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Abstract

In this paper, based on the hybrid conjugate gradient method and the convex com-
bination technique, a new family of hybrid three-term conjugate gradient methods
are proposed for solving unconstrained optimization. The conjugate parameter in the
search direction is a hybrid of Dai-Yuan conjugate parameter and any one. The search
direction then is the sum of the negative gradient direction and a convex combina-
tion in relation to the last search direction and the gradient at the previous iteration.
Without choosing any specific conjugate parameters, we show that the search direc-
tion generated by the family always possesses the descent property independent of
line search technique, and that it is globally convergent under usual assumptions
and the weak Wolfe line search. To verify the effectiveness of the presented family,
we further design a specific conjugate parameter, and perform medium-large-scale
numerical experiments for smooth unconstrained optimization and image restoration
problems. The numerical results show the encouraging efficiency and applicability
of the proposed methods even compared with the state-of-the-art methods.

Keywords Hybrid three-term conjugate gradient method - Descent property -
Global convergence - Unconstrained optimization - Image restoration
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1 Introduction

The conjugate gradient method (CGM) is very welcome to solve the following
unconstrained optimization problem

min f(x), M
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where f : R" — R is continuously differentiable and g(x) denotes its gradient at x,
i.e., g(x) := V f(x). Generally, the CGM iterates along the following form

Xk41 = Xk + ody ()
and
—gr, ifk=1,
dy = .
—8k + Brdi—1, ifk>2,

where o > 0 is the step-length, and dy is the search direction decided by the con-
jugate parameter B;. As we all know, the convergence and numerical performance
for the CGM depend on the conjugate parameter. Usually, choosing different conju-
gate parameters leads to obtaining different conjugate gradient methods (CGMs). The
classical CGMs include Hestenes-Stiefel (HS) method [1], Fletcher and Reeves (FR)
method [2], Polak-Ribiere-Polyak (PRP) method [3, 4], Conjugate Descent (CD)
method [5], Liu-Storey (LS) method [6] and Dai-Yuan (DY) method [7], and their
conjugate parameters are, respectively, given by

BIS _ ngTyk—l R ||gk||22’ PRP _ g,{yk_lz’
di_ 1 Yr—1 ll gk—1ll llgr—1ll
e ||Tgk||2 S = ggyk_l oY ﬂgknz 7
—8r—19k-1 —8&r_19k—1 di 1 Yk—-1
where || - || denotes the Euclidean norm and yx_1 := gr — gk—1. Some famous CGMs

can be seen in Refs. [8—11].

In the past two decades, CGMs have been extensively studied. Especially, by vary-
ing the structure of the search direction for the classical CGMs, many CGMs are
proposed, for example, the preconditioned CGM [12], the spectral CGM [13], the
three-term CGM (TTCGM) [14, 15], and the spectral three-term CGM [16], to name
just a few.

On the other hand, besides solving (1), CGMs have been used to solve problems
arising from other areas, such as the tensor optimization [17], the stochastic optimiza-
tion [18], the Riemannian manifold optimization [19], and the sparse optimization
[20]. Tt is worthwhile to mention that using the CGM to solve the image restora-
tion problems in the sparse optimization has received wide attention. Specifically, by
adopting smoothing functions, Chen and Zhou [21] proposed a TTCGM to deal with
the nonsmooth and nonconvex optimization problems arising from image restora-
tion. Recently, Yin et al. [22] transformed the nonsmooth convex problem in image
restoration into nonlinear monotone equations as those in [23, 24], and then designed
an efficient hybrid three-term conjugate gradient projection method to solve it. More
related works can be seen in Refs. [25-27].

In this paper, we focus on the efficient TTCGM and its application in image
restoration. To this end, firstly, we aim to explore a family of hybrid three-term CGMs
(HTTCGMs). Secondly, we design a new conjugate parameter for the family and
apply it to solve image restoration problems. The main contributions of this paper
have at least four aspects as follows.
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® A new family of HTTCGMs is proposed, in which the conjugate parameter %
in the search direction is a hybrid of ﬂ,PY and any conjugate parameter. The
search direction then is the sum of the negative gradient direction —g; and a
convex combination between S;*Vdy_ and 6 gx—1, where 6y is an appropriate
parameter; see (7) below.

® The search direction generated by the presented family is descent at each iter-
ation without depending on the choice of conjugate parameter and line search
criterion. Furthermore, this family is proved to be globally convergent under
usual assumptions.

® Motivated by the idea of the hybrid CGM introduced in [28], an efficient
conjugate parameter is designed for the family.

® Numerical experiments of the proposed family are carried out for solving (1) and
the image restoration problems, and the corresponding numerical results show
that the new methods are very efficient and promising.

The rest of this article is arranged as follows. In Section 2, a family of HTTCGMs
is proposed and the corresponding algorithm framework is given for problem (1). In
Section 3, the descent property and global convergence of the new family are proved.
In Section 4, a new conjugate parameter is designed for the new family, and then its
effectiveness are verified by solving medium-large-scale unconstrained optimization
and image restoration problems. In Section 5, a conclusion for this work is made.

2 Motivation and algorithm

Beale [29] believed that using the negative gradient direction frequently for restarting
may not be optimal. So, he suggested that the search direction of restarting CGM 1is
defined by

dx = —gk + Brdk—1 + yd;,
T
where y, = % and 1 <t < k. This is also the earlier form of the TTCGM. Clearly,

as long as conjugate parameter Sy is equal to zero, the next iteration will restart along
the direction dy = —gi + yxd;. Since then, the TTCGM has received much attention,
and many TTCGMs are proposed with the following direction structure

dx = —gk + Brdi—1 + Ok yi—1, 3)
where 6, is a parameter to be determined. Letting By := ﬂ}:RP in (3) and then solving
the equation ng dy = —| gk|l* to yield 6, Zhang et al. [30] proposed an improved
TTCGM as follows:

—8k> ifk=1,
dy = Ty .
—gk + B dimt — e, ik 2.
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Based on the form of (3), Kou and Dai [31] proposed a TTCGM with restarting
procedure (KD method for short), where

T
B 8L Vi1 Si_ivk=1 | lye—1l?\ gfsk—1 &l dk-
Pe=marar s~ Vs 757 ATy ldictl? |
k—1Yk—1 k—1 Sg—1Yk—1 k—1Yk—1 k—1
Ld
—1
0<¢< 1,9k=€kng—k, Sk—1 = xk —xp—1, 0 <& < L.

dk_l)’kfl

Due to the introduction of the restarting procedure, the KD method achieves much
better numerical performance, especially for the hard problems. In [32], Narushima et
al. proposed a family of TTCGMs which always generate a search direction satisfying
the sufficient descent condition, and this property is independent of choices of B; and
line searches. Specifically, the search direction in [32] is decided by

{—gk, ifk=0o0rg! pr =0,
k:

T
8 dk—1
—gk + Brdi—1 —
8k + Brdi—1 — B T e

Pk, otherwise,

where p; € R” is any vector, and it could be g, dr—1, Yk—1, etc. Recently, inspired
by [33], Liu et al. [34] proposed four efficient TTCGMs with the following direction
structure

di = —gk + Brdk—1 + Ok gk—1. “)
: : o pLs _ llgk—1 IIZgZSk—l L ngdk—l .
Setting respectively By := B R/ and O == —fF—— = in (4), the global

convergence for the resulting algorithm is established with the strong Wolfe line
search.

Based on the convex combination technique, Yuan et al. [25] gave an efficient
strategy to design the search direction as follows:

—8k> if k =0,
dy = 81 yi—1dk—1—d]_| gk yk—1 . ®))
—N, 1—N, k k=l , ifk>1,
K8k + ( K el Mt T~ gy K2
T _.T
where x € (0,1), Ny = % € (0, 11,57, = sg—1 + (max{0, ﬁ} +
Yk—1"k—1 -
1)yk—1, and yx—1 = gk — 8k—1- The numerical results for solving image restoration

problems in [25] verify the effectiveness of the resulting method.

On the other hand, to guarantee ﬁ,?s to be nonnegative and the HS CGM to be
globally convergent, Dai and Yuan [35] proposed a hybrid CGM (HD CGM for
brevity), where the conjugate parameter is given by

AP = max {0, min {IBES’ 'B’PY}} '

Under usual assumptions, the authors in [35] showed the global convergence of the
HD CGM with the weak Wolfe line search. A large number of numerical experiments
illustrate the efficiency of the HD CGM.

In this paper, we are devoted to making more use of the information of the objec-
tive function at the current iteration to construct efficient algorithms for large-scale
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unconstrained optimization and image restoration problems. Motivated by the stud-
ies in [32, 34] and the convex combination technique used in [25], as well as the idea
of the hybrid CGM proposed in [35], we present a new family of hybrid TTCGMs
with the following search direction:

P ifk =1, ©
FT e+ (= ) BV di1 + Mibrgi—t, itk > 2,
) gl dy—1] 8t k-1
BV — max {o, min {ﬁk, ﬂDYH D= ok e L)
k k llgklllldk—1l lgx—112

where Bj is any conjugate parameter and 0 < 1 < 1. It is easy to see from the
definition of Ay that Ax € [0, 1] for all £ > 2. Therefore, if Ay = 0in (6) and B :=
,BES in (7), then the search direction (6) reduces to that of the HD CGM. It is worth
mentioning that in the forthcoming analysis (see Lemma 1 and Theorem 1 below), the
descent property for the search direction defined in (6) and the global convergence of
the proposed family are independent of choices of B; and line searches. These facts
will allow more flexibility from both a theoretical and practical viewpoint.

Now, based on the search direction (6) and the weak Wolfe line search, we
formally present the detailed steps of the family (FHTTCGMs).

Algorithm 1 FHTTCGMs.

Step 0. (Initialization) Given an initial point x| € R", parameters 0 < n < 1,
O<d<o<lande >0.Setd; :=—gjandk := 1.

Step 1. If || gx]l < e, stop.

Step 2. Compute a step-length oy by the weak Wolfe line search

f O + axdy) < f(xi) + Saygf di,
gk + and) T d > o gl dy.

(8)

Step 3. Generate the next iteration by xp+1 = x; + oxdk.

Step 4. Choose an appropriate conjugate parameter Sy for ﬂ,ﬁ’fﬁ in the recurrence
relation (7), and then compute dj+1 by (6).

Step 5. Setk := k + 1 and go to Step 1.

3 The descent property and global convergence

In this section, we firstly analyze the descent property for the search direction gener-

ated by FHTTCGMs. Subsequently, we focus on proving its global convergence.
The following lemma shows that dj defined in (6) is a descent direction, and pro-

vides an estimation of (1 — ;) B;°", which is critical for the subsequent convergence

analysis.

Lemma 1 Let {dy} be a sequence generated by FHTTCGMs, then the following
relation holds:

gld <0, k>1, ©)
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which implies that the search direction yielded by FHTTCGMs is descent. Further-
more, for all k > 2, we have

T

0< (1 mppey < —Sed (10)

gk_ldk—l
Proof We prove the first assertion by induction. When & = 1, it follows from (6)
that ngdl = —|gil® < 0. Suppose that (9) holds for k — 1 (V k > 2). Recall that
Ak € [0, 1] for all £ > 2. Next, we prove that (9) also holds for k by the following
three cases.

Case I: g = 0. Multiplying the both sides of (6) by ng, it follows that

(nggk_l)z
lgk—11

where ¥y is the angle between g; and gx—1.
Case II: B = BPY. By the definition of A" in (7), we have BPY > 0. Further,
multiplying both sides of (6) by ng , we get

ol di = ~ gl = nix = — (1 + nrcos? ox ) lgel® < 0,

2
(8 8e-1)
g1
— (14 mruccos” ) gkl + (1 = AP ol dir

glhdy = —llgell® + (1 — A BV el dimr —

llgx Il
d]ZLQ’k—l

— (14 nax cos? 0 ) lgilP+(1=0) ( dZ_lyk_1+ﬂ,?YgZ_ldk_l)

= — (14 noos? o) acllgel® + (1 = 2B gl dir.
The above relation can be rewritten as
(1= 2B gl (dk1. ifAap =0,
gedi =1 — (1 +ncos? v) llgel®, ifa =1, (1)
— (14 ncos® O) allgell® + (1 — A B gl di—1, if 0 < Ag < L.
This together with the induction hypothesis yields ngdk < 0.
Case III: B = Pi. Again, using the definition of gV in (7) leads us to the
relation 0 < Bx < BPY, which further implies d/ | yx—1 > 0 from the definition of
,B,PY. Hence, we obtain from (6) that

2
(nggk—l)
leil?
2 2 T T
— (1 mraccos” ) Ngell® + (1 = B (vt + 811 di )

gldr = —llgkl® + (A — B el di1 — nix

ll gl
dkT_l)’kfl

IA

—(1+’7?»k cos? ﬂk) lgell? + (1—xp) ( di_ ye1 + ﬂkg{_lqu)

- (1 + 1 cos? ﬁk) Aellgrll? 4+ (1= ao) Bl di—1.-
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Similarly, we conclude that the relation in (11) still holds. Combining this with the
induction hypothesis yields ngdk < 0. Up to now, we have showed that the relation
in (9) holds.

Now, we establish the second assertion. If 8" = 0, we have from (9) that

grdx

0=(1-2)B™ < 57—
: gr_ dk—1

If A% = BPY or By, we deduce from (9) and (11) that

gL di

0<( =M™ <= —F—.
¢ ng_ldkfl

Thus, the proof is complete. O

From the above proof process, it can be seen that the descent property for the
search direction defined in (6) does not depend on any specific conjugate parameter
and line search criterion.

To analyze the global convergence property of the FHTTCGMs, the following
assumptions for the objective function are required:

Al Thelevelset A = {x € R" | f(x) < f(x1)}is bounded;
A2 In a neighborhood U of A, f(x) is differentiable and its gradient g(x) is
Lipschitz continuous, namely, there exists a constant L > 0 such that

lgx) —gI < Lllx—yll, Vx,y € U.

From the weak Wolfe line search (8), we know that the sequence { f (xx)} is mono-
tonically nonincreasing. Combining this with assumption Al, we obtain that the
sequence {xi} is bounded.

The following lemma is the well-known Zoutendijk condition. It is very impor-
tant for the convergence analysis of the CGM; see [36] for details.

Lemma 2 Consider iteration of the form (2), where dy. satisfies the descent condition
ng dy < 0 and oy, satisfies the weak Wolfe line search (8). If assumptions A1-A2 hold,

(gf i)’
de I

o0
then we have ) < +o0.
k=1

With Lemmas 1 and 2 at hand, we give the convergence analysis of FHTTCGMs.
Theorem 1 Let {x;} be a sequence generated by FHTTCGMs. If assumptions A1-A2

hold, then it holds that l}cm inf ||gx|l = O.
—00

Proof We prove this claim by contradiction. Naturally, we assume that there exists
y > 0 such that ||g|| > y for all k¥ > 1. On the other hand, from assumption A2
and the boundedness of {x;}, we know that {g;} is bounded, namely, there is another
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positive constant 7 such that
y<lgl =¥, Vk=1. (12)
From (6), we have immediately that
di + 8k — Mbk&k—1 = (1 = A B di—1.

Next, squaring both sides of the above equality, we obtain

T
8k 8k—1 g 8k—
i I* + 2¢{ di + 2nxk”"k—1”2g,f_1dk + llgkll* + 20 o . ”2gk 8k—1
T 2
8i 8k—1
22 (” k ”2> lgk-111* = (1 = 2% (B1%)* ldi—111%. (13)
In addition, multiplying both sides of (6) by ng_l, we know that
T
8k 8k—1
S = =gl g1 + (1 — 2PV el di—y — 77?»k||gk—1||2||§k—1”2
= —(L+nr)gf g1+ (1= MBIV el dii. (14)
Substituting (14) into (13) and rearranging terms, we deduce that
£ gk
Il = (1= 2% (BP™) o 17 = 2 dk — 201 = 1) e Hzﬂnew idi

T 2 T 2 T 2

8k 8k—1 8k 8k—1 8k 8k—1
+2nAk (1 +nhy) M — gkl - ZnAkM — nZ;\iH

llgk—1ll llgk—1ll llgk—1ll

8 8k-1
= (1= 2% (BY) i1 1? — 287 di — 2nax(1 — Ag) ”; 1”2ﬂnewgk—ldk—1
, (8l g-1)”
+n )‘kW — llgkll*.

Combining this with (9), (10), Ax € [0, 1] and the Cauchy-Schwarz inequality, we
conclude that

lg! gk—1l
lde > < (1 =202 (BPY) lldi11® — 287 di — 2nai (1 — Ay ”" N BV el di—1

= (1=7?) lgel?

(ngdk)z 2 T I8 8k-1l 7 2 2
P12 - 2] d — 2t gl g — (1= ) Nl

(7 s llgx—1ll
7 \2 72
8k dk
< %nd_ 1> =25l di — 27 gl di — (1 =) lgel?
4
(8¢ 19k
7 \2 ~2
g dk ny
— (ki)zudk—l”z —2(1+ 72) g[dk — (1 — 7]2> ||gk||2»
T d 14
(8191
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where we made use of (12) for the third inequality. Letting P = 1 + ny_?; > 1 and
0 =1—1n?% € (0, 1), we then obtain

2 (ngdk)z 2 T 2
ldil* = —=—"— lldi—1ll* — 2Pgi di — Qllill*.
8{_1dk—1)
Dividing both sides of the above inequality by (ng dk)2 yields
ldel®  _ N> 2P ikl
2 - 2 T 2
(elde)”  (s_yde—1)” &k (gfdi)
2
_ e (P VOledl) P2
(¢f (1)’ \VOQllskll — gld Qllgel®
el P> 1
2 2
ol P21 P21
2" g 2T g 2
(eF ydia)” @ lgeal® O ligl

ld > P2n 1
S ela? 0 Hlel”

Hence, usingd; = —g1, P > 1, Q € (0, 1) and (12), we obtain

2 2 k 2
ldel> _ PP~ 1 _ PPk

< -
(Fad)’ ~ Qo lal> ™ Qy?
T, 2 2 o0 T 2
which further implies that (i];l;jk\z) > %—Vz % Itis not hard to see that (i’;lj’l‘z) =
k=1
This contradicts with Lemma 2, and therefore the proof is complete. O

4 Numerical experiments

To verify the effectiveness and efficiency of FHTTCGMs, we first design a new
conjugate parameter for B in the FHTTCGMs. Subsequently, we apply the
FHTTCGM s to solve unconstrained optimization and image restoration problems.

In [28], Shi and Guo proposed a family of CGMs, in which the conjugate
parameter is defined by

SG ng (8k — 8k—1)
,Bk =

— , (15)
(1 — wllge-11? — ngl di—1

LAll codes are available at https:/github.com/jhyin-optim/FHTTCGMs_with_applications
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where the hybrid parameter u € [0, 1]. Clearly, the conjugate parameter above is a
hybrid of ,B}:RP and ﬂkLS. If u # 1, then formula (15) can be rewritten as

1 T(er — gk
pSS = . gk2(gk Mgk Tl) ‘ 16)
U= lgk-11” — 157 85— dk—1

Inspired by (16), and to avoid the trouble about how to choose the hybrid parameter
W, we design a new conjugate parameter as follows:

N _ gl (gk — gk—1)
e = ,
lgk—111? — og{_ dk-1

7)

where o is the same scalar as that of the weak Wolfe line search (8). Substituting
Br = ,B}j into (7) to obtain ", and then embedding it in the FHTTCGMs, we call
the resulting algorithm the FHTTCGM-N.

4.1 Unconstrained optimization problems

In this subsection, two group experiments are conducted. The first group is used
to verify the effectiveness of FHTTCGM:s. To this end, the conjugate parameter Sy
in (7) is set to ,8,135, ,B,ERP and ﬂkLS, and the corresponding methods are denoted by
FHTTCGM-HS, FHTTCGM-PRP, and FHTTCGM-LS, respectively. We compare
them with the original HS, PRP and LS CGMs. The second group is used to show that
the proposed FHTTCGM-N is efficient. So, some state-of-the-art methods are chosen
for comparison. They are the famous CG-DESCENT method (HZ) [9], the three-
term CGM with restart direction (KD) [31], the three-term CGM with the modified
direction structure (MTTLS) [34] and the HD CGM [35].

For two group experiments, the same 100 unconstrained problems are tested and
compared, in which the problems 1-53 are taken from the CUTE library [37] and the
others come from the unconstrained problem collections [38, 39]. The dimensions of
the test problems vary from 11 to 800000. For the sake of fairness, all the comparison
methods use the weak Wolfe line search (8) to compute the step-length oy, and the
relevant parameters are set to § = 0.01 and o = 0.1. For our methods, we set n =
0.4. Moreover, we adopt the strategy described in [40] to compute the initial step-
length. The termination criterion is (1) [|gx] < 1076 or (2) Itr > 2000, where “Itr”
represents the number of iterations. When (2) does happen, we claim that the relevant
algorithm is invalid for the corresponding test problem, and denote it by “F”. All
codes are written in Matlab 2018b, and run on a Lenovo PC with 3.60 GHz CPU
processor and 8 GB RAM memory as well as Windows 10 operation system. In the
two group experiments, we report the number of iterations (Itr), CPU time (Tcpu)
and the final value for ||gk|| (||g«|l) in Tables 1, 2, 3 and 4, and use the performance
profiles proposed by Dolan and More [41] to visually describe the performance of
these algorithms in terms of Tcpu and Itr, respectively. For the interpretation of the
performance profiles, in a general way, the top curve shows that the relevant method
is a winner; see [41] for more details.
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Tables 1 and 2 and Figs. 1 and 2 show that the numerical performance of
FHTTCGM-PRP, FHTTCGM-HS and FHTTCGM-LS is better than the correspond-
ing original algorithm. This directly indicates that our proposed FHTTCGMs is
effective. From Tables 3 and 4 and Figs. 3 and 4, we know that the curve for the pro-
posed FHTTCGM-N is at the top and it can solve about 97% of the test problems
successfully. Hence, in the second group experiments, the numerical performance of
FHTTCGM-N is superior to the other four methods for the given test problems.

4.2 Image restoration problems

In this part, we use the presented FHTTCGM-N to deal with the image restoration
problems.

In [42], Raymond et al. utilized the two-phase scheme to restore images corrupted
by impulse noise. In the first phase, a median filter was used to detect noise pixels.
Let X be an image of size M-by-N and A = {1,2,..., M} x {1,2,..., N} be the
index set of the image X. Denote by A/ C A the set of indices of the noise pixels
detected from the first phase, and |A/| means the number of elements in . Let V; ;
be the set of the four closest neighbors for the pixel at pixel location (i, j) € A, i.e.,
Vij=1{G j—=D, G j+D, -1, ), @+1, j)}, and y; ; be the observed pixel value
of the image at pixel location (i, j). In the second phase, noisy pixels are cleaned by
solving the nonsmooth minimization problem

where
Sil,j = Z P (Ui,j - }’m,n) ) Siz’j = Z Qo (ui,j — Mm,n) .
(m,n)eV; )\N' (m,n)eV; NN
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Fig. 1 Performance profiles on Tcpu of the first group
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Fig.2 Performance profiles on Itr of the first group

Here, ¢4 (t) = +/t2 + « is an edge-preserving function with parameter « > 0 and
u = [u; ], jen is a column vector of length || ordered lexicographically. How-
ever, it is time-consuming and cost-intensive to solve the nonsmooth minimization
problem (18) exactly. Cai et al. [43] removed the nonsmooth term and obtained the
following smooth unconstrained optimization:

mnFa) = Y |2 Y @G —yma) Y Galui—uma) |- (19)
i, HEN \ (mmeVi )\N (m,n)eVi ;AN

MTTLS KD

FHTTCGM-N

Fig.3 Performance profiles on Tcpu of the second group
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Fig.4 Performance profiles on Itr of the second group

Obviously, the higher the noise ratio, the larger the scale of (19). The authors in
[43] discovered that the contaminated images can be restored efficiently by using
the CGM to solve the above problem (19), even though the noise ratio is high or

Table 5 Numerical results for image restoration problems

Image Noise ratio FHTTCGM-N PRP PRP-W HZ
Itr/Tcpu/PSNR Itr/Tcpu/PSNR Itr/Tcpu/PSNR Itr/Tcpu/PSNR
lena 30% 12/4.77/37.00 101/9.18/36.82 13/5.51/37.02 20/5.69/36.93
lena 50% 19/9.00/34.43 134/20.17/34.06 15/14.27/33.72 20/8.36/34.36
lena 70% 18/10.24/31.02 188/34.07/30.78 22/21.96/31.03 31/13.13/31.15
lena 90% 28/16.64/26.13 301/71.16/25.06 32/38.47/24.91 43/22.74/26.24
hill 30% 14/4.48/34.95 105/9.40/34.81 16/7.21/34.73 14/4.85/34.93
hill 50% 19/8.46/32.63 142/21.63/32.46 21/15.71/32.51 20/8.47/32.58
hill 70% 20/12.46/29.72 197/40.80/29.56 16/16.08/29.32 29/14.49/29.77
hill 90% 33/20.36/25.60 301/75.94/24.36 32/32.50/25.49 46/26.61/25.52
man 30% 16/5.00/31.54 120/11.63/31.46 11/6.41/31.34 20/5.82/31.54
man 50% 19/8.84/29.14 161/25.29/28.98 20/19.72/28.92 23/9.18/29.11
man 70% 27/13.44/26.27 225/44.20/26.08 20/19.78/26.11 32/15.32/26.25
man 90% 34/20.95/22.48 301/76.95/20.61 33/34.35/22.38 50/26.88/22.43
boat 30% 16/5.21/33.66 107/10.15/33.53 11/6.15/33.17 18/5.21/33.64
boat 50% 23/9.64/31.15 139/21.31/30.98 17/11.76/30.84 23/10.09/31.11
boat 70% 23/12.23/28.22 195/38.02/28.05 15/13.16/27.50 26/12.83/28.26
boat 90% 35/21.52/24.10 301/77.16/23.23 20/33.15/20.38 42/25.75/24.02
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Original Original Original Original

FHTTCGM FHTTCGM FHTTCGM FHTTCGM

Fig.5 The original images (first row), the noisy images with 70% salt-and-paper noise (second row) and
the restored images by FHTTCGM-N (third row), PRP (fourth row), PRP-W (fourth row) and HZ (last

row)
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Fig. 6 The original images (first row), the noisy images with 90% salt-and-paper noise (second row) and
the restored images by FHTTCGM-N (third row), PRP (fourth row), PRP-W (fourth row) and HZ (last
row)
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even reaches 90%. We refer the reader to [44-46] and the references therein for the
applications of CGMs in image restoration.

Now, we focus on applying the two-phase scheme to remove salt-and-pepper
noise, which is a special case of impulse noise. In the first phase, we use adaptive
median filter [47] to detect noisy pixels. In the second phase, we use FHTTCGM-N
to solve (19), and compare it with the PRP CGM used in [43], the classical PRP CGM
and the HZ method. Notice that both the classical PRP CGM and the HZ method use
the weak Wolfe line search (8) to compute the step-length aj, while the PRP CGM
used in [43] adopts an explicit expression to obtain o . For convenience, we directly
denote the PRP CGM used in [43] by PRP, while we use PRP-W to denote the classi-
cal PRP CGM with the weak Wolfe line search. The step-length calculation formula
and related parameters for PRP are the same as those in [43].

The test images are Boat(512 x 512), Hill(512 x 512), Lena(512 x 512) and
Man(512 x 512). All the compared methods use the following stopping criterion

Tt > 300 or L@ = Falte Dl 5
| Fo (upo) ]
Throughout this part, the operating environment is the same as in Section 4.1. To
assess the restoration performance qualitatively, we adopt the peak signal to noise
ratio (PSNR, see [48]) defined as:

2552
1 r * 2
MWEZJ(%J_XM)
where x; j and x;‘j j denote the pixel values of the restored image and the original one,
respectively.

Table 5 reports the number of iterations (Itr), the CPU time (Tcpu), and the PSNR
values for the restored images. To save the space of the paper, we only plot the orig-
inal, noisy and restored images for four algorithms when the salt-and-paper noise
ratio is 70% and 90%. For the corresponding results, see Figs. 5 and 6. From Table 5,
we observe that the proposed FHTTCGM-N usually requires less time than those of
the other three algorithms. Moreover, the PSNR values of the images restored by the
FHTTCGM-N are often higher than the other three algorithms except for a few cases.
It is noticeable that the HZ method is usually superior to PRP and PRP-W in terms of
Itr, Tcpu and PSNR. In this regard, we firmly believe that the numerical performance
for the HZ method will be further improved if its own line search is used to compute
the step-length. Anyway, our proposed FHTTCGM-N is superior to the other three
methods for the given test images.

5 Conclusions

In this work, we propose a family of hybrid three-term conjugate gradient methods
(FHTTCGMs), in which the search direction always satisfies the descent condi-
tion independent of choices of conjugate parameter and line searches. Under some
mild conditions, the global convergence for the proposed family is obtained. By
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embedding the classical HS, PRP and LS conjugate parameters in the FHTTCGMs,
respectively, the numerical comparison results associated with the resulting methods
show that the FHTTCGMs is very promising. Moreover, we also design a conjugate
parameter for the family, and thus propose a specific method. Finally, applying it to
deal with the medium-large-scale unconstrained optimization and image restoration
problems, the numerical results illustrate the encouraging efficiency and applicability
of the proposed method even compared with the state-of-the-art methods.
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