A; p* € Q; foreachi =1,2,..., N.

In 2020, Reich et al. [43] introduced the following two methods for solving the
SFPMOS (12).

For any given points, xg, yo € H, {x,}, and {y,} are sequences generated by

N
Xn+1 = Pc <xn — An ZA,*(I - PQ,')Aixn> > (13)

i=1

N
Y1 := e f(yn) + (1 —an) Pc (yn — Y AU - PQ,-)Aiyn> , (14)

i=1
where f : C — C is a strict contraction mapping of H into itself with the contraction
constant 6 € [0,1), A, C (0,00) and {o,} C (0, 1). It was proved that if the
sequence {1, } satisfies the condition:
2

O<a<M <b< 5
Nmax;—1 7, ~{llA;ill*}

for all n > 1, then the sequence {x,} generated by (13) converges weakly to a solution
point p* € Q of the SFPMOS (12). Furthermore, if the sequence {o;,} satisfies the
conditions:

o

nli)n;()a,, =0 and Zan = 00,
n=1

then the sequence {y,} generated by (14) converges strongly to a solution point p* €

Q of the SFPMOS (12), which is a unique solution of the variational inequality

(U= 1p*x—p*)=0VxeQ.
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An important observation here is that the iterative methods (Scheme (13) and
Scheme (14)) introduced by Reich et al. [43] requires to compute the metric pro-
jections on to the sets C and Q;. Moreover, it needs to compute the operator norm.
Due to this reason, the following question naturally arises. Question: Can we design
two new iterative algorithms (a weakly convergent and strongly convergent methods,
different from Scheme (13) and Scheme (14)) for solving the SFPMOS (12) which
mainly involves a self-adaptive step-size and requires to compute the projections onto
half-spaces so that the algorithm is easily implementable?.

We have a positive answer for the above question which is motivated by the iter-
ative schemes (13) and (14) proposed by Reich et al. [43] for solving the SFPMOS
(12), the Halpern’s-type iterative schemes (10) and (11) proposed by Ldpez et al.
[15] and He et al. [16], respectively, to solve the SFP (1). In this paper, we pro-
pose two new self-adaptive relaxed C Q algorithms for solving the SFPMOS (12) in
infinite-dimensional Hilbert spaces.

In the next section, we recall some necessary tools which are used in establish-
ing our main results. In Section 3, we propose self-adaptive relaxed C Q algorithms
for solving the SFPMOS (12), and we establish and analyze weak and strong con-
vergence theorems for the proposed algorithms. In the same section, we also present
some newly derived results for solving the SFP (1). In Section 4, we present the
application of our methods to solve the generalized split feasibility problem (another
generalization of the SFP). Finally, in the last section, we provide several numeri-
cal examples to illustrate the implementation of our algorithms compared to some
existing results.

2 Preliminaries

In this section, we recall some definitions and basic results which are needed in the
sequel. Let H be a real Hilbert space with the inner product (., .), and induced norm
II.Il. Let I stands for the identity operator on H. Let the symbols “—” and “—”,
denote the weak and strong convergence, respectively. For any sequence {x,} C H,
Wy (x,) = {x € H : I{x,,} C {x,} such that x,,, — x} denotes the weak w-limit set
of {x,}.

Definition 1 ([44]) Let C be a nonempty closed convex subsetof H.LetT : C — H
be a given operator. Then, T is called

(1) Lipschitz continuous with constant A > 0 on C if

ITx =Tyl < Alx —yll.Vx,y € C; (15)
(2) nonexpansive on C if

ITx =Tyl < llx —yll,Vx,y € C; (16)
(3) firmly nonexpansive on C if

ITx = Tyl* < llx = yI> = I = T)x = (I = T)y|I*, ¥x, y € C, 7)
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which is equivalent to
ITx —Ty|*> <(Tx —Ty,x — y),Vx,y € C; (18)

(4) averaged if there exists a number A € (0, 1) and a nonexpansive operator
F : C — H such that

T = AF + (1 — A)I, where I is the identity operator. (19)

In this case, we say that T is A-averaged.

Definition 2 ([44]) Let C C H be a nonempty, closed and convex set. For every
element x € H, there exists a unique nearest point in C, denoted by Pc (x) such that

llx — Pc(x)|l = min{|lx — y| : y € C}. (20)

The operator Pc (mapping Pc : H — C)iscalledametric projectionof H
onto C and it has the following well-known properties.

Lemma 1 ([44, 45]) Let C C H be a nonempty, closed and convex set. Then, the
following assertions hold for any x,y € H and z € C :

(1) (x—Pc(x),z— Pc(x)) <0;
(2) IIPc(x) — Pc)Il < llx = yli;

(3) NPc(x) — Pc(WI? < (Pc(x) — Pc(y), x — y);
(4) I1Pc(x) —zl? < llx —zlI> — llx — Pc ()|

We see from Lemma 1 that the metric projection mapping is firmly nonexpan-
sive and nonexpansive. Moreover, it is not hard to show that I — Pc¢ is also firmly
nonexpansive and nonexpansive.

Lemma 2 Forall x,y € H and for all o € R, we have

(1) x4+ yI> < x>+ 20y, x +y);

2) x4+ yI? = x>+ Iy + 2(x, )

(3)  (x,y) = SIxl?+ iy l? = Six =yl

4) lax+ (1 —a)y?> =alx|?> + 1 —)|yl> —a(l —a)|x — |

Fejér-monotone sequences are very useful in the analysis of optimization iterative
algorithms.

Definition 3 ([44]) Let C be a nonempty subset of H and let {x,} be a sequence in
H. Then, {x,} is Fejér monotone with respect to C if

Xn41 = zll < [l —zll, Vz € C.

It is easy to see that a Fejér monotone sequence {x,} is bounded and the limit
lim |x, — z]| exists.
n—oQ
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Lemma 3 (Demiclosedness principle of nonexpansive mappings [44]) Let C be a
closed convex subset of H, T : C — C be a nonexpansive mapping with nonempty
fixed point sets. If {x,} is a sequence in C converging weakly to x and {(I — T)x,}
converges strongly to y, then (I — T)x = y. In particular, if y = 0, then x = Tx.

Lemma 4 ([44, 46, 47]) Let C be a nonempty, closed, and convex subset of a real
Hilbert space H and let {x,} be a sequence in H satisfying the properties:

(1) lim ||x, — x*| exists for every x* € C;
n—odo
(2) ww(xy) CC.

Then, there exists a point X € C such that {x,} converges weakly to X.

Definition 4 Let f : H — R be a function and A € [0, 1]. Then,
(1) fis convexif

FOx+ A =2y <Af(x)+ A =2 f(y),Vx,y € H.
(2) Avector & € H is a subgradient of f at a point x if

fO)=>fx)+(&, y—x), VyeH.

(3) The set of all subgradients of a convex function f : H — Ratx € H, denoted
by df (x), is called the subdifferential of f, and is defined by

af(x)={§ € H: f(y)= f(x)+ (€, y—x), foreach y € H}.

4) Ifof(x) # 0, f is said to be subdifferentiable at x. If the function
f is continuously differentiable then df (x) = {V f(x)}. The convex function is
subdifferentiable everywhere [44].

(5) fiscalled weakly lower semicontinuous atxy if for a sequence {x,}
weakly converging to xo one has

f(x0) = liminf f(xy).

A function which is weakly lower semicontinuous at each point of H is called
weakly lower semicontinuouson H.

Lemma 5 ([48]) Let H| and H» be real Hilbert spaces and f : Hi — R is given by
fx) = %ll(l - PQ)A)c||2 where Q is a nonempty, closed convex subset of Hy and
A : Hy — H, be a bounded linear operator. Then, the following assertions hold:

(1) f is convex and differentiable;

(2) f is weakly lower semicontinuous on Hi;

(3) Vfx)=A"(I— Pg)Ax, forx € Hy;

(4)  Vfis||A|-Lipschitz, ie., |V f(x) = V(I < IAIIlx =y, Vx, y € Hi.

Lemma 6 ([49]) Let {A,,} be a sequence of real numbers that does not decrease at
infinity. Also consider the sequence of integers {¢(n)},>n, defined by

omn) =max{m e N:m <n, Ay, < Ap+1}-

@ Springer



1342 Numerical Algorithms (2023) 92:1335-1366

Then, {¢(n)}y>n, is a nondecreasing sequence verifying lim ¢(n) = oo, and for all
- n—o00

n > ng, the following two estimates hold:

Apm) = Apmy+1 and An = Apmy+1-

Lemma 7 ([50]) Let {s,} be a sequence of nonnegative real numbers satisfying the
following relation:

Sn+1 <= (1 —0n)sn + Qnitn + Op,n > 1,
where {0,}, {un} and {6, } satisfying the conditions:

(1) {on} C[0,1], ZZ.;I On = OQ;
(2) limsup p, < 0;
n—00

(3) 6,=0,3,2,6, <oo.

Then, lim s, = 0.
n—od

3 The iterative algorithms for solving SFPMOS

In this section, we propose new self-adaptive relaxed iterative methods for solving
the SFPMOS (12) in the infinite-dimensional Hilbert spaces, and we prove a weak
and strong convergence theorems of the proposed methods.

The relaxed projection methods use metric projections onto half-spaces instead
of projections onto the original closed convex sets. In what follows, we consider a
general case of the SFPMOS (12), where the nonempty, closed and convex sets C and

Q;(i=1,2,..., N) are given by level sets of convex functions defined as follows:
C:={xeH:cx)<0land Q; :=={y € H; : qi(y) <0} (21)
where,c : H - Randg; : Hi — R,i = 1,2,..., N are lower semicontinuous

convex functions. We assume that both ¢ and each ¢; are subdifferentiable on H and
H;, respectively, with subdifferential dc and dg;, respectively. Moreover, assume that
for any x € H a subgradient £ € dc(x) can be calculated, and for any y € H;
and for each i € {1,2,..., N}, a subgradient n; € dq;(y) can be calculated. Again,
assume that both dc and d¢q;(i = 1,2, ..., N) are bounded operators (i.e., bounded
on bounded sets). The subdifferentials dc and dg; are defined by

de(x):={ € H:c(z) 2clx)+(§,z—x), Vz€ H}
for all x € C and
0gi(y) :={ni € H; : qi(u) > q;(y) + (ni,u —y), Yu € H;}

forallye Q;,i=1,2,...,N.

In this situation, the projections onto C and Q; are not easily implemented in
general. To avoid this difficulty, we introduce a relaxed projection gradient methods,
in which the projections onto the half-spaces are adopted in stead of the projections
onto C and Q;. In particular for n € N, we define the relaxed sets (half-spaces) Cj,
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and Ql’f (i=12,...,N)of C and Q;, respectively, at x,, as follows:
Cp={x € H:c(xy) < (&, xn —x)}, (22)

where &, € dc(x,) is subgradient of ¢ at x,, and

O/ =={y € H; : qi(Aixy) < (0}, Aixn — y)}, (23)
where 1! € 9q;(A;x,). By the definition of the subgradient, it is easy to see that
C C Cyand Q; C QF (see [51]), and the metric projections onto C, and Q7

can be directly calculated (since the projections onto C,, and Q7 have closed-form
expressions), for example, for &, € dc(xy,)

Xn = FEREE., i &0 £ 0,
X, otherwise .

Pc, (xn) =
Now, we present the following easily implementable algorithms.
3.1 Weak convergence theorems
In this subsection, we propose a new self-adaptive relaxed iterative method for solv-

ing the SFPMOS (12) in the infinite-dimensional Hilbert spaces, and we prove a
weak convergence theorem of the proposed method.

Algorithm 1 Weakly convergent self-adaptive C Q algorithm for solving SFP-
MOPS.
Choose a constant > 0 and three sequences {p{'}, {05} C (0, 1) and
{ﬁi}fvz 1 > 0. Select an arbitrary starting point xo € H, and set n = 0. Given the
current iterate x,, € H. Compute the next iterate x,, 41 via the rule

N
Suet =50 = o (I = Pe,) xa — 10 3 0347 (1= Poy ) Aix,
i=1
where the step-size t, is updated self-adaptively as
Py (1 - PQ;’) Aixp

=2
Th

T (24)

where

2
N
S oiar (1= Por) i,

A
i=1

and C,, and Q7 are the half-spaces given as in (22) and (23), respectively.

T, .= max =

Theorem 1 Assume that the SFPMOS (12) is consistent (i.e., Q # ). Suppose the
sequences {p}'} and {py } in Algorithm I are in (0, 1) such that0 < a; < p} < by <1
and 0 < ay < py < by < 1, respectively. Then, the sequence {x,} generated by
Algorithm 1 converges weakly to a solution p* € Q of the SFPMOS (12).
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Proof For convenience, we set the following notations first (fori = 1,2,..., N)
f& = (1= Pe,) xu. fop = (1= Poy) Aixa. (25)
Consequently, the step-size 1, given by (24) can be written as

N
Py LI il £ 2

Ty - 26
where
N
7, := max {n ZﬁiAff&H, ,B} .
i=1
Then, the iterative sequence {x,} in Algorithm 1 can be rewritten as follows:
N
X+l =% = PLIE, = T ) ViAT [ 27)
i=1
Let p* € Q (R is the solution set of the SFPMOS (12)). By (27), we have
N
st = p*IP = llw = o7 fE, = T Y 0iAT [ = p* I
i=1
N
= llx, — p*II* - 2<xn — POl e 4 T ZﬁiA:‘f5;>
i=1
N
+ o0 S, T ) 0i AT f P
i=1
N
= llxn — p*I* = 2{xa — p*. o7 £2) = 2<x,, - r Z’?iA?‘f3¢>
i=1
N N
+ o0 P+ Nl D 0iA ol + 2<p’ff3,, T ZﬂiA?f§¢>
i=1 i=1
N
< lon — p*I> = 2{xn — p*. 07 £E) — 2<Xn P ZﬂfA7f5?>
i=1
N N
+ 0 SN Nl D0 AT ol + 2007 fE, Mz Y 0i AT
i=1 i=1
N
< lxw = P17 =200 — p*, P} £E) — 2<Xn - Zﬂif‘fféy>
i=1
N
+ 2007 £8 1P + 2020 Y 947 £ (28)

i=1
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Using Lemma 1 (1), we obtain the following two estimations.
(xn - P*’ pi’fg”) = loil (xn - P*’ fgn)
= p?((xn - PC,,(xn)s fg”> + <PC,, (xn) — P*, fg,))
= PIUfLE L &)+ (Pe, (i) — P*. F2))
> prllfe 1% (29)

\

N
< -p*, fnZﬂA an>= Zﬁi<xn_P*vA;kf&}>
i=1 i=1

N
=Tn Z F; <Aixn - Aip*, fn:l>
i=1

=1, XN: 9 (<f5:_,, fg?> + <PQ;.1 (Aixn) — Aip”, fgy))
i=1

(30)

Substituting (29) and (30) into (28) and since || ZlNzl VAT f 5'.1 I < 17,, we obtain
that l

A

N
2 2 2
st = p*I2 < llxw = P17 = 200 I fE 1P = 220 ) 04
i=1

N

+2101 18,17 + 2571 ) % AT Fll®
i=1

N
2
< b = pEIP = 207 (1= o) I8P = 220 05 \fg;f +21,%,
i=1
= llxn — p*II> =20} (1 - ") I I
N 2\ 2
LW i . (Bl
o=t or )
P @ "
2 2
(Z,N:N?i )
. (31

I = p*12 = 207 (1= 1) 152, 17 =203 (1 = p3) =
n

Since 0 < a; < p} <by <land0 < ay < pj < by < 1, we have from (31) that

2 2
%041 = PEI° < lloen — PEII%

Therefore, the sequence {x, } is Fejér-monotone with respect to 2. As a consequence,
lim |lx, — p*| exists. That is, {x,} is bounded, and hence the sequence {A;x, }lN_ 1
n—oo =

is also bounded.
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Noticing that ,of € [a1, b1] C (0, 1), we can obtain from (31) that
2a1(1 = b)ILfE NP < 207 (1= p}) 1£E 117
I — p*I* = llxn41 — p*II% (32)

Since {x,} is bounded and fgn is 1-Lipschitz continuous, there exists a real number
R > 0 such that || fgn > < R. Thus, we can obtain from (32) that

A

IA

lim | f& > = 0. (33)
n— oo
Hence, we obtain from (33)
lim ||fgn | =0. (34)
n—oo

Noticing that ,og € [ay, ba] C (0, 1), we can obtain from (31) that

N 2 2
(o))
2ax(1 - by) _ <205 (1-03)

n

2 2
5 [)
lxa — p*II* = 1xXnt1 — P¥II% (35)

Letting n — o0 on both sides of (35), we have
2)2

<Z,N:1 i

Since the iterative sequence {x,} is bounded and by the Lipschitz continuity of
fn;” the sequence [”ZlN:l z?l-A;“f&

bounded too. Therefore, we can get from (36) that

lim [l fpull =0 fori=1,2,...,N. (37)
n—o0 i

(ZL Vi

72
T

IA

n
Iy

(36)

o
} | is bounded and so the sequence {7,} is
n=

Next, we will prove that wy,(x,) C Q. For eachi = 1,2,..., N, since dg; is
bounded on bounded sets, there exists a constant y > 0 such that ||} || < y, where
ni € 0qi(A;x,). Then, fori = 1,2, ..., N, notice that PQ:; (Aixn) € QF, we have

qi(Aixp) < (0}, Aixy — Por(Aixy))

< IIn; M Aixn — Pgr(Aixp)ll
= I (1 = Poy) Aizall. (38)
By (37), we have forany i = 1,2, ..., N, that
limsupg; (A;x,) <O0. 39)
n—00

Let p € wy(xy,), there exists a subsequence {x,,} C {x,} such that x,, — p as
m — oo. By the weak lower semicontinuity of the function g; and (39), we get

qi(Aip) < liminfg;(Aixy,) <0, (40)
m—0oQ
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which means that A; p € Q; fori =1,2,..., N.
Since dc is bounded, there exists a constant § > 0 such that ||§,| < §, where
&, € dc(x,). Then, notice that Pc, (x,) € C,, we have

c(xp) < (&, xn — PC,l (xn))

< I&allllxn — P, (xa)l
<8I (I = Pc,) xall. (41)
By (34), we have that
lim sup c(x,) < 0. 42)
n—o0

By the weak lower semicontinuity of the convex function ¢ and (42), we obtain

() < liminfe(x,,) <O. (43)
m-—00

Consequently, p € C. Therefore, p € Q.
Notice that for any p* € Q, lim ||x, — p*| exists and wy (x,;) C 2. Therefore,
n—>oo

applying Lemma 4, we conclude that the iterative sequence {x,} converges weakly
to a solution of the SFPMOS (12). This completes the proof. U

For N = 1, we note the following iterative method for solving the SFP (1).

Algorithm 2 Weakly convergent self-adaptive C Q algorithm for solving SFP.

Choose a constant > 0 and two real sequences {p{}, {05} C (0, 1). Select an
arbitrary starting point xo € Hj, and set n = 0. Given the current iterate
X, € Hp. Compute the next iterate x, 41 via the rule

Xn+1 = Xn — ,0? (I - PC,,) Xn — TnA*(I - PQ,,)Axn
where the step-size t, is updated self-adaptively as

P = Po,)Ax,|?

n -

- (44)
7
where
T, := max {||A* (I — PQ,,) Axp |, ﬁ} ;
and C,, and Q,, are the half-spaces given as in (4) and (5), respectively.

As an immediate consequence of Theorem 1, we obtain the following corollary.

Corollary 1 Assume that the SFP (1) is consistent. Suppose the sequences {p}} and
{0y} in Algorithm 2 are in (0, 1) such that 0 < a1 < p} < by < 1l and 0 <
ay < py < by < 1, respectively. Then, the sequence {x,} generated by Algorithm 2
converges weakly to a solution p* € Q = {p € Hy : p € C such that Ap € Q}.
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3.2 Strong convergence theorem

In this subsection, we propose a new iterative method for solving the SFPMOS (12) in
the infinite-dimensional Hilbert spaces, and we prove a strong convergence theorem
of the proposed method.

Algorithm 3 Strongly convergent self-adaptive C Q algorithm for solving SFP-
MOPS.
Choose a constant 8 > 0 and sequences {p/'}, {05}, {an} C (0, 1) and
{9 }1N= | > 0.Letu € H be a fixed point, take an arbitrary starting point xo € H,
and set n = 0. Given the current iterate x,, € H. Compute the next iterate x,41
via the rule

N
X1 = Qi+ (1 —ay) (xn — o} (I = Pe,)xn— 10 ) 0iAF(I — PQ?)Aixn> ,

i=1

where the step-size t, is updated self-adaptively as

,0’21 ZzNzl 291‘ (1 - PQ:I> Aix,,

=2
Th

T, (45)

where

2
N
ZﬁiA;k(l — PQ;’)Aixn s ﬁ} ,
i=1

and C, and Q are the half-spaces given as in (22) and (23), respectively.

T, := max {

Theorem 2 Assume that the SFPMOS (12) is consistent (i.e., Q # @). Suppose the

sequences {p'}, {p5}, and {a,} in Algorithm 3 are in (0, 1) such that 0 < ay < p} <

by <1land0 < ap < pg < by <1,and lim «, = 0 and Z?,O:()Oln = 00. Then,
n—oo

the sequence {x,} generated by Algorithm 3 converges strongly to the point p* € <,
where p* = Pqu.

Proof For simplicity, the same as we did in the proof of Theorem 1, we introduce
some notations first.

f&, = (1= Pe,) xn, fon = (1 — PQ7) Aixp fori=1,2,.... N,

N
Yn = Xn — )O’ffgn —Tn ZﬂiA;kfgzls

i=1
where T, is the stepsize given in the Algorithm 3 and can be defined as
P8 i il P

= (46)

Ty
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,,:_max{ ZﬂA an , }

Then, the iterative sequence {x,} in Algorlthm 3 can be rewritten as follows:

where

Xpt1 = ot + (1 — o) . 47
Let p* € Q. Using Lemma 2 (1) and by (47), we have that
IxXps1 — P*I* = llotau + (1 — ap)yn — p*|I?

= llanue + (1 = ) yn — p* + o p* — oy p*|1?

=l — p*) + (1 — &) (v — p)I?

< (1= a)?lyn — P*I” + 2(an( — p*). Xps1 — p*)

< (L=a)llyn — P*I* + 200 (u — p*, Xug1 — p%).  (48)
From (31), we have

N
<Zi:l Ui fg;

2)2
. 49

Iyw = P*IP < llxw — p*I7 =207 (1= p}) I, 17 = 205 (1 — pb) =
n

From (48) and (49), we obtain
%01 — P¥I1* < (1 — )y — p*I> + 20 (u — p*, Xpi1 — p*) —

(S i 2)

(1 —a) | 20} (1= p}) A2 1% +20% (1= p3) = 30)
n

Now, we prove the sequence {x, } is bounded. Indeed, using the assumptions imposed
on {p'}, {07} and {a, }, we have from (50) that

a1 — PEIP < (1= o)X — P12 + 20 (4 — p*, Xpg1 — p¥)

1
< (I —an)llxn — p*IP1 + danllu — p*)1* + Zon g1 = PrIP

Consequently,
%2 1 - 7%
[Xn41 — P77 < ||xn PP+ —4— ?”M—P I
— Z 1—1iq,
§maX{|lxn Pl —Ilu—p Il}
16
Smax{||XO_P*||7?||M_P*||}~ (G

This shows that the sequence {x,} is bounded, and {y,} and {A;x, }1N= 1 as well.
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Next, with no loss of generality, we may assume that there exist o1, oo > 0 such
that 2p (1 — pi’) (1 —ay) > o1 and 20} (1 - pé’) (1 —ay) = oy forall n.
Setting s, = ||x, — p*||%, we get from (50) that

2
o2 (I vill 1 1)

72
Ty

IA

sni1 — (L—an)sy + o1l & 117 + 20, (4 = p*, Xyt — p*)

IA

2apllu — p*llxnsr — p*lI. - (52)

Now, we prove s, — 0 by distinguishing two cases.
Case 1: Assume that {s,} is eventually decreasing. That is, there exists k > 0 such
that 5,41 < s, holds for all n > k. In this case, {s,} must be convergent, and from
(52) it follows that

o (S 21l £ 12

72
Ty

2
(alnfgnn% ) ) < anK + (n—sur1),  (53)

where K > 0 is a constant such that 2||lu — p*||||x,+1 — p*|l < K foralln € N.
Since o1, 03 > 0, and «;;, — 0 as n — 00, we have from (53) that

lim [|f2 11> =0= lim |fZ 1 =0= lim || (I = Pc,) xll =0,  (54)
n—oo n—o0 n—o00

and

N 2\?
<Zi:l vi | for )
lim —0. (55)

n— 00 ‘Enz

Next, we show that {fg,_l ] — 0. To do so, it suffices to verify that {|| Zf\’zl ﬁiAj‘fgn ||2}
is bounded. Since p* € 2, we note that A;." (I — PQ?) A; p* = 0. Hence, it follows
from Lemma 5 that

147 (1 = Pop ) Aixa — A7 (1 = Poy ) Aip™l < < max |4, ||2) s = P (56)
i t 1<i<N

and since {x,} is bounded, for all i = 1,2,...,N, we have the
sequence HA;* (1 —PQin)A,vxn }_1 is bounded. This implies that the sequence

N
Iz oz,

fore, we can get from (55) that

o
} | is also bounded. Consequently, {7,} is bounded too. There-
e

lim || f4]l = 0= lim | (1 - PQ»;) Aixpll =0 (57)
n— oo i n— oo i
fori=1,2,...,N.

Next, we verify that w,, (x,) C Q. Foreachi = 1,2,..., N, since dg; is bounded
on bounded sets, there exists a constant § > 0 such that ||n!|| < & for alln > 0,
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where 1! € 0g; (A;x,). Then, from the fact that Pgr (Aixp) € QF and (23), it follows
(fori =1,2,...,N) that

qi(Aixp)

IA

(0}, Aixn — Por(Aixn))
7 1 Aixn — Por (Aix) |

81 (1 = Poy) il (58)

IA

IA

Let p € wy(x,), there exists a subsequence {x;,} of {x,} such that x,, — p as
m — oo. Then, the weak lower semicontinuity of ¢; and (58) imply that

qi(Aip) < liminfg;(Ajxy,) < 0. (59)
m—00

It turns out that A; p € Q; fori = 1,2, ..., N. Next, we turn to prove that p € C.
Since dc is bounded, there exists a constant y > 0 such that ||§,|| < y foralln > 0,
where &, € dc(x,). Then, from that trivial fact that Pc, (x,) € C,, and (22), it follows
that

c(xp) < (&, xn — PC,, (xn))
&l — Pe, Ge)l
yI (I = Pe,) xall. (60)

The weak lower semicontinuity of ¢ then implies that

INIA

c¢(p) < liminfe(xy,) <0. 61)
m—0oQ

Consequently, p € C. Therefore, p € Q. Hence, wy,(x,) C Q.
Moreover, we have the following estimation

N
Xn — |:(¥nu + (1 —ay) (xn —,O?fgn - TMZﬁIATfE:l):Hl

lXn — X411l =
i=1

N
= [onCxn — 1) + (1 — ) (p?fgn + T ZM?@) |

i=1

D R A
< dpllxn —ull+ A —an) | P71 fe, Il + = : ;
n
since {x,} is bounded and lim «, = 0, we have that lim «,|x, — u| = 0. Noting
n—od n—o0

that {||A7(1 — PQ;z)Aian}So:l is bounded, (57) together with the conditions 0 <
a; < pf <by <land0 < ay < pj < by < 1, we have that

N
o8 LI 041 £ I

n

)

lim (1 =) | o} 172,11+

n—

which implies that

lim [lx, — xp41( = 0. (62)
n—>00
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Furthermore, due to Lemma 1 (1), we get

limsup{u — p*, x, — p*) = max (u— Po(u),z — Po(u)) <0. (63)

n—00 Z€wWy (Xn)

Taking into account of (52), we have
Snt1 < (1 — ap)sp + 20, (u — P*a Xn+1 — P*)- (64)

Applying Lemma 7 to (64), we obtain s, = ||x, — p* 1> = 0.
Case 2: Assume that {s,} is not eventually decreasing. That is, we can find an
integer ng such that s,, < s,,+1. Now we define

My :={no <m <n:sm<Smy1},n > no. (65)
It is easy to see that M,, is nonempty and satisfies M,, C M,,;+1. Let
¢(n) := max M, n > ny. (66)

It is clear that ¢ (n) — 0o as n — oo (otherwise, {s,} is eventually decreasing). It is
also clear that s¢(n) < s¢(n)+1 for all n > ng. Moreover,

Sn < Spm)+1, N > no. (67)

In fact, if ¢ (n) = n, then (67) is trivial: if ¢ (n) < n, from (66), there exists some
Jj € N such that ¢ (n) + j = n, we deduce that

Sn = Spm+j < < Spm)+2 < Spm)+1> (68)

and (67) holds again. Since s¢n) < S¢n)+1 for all n > nyg, it follows from (53) that

o2 (L il £ 1)

il 217 + > <@gk =0, (69)
L)
so that
: o) | _ . _
im0 =0 lim (7 = Pey,) )% =0, (70)
and
(i 9l g 1
lim — =0. (71)
n— o0 T
¢ (n)
o0
Noting that { HA;‘(I — PQ¢<n))Aix¢(n) } is bounded, fori = 1,2, ..., N, we also
i n=I1

have that

=0. (72)

lim ¢ (n)
e

n—oo

=0= nli)n;o H - PQ:p(m)Aixqb(n)

By the same argument to the proof in Case 1, we have wy, (x4 ) C 2.
Furthermore, by the same argument to the proof in Case 1, from (62), we have that

Jimllxg ey — xgen+1ll = 0. (73)
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Thus, one can deduce that

limsup(u — p*, xpmy+1 — p*) = limsup(u — p*, xg(n) — p*)

n—0o0 n— oo
= max (u— Pq(),z— Po(u))
€Wy (xqﬁ(n))
< 0. (74)
Since s¢n) < S¢(n)+1, it follows from (52) that
Spn) < 2(u — p*, Xgmy+1 — p* >, n > ny. (75)
(74) and (75) together gives
limsup sg(n) < 0. (76)
n—>0o0

Hence, lim sg(;) = 0, which together with (73)
n— 00

Som+1 = Ixpm+1 — Pl

oy — P*) + Xgpmy+1 — X))l

< Ixgm) — P*I + 1xpmy+1 — Xpm I

= /Spm) + IXpm+1 — Xpm |l — 0, a7

which, together with (67), in turn implies that s, — 0, that is, x, — p*. Therefore,
the full iterative sequence {x,} converges strongly to the solution p* = Pgq(u) of
SFPMOS (12). This completes the proof. O

A

Corollary 2 Assume that the SFPMOS (12) is consistent (i.e., 2 # @). Let xo € H
be an arbitrary initial point, and set n = 0. Let {x,} be a sequence generated via the
manner

N

Xna1 = opxo + (1 — o) (xn - o7 (I — Pcn)xn -1, Zﬂ,'A}“ (1 — PQ:;> Aixn)
i=1

s where the step-size 1, is updated self-adaptively as

AL il = Pon)Aixall®
- =

(78)

Ty -

where for a constant 8 > 0

N
Z, := max [ 1Y oA (1 — PQ?) Aixnl, /3} ,

i=1
and Cy, and Q7 are the half-spaces given as in (22) and (23), respectively. Suppose
the parameters {p\'}, {03}, {an} are in (0, 1) satisfying the conditions in Theorem 2,
and {ﬁi}lNz | > 0. Then, the sequence {x,} converges strongly to the point p* € <,
where p* = Pq(xp).

Similarly as in Subsection 3.1, for N = 1, we again obtain the following strongly
convergent result regarding the SFP (1).
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Algorithm 4 Strongly convergent self-adaptive C Q algorithm for solving SFP.

Choose a constant 3 > 0 and three real sequences {p}'}, {05}, {an} C (0, 1). Let
u € H; be a fixed point, take an arbitrary starting point xo € Hj, and setn = 0.
Given the current iterate x,, € H;. Compute the next iterate x, 41 via the rule

X1 = ot + (1 — o) (X — /0? (I - PC,,) Xn — TnA* (I - PQ,,)xn) s

where the step-size t, is updated self-adaptively as

AU PopAn|’

n -

2 (79)
where

7, == max | [|A* (I — Pg,) Axall, B},
and C, and Q, are the half-spaces given as in (4) and (5), respectively.

As an immediate consequence of Theorem 2, we obtain the following corollary.

Corollary 3 Assume that the SFP (1) is consistent. Suppose the sequences {p''},

{0y} and {a,} in Algorithm 4 are in (0, 1) such that 0 < a; < p < by < 1 and

0<a < ,05‘ < by, < 1,and lim o, = 0 and Z?lio oy, = 00. Then, the sequence
n—odo

{x,} generated by Algorithm 4 converges strongly to the point p* = Po(u) € Q =

{p € H : p eC suchthat Ap € Q}.

4 Application to the generalized split feasibility problem

In this section, we present an application of Theorems 1 and 2 for solving generalized
split feasibility problem (another generalization of the SFP) in Hilbert spaces. We
recall the generalized split feasibility problem first.

In 2020, Reich and Tuyen [52] first introduced and studied the following general-
ized split feasibility problem (GSFP).

Let H;,i = 1,2,..., N, be real Hilbert spaces and C;, i = 1,2,...,N,
be closed and convex subsets of H;, respectively. Let B; : H; — Hjy1, i =
1,2,..., N — 1, be bounded linear operators such that

S:=CnB N CyN--- B! (32—1 (B;,{l (CN)>) £, (80)

Given H;, C; and A; as above, the generalized SFP (GSFP)([52]) is to
find an element p* € S. (81)
That is p* € Cy, Bip* € Ca,..., By—1By—2...B1p* € Cy. In [52], Reich and
Tuyen proved a strong convergence theorem for a modification of the C Q method

which solves the GSFP (81). For more details on the GSFP (81), one can read the
paper [52].
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Remark 1 ([43, Remark 1.1]) Letting H = H,C = C1,Q0; = Ciy1,1 <i <
N —1,A; = B;,A) = B)By,...,and Ay_1 = By_1By_2BNx_3...ByBj, then
the SFPMOS (12) becomes the GSFP (81).

From Theorem 1 and Remark 1, we note the following theorem for solving the
GSFP (81).

Theorem 3 Let H = H,C =C(,Q0; = Ciy1,1 <i < N—-1, A; = B, Ay =
BBy, ...,and Ay_1 = By_1BNy_2BN_3...ByB|. Assume that the GSFP (81) is
consistent (i.e., S # ). Let xo € C1 be an arbitrary initial point and set n = 0. Let
{x,,} be the sequence generated by

N-—1
Xps1 = Xy — P (1 - Pc?) =T Y DA (1 — P%) Aixn  (82)
i=1

where C and C l.”+ | are half-spaces of Cy and C;+ (at the nth iterate ), respectively,

2
N-1
:03 Zizl Ui

<1 — Pcin+1> A;ixy,

72
Th

Ty

where for a constant 8 > 0

N-1

S wiAr (1= Pey,) A

i=1

vﬁ}v

and the sequences {p}}, {p3} C (0,1) such that 0 < a; < p! < by < 1 and
0 <ap < pé’ < by < 1, and the parameter {19,-}11.\7=1 > 0. Then, the sequence {x,}
generated by the iterative scheme (82) converges weakly to a solution p* € S.

T, .= max [

Again, using Theorem 2 and Remark 1, we note the following result to solve the
GSFP (81).

Theorem 4 Let H = H|,C = Cy, Q; = C,'_;,_],l <i<N-1, A = B,A =
BBy, ..., and Ay_1 = By_1BNy_2BN_3...ByB). Assume that the GSFP (81) is
consistent (i.e., S # @). Let u € Cy be a fixed point and xo € C\ is an arbitrary
initial point, and set n = 0. Let {x,} be the sequence generated by

N-—1
Xni1 = @t + (1 — ap) (x,, — ot (1 _ Pcyf) =T Y DAL (1 _ PclnH) Aix,,)
i=l1

(83)
where C{ and C}' | are half-spaces of Ci and Ci41, respectively,

2
N—1
Py > icy Vi

(I — PCFH) Ajxp

2
2n

Ty
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where for a constant B > 0 and

N—1
Z, := max { 3 9 A7 (1 — PclnH) Aixnll ,3} ,
i=1

the sequences {p]}, {05}, {an} C (0, 1) suchthat0 <a; < pf <b; <1, 0 <ay <
0y < by <1, lim o, = 0 and ZZO:O o, = oo, and the parameter {29,-}?/:] > 0.
n—>oo

Then, the sequence {x,} generated by the iterative scheme (83) converges strongly to
the solution p* € S, where p* = Ps(u).

5 Numerical results

In this section, we present some numerical examples to illustrate the implementa-
tion and efficiency of our proposed methods compared to some existing results by
solving some problems. The numerical results are completed on a standard FUJIT-
SUNOTEBOOK laptop with 11th Gen Intel(R) Core(TM) i7-1165G7 @ 2.80GHz
2.80 GHz with memory 16GB. The code is implemented in MATLAB R2022a. In
our numerical experiments, Iter. (n) stands for the number of iterations and CPU(s)
for the Elapsed time-run in seconds.

Example 1 ([43]) Consider H = R19, H; = R?, H, = R and H3 = R*’. Find a
point p* € R!? such that

preQi=CNAT(Q)NA (0N AT (Q3) #0, (84)
where the sets C and Q;, and the linear bounded operators A; are defined by

C={xeR: |x—c|?> <r?},

01 = {Aix e R : JAx —¢1]” <17},
02 = {A2x e R : | Asx — e2]|* <15},
03 = {A3x e RY: | Asx — 3)? < r3}.

(85)

where ¢ € R0, ¢; e R ¢, e RO, ¢35 e R*, r,r;, 15,13 € R, and A; : R0 —
R0 A, : RI0 5 R3O Az - R0 — R4 In this case, for any x € R0 we have
c(x) = [lx —c||> —r* and ¢; (A;x) = |Ajx — ¢;||> —r? fori = 1,2, 3. According to
(22) and (23), the half-spaces C,, and Q7 (i = 1, 2, 3), respectively of the sets C and
Q; are determined at a point x,, and A;x,,, respectively as follows:

Cp={x e R |Ix, —c|l> —r? <2(x; — €, x, —x)},

01 ={y eR¥: |Aix, —ci1|? — 17 <2(A1x, — 1, Arx, — Y)},
04 = {y e R : | Aox, — €2l — 15 < 2(Azx, — €2, Aoxy — )},
0% ={y e R*: | Asx, — c3)* — 15 < 2(A3x, — ¢3, A3x, — ¥)}.

(86)

Then, the metric projections onto the half-spaces C;, and Q7 (i =1, 2, 3), can be eas-
ily calculated. The elements of the representing matrices A; are randomly generated
in the closed interval [—5, 5], the coordinates of the centers ¢, ¢y, ¢2, €3 are randomly
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generated in the closed interval [—1, 1], and the radii r, r1, 3, r3 are randomly gen-
erated in the closed intervals [10, 20], [20, 40], [30, 60] and [40, 80], respectively.
For simplicity, denote e; = (1, 1, ..., DT e R0,

In this example, we examine the convergence of the sequence {x,} which is
defined by Algorithms 1 and 3 by solving problem (84) compared to the recently
introduced iterative methods for solving the SFPMOS (12) given by Scheme (13),
Scheme (14), and with the following viscosity approximation an optimization
approach method proposed by Reich et al. [53] for solving the SFPMOS (12). For
any given point xo € H, {x,} is a sequence generated by the iterative method

Xnt = an f Q) + A —a)Pe [ xu = dn Y vinAF (I = Pg,) Aixy | . (87)
i€l (xn)
where f : C — C is a strict contraction mapping of H into itself with the contraction
constant 6 € [0,1), {a,} C (0,1), I(xy) = {i:|Aixy— Po Aixy|
= max;=12,. N | Aixy, — Pg, Aixy H}, Yin > 0 for all i € [I(x,) with
Y iel(x,) Yin = Loand for {p,} C [a.a] C (0,2) {A,} C [0, 00) such that

(max;=1.2,..N IIAi)Cn—PQ,»Ai)cnll)2 . "
o = L P TS e AP A L Lict(y Yin A7 (I = Po)Aixn]l > 0,

0, otherwise .

(88)
For comparison purpose, we consider the values of the parameters appeared in the
methods as follows. For Algorithms 1 and 3, we take 8 = 0.05, p} = 104—1!“ = p)
and 9; = {5.i = 1,2, 3. For Algorithm 3, Scheme (14), and Scheme (87) &t = 717
For Scheme (13) and Scheme (14), we take A, = 0.00005. For Scheme (14) and
Scheme (87), we take f(x) = 0.975x. Moreover, for Scheme (87), we take y1 , = %,
Von =3 V30 = 3 and py = jgig. Using E, = [[xp41 — xal|* < 107% as stopping
criteria, for different choices of the fixed point u and the initial point xq, the results
of numerical experiments are reported in Table 1 and Fig. 1.

It can be observed from Table 1 and Fig. 1 that for each choices of (u, xp), our
proposed methods Algorithms 1 and 3 have better performance interms of the iter-
ation numbers (Iter. (n)) and comparatively the CPU-run time in seconds (CPU(s))
than of the compared methods. More precisely, Algorithms 1 and 3 have less number
of iterations and take small CPU-time to run than of the iterative methods given by
Scheme (13), Scheme (14), and Scheme (87).

Example 2 Let Hl = H, = L,([0, 27r]) with the inner product (.) defined by

2
(x, ») =/O x(0)y(n)dt, Vx,y € L([0, 27])

and with the norm ||.|| defined by

2
lxll2 := ,// lx(1)[2dt, V¥x,y e L*([0,27]).
0
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Table1 Comparison of Algorithms 1 and 3 with Scheme (13), Scheme (14), and Scheme (87) for different
choices of u and xo

(u, x0) Algorithm 1 Algorithm 3 Scheme (13)  Scheme (14)  Scheme (87)
Iter. (n) 21 397 580 709 611

(10ey, 15¢1) CPU(s) 0.000814 0.007049 0.009757 0.012382 0.007107
E, 9.7443e-09 9.9995e-09 9.9612e-09 9.9995e-09 9.9689¢-09
Iter. (n) 24 548 654 662 571

(10ey, %el) CPU(s)  0.000873 0.007506 0.009706 0.011476 0.008185
E, 9.5908e-09 9.9589¢-09 9.9869¢-09 9.9834¢-09 9.9686e-09
Iter. (n) 49 297 393 543 470

(3er, %6]) CPU(s) 0.010865 0.019628 0.028973 0.036331 0.019807
E, 9.7579¢-09 9.9626¢-09 9.7810e-09 9.9688e-09 9.9801e-09
Iter. (n) 45 318 441 685 590

(Ber, — %el) CPU(s) 0.001141 0.006589 0.008854 0.011453 0.007842
E, 9.9649¢-09 9.9562e-09 9.9854e-09 9.9735e-09 9.9709e-09
Iter. (n) 53 180 349 611 528

(e1, — %el) CPU(s) 0.001559 0.004430 0.008021 0.011801 0.005567
E, 9.8328e-09 9.8907e-09 9.8595e-09 9.9901e-09 9.9765e-09
Iter. (n) 43 178 272 470 409

(eq, —ﬁel) CPU(s)  0.002600 0.003973 0.006847 0.009095 0.006656
E, 9.7746e-09 9.8789¢-09 9.8990e-09 9.9887¢-09 9.9616e-09

Furthermore, we consider the following half-spaces
2 2

C:= {x € Lo([0,27]) / x(ndt < 1} and Q := {y € Ly([0,27]) : / Iy(0) — sin(t)*dt < 16}.
0 0

In addition, we consider a linear continuous operator A : L»([0,27]) —
L ([0, 27]), where (Ax)(t) = x(¢). Then, (A*x)(¢#) = x(¢) and ||A|| = 1. That is, A
is an identity operator. The metric projection onto C and Q have an explicit formula
[54]. We can also write the projections onto C and the projections onto Q as follows:

1— [ x(dt o 2
Pe(x(r)) = | ¥+ — if f02 x()dr > 1,
x(1), it fo" x(dt < 1.
sin(t) + ——osin) if [ y(t) — sin(r)[2dt > 16,
Po(y(1)) = I 1y —sin() Par
y(0), it [27 |y() — sin(0)|*dt < 16.
Now, we solve the following problem
find p* € C such that Ap*™ € Q. (89)

In this example, we examine the numerical behaviour of our proposed method:
Algorithm 4 and compare it with the strongly convergent iterative algorithms given
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10* T T T T T T T 104 T T T T T T
Algorithm 1 Algorithm 1
—&— Algorithm 3 —6— Algorithm 3
102 —©— Scheme (13) | 1 10* —6— Scheme (13) | 4
—©— Scheme (14) —©— Scheme (14)
Scheme (87) Scheme (87)

lo-lo L L L L L L L 10-‘0 L L L L L L
0 00 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700
Iter. (n) Iter. (n)
— — 1
@) (u,x0) = (10ey, 15e1) (b) (u,x0) = (10ey, 3€1)
10% T T T T T 10% T T T T T T
Algorithm 1 Algorithm 1
—&— Algorithm 3 —&— Algorithm 3
o ~—©— Scheme (13) & =—©— Scheme (13)
10°¢ —6— Scheme (14) | 100} —©— Scheme (14) | ]
i Scheme (87) ® Scheme (87)

100 200 300 400 500 600 0 100 200 300 400 500 600 700
Iter. (n) Iter. (n)
— 1 _ 1
(©) (u,x0) = (3eq, 5e1) @) (u,x0) = (3e1,—3e1)

10? T T T T T T 10% T T T T T T T T T
Algorithm 1 Algorithm 1
—&— Algorithm 3 —6— Algorithm 3

o —©— Scheme (13) | ) —©— Scheme (13)| |

10 —©— Scheme (14) 10 —©— Scheme (14)
Scheme (87) Scheme (87)

-4 10-3 ‘ 4
lo-lo L L L L L L lo-lo L L L L L L L L L
0 100 200 300 400 500 600 700 0 50 100 150 200 250 300 350 400 450 500
Iter. (n) Iter. (n)
1 1
(e) (u,x0) = (e1,—3ge1) () (u,x0) = (e1,—oe5¢1)

Fig.1 Comparison of Algorithm 1 and Algorithm 3 with Scheme (13), Scheme (14), and Scheme (87) for
different choices of u and xg

by Scheme (10) and Scheme (11) by solving problem (89). For comparison purpose,
we take the following data: For Algorithm 4, we take, 8 = 0.05, p}' = p}) = 5

n+1
and o, = —. For Schemes (10) and (11), we take p, = -2 and o, =

1 1
n+l1 n+l n+1°
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Now, using E, = |[x,+1 — x,|| < 10™* as stopping criteria for all methods, for
different choices of the fixed point u and the initial point xo, the outcomes of the
numerical experiments of the compared methods are reported in Table 2 and Fig. 2.

It can be observed from Table 2 and Fig. 2 that for each choices of u and xy,
Algorithm 4 is faster in terms of less number of iterations (Iter. (n)) and CPU-run
time in seconds (CPU(s)) than the compared algorithms.

Example 3 The problem of computing sparse solutions (i.e., solutions where only
a very small number of entries are nonzero) to linear inverse problems arises in a
large number of application areas, for instance, in image restoration [55], channel
equalization [56], echo cancellation [57], and stock market analysis [58]. The linear
inverse problem consists of computing sparse solutions of a vector that has been
digitized and has been degraded by an additive noise. Without loss of generality, for
a vector x € H; and an observed vector y € H, a model including an additive noise
can be written as

y=Ax+n,

Table2 Comparison of Algorithm 4 with Scheme (10) and Scheme (11) for different choices of u and xg

Algorithm 4 Scheme (10) Scheme (11)
Iter. (n) 77 89 83
= %, xp=e¢e' CPU(s) 197.820341 258.683440 271.607658
E, 0.000097596 0.0000965296 0.000096184
Iter. (n) 77 89 83
u= %, xo = 12 CPU(s) 171.863335 195.831745 252.749699
E, 0.000097596 0.0000965297 0.000096184
Iter. (n) 77 89 83
2 _ sin(3t)
U= %,x=—5—- CPU(s) 154.680836 182.982568 290.567723
E, 0.000097596 0.0000965297 0.000096184
Iter. (n) 23 31 31
u=—t,x9)= % CPU(s) 67.111117 97.401316 98.183831
E, 0.000097482 0.000096914 0.000096914
Iter. (n) 17 23 23
u=1—tx)= ei, CPU(s) 33.258399 45.372658 45.323811
E, 0.000094479 0.000086201 0.0000862013
Iter. (n) 65 90 90
u=—t2xy=—t CPU(s) 128.514409 184.037896 297.695904
E, 0.000095464 0.000096829 0.000096829
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L 105 L L L L L
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90

Iter. (n) Iter. (n)
_ 2 it _ 2 _ 2
@u=75,x=¢ b)yu=735,x =t
10* T T T T T T T T 104 T T T T T T
==& Algorithm 4
—©— Scheme (10)
—©— Scheme (1) —O— Scheme (1)

10 . . . n B
0 020 30 40 50 6 70 80 90 35
Iter. (n) Tter. (n)
3.
oo _ Psin(3t) — 2
©@Qu=3%,x=—F— du=-t,x=7%
10% T T T T 10* T T T T T T T T
~—O— Algorithm 4
Scheme (10) ——
10 —©— Scheme (11) | 4 —©— Scheme (11)

o 10F
107
= . . . . o . i " b
0 5 10 15 20 25 0 10 20 30 40 50 60 70 80 920
Iter. (n) Tter. (n)
- _1 — 2 =
@u=1-t,x =3 ) u=—1t",x0 =t

Fig.2 Comparison of Algorithm 4 with Scheme (10) and Scheme (11) for different choices of u, xo

where A is a bounded linear operator between the two Hilbert spaces H; and H> and
n € Hj denotes the additive noise.

1
Suppose that H; = H, = L>([0, 1]) with norm |x| := (f01|x(t)|2dt)2 and
inner product (x, y) := folx(t)y(t)dt, x,y € L%([0, 1]). Define the Volterra integral
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operator A : L>([0, 1]) — L?([0, 1]) by
t
Ax(t) := / x(s)ds, Vx € L2([0, 1D,t €10, 1].
0

Then, A is bounded linear monotone and ||A| = % (see [59, Problem 188, p100;
Solution 188, p300]). Using Algorithm 4, we develop an iterative algorithm to
recover the solution of the linear equation Ax = y — . Furthermore, we compare the
performance of our proposed Algorithm 4 and Scheme (10).

We are interested in solutions x* € {x € C : Ax € Q}, where C is the cone of
functions x(¢) that are negative for ¢ € [0, 0.25] and positive for r € [0.25, 1] and
O=1la@®),b®)]:={y@) :a@) <y@) <b(t),0 <t < 1}is abox delimited by the
functions a(¢) and b(¢). The metric projection Pg can be computed by formula:

Po(y) :== max{a, min{y, b}}.

For some problems, the solution is almost sparse. To ensure the existence of the
solution of the consider problem, K-sparse vector x*(¢) is generated randomly in
C. Taking y(t) = Ax*(¢) and a(t) = y(t) — 0.01, b(t) = y(t) + 0.01, we have
0 =la(t), b(r)]. We take K = 30, K = 55 and K = 70 (see Fig. 3). The problem
of interest is to find x € C such that Ax € Q.

We compare the behavior of Algorithm 4 and Scheme (10) for the same initial
point xg = ¢** and same fixed point u = 2. Set Pl = % = p, and a, = % in
Algorithm 4 and p, = % and o, = % in Scheme (10). In the implementation, we

K:SO K=30
5 - 0.05 .
' ‘ — xeC Ax € Q
O 'ﬂ |' ' ' I | I ' 0
-5 -0.05
0 0.5 1 0 0.5 1
5 K=55 0.05 K=55
‘ ' ' —xeC . AxcQ
ob LA T o
(AR
-5 -0.05
0 0.5 1 0 0.5 1
5 K=70 02 K=70
‘ | ' ' —xeC . AXcQ
o HM. [1iA 0
i
-5 -0.2
0 0.5 1 0 0.5 1

Fig.3 x* € C (left) and Ax* € Q (right) for K = 30, 55, 70
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Table 3 Numerical results with different K -sparse

Algorithm 4 Scheme (10)

Iter. (n) CPU(s) Iter. (n) CPU(s)
K =30 259 4.0322 324 9.0005
K =55 311 5.0901 327 10.2111
K =170 159 2.5093 165 5.1393

take E, < & = 1074 as the stopping criterion, where

E, = |lx — Pex|? + ||Ax — PoAx|*.

In Table 3, we present our numerical results with different K-sparse (K = 30,
55, 70). Table 3 shows the number of iterations and the time of execution in seconds
(CPU(s)) of Algorithm 4 and Scheme (10). In Fig. 4, we report the behavior of Algo-
rithm 4 and Scheme (10) for K = 30, 55, 70. Furthermore, Fig. 4 presents error value

—#— Algorithm 4
—»— Scheme (10)

—#— Algorithm 4
—»— Scheme (10)

0 50 100 150 200 250 300 350 0 50 100
Iter. (n)

(a) K =30

0 20 40 60 80 100 120 140 160 180
Iter. (n)

() K=10

150 200 250

Iter. (n)

(b) K =55

Fig.4 Number of iterations and error estimate for Algorithm 4 and Scheme (10)
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versus the iteration numbers. It can be seen that Algorithm 4 is significantly faster
than Scheme (10). This shows the effectiveness of our proposed algorithms.
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