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Abstract

In this paper, we investigate the weak convergence rate of Euler-Maruyama’s approx-
imation for stochastic differential equations with low regular drifts. Explicit weak
convergence rates are presented if drifts satisfy an integrability condition including
discontinuous functions which can be non-piecewise continuous or in some fractional
Sobolev space.
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1 Introduction

Stochastic differential equations (SDEs for short) with singular coefficients have
been extensively studied recently (see [12, 25-28] and references therein). Mean-
while, in order for one to understand the numerical approximation of SDEs with
irregular coefficients, numerical schemes have been established. The strong and weak
convergence rates of Euler-Maruyama’s (abbreviated as EM’s) scheme for irregular
SDEs were obtained (see [2, 3, 6, 7, 11, 13, 14, 16, 17, 19, 20, 23] for instance).
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[5, 8-10, 15, 18, 22] investigated L”-approximation of solutions to SDEs with a
discontinuous drift and obtained the corresponding L”-error rates under differen-
tial assumptions on coefficients. More precisely, [9] investigated the L?-error rate at
least 1/2 with p € [1, oo) for the scalar SDEs with a piecewise Lipschitz drift and
a Lipschitz diffusion coefficient that is non-zero at discontinuity points of the drift
coefficient, this result has been extended to the case of scalar jump-diffusion SDEs
in [22]. Based on the assumptions in [8—10, 22] showed the L?”-error rate at least
3/4 under additional piecewise smoothness assumptions on the coefficients, where
they employed a novel technique by studying equations with coupled noise, and also
showed that the L”-error rate % cannot be improved in general. Under the condi-
tion of the Sobolev-Slobodeckij-type regularity of order x € (0, 1), [18] obtained the
L?-error rate min{3/4, (1 4+ k)/2} — ¢ (for arbitrarily small ¢ > 0) of the equidis-
tant EM’s scheme for scalar SDEs with irregular drift and additive noise by using
an explicit Zvonkin-type transformation and the Girsanov transformation. By using a
suitable non-equidistant discretization, [18] also yields the strong convergence order
of 1+ch — ¢ for the corresponding EM’s scheme.

In this paper, we shall investigate the weak error of EM’s scheme for the following
SDE on R?

dX, = b(X,)dt + cdW,, Xo=x € RY, (1.1)

where (W;);>0 is a d-dimensional Brownian motion with respect to a complete fil-
tration probability space (2, (%):>0, %, P). The associated EM’s scheme reads as
follows: for any § € (0, 1),

dx® = b(X)dt + ocdW;, X = x, (1.2)

Is

where 75 = [t/5]6 and [¢/8] denotes the integer part of ¢/5. The weak error is con-
cerned with the convergence of the distribution of the EM’s scheme. Precisely, it is
concerned with the approximation of E f(X;) by E f(X t(‘s)) for a given function f.
The weak error has been obtained for some SDEs with discontinuous drifts in [7, 11,
21]. It is worth noting that the test function f in these references is assumed to be
Holder continuous. When the test function f was relaxed to be just measurable and
bounded, the result of weak convergence rate of EM’s scheme was obtained in [1]
for SDEs with smooth coefficients. Recently, [4, 23] investigated the weak conver-
gence rate of EM’s scheme for SDEs with irregular coefficients by using Girsanov’s
transformation, and [3] used an integrability condition to obtain strong convergence
rates for multidimensional SDEs with the aid of the Krylov estimate and the heat ker-
nel estimate of Gaussian type process established by the parametrix method in [16].
Inspired by [3] and [4, 23], we shall give a note on the weak error for (1.1) with b
satisfying an integrability condition (see (H2) below) which is similar to (A2’) in [3],
and the given function f being only bounded and measurable on R?. We say that
functions satisfying (H2) have the Gauss-Besov regularity (see comments after (A2”)
of [3]). Discontinuous functions can also satisfy some kind of Sobolev-Slobodeckij-
type regularity which subjects to the Gauss-Besov regularity indicated by (H2), see
examples in Section 2.2 or [3, Example 4.3]. Thus, we say the drift term b is “low reg-
ular” instead of irregular here. Moreover, (H2) also allows that the drift term satisfies
a sub-linear growth condition (see (H1) below).
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The remainder of this paper is organized as follows: The main result is presented
in Section 2. All the proofs are given in Section 3.

2 Main result and examples
2.1 Assumption and main result

Let || be the Euclidean norm, (-, -) be the Euclidean product. ||-|| denotes the operator
norm. We denote || f||oo = sup,ge | f (x)| for any bounded and measurable function
f on R?. Throughout this paper, we assume that the coefficients of (1.1) satisfy the
following assumptions:

(H1) b:R? — R? is measurable and o is an invertible d x d-matrix. There exist
B € [0, 1) and nonnegative constants L, Ly such that

|b(x)| < Ly + Ly|x|?, x e RY.

(H2) There exist pp > 2, « > 0 and ¢ € C((0, 400); (0, +00)) which is non-
increasing on (0, /) and féqbz(s)ds < oo for some [ > 0 such that

_ x—z? _ y—x2

sup / b(y) — b)) dxdy < ($(s)r)?, s > 0,7 € [0, 1].
R xR4 2

d
zeR4 s2r2

Itis clear that (1.2) also has a unique strong solution. The index « in (H2) is used to
characterize the order of the continuity and the function ¢ is used to characterize the
type of the continuity. From examples in the next subsection, it is clear that functions
sharing the same order of continuity can have different types of continuity.

We now formulate the main result.

Theorem 2.1 Assume (HI)—(H2). Then, for any T > 0 and any bounded measurable
function f on RY, there exists a constant CT,po,0,x > 0 such that

IEf (X)) —Ef(XP)] < Croppoxll fllod®, t € [0, T, @2.1)

where pg is defined in (H2). If the growth condition in (HI) is replaced by |b(x)| <
L1+ Ls|x|, then (2.1) also holds for T, L, po and o satisfying

2o+ D(po +3)
I — <

TLyllo " |lo 1. 2.2)

Remark 2.1 By [28, Theorem 1.1], (1.1) has a unique strong solution under (H1).
It is also clear that (1.2) has a unique pathwise solution. For the bounded and
irregular b, there are many results on strong and weak error of EM’s scheme (see,
e.g., [3, 7, 11, 18] and references therein), and the weak error cannot be derived
from the strong error directly if f is just a bounded and measurable function. We
would like to highlight that authors in [18] has obtained the rate of strong conver-
gence for one-dimensional SDEs if b is in LY(R) and bounded, and satisfies the
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Sobolev-Slobodeckij-type regularity. This result is better than the present one in The-
orem 2.1. However, results in [18] relied on an Zvonkin-type transformation which
can be given explicitly in one dimension, and some favorable properties are lost in
high dimensions. Here, only Girsanov’s transformation is used, while we allow that
the SDE is multi-dimensional and that the drift satisfies a sub-linear growth condi-
tion. Moreover, we obtain the same convergence rate when b has linear growth, as
long as (2.2) holds. Our assumption (H2) also includes the Sobolev-Slobodeckij-type
regularity, see Example 2.4 in the next subsection. To obtain higher convergence rate
as in [18], it seems that we need to make a deep investigation on the Zvonkin-type
transformation.

In the assumption (H2), if « is a decreasing function of pg, then we can choose
po = 2 and obtain the highest convergence rate in (2.1), see Example 2.3.

Remark 2.2 In [3], the strong convergence and the convergence rate are investigated
with the drift satisfying an integrability condition and boundedness. Here we obtain
the weak convergence rate of EM’s scheme, where the drift does not need to be
bounded and the test function f in (2.1) is only bounded and measurable. Moreover,
the convergence rate is better than the rate obtained in [3, Theorem 1.3].

From examples in the next subsection, one can see that the drift could be discon-
tinuous. This means that we have extended the results in [1] where the coefficients
must be smooth. However, our result is not optimal in the smooth case since the
classical order of the weak error is « = 1 for SDEs with smooth coefficients in [1].

Remark 2.3 In [19, 21], authors considered the weak convergence rate of the EM’s
scheme for (1.1) with the drift b is of sub-linear growth and b = b + b4, where
bH is a-Holder for some o € (0, 1) and b4 belongs to a class .4 which does not
contain any nontrivial Holder continuous functions. The order of the convergence
rate obtained in [21] is % A }‘, even if b4 = 0. However, the order of the convergence
rate in Theorem 2.1 comes from the continuity order « in (H2), and it can be greater
than 4—1‘.

The class A in [19, 21] is given by .A-approximation. In contrast to the A-
approximation, our condition (H2) is more explicit. Moreover, for any time indepen-
dent function ¢ in the class A of [19], it satisfies (H2) with pg = 2,0 = JT and

o(s) = s‘i/l + /5. In fact, according to [19, Definition 2.1], ¢ is bounded and
there exists a sequence {¢,},>1 such that ¢, € C L(RY) is uniformly bounded and
converges to ¢ locally in L'(R?), and there exists K > 0 such that

x2
e_%
sup IVEn(x + @)l —7—5dr = KA + Vs). (2.3)
n>1, acR4 R4 N
Noting that
, T NY'/2
sup(x” e 77%) =( : ) . Y.y >0, (2.4)
x>0 2ey
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we then obtain from (2.3) and (2.4) that

=g ey
f () — tPE———dxdy
RY x (sr)2

2
= xeyl?

<1l hm/ 10 () — L) dxdy
n—>+00 Jpd «Rd (sr)7
22—y
= 1 lo, lim // IVl 400y — D dxdydo
R4 xRd (sr)2
mz

—n?
W\,
S f (/ (/ Vet +0n+ 1S )| e dh)de
R 4

—|h|
. hje ™"
sncnoofR kst o a

o

[Nl

< Clelloos™2(1 + /5)r2,

where the constant C is independent of z. The class .4 used in [21] allows functions
in A can be just exponentially bounded. However, they assume that the drift is only
sublinear growth. There is no example showing that the class A used in [21] can
contain functions which are more irregular than functions in A of [19].

2.2 lllustrative examples

In this subsection, we shall provide several examples to illustrate the condition (H2)
and the order of the convergence rate. Firstly, we give some comments on (H2).
According to the proof of Theorem 2.1, X,(B) and X, are weak solutions of the
equation Yy = Xo + oW, in suitable probability spaces. By using the Girsanov
transformation, the error between X 1(5) and X; mainly comes from the following term

]/ (0™ (Y = b(Yy)), dW)|.

Since Y; is a Gaussian process, (H2) is convenient to estimate the above stochastic
integral, see (3.20) and the proof of Lemma 3.3 for more details. Comparing with the
definition of Besov space (see [24, (1.13)]), we call the set that consists of functions
satisfying (H2) the Gauss-Besov class. The exponential terms in the integrand of (H2)
allow that b can grow to infinity as |x| increases.

Example 2.2 If b is the Holder continuous with exponent 8, i.e.,
Ib(y) — b(x)| < L|x — y|P,

then (H2) holds with o = g and a constant function ¢ (s). It is clear that b has

sublinear growth if 8 < 1. Then, for any 7 > 0, (2.1) holds with ¢ = 5.
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Proof By the Holder continuity and (2.4), the assertion follows from the following
inequality

=z y—af?

sup f Ib(y) — b(x)|P " dxdy
R4 xR

zeRd s2r2

lx—z|2 _ ly—x2

e~ s T
< L?0 sup / ly —x|5p°dedy
R4 xR4 2r2

z€Rd s2r
1 ﬁ %P 2 2
ol _x—=z] _ly=xl
SLPOW< P ) sup/ e s ez dxdy
s2r2 € zeRd R4 xR4
Bro
<CLM (_,Bpor) i .
- e

O

The following example shows that (H2) can hold even if the drift term b is not
piecewise continuous.

Example 2.3 Let A be the Smith-Volterra-Cantor set on [0, 1], which is constructed
in the following way. The first step, we let 11 = (%, g), Ji1 = [O, %] ,Ji2 =
[%, 1] and remove the open interval I ; from [0, 1]. The second step, we remove
the middle 4% open intervals, denoting by > | and I, from Ji; and J; » respec-
tively, i.e., Ir1 = <35—2 37—2), by = (% %) The intervals left are denoted by
D21, 22, 23, 24, 1e,

]—05]—73J—525J—271
2,1 = 932 s J2,2 = 3278 s J2,3 = 8732 » J2,4 = 32, .

1

For the nth step, we remove the middle z open intervals Iy, , I o1
from Jy—j,1,--, J,_1 -1 respectively, and the intervals left are denoted by
Ju 1, Juon. Let
oo 2"
= U
n=1 \k=1

Then, A is a nowhere dense set and the Lebesgue measure of A is 1/2. Define

oo 21

b(x) = o) — Y Y 271, (x)

n=1 j=1

oo 21

= L4+ Y33 (1-27) 1, 0.

n=1 j=1

All of the endpoints of the intervals I, j are the discontinuous points of b, which is
dense in A. For any interval / C [0, 1] such that / N A # @, it always contains the
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discontinuous points of b. However, any interval I C [0, 1] such that I N A = {,
it is a subset of some I, ;. Hence, b is not a piecewise continuous function. In the

following, we shall show that b satisfies condition (H2) with pg =2 and o = le and
¢(s) = Cs™1.

Proof For u > 0 and any interval (aj, a) (it is similar for [ay, az]),

+o00 2
/ ‘]l(a]vaZ)(x+u)_]1(a],az)(x)‘ dx
o0

a—u an
Z/ ]l(alqaz)f(x)dx'kv/ L4y —u.ay—uye (X)dx
a

1—u aj

(ar—u)Aaj ar
=/ dx—i—/ dx
ar—u (ar—u)Vvai

< 2(lul A (a2 — a1)) .

For u < 0, we obtain that

+00 )
/ |]l(al,a2)(x +u) — ]l(al,az)(x)| dx

—00

+o0 2
= / |]1(a1,az)(v) - ]l(a],az)(v - I/[)| dv = 2 (lul A ((l2 - al)) .
o0

Hence, it follows from Jensen’s inequality that

+oo
/ Ib(x + 1) — b(x)|2dx

—00
400
5/ (|]ll0»1](x+”)_]1[0,1](x)|
—0o0
+o0 201 ' 5
+Z 22_("+f) |]ll,,1j(x +2z) — ]ll,l_j(x)|> dx

n=1 j=1
400 2)171

. +00
|1+ D {/ L0, (x + ) — Lpo, ()| dx
o0

n=1 j=1

+oo 2n71 +

(0]
+ Z Z o= (n+j) / |]11M,(x +u) =1, (x)|2 dx

n=1 j=1 -

oo 2n—1 2

<2143 3 270D | ] = 4jul.

n=1 j=1

@ Springer



738 Numerical Algorithms (2022) 90:731-747

Combining this with (2.4), we obtain that

_l=z? py—x?
26 s [ T
sup [ 1603 = b0 P Sy
zeR JRxR §373
1 P
=1 L/ /|b(x+u) b(x)|>dxdu
S2r2
4 u 5
=3 1/‘3JT |”|dM=<CS71r1) .
s2r2 JR 0

A general class of functions that satisfies (H2) is the fractional Sobolev space
Wh-P(R?), showing as follows.

Example 2.4 If there exist § > O and p € [2, 00) N (d, +00) such that the Gagliardo
seminorm of b is finite, i.e.,

1
. |b(x) — b(y)|” Q
[(blws.p = (/Rded T dxdy | < oo,

then (H2) holds for pp = p with ¢ = % and ¢(s) = Cls’% [b]svﬂw' Hence, if b
satisfies (H1) and [b]yyp.» < 0o with p € [2, 00) N (d, 400), then (2.1) holds.

Proof Indeed, by Holder’s inequality and (2.4), it follows that

1 _
/ |b(y) — b(x)|"e
(rs)z R4 xRR4

1 b —b P 22 y—x|?
_ / b&) = b el e = Y|P dxdy
R4 x R4

—z2_ - x|2

dxdy

(rs)% |x - Y|d+ﬂp
B b(x) —b(W)|P _ =z _ x|2
<Cis~ gr 7 —l *x) dg_}jg)l T dxdy
RixRd X — y[¢TPP
<Cis~ 5 [b]wﬁp O

3 Proof of Theorem 2.1

The key point for proving the main result is to construct a reference SDE. By using
Girsanov’s theorem, the reference SDE provides new representations of (1.1) and its
EM’s approximation SDE (1.2) under another probability measures.

We denote by Y; = x + o W; the reference SDE of (1.1). Then, ¥; is a time
homogenous Markov process with heat kernel w.r.t. the Lebesgue measure as follows:

{ _ <<ao*)—'<y—x).,(y—x>>]
2t

exp

pl‘(xa )’) =
V@2tr)d det(oo*)

To prove Theorem 2.1, we give three auxiliary lemmas.

, x,y €RY (3.1)
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The first lemma is on the exponential estimate of |b(Y;)|. Here, we use the
condition (H1’), which is weaker than (H1).

(H1’) There exist 8 € [0, 1), nonnegative constants L, L, and F > 0 with F €
LP1(R?) for some p; > d such that

[b(x)| < Li + La|x|? + F(x). (3.2)

Lemma 3.1 Assume (HI’) holds. Then, for all T, A > 0, it holds that

T
Eexp{,\/ |o_1b(YS)|2ds} < 0. (3.3)
0
Proof Note that for any ¢ > 0

B
u. =]
Li+Lxlf <L+ -p)L,”" (’j) +elx| =: L(g) + &lx], (3.4)
and for any a, b, c, €1, > 0
2 1 2 2 1 2
(@a+b+c) < 2+8— a+ A +e+e)b” + 2+8— .
1 2
Combining these with (3.2) and the Holder inequality, we have that
T
Eexp{,\/ |a’]b(Ys)|2ds}
0
T
sEexp{A/ o™ 12 (L&) + el ¥ + F(¥,))? ds
0
T
< Eexp{xf o™ 12 (L (&) + elx]) + Y, — x| + F(¥,))?ds}
0

T
5Eexp{k/0 ||a_1||2(<2+€1_1>(L(s)+5|x|)2
T4 e +e)elYs — x>+ 2+ 82_1)F2(Ys)>ds}
< expliT o AL (e) + elx)? (2 + 7))

T e ¥
X <Eexp {A(l + &1 +82)282||O'_1||2/ | Y —x|2ds})
0

£1+ep

I+eq+e
% <Eexp{)\,(2+82 )(1+€1 +82) | —1|| / FZ(Y )ds,) e (35)

g1+ &
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Let

T
Iir = Eexp{mw +82)282||6_1||2/ Yy —x|2ds},
0

A2+ (46 +e) r
by =Eexp{ : lo "% f F(Y,)ds ¢ .
0

&1+ &

Since F € L' (R?), forany 0 < § < T and ¢ satisfying % + [ll < 1, we obtain that

(see, e.g., [12])
T
E [ / F2(Y,)ds
S

This yields the following Khasminskii’s estimate (see, e.g., [27, Lemma 3.5]): for
any C >0

3}3] < (T = $)4|Fllin. (3.6)

T
]Eexp{Cf F2(Yx)ds} < o0. (3.7)
0
Thus, for any A, €1, &2 > 0, one has
Lt < o0 3.8)

For I; 7. Since ¢, &1 and &y are arbitrary, for any 7 > 0, we can choose them
sufficiently small such that

1 =2T%(1 + &1 + &2)22&2|lo "2l ||> =: A > 0.
This, together with the Jensen inequality and the heat kernel (3.1), yields that

T
Ly = ]Eexp{,\(l + & +£2)282||a_1||2f Y, —x|2ds}
0
1 T
< —/ Eexp{T,\(Hel T )2 o 2|Y, —x|2}ds
exp | TA(1 + &1+ e2%e 0PIy — 12522 )
= / / dyds
Rd T (2sm)d det(oo*)
exp 1 2YTA(1+51+82)252|\U*1|\ \|a|\2)|a—1y|2}
/ / dyds
Rd T (2sm)d det(co*)
exp |~ ($)lo 'y
< / / dyds
Rd (2sm)4 det(oo*)
=39 (3.9)
Plugging (3.9) and (3.8) into (3.5), then (3.3) follows. ]

The following lemma deals with the exponential estimate of |b(Y;)|, where
{Yi5}te10,771 denotes the solution to the discrete-time EM’s scheme. The Krylov esti-
mate (3.6) fails for Y;, (see [3, Remark 2.5] or [23]). Hence, we use (H1) in Lemma
3.2 instead of (H1’).
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Lemma 3.2 Assume (HI). Then, forall T > 0, . > 0, we have

T
sup Eexp{k/ |a’]b(Y56)|2ds} < 0. (3.10)
0<8<IAT 0

Proof Splitting the interval [0, T'] and applying (3.4), it follows from the elementary
inequality that

T
Eexp{k/ |a—1b(Y55)|2ds}
0
s 1 2 r 1 2
=E{exp{xfo 0~ b(Yy,)| ds}exp{A[S lo = b(¥y)| ds}}
T
< exp {mna*l (L&) +sx)2} Eexp {A/ o~ 1L (e) + ex + e (Y, —x)|2ds}
8
= explr3llo ™ AL (e) + ex)?) expliT = 9)lo T AL ) +elx)? (1+e7))
T
erxp{A(1+sl>e2||a*‘||2/ Y, —x|2ds}
§
< exp(T o AL () +ex)? (1467 "))

T
erxp{A(1+sl)52||a*‘||2f Y —x|2ds}. (3.11)
§

For any T, A > 0, we choose ¢ and &1 sufficiently small such that
1 =271 +&))e|lo " PPl |> =: & > 0.

This, together with the Jensen inequality and (3.1), yields that
T
E exp {,\(1 + 81)82||0_1||2/ Yy — x|2ds}
8

<
- T-4

T
/ Eexp{(T — 8)A(1 + ee*lo 12 [Ys, — x|?)ds
)

*y—1
_ [T el = )h(0 Fenelo Py — egr)
</

dyd
(T — 8)y/(2mss)d det (0o ™) e

dyds

</T/ exp((T — AU +ene?llo ™ [2flo |Plo—"y[2 — 220 }
- R (T — 8)y/(27ss)d det (o0*)
1=2(7 =820 tenelllo P Io %) |5 -1y 2

[ L= -
< dyds
5 Jrd (T — 8)y/(2mss)d det (co*)

(1= 2T2A(1+al>sz||a*1n o) |51

f / exp{— 355 yI7
dyds
R (T — 8)y/(2mss)d det (0 o)

5-4 _
2

(3.12)
Combining this with (3.11), we have that (3.10) holds. O
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Remark 3.1 According to the proofs of Lemmas 3.1 and 3.2 (see especially (3.9),
(3.12), and the definitions of A and 1), we have thate = O(T~!)as T — +o0. Then,

25 s
the constant 7 L2(¢) in (3.5) and (3.11) is of the order (1 — ﬂ)z(LzH’S T)™-#. Hence,

2
for larger Lz”ﬂ T, the closer B to 1, the greater upper bound of (3.3) and (3.10).
Lemmas 3.1 and 3.2 serve to use the Novikov condition in the proof of Theorem
2.1. For the case that 8 < 1, the constant A in both lemmas can be arbitrary. For the
case that 8 = 1, with e = L, and L(¢) = L in (3.4), according to (3.9) and (3.12),
one can see from the definitions of A and X that (3.3) and (3.10) hold for A > 0 and
T > 0 satisfying the following condition

2T L3 o P o) < 1, (3.13)

and sufficiently small &1 and ¢5.

Lemma 3.3 Assume (H2). Then, there exists a constant C, > 0 depending on o only
such that for all 0 < s <t < T we have

Eb(Y:) — b(Y0)| < Co(pQ2sllo )20 — 9)llo )P (3.14)

Proof By the definition of reference SDE, it is easy to see that
Elb(Yy) —b(Yo)|" = Elb(x + o W) — b(x + o Wy)|7.

Noting that W; — W, and W, are mutually independent, we obtain from (3.1) and
(H2) that

Elb(x + o W;) — b(x + o Wy)|?
= /d /d [b(x +¥) = b(x + )| pr—s(x + 2, x + ¥) ps(x, x + 2)dydz
R4 JR

_(eoH " y—2.0-2) (oo*)"Lz.z2)

=) e =

e
= b(x +vy) — b(x + 7)|P° dyd
/Rd /Rd b +3) =56+ 2) V@t —5))d det(oo*) /Q2rs)? det(oco™) v

B L 1
o |12 e 2olZt—s) ¢ 2lals

< ol b iy Po dyd
= T det(@a™) /Rd /Ra' ) = b D T Sl R s o )2 Y E

|lu— v\z lv—. ,\\2

llo |24 ) B[P0 e 2l0i2t-5) ¢ 2lol?s dud
= T detoo”) /Rf/ bt = bW S Dl R as oy

u—v|? Jv—x|?

||a|\2d e 2olZt—) g 2ol
< su / / |b(u) — b(v)|P° dudv
Rd Q2 —

xe]RdT[ det(GU*) 5)||(7||2)d/2(25||U||2)d/2
llo]|??

2 2\a
< m((ﬁ(%llﬂll )2t =)l D),

‘Zd

which implies that (3.14) holds by taking C, = —.2!

7d det(oo*) "

Now, we are in position to finish the Proof of Theorem 2.1.
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Proof of Theorem 2.1 Let
t - t

W, = W,—/ o b(Yds, W, = Wt—/ o Ib(Yy,)ds,
0 0

RiT

r —1 1 r —1 2
exp{/o (o b(YS)’dWS)_E/O o~ b(vy)Pds},

T : 1 T : )
Roz exp{/ (0 b(Yy,), dWy) — -/ o~ b(Y,)| ds}.
0 2 Jo

The proof is divided into two steps:
Step (i), we shall prove that the assertion holds under (H1) and (H2).

We first show that { Wt},e[o,r] is a Brownian motion under Q; := R; 7P, and
{W;}iero,7) is a Brownian motion under Q, := Ry rP. In view of Lemma 3.1, the

Girsanov theorem implies that { R} ;};¢[0,7] 1s a martingale and {W,},E[oj] is a Brow-
nian motion under Q. Similarly, it follows from Lemma 3.2 and Novikov’s condition
that {Wt}ze[o,T] is a Brownian motion under Q.

Then, we can reformulate Y; = x + o W, as follows:

t
Y = x +/ b(¥y)ds + o W,
0

which means that (Y;, W,) under Q; is a weak solution of (1.1). Hence, Y; under Q,
has the same law as X, under P due to the pathwise uniqueness of the solutions to
(1.1) (see Remark 2.1). Similarly, reformulating Y; = x 4+ o W; as follows:

t
Y, =x+ / b(Yy,)ds + o W;. (3.15)
0

Then, (Y;, W;) under Q is also a weak solution of (1.2). Hence ¥, under Q5 has the
same law as X ,(5) under [P due to the pathwise uniqueness of solutions to the (1.2).

From these equivalence relations, we obtain that for any bounded and measurable
function f on RY

IEf (X)) —Ef(XP)| = |Eqg, (V) — Eq, £ (Y))
=E[(R1,7r — Ron) f(YD)| < I fllcE|R1,T — R2.T].

Using the inequality |e* —e”| < (e*veY)lx — y|, Holder’s inequality and

Minkowski’s inequality, we derive from definitions of R; 7 and R r that
E|Ry, 7 — Ra,7]

T
<E{(Rir v Ror)| [0 (07! B(Yy) = b(¥y,)). W)

+% AT (|a_1b(Y55)|2 — |a_lb(Y3)|2)dsH
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]

5[ Rir v Rop)| /OT (107160 = lo ™ b(r) ) ds ]

T
<B[kir v k)| [ o7 b0 = b awy

. ”0," T 0N -
s(E(Rl,Tsz,T)m*‘) " IE)/ <a*1<b(m—b<n5)),dwv>”)“’
P+l

E(R1TVR2T)”01 |or—1b(Ys)|2 lo =1 b(Yy)[?)ds
5

)Po

1 notly MO Py Gty
+7(E(R1,Tsz,Two*')’“‘/ (Ello =6 = o b P[2 ) ™ ds
2 0

potl 2

7 >po+|

s(E(Rl,rvkz,T>"5°‘ W E)f o7 b(Y,) — b(Yyy)), dWy)

2 potl\ PO— !

= (E(Rl,rsz,T)Po—') oy Gir+ - (]E(R] 7V Ryp)ho- I)”““ Gor. (3.16)
Let
t
M; =/ (07 'b(Yy), dW,) and M,;(q) = equ’_zqz(M'>’, qg > 0.
0

By Lemma 3.1, for any g > 1, M, (g) is an exponential martingale. Then, the Holder
inequality implies that

Po

ERff’T_lz]Eexp{ Po

pPo —

T
—L/ |o]b(YS)|2ds}
2(po— 1

T
/ (07 b(Yy), dWy)
1 Jo

1/2 T 1/2
< (Em Eexp | 0Pt D [ —tpv) s
Bl P (po—12 Jo *
172
_ <IE {Po(Po-l— 2) . _lb(Ys)|2ds})
(po—1
and
po+1 172 T 12
ERlp’OT_ < (EMT(p0+ ) (Eexp{% A ‘U_lb(Ys)lzdS}>
T 172
= (Eexp{w‘/ |Uﬁlb(ys)|2ds})
(po—1) 0
Then, it follows from Lemma 3.1 again that
o+l 2
E (Rl'}‘ + Rl’j%') < 0. (3.17)

Similarly, we can prove by using Holder’s inequality and Lemma 3.2 that

ntl
E (R;f}l + Rz”f’T‘) < 0. (3.18)
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Since ¢ € C((0, +00), (0, +00)), there is C > 0 depending on [, T, o such that
¢*(r) < CP*(s), [ <5 <r < 2||o||T.

Combining this with that ¢ is non-increasing on (0, /) and féq&z(s)ds < 00, which

yields f2”6” T ¢2(s)ds < 00, we then obtain that

[7/5] (7/8] T

Z«p k3]0 )8 < Z f T et + C f Pl Prydr
((k— I)S)AZH P 2ol?
T
- [*F e [, #eiopna
2J02
1ve AeorT |
— W/o $2(s)ds < oo, (3.19)

This, together with the B-D-G inequality and Lemma 3.3, yields that for pg > 2

P0>1/P0
20 \2 [ po(po—1\? T L4
5 _ . ) -
S<Po—1> ( 2 ) lo ||</0 (EIb(Y,) — b(Yy))|™) ds)

d oo

Po 1
N Lt O R S T R A !
<5 i _— ([ eesstorias)’
o \po—1 2 0

(¢ det(oo*)) 7o

o — ro 1

o ¥/ TV €2 z||a||ﬂo+2 "o —1||< o ) (PO(P0—1)>2(lealZT(i,Z(q)ds)%
(w ddet(ga*)) po—1 2 0

= CT,pq,a,a,¢5 . (3.20)

T
Grr = (B] [ o7 b0 — b, awy

Noting that for any p > 1, one has
EIY, 1P =207t (1x17 + Vil DPEIWIP) (3.21)

we derive from (3.4) and (3.19) that

—1
Po(po+D polz([)l()+1)
<E|b(Ys)+b(YS5)| )

—1

oo+ \ polpp+D
< (E(2L(a)+s(|Y5|+lesl)) o )

—1
. 200+D \ 700D
<21 L(e) + 2000 ¢ | x| + Tl (EIWy| 70 T
= CT’po,U,L(S),S,x'
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Combining this with Lemma 3.3, (3.19) and Holder’s inequality, we obtain

2
rotl ro+l1
2
ds

17 _ -
Gz,T=§fo <E\|o ()2 = o~ b(Y)

[l rott POH\ T
< T [ (BB = )1 b0 + () ) T ds
0
lo =112 oy Pt \ Fathge
A (Elb(Ys) — b(Ys)|P0) 7o | Eb(Y) 4 b(Y,)| 7 ds
—1)2 T .
o™l oy
= ) CT,po,0,L(e),6,x (]E|b(Ys) — b(Yy)| )"0 ds
0
< CT,pg,0,L(e),e,6,x0" (3.22)
where
24 4oy—2 )
1v C2% 2o |0 2 20 2 CT po o Liere 21T
CT,po,0,L(e),6,6,x = ; 0. (E)sx/ ¢ (s)ds.
(rd det(oo*))P0

The desired assertion (2.1) is proved by substituting (3.17), (3.18), (3.20) and
(3.22) into (3.16). Therefore, the conclusion holds under (H1) and (H2).

Step (ii), we prove that if b satisfies the linear growth condition, then the
conclusion (2.1) holds for T satisfying (2.2).

By Remark 3.1, we have that the conclusions of Lemmas 3.1 and 3.2 hold for any

A, T satisfying (3.13). By (2.2) and (poai)_(i’;’;rl) > ”((;)(Op_";r)? > %, we can choose

A= % in Lemmas 3.1 and 3.2. Then, by checking step (i), we arrive at
(3.16). Moreover, (3.17) and (3.18) hold by the same argument together with the
stopping time technique. Then, we can conclude the second conclusion from (3.20)

and (3.22). The proof is therefore complete. [

Remark 3.2 According to the proof of this theorem, the key point for that f in (2.1)

can only be bounded and measurable is that the distributions of X t(a) and X, come
from the same process Y; = x 4+ o W;. This fails for the multiplicative noise case.
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