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Abstract

In this paper, based on the Gauss transformation of a quaternion matrix, we study
the full rank decomposition of a quaternion matrix, and obtain a direct algorithm and
complex structure-preserving algorithm for full rank decomposition of a quaternion
matrix. In addition, we expand the application of the above two full rank decomposi-
tion algorithms and give a fast algorithm to calculate the quaternion linear equations.
The numerical examples show that the complex structure-preserving algorithm is
more efficient. Finally, we apply the structure-preserving algorithm of the full rank
decomposition to the sparse representation classification of color images, and the
classification effect is well.
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1 Introduction

A quaternion, which was found in 1840 by William Rowan Hamilton, is in the form
of ¢ = g1 + @i+ q3j+qak, i =j* =k = —1,ijk = —1, where g1, 92, g3, g4 € R,
and ij = —ji = k,jk = —kj = i, ki = —ik = j. With the further development
of quaternion algebras, the quaternion matrices have been widely used in computer
science, quantum mechanics, signal and color image processing, control theory, geo-
metric rotation and other fields [1-8]. Especially in recent years, after Professor Wei
Musheng and others proposed the real structure-preserving algorithm of a quater-
nion matrix, they greatly promoted the research and application of the algorithm of
a quaternion matrix. In papers [9—18], by using the real structure-preserving algo-
rithm of quaternion matrices, the authors studied the LU decomposition problem of
quaternion matrices, the singular value decomposition problem of quaternion matri-
ces, eigenvalue problem of Hermitian quaternion matrices and the power method of
eigenvalues of quaternion matrices and so on.

As a fundamental property of matrix algebras, the full rank decomposition is
always a hot topic. In the field of face recognition, full rank decomposition can avoid
iterative steps and solve the sparse system directly, save a lot of time and improve the
classification accuracy [20-23]. In paper [19], the authors proposed a fast and robust
face recognition method named enhancing sparsity via full rank decomposition. The
proposed method first represented the test sample as a linear combination of the train-
ing data as the same as sparse representation, then made a full rank decomposition
of the training data matrix. Finally, obtained the generalized inverse of the training
data matrix and solved the general solution of the linear equation. In the field of sys-
tem control, the full rank system compensator extended the internal model control
to the structural rank deficient system, which effectively avoided the characteristic
that the model control method is only suitable for the square systems. In paper [24],
the authors proposed an internal model control method for structured rank deficient
systems based on the full rank decomposition. The system converted into a column
full rank system by designing a pre-compensator. Then a feedback-compensator is
designed to improve the dynamic characteristics of the full rank system and decrease
the controller design difficulties.

Based on the extensive application of quaternion algebra and the full rank decom-
position in the above fields, and the structure-preserving algorithm greatly improves
the timeliness of a quaternion matrix decomposition, and its results are better than
quaternion toolbox (QTFM) to a certain extent. We find that the complex preserving
structure algorithm is also efficient for the full rank decomposition of a quater-
nion matrix. The theoretical basis of complex structure-preserving algorithm is the
same as real structure-preserving algorithm, but its algorithm writing form is rela-
tively simple, the dimensions of the matrix are reduced by half, and scholars have
not studied and given the full rank decomposition algorithm of quaternion matri-
ces. This paper, by means of the Gauss elimination method of quaternion matrices,
derives the direct algorithm and complex structure-preserving algorithm for the full
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rank decomposition of a quaternion matrix, proves the full rank decomposition form
of the generalized inverse matrix of a quaternion matrix. In addition, by using the
above two full rank decomposition algorithms, we also give a fast algorithm for solv-
ing the quaternion linear equations. The feasibility and timeliness of the algorithm
are proved by numerical examples. Finally, this algorithm can also be applied to the
sparse representation classification of color images, and the classification effect is
well.

Let R denote the real number field, C the complex number field, Q = R ® Ri &
Rj ® Rk the quaternion ring, in which i = j> = k* = ijk = —1,ij = —ji =
k,jk = -kj = i, ki = -ik=j. For any matrix A = Aj + Azi + Azj + Ask € Q™*",
A= A; — Ay — Asj— Agk, AT = AT + ATi+ ATj+ Ajk, A* = AT — ATi -
A3T i— AZk, denote the conjugate, the transpose, the conjugate transpose of the matrix
A, respectively. F"*" denotes the set of m x n matrices over the ring of F. For any
quaternion ¢ = q1+¢q2i+¢q3j+qask, § = q1 —q21—q3j— g4k is the conjugate of g, the

norm of the quaternion g is defined to be ||g|| = /|gq| = \/|q12 + q22 + q32 + qﬂ.

2 Preliminaries

In this section, we first review some basic properties about quaternion matrices and
their complex representation matrices, and then prove the full rank decomposition
form of the generalized inverse matrix of a quaternion matrix.

For A = Ay + Agi + Azj + Agk = My + Mpj € Q™" Ay, Ay, Az, Ay € R™X7,
a complex representation matrix A of A is defined to be

My M
A — |: 1 _2i| c C2mx2n’ .1)
where M| = Ay + Azi, My = Az + Agi € C"*". By (2.1), we have

A=A ennr]= [A_AQ} 0 A% Qn = A7, 2.2)

M, 0 I ..
where AZ = [ M) My ], A = [_M2i|,Qr = |:—Iz 6}.By(2.1)and(2.2),1t1s

easy to prove the following results.

Proposition 2.1 [18] Let A, B € Q™*",C € Q"*P,a € R. Then

(A+ B)’ = A° + B, (AC)° = A°C, (aA)’ = aA®, 2.3)
(A+ B)? = A% + B%,(AC)? = A%C°, (aA)? = aA’. (2.4)
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For any matrix A € Q"*", by the Frobenius norm and 2 norm of a complex matrix,
define the following Frobenius norm and 2 norm of a quaternion matrix

IAllF = IAll, = || A” (2.5)

[

1 o
2141,

then the Frobenius norm and 2 norm are unitarily invariant norms of a quaternion
matrix. From the above discussion, it is easy to prove the following results.

Proposition 2.2 Let A € Q"*", b € Q™. Then

1Al = [ A7 Iblly = |67 (2.6)

s I

Proposition 2.3 For any quaternion matrices A, B, we have

(1) rank(A) = Jrank(A°);

(2) rank(AB) < min {rank(A), rank(B)}, in which A € ", B € Q"*?;

(3) rank(A*) = rank(A) = rank(AT), rank(A*A) = rank(A), in which A €
men;

(4) rank(A) = rank(B) if and only if rank(A°) = rank(B?), in which A, B €
Qle’l.

From [18), supposed that A € Q™", if there exists X € Q"*"™ such that

() (AX)* = AX; (2 (XA)*"=XA; (B)AXA=4A; @HXAX=X, (27

then X is called the generalized inverse matrix of matrix A, denoted by A%, and the
matrix AT satisfies the following properties,

() (A" = (Ah%
(2) If rank(A) =m, then AT = A*(AA®)~!;
(3) If rank(A) =n, then AT = (A*A)~1A*.

Proposition 2.4 [18] Supposed that A € Q™*", b € Q". Then when the quaternion
linear equation Ax = b is regarded as the least squares problem, its solution sets
and the compatible linear system Ax = AA'b are the same. A general solution of
the quaternion least squares problem have the following expression x = ATh + (I —
AT A)y, inwhich y € Q" is any quaternion vector.

Theorem 2.5 Suppose that matrix A has the full rank decomposition A = BC, in

which B € Q"*", C € Q"*", rank(B) = rank(C) = r > 0. Then A" = C'BT =
C*(CC*)~Y(B*B)~'B* is a generalized inverse matrix of matrix A.
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Proof Since B is a column full rank matrix, C is a row full rank matrix, it is easy to
get B = (B*B)™'B*, CT = C*(CC*)~!. Let X = CTBT, easy to verify that matrix
X satisfies (2.7), i.e., X is the generalized inverse matrix of A, and AT = CTBT =
c*cc*~Y(B*B)" ! B*. O

3 Gaussian elimination algorithm for full rank decomposition
of a quaternion matrix

Gauss elimination method is widely used in matrix decomposition, for example,
full rank decomposition, LU decomposition, LD L* decomposition, and Cholesky
decomposition. In this section, we derive the full rank decomposition process of a
quaternion matrix by the Gauss elimination method, and give a direct algorithm of
the full rank decomposition.

Given a quaternion vector x = (x1, x2, - - , xn)T € Q",if x; # 0, then
T
=00, .0, ligri, ligais- - Ini) (3.
where Iy ; = xpx; I = lfﬁ"z, k =i+1,.--,n. Define the following quaternion
1

Gauss transformation matrix,

Li=1I,—liel = U, (3.2)

o
|
=~

=
_
=

clearly, Lix = (x1,---,xi,0,--- ,O)T. L;, I;, Ix; denote the quaternion Gauss
transformation matrix, quaternion Gauss transformation vector, quaternion multi-
plier, respectively.

For any matrix A = (a;;) € Q™", the process of full rank decomposition of
matrix A is as follows.

(1) TIfajp; # 0, construct a quaternion Gauss transformation matrix L such that

1 (1) (1) 1

a a e a
0 a0 D —1 1
LA = 2‘2 2" =AD, where L = —h 1
NC ) ' '
0 amz c Amn _lml 1

(3.3)
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(2) If a;; = 0. Suppose that there exists @;; # 0. Interchange rows 1 and i of
matrix A, i.e., there exists a permutation matrix P such that

LiPlA=A®, (3.4)

(3) Similarly, the result after step k — 1, we have the following results,

- (1) (1) Oy
all a%%) ... a%lz() DEEEEY a%él)
a22 e a2k DEREEY a2n
) SRR
AW = ® o |- (3.5)
7
N
i a® ) |
In the above process, if a,ﬁll? = “lii)ﬂ =...= a,(f,z = 0, then go to the operation

on the k + 1 column element. After step ¢ above, convert the original quaternion
matrix to the upper triangular matrix is as follows,

- M) ()

“{1 ”al.r al.n
L,P - LiPlA = g'~.-6.t§:$.)-~-a§,) :[g}
e
:A:PlLl[g}z[B*][g}ch, (3.6)
in which L = L.---Ly, P = O, 0P, Qi =
(Li—i-—-LD)T'Pi(Li—y---Ly), 2 < i < r LP--LiPIA =

LyPr-- Lol QoPIA=L,---L1Q,---02PIA=LPA.

Theorem 3.1 Let A € Q™*", rank(A) = r, then there exist B € Q"*",C € Q™"
and rank(B) = rank(C) = r, such that A = BC.

Next, we give a direct algorithm for full rank decomposition of a quaternion

matrix. This algorithm is based on quaternion toolbox (QTFM), which directly
decomposes the quaternion matrix.
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Algorithm 1 (Gaussian elimination algorithm for the full rank decomposition): For
any matrix A = A; + Axi + Asj + Ask € Q™" input A, output B € Q"*", C ¢
Q" ie., A= BC.

Function [B, C]=FR(A)
(1) Initialization
M=A; [m, n]=size(M); p=1:m; j=1;
W=eye(m); N=eye(m); B=eyeq(m);
(2) Cyclic body of Gauss elimination method
while j< min {m, n}
d =M@, j) * M(, j);
if d>0
B(j + Lim,j) = M(j + Lim,j) (MG, )/d);
M( + 1:m,j) = zerosq(m - j,1);
M@ + I:'m,j + 1:n) = M( + 1:'m,j + 1:n)-B( + 1:m,j)*M(j,j + 1:n);
else k=j+1;
while k<=m
d = M@ J) * M. j)
ifd>0
M([jk1,) = M(TK,j1,); p([i.KI) = p(ik,iD);
B(j + Limyj) = M(j + Lm,j)*(MG, j)/d);
M( + 1:m,j) = zerosq(m - j,1);
M@ + I'm,j + 1:n) = M( + 1:m,j + 1:n)-B(§ + 1:m,j)*M(,j + 1:n);
break;
else k=k+1;
end end
end j=j+1; end
(3) Output results

fork=1:m

N(k,:) = W(p(k),:);
end
forj=n:-1:1

id = find(M(:, j). * M(:,j) > le — 10, 1, ‘last’);
if id > O break;
end

end

B=N*B(:,1:id); C=M(1:id,:);

4 Complex structure-preserving algorithm for the full rank
decomposition of quaternion matrices

In this section, based on the algorithm of the previous chapter, we use the isomor-

phic complex representation of a quaternion matrix, transform the corresponding
algorithm operation to the complex field, reduce the matrix dimension and the
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amount of calculation, and obtain a structure-preserving algorithm of the full rank
decomposition.
. . , T
Letl; =1 +1?j € Q", where 1) = (0, 01 ,1,5{3) Q=
1,2,---,n—1,j = 1,2, by (3.2), the complex representation matrix of Gaussian
transformation matrix L; is as follows:

1 :0
0~ i
|
: 1 i 0
m ! )
—lit1.i | =L
: i :
I i @
=17 - (el) ,8,::,,,i{n,,f,,:::,:::,,‘,:9;: ,,,,, i o9
i~ n i i - 1 ’
|
10
|
0 i 1
@ ! M
iy | UNE
: s i : .
o) [ o)
LO - 1 010 -+ =L, won e 1] 4.1)
it is easy to get,
- 0 _
0 P
. i
1 ! 0
0 ! ®
livy | L
: : T
) - 0... D ... 1'0 ... (9D ... 0
L)t =rr i (ef) =g o e e :
I
0
! .
0 i 1
@ - ! )
BUTCRERS | ity
: : i 5
@ I o)
LO - =L e 010 - L7 -+ - 1] 4.2)

. ; N\T
For any quaternion vector, x = x(V 4+ x@j e Q", x/) = (xl(j), e ,xr(/)> €

C",j = 1,2, if we take the k(i < k < n) member of vector and convert it to
0(x; #0), let
. : T
1= (0.+.0,00,0,-,0) Li<k=nj=12 4.3)
where l,gll) = <x,£1)xi(1) +x,§2)xi(2)>/||xi||2,l,gi) = (—x,ﬁl)xi(z) +x/£2)xi(l))

2 2
1 2
Ml )P = [+ |52 then Lix = G, o, 0,30+
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For any matrix A = Ay + Azi + Aszj + Ask = M| + Mpj € Q" M| =
(al.(;)) , My = (al.(/.z)) e C™*" let the initial matrix be as follows,

[ a® D @ @

n (91 Ay,
: SRR
1 1 2 2
o |l e am
- (2) 2, @ (D
—ay o o—ay,ap Ay,
S
) OIO) Ty
_“r(nl) _a’s")l!a;(nl) a,(mz_ @.4)
2 m|? | .
(D  If Jla |l = ”all H + |la)} ” > (), construct the complex representation
matrix of Gaussian transformation matrix L1,
-1 : 0 -
(1) (2)
—l 1 :—121 0
Dot
(1) (2)
po | T 0o il 0000 0
1= 0 | 1 ’
o) f_m
Ly 0 :_121 1
ST B
1@ O}
L Lyp O 01— O- 1 4.5)

1

. . 1 D 1) 2) @) 2 D @ 2) (1
in which, li(l) = (ai(l)agl) +“'(1)“%1)> /lanll?, l,'(l) = (_ai(l)agl) +ai(1)a§1))

/llaitl?,i =2, ..., m, then,

(1) or(2)
LOA° = ...9 _____ ]}4_ 2_2___‘___(_)__]‘_4_2_2__
1 ~(2) (2 A1) () |
—ay =My lay My,
Sr(2) ! (1)
0 =Myt 0 My (4.6)

NORILY
. . . . M
clearly, LY A? is the complex representation matrix of matrix |:a11 ~ %%) :| +
0 M,

[~ 7y
a;; M . S (2) Ix(—1) yy()  yyp@ “Dx(r—1
11 M%}’ and My,), M5 € C>=D a) my) e D> D gre

0
L 22
submatrix after Gauss transformation of matrix M, M,.

2 2
@) If a2 = Haﬂ’ H +Haﬁ) H = 0, choose ig(2 < i < m) such that, a1 |* =
m? |? : . . .
a; 1 + ‘ a1l > 0, interchange rows 1 and ig of A, i.e., there exists a real
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permutation matrix P; such that,

r @2 2 7
ai()l T aion :aiol e aion
(1) 1 (2 (2)
S T P L F R

N ¥ Ko K

A =1 T enm o
ipl ion | ipl ion
2) @' (1 (1)
—ayy G B PR T
L * oo * ! * e * B (4.7)

in which case, Py A? satisfies (1), by (4.6), construct the matrix L such that,
~(1) (D) 1 ~2) (D) 7]

Py

|

LT = | o e

—ajy —Myp a0 My,
(2! o (D

0 —My'1 0My (4.8)

NORNYI)]
. ) . . i
clearly, L P{ A is a complex representation matrix of matrix |:all " 1(%) :| +
0 M,,
&(2) M(Z) (D) (D) (D (2
1 A%%) J» in which M](2 s M12 = CIX("—I), ]M22 , MZZ) c C(m—l)x(n—l)
0 My,
are submatrix after Gauss transformation of matrix My, M>.

After the above step ¢, M1, M, are two unit upper triangular matrices, i.e.,

ORI
|

0 0
LYP? - LYP] A% = | =y }=)
— |
0 1 0 (4.9)
For unified representation, Py, - -- , P, display all exists, P;(0 < i < r) not all of

them exist in the actual operation, and M M, M® ¢ C"™" are submatrix after Gauss
transformation of matrix M, M3, then the complex representation matrix of the full
rank decomposition matrix is

O
C? = —@) —) | e C¥*? B = P°LOC, [1:r,n:n+r]) € C"*?,
M M

(4.10)
o __ a_._oo_l o _ U_._O'_IO' o .. 7O
where P7 = (07 --- QS P7) ", QF = (L{_-- L) P7 (LY ---L]), 2 <
i<r L°=(L7---L9)"".
Theorem 4.1 Supposed that A € Q™*",rank(A) = r, then there exist B €

C2mx2r o g Q2rxin rank(B®) = rank(C?) = 2r, satisfies A° = B°(C?, i.e.,
A = BC.
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By (2.2) and Proposition 2.1, we only need to calculate the first row block of the
complex representation matrix in the actual program operation. Next, we give the
specific algorithm of the above structure-preserving process.

Algorithm 2 (Complex structure-preserving algorithm for the full rank decompo-
sition): For any matrix A = M| + Myj € Q™*", Input M|, M, € C™", output
By, B, € C™,C1,Cy € C™,ie., B = By + Byj,C = Cy + (3], such that
A = BC.

i. Complex matrix representation function.

Function:A° = CR(M, M»)

M; M,
o _ i A I
v =

end
ii. Matrix decomposition function.
Function [Bl, B2, Cl, Cz] = QFC(M[, Mz)
(1) Initialization
M = [M, Mz]; [m,n] =sizeMy); j=1; p=1:m;
BB=[eye(m,n), zeros(m,n)]; W=eye(m); N=eye(m);
(2) Cyclic body of Gauss elimination method
while j <= min(m,n)
A=[M(]), MG} J+m)* M), M j+0)]
ifd>0
BB(j + 1:m, [j,j + n]) = M(j + 1:m, [j,j + n]) * CR(M(j,j)/d, —M(j,j + n)/d);
M( + L:m,[j,j + n]) = zeros(m - j,2);
MG + I'm,[j + L:n,j + 1 + n:2*n]) = M( + 1:m,[j + L:n,j + 1 + n:2*n])
—BB(j + 1:m,[j,j + n))*CR(M(,j + 1:n),M(j,j + 1 + n:2*n));
else k=j+1; while k<=m
A=[M(},§), M}, ) * M), M(j j+0)]
ifd>0
M([j.k1,0) = M([k,jl,2); (kD = pik.iD;
BB( + 1:m, [j,j + n]) = M(j + 1:m, [j,j + n]) * CR(M(j,j)/d, —M(j,j + n)/d);
M( + 1:m,[j,j + n]) = zeros(m - j,2);
M@+ I:'m,[j + I:'n,j + 1 + n:22*n]) = M( + I:m,[j + L:n,j + 1 + n:2*n])
—BB(j + 1:m,[j,j + n)*CR(M(,j + 1:n),M(j,j + 1 + n:2*n)); break;
else k=k+1; end end
end j=j+1; end
(3) Output results

fork=1:m

N(k,) = W(p(K),:);
end
forj=n:-1:1

id = find(sum(([M(:, j), M(:, j + n)].%[M(:, j), M(:, j + n)])) >le—10, 1, ‘last’);
if id > O break; end

end

B1=N*BB(;,1:id); B2=N*BB(:,n+1:n+id); C1=M(1:id,1:n); C2=M(1:id,n+1:2%n);
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Fig.1 CPU time scatter diagram

Example 4.1 For any quaternion matrix A = A + Azi + Asj + Ask € Q™"
leem = n = 10 : 10 : 500, Ay = rand(m,n), Ao = rand(m,n), Az =
rand(m, n), A4 = rand(m, n). Calculate the CPU time and relative error of two algo-
rithms for the full rank decomposition of random quaternion matrices of order 10 to

500 (nk = W) as follows (Figs. 1 and 2).

Example 4.1 shows that the error of Algorithm 2 is smaller than that of Algorithm
1, and the running time of CPU is also shortened obviously. It can be seen that the
result of complex structure-preserving algorithm for the full rank decomposition of
quaternion matrices have better timeliness, small error and short running time, which
is conducive to the analysis and discussion of a quaternion matrix.

T X10-15 T T T ™
O Algorithm 1
*  Algorithm 2
6 F () B
o
* o
o © ¥*
5r o * 4
o o O P oy
* * ¥
4t % Qo* *y ¥ F
- JO % "o TF
<] *O%0 T F %
= OC 0 % *
w [o 2N}
3F J o * * 7
OO*O** %
2 ; OOH -
i O %, o** ]
5 o5
(@)
17 6{5 & 1
o®
0 . . . L
0 100 200 300 400 500

Matrix dimensions(10:10:500)

Fig.2 Error scatter diagram of algorithms 1 and 2
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5 A fast algorithm for solving the quaternion linear equations

The main application of the full rank decomposition is to solve the generalized
inverse matrix, and then to solve the general solution of corresponding linear equa-
tion. At the same time, in the process of the full rank decomposition, we can also
get the rank of matrix and so on. In this section, we extend the above two full rank
decomposition algorithms, give two algorithms for solving quaternion linear equa-
tions, and compare the feasibility and timeliness of the two algorithms. Finally, the
complex structure-preserving algorithm of the full rank decomposition is applied to
the sparse representation of color images, and the test images are classified.

Algorithm 3 (A direct algorithm for solving quaternion linear equations Ax = b):
Let A € Q™" b e Q"

Step 1. Input the matrix A. Run the Algorithm 1, compute B, C;

Step 2. Compute the generalized inverse matrix AT = C*(CC*)~!'(B*B)™!B* of
matrix A;

Step 3. Compute the minimum norm solution X = A'b for linear equations Ax = b.

Algorithm 4 (A fast complex structure preserving algorithm for solving quaternion
linear equations Ax = b): Let A € Q™*", b e Q"*!.

Step 1. Compute the complex representation matrix A and b7
Step 2. Run the Algorithm 2, compute By, Ba, Ci, Ca;
Step 3. Compute the generalized inverse matrix of A.
Function:(A")? = QGI(By, B,, C, C2)
r=size(Cy, 1); CC = [Cy, Ca];
| zeros(n) eye(n) | . | zeros(r) eye(r) |.
Q= [—eye(n) zeros(n)] Q= |:—eye(r) Zeros(r):| ’
;s ccccr, —cc,cc™) 17T [Bf. —BIICR(B. B
@y =[et. -] [[C[TCCT, —ﬁQQHCC*]i)r] [[L[eﬁ —Bﬁc]MB(T,IB?)%r
end
Step 4. Compute the minimum norm solution X for linear equations Ax = b.

-1
] CR(B}, —BI);

XX = (A")7p°, x=XXCG 1)+ XX, 2)j

In addition, the above steps 1-3 is also a fast algorithm for calculating the
generalized inverse matrix of quaternion matrix.

Example 5.1 Find the general solution to the system of linear equations Ax = b by
the full rank decomposition of matrix A, in which

14+2i 3 2k —3 + 14j+5k
A=| 0 442k i+ |.b=| 3+13i+5+k
2 +4i 8i+12j —3 + 3k —29 + 5i+33j-11k
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(1) By (2.1)and (2.2), we have

1+2i 0 Oi032i
A7 = 0 4 1:0211 ,
2 +4i 8i -3!012 3i

Run Algorithm 2, and we get

10 00 .
142100 032
Bi=|01],B=|00 ,C1=|: Ol4i]C2=|:02i 11},
21 02

i.e., rand(A) = 2, the full rank decomposition is A = BC, in which

1 0 o
B=10 ! ’C=|:“(_)214+3%k21i<+'1|'
2 i+2] J

(2) By (1) and Algorithm 4, it is easy to get

—0.2286+0.49291+2.8357j—1.0286k
ATh = 1.4357+2.01431—0.2429j+0.0929k |,
3.200042.4000i+0.1571j+1.2571k

then the general solution of linear equations Ax = bisx = ATb + (I — ATA)y, in
which y € Q" is any quaternion vector.

Example 5.2  For any quaternion matrix A = A; + Azi + Azj + Ask €
Q" x = x1 +xmi+xj+xuk e QX Jletm = n = 10 : 10

500, A; = rand(m, n), Ap = rand(m, n), A3 = rand(m, n), A4 = rand(m, n), x| =
rand(n, 1), xo = rand(n, 1), x3 = rand(n, 1), x4 = rand(n, 1), b = Ax. Calculate
the CPU time and relative error of two algorithms for the solution of quaternion linear

Tho
equations Ax = b of order 10 to 500 (ﬂk = ”Ab—x|F> as follows (Figs. 3 and 4).

lxll 7

Example 5.2 shows that in terms of calculating the linear equations, the running
time and calculation error of Algorithm 4 are also far less than the result of Algo-
rithm 3. And for the calculation of high-dimensional linear equations, Algorithm 3
is difficult to implement, but Algorithm 4 is still fast. In the above chart, in order to
compare the results of the two algorithms, we only performed operations within 500
dimensions. In fact, Algorithm 4 can perform higher-dimensional operations.

Example 5.3 Given a color face recognition training data set (Fig. 5), and the cor-

responding test sample (Figs. 6, 7) are classified. (Color image classification for
different subjects. Images of a subject from the Faces95 database.)
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Fig.3 CPU time scatter diagram
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Fig.4 Error scatter diagram of algorithms 3 and 4

Fig.5 The set of training samples 1, c=4
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Fig.6 The test sample 1

Let A = Ri+ Gj+ Bk be quaternion representation matrix of the training data set
(Fig. 5), b = Rpi+ Gpj + Bpk be quaternion representation matrix of the test sample
(Figs. 6, 7), where R, Ry, G, Gp, B, By, are real matrices standing for red, green, and
blue colors. A training set is divided into c(c = 4) categories. The goal is exactly
to predict the label of b from the given c class training samples. For each class i, let
8; : R* — R”" be the characteristic function which selects the coefficients associated
with the ith class. The test sample b can be approximated by bj = A8;(x) which uses
the vector §; from each class. By using Algorithm 4 and the reconstruction residual
for ith class r; (b) = ||b — l;i |l2, we can obtain the approximate sparse representation
and classification results of the test image (Figs. 8,9, 10 and 11).

Fig.7 The test sample 2
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Fig.8 The approximate test
sample 1

In Example 5.3, four subjects were randomly selected from Faces95 database, and
the color face sparse representation was performed on the test images of the first
subject and the fourth subject respectively. The results show that the classification is
more accurate.

Example 5.4 Given a color face recognition training data set (Fig. 12), and the cor-
responding test data (Fig. 13) are classified. (Color image classification of different
micro expressions of the same subject.) By using Algorithm 4, we can obtain the
approximate sparse representation and classification results of the test image (Figs.
14 and 15).

Fig.9 Figure 6 belongs to the first category of the set of training samples
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Fig. 10 The approximate test
sample 2

Fig. 11 Figure 7 belongs to the fourth category of the set of training samples

w1 .- |' ’b'..‘ ‘b

= ey A

%

s e (9 nt«. 1&3.1'5. A% a2

Fig. 12 The set of training samples 2, c=4

w
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Fig. 13 The test sample 1

Fig. 14 The approximate test
sample 1
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Fig. 15 Figure 13 belongs to the first category of the set of training samples

In Example 5.4, several sets of micro expression data sets of a subject are randomly
selected from the network to sparse represent the different expression images of the
same subject. The results show that the classification method is more accurate.

6 Conclusions

In this paper, based on the Gauss elimination method of quaternion matrix, we discuss
the direct Gauss transform (based on quaternion toolbox (QTFM) and the complex
structure-preserving Gauss transform of a quaternion matrix. By using the Gauss
transformation, we obtain the direct algorithm and complex structure-preserving
algorithm for the full rank decomposition of a quaternion matrix. Finally, this algo-
rithm can also be applied to the sparse representation classification of color images.
The feasibility and timeliness of the proposed algorithms are demonstrated by the
corresponding application examples.
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