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Abstract

It is well known that the monotonicity of the underlying mapping of variational
inequalities plays a central role in the convergence analysis. In this paper, we pro-
pose an infeasible projection algorithm (IPA for short) for nonmonotone variational
inequalities. The next iteration point of IPA is generated by projecting a vector
onto a half-space. Hence, the computational cost of computing the next iteration
point of IPA is much less than the algorithm of Ye and He (Comput. Optim. Appl.
60, 141-150, 2015) (YH for short). Moreover, if the underlying mapping is Lip-
schitz continuous with its modulus is known, by taking suitable parameters, IPA
requires only one projection onto the feasible set per iteration. The global conver-
gence of IPA is obtained when the solution set of its dual variational inequalities
is nonempty. Moreover, if in addition error bound holds, the convergence rate of
IPA is Q-linear. IPA can be used for a class of quasimonotone variational inequal-
ity problems and a class of quasiconvex minimization problems. Comparing with
YH and Algorithm 2 in Deng, Hu and Fang (Numer. Algor. 86, 191-221, 2021)
(DHF for short) by solving high-dimensional nonmonotone variational inequalities,
numerical experiments show that IPA is much more efficient than YH and DHF from
CPU time point of view. Moreover, IPA is less dependent on the initial value than
YH and DHF.
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1 Introduction

Let R” be n dimension Euclidean space, C C R”" be a nonempty closed and convex
setand F : R" — R" be a continuous mapping. We consider the classical variational
inequality problem of finding a vector x € C such that

(F(x),u—x)>0, Vu e C, )
where (-, -) denotes the inner product of R”. We let
S:={xeC:(F(x),u—x)>0, Yu € C}
denote the solution set of variational inequalities and let
Sp={xeC:(Fu),u—x)>0, Yu € C}

denote the solution set of the dual variational inequalities of Problem (1).

If C is nonempty closed and convex and F is continuous or hemicontinuous on
C, the relationship Sp C S is known as Minty lemma. The relationship S C Sp
holds when F is pseudomonotone on C in the sense of Karamardian [1]; i.e., for all
x,y €C,

(F(x),y—x) 2 0= (F(y),y —x) 2 0.
Hence, we obtain that
S =3S5p, (2)

whenever C is nonempty closed and convex, F is continuous and pseudomonotone
onC.

From [2, Example 4.2], we see that S = Sp may not satisfied when F is
quasimonotone in the sense of Karamardian [1] on C, i.e., forallx,y € C,

(F(x),y —x) > 0= (F(y),y —x) > 0.

Recently, an interesting work in [3] show that if C C R is closed and bounded,
then Sp # @ if and only if F is quasimonotone, see Lemma 3.1 and Proposi-
tion 3.1 therein. Moreover, from Theorem 3.1 and Example 3.1 in [3], we construct
high-dimensional variational inequalities, which is not quasimonotone with Sp #
whenever the number of dimensional n > 2, see Example 6.1.

The global convergence of many well-known algorithms are based on the condi-
tion that S = Sp; see, for example, Goldstein-Levitin-Polyak Projection algorithms
[4, 5], proximal point algorithm [6], extragradient projection algorithms [7, 8]
and its variant algorithms [9, 10], infeasible projection-based algorithm [11-13],
self-adaptive projection-based algorithm [14] and projected reflected gradient algo-
rithm [15] (because these algorithms need F is at least pseudomonotone on C). The
condition S = Sp is also used for generalized monotone or nonmonotone vari-
ational inequalities or nonmonotone equilibrium problems to establish the global
convergence, see, for example, [16—18] and [19]. Moreover, the assumption about
monotonicity or pseudomonotonicity of the underlying mapping is used in varia-
tional inequality and fixed point problems, see, for example, [20-24]. However, if
we generalize the pseudomonotone of F to qusimonotone, there exists the case that
Sp g S; see, for example, [2, Example 4.2]. So, assumption § = Sp may not suit
for quasimonotone or nonmonotone variational inequalities.
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There still exist some algorithms for quasimonotone variational inequality prob-
lems; see, for example, [25] and [26]. However, the global convergence of these
algorithms need extra assumptions than Sp # (. Recently, [27] presented an itera-
tive algorithm for quasimonotone variational inequalities, the global convergence is
established under the assumptions Sp # ¢ and

{z € C: F(z) = 0}\Sp is a finite set. 3)

However, from Example 4.4 below, we see that assumption (3) may not suit for
quasimonotone variational inequalities.

In [2], we proposed a double projection algorithm for nonmonotone variational
inequalities. The global convergence is obtained under assumptions that Sp # @',
C is closed and convex and F is continuous on C (without needing any monotonic-
ity of F'). This algorithm is generalized to solve nonmonotone set-valued variational
inequalities and nonmonotone equilibrium problems; see, for example, [28-30] and
[31]. However, the next iteration point x*! in [2] is generated by projecting a vector
onto the intersection of the feasible set C and k + 1 half-spaces. Hence, the com-
putational cost of computing x**! will increase as k increase. Moreover, the next
iterate point of algorithms in [28-30] and [31] are all similarly generated in [2]. Very
recently, [32] proposed an extragradient method for solving variational inequalities
without monotonicity.

Inspired by [11-13, 33, 34], we present an infeasible projection algorithm (IPA)
for Problem (1) with Sp # @. In IPA, x**! is generated by projecting x* onto
only one half-space, which is selected from former k 4 1 half-spaces and has the
largest distance from x*. Moreover, the computational cost of computing x**! can be
ignored, see Remark 3.1 below. If F is in addition L-Lipschitz continuous, by taking
suitable parameters, IPA requires only one projection onto the feasible set per itera-
tion (see Proposition 4.1 and Remark 4.3 below). Comparing with the algorithm in
[27], the global convergence of IPA without needing extra assumption in (3). More-
over, if in addition the error bound condition holds and F is Lipschitz continuity,
the convergence rate of IPA is Q-linear (see Theorem 5.1 below). To compare with
YH and DHF, we construct high-dimensional variational inequalities with Sp # ¢
and perform these algorithms in Matlab. Numerical experiments show that IPA is
much more efficient than YH and DHF in terms of CPU time. Moreover, IPA is less
dependent on the initial value than YH and DHF.

The rest of this paper is organized as follows. Some notations and preliminary
materials are introduced in Section 2. IPA and its convergence analysis is introduced
in Section 3. The simplified IPA is introduced in Section 4 when F is in addition
Lipschitz continuous on R”. The convergence rate of IPA is introduced in Section 5
under additional error bound assumption. Finally, numerical experiments are reported
in Section 6.

'Erom Lemma 2.8 (b) below or [35, Theorem 3.5.4] , we see that the global minimizer on C of a smooth
quasiconvex function f belongs to Sp with F = V f. Hence, our algorithm can be applied in a class of
quasiconvex optimization problem.
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2 Preliminaries

In this section, we introduce some properties about the projection mapping and some
materials which will be used in future convergence analysis.

Let || - || denote Euclidean norm in R” and let dist(x, C) denote the Euclidean
distance from a vector x to C; i.e.,

dist(x, C) := inf{||lx — y| : y € C}.
Let Pc(x) denote the orthogonal projection of the vector x onto C; i.e.,
Pc(x) := argmin{||ly — x| : y € C}.

From the fact that C is closed and convex, we have dist(x, Pc(x)) = inf{||lx — y]|| :
y € C}. For a fixed x € R” and a positive number u, we let r(x, u) denote the
natural residual mapping of problem (1); i.e.,

r(x, u) :=x — Pc(x — uF(x)). 4)
In the following, we recall some well-known properties about the projection
mapping and the natural residual mapping.
Lemma 2.1 [36] Let C C R” be a nonempty closed convex set. Then, the following
statements hold.
(a) for any fixed x € R”, we have
z=Pc(x) <= zeCand(z—x,y—2z) >0 forall y e C. (®))]
(b) Pc(-) is nonexpansive; i.e.,
| Pc(x) — Pc(2)| < llx —z]| forall x,z e R"
Lemma 2.2 [10] Let C C R” be a nonempty closed convex set and x be any fixed
point in R, If y = P¢(x), then we have
Iy —zl* < lx — zl> = ly — x|* forall z € C.

Lemma 2.3 [37] Let v be a fixed vector and H := {x € R"” : (u,x) < a} be a
half-space. Then

{(u,v)—a }
Pg(v) =v—max{—,0¢u
Jlue]|?

Moreover, if in addition v ¢ H, it follows that

(u,v) —a

Py(v) =v— ————u.
]2

Lemma 2.4 [34, 38] Let C be a nonempty closed and convex set of R” and r(x, i)
be defined in (4). Then the following statements hold.

(a) xisasolution of problems (1) if and only if ||r(x, w)|| = O for each fixed u > 0.
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(b) If there exists a positive number & > 0 such that ||7(x, w)|| = 0, then x is a
solution of problems (1).

Lemma 2.5 [39] Let r(x, 1) be defined in (4). Then, for any fixed point x € R", the
following properties hold.

(a) function p — ||r(x, w)|| is nondecreasing whenever u > 0.
(b) function u — w is nonincreasing whenever p > 0.

The following inequality is a direct conclusion from Lemma 2.5. For simplicity,
we omit its proof.

min (1, ) [Ir G, DI < llr (e, )|l < max (1, w)|[r(x, D]l for any fixed p > 0. (6)

Lemma 2.6 [10] Let 2 C R” be a closed convex set and & be a real-valued function
with domh = R". Denote € : ={xeQ:hx) <0}LIf Q is nonempty and 4 is
Lipschitz continuous on €2 with modulus 8 > 0, then

dist(x, 5) >0! max{h(x), 0} forall x € Q.

Lemma 2.7 [40, 41] Let {yx} and {8} be the nonnegative real number sequences
satisfying ) 2 Br < oo and yk11 < yx + P for all k. Then, the sequence {yx} is
convergent.

Before ending this section, we use the following lemma to show some sufficient
condition about Sp # @, see, for example, [2, Proposition 2.1] and [42, Proposition 1].

Lemma 2.8 If one of the following statements hold

(a) F is pseudomonotone on C and S # @;

(b) F is the gradient of f, where f is a differentiable quasiconvex function on an
open set K DO C and can attains its global minimum on C;

(c) F is quasimonotone on C, F # 0 and C is bounded;

(d) F is quasimonotone on C, F' # 0 on C and there exists a positive number r
such that, for every x € C with ||x|| > r, there exists y € C such that ||y|| < r
and (F(x),y —x) <0;

(e) F is quasimonotone on C and S\ ST # W with St :={x € C|(F(x),y —x) =
0, forall y € C};

(f) F is quasimonotone on C, intC is nonempty and there exists x* € § such that
F(x*) #0,

then Sp is nonempty.

3 IPA and its convergence analysis

To solve nonmonotone Problem (1) with Sp # @, we see that the next iterate point
in [2] is generated by projecting a vector onto the intersection of the feasible set C
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and k + 1 half-spaces. In this section, we present a new infeasible projection-based
algorithm (IPA) for Problem (1) without monotonicity. The next iteration point of
IPA is generated by projecting the current iteration point onto only one half-space,
which is selected from the former k 4 1 half-spaces and has the largest distance from
the current iteration point. In this section, we first present our IPA as Algorithm 1
below. Then, we will show the well-definedness and the global convergence of IPA.

Algorithm 1

Step 0. Choose parameters 0 < opin < &max, 7 € (0, 1) and o € (0, 1). Choose
x¥ € R” as an initial point and tol > 0 as a terminate criterion. Set k = 0.

Step 1. Pick ag € [0min, ®max] and compute oy := agnmk, where my, is the smallest
nonnegative integer m satisfying

ofn" | Feby = F (Pe (x* = o F:) )| = ol = Pe — e FGIL.

(7)
Step 2.  Compute r(xf o) = xF — 2K with 2 = Pe(xk — aqx F(x5)). If
||r(xk, ai)|l < tol, then stop; Otherwise, go to Step 3.
Step 3. Set Hr = {v € R" : hi(v) < 0} with
hi (V) := (x* — 2K — ap (F (&%) — F(Z¥)), v — Z5). (8)
Let
1 € Arg max{dist(x*, Hj) : 0 < j < k} and Hy := H,,. )
Compute
K= P,;,k(x"). (10)

Step4. Letk =k + 1 and go to Step 1.

Remark 3.1 The line search procedure in (7) is inspired by [11]. The initial step-size
a,? therein is suggested as ax—1. This together with the fact n € (0, 1) show that {o}
is nonincreasing. In this paper, we relax the range of a,? on a bounded closed inter-
val below away from zero. Thus, we can use Barzilai-Borwein step-size to accelerate
algorithm (Barzilai-Borwein step-size is wildly used in convex and nonconvex opti-

mization). Moreover, to avoid a smaller step-size, we enlarge the initial step-size oz,?

by using a self-adaptive strategy. So, our a,? is computed by (30), see also our former
work [43].

The procedure to choose the half-space which has the largest distance from x¥ to
half-spaces {Ho, - - - , Hy} needs k + 1 projection from x* onto each half-space in
{Ho, - - - , Hy}. Fortunately, this procedure can be performed in a parallel way. Hence,

together with Lemma 2.3, the computational cost of this procedure can be ignored.

Now, we show the well-definedness of line search of IPA whenever F is
continuous on R”".
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Lemma 3.2 Suppose that F is continuous on R”. Let & € [&min, ®max] be a fixed
number and 1 € (0, 1). Then there exists a nonnegative integer m such that

an™||F(x) — F(Pc(x —an™FO)| < ollx — Pe(x —an™ F(x)[. (1D

Proof If x € S, then, from Lemma 2.4 (a), we have x = Pc(x — o F(x)). Hence,
(11) holds at m = 0.

If x ¢ S, from Lemma 2.4 (b), we see that ||r(x, v)|| > O for any v > 0. In this
case, we claim that inequality (11) holds after finitely many iterations. Suppose to
the contrary that

an™||F(x)— F(Pc(x—an™F(x)))|| > ollx— Pc(x —an™ F(x))| forall m. (12)
Then, we consider the following two cases.

Case A: If x € C, then we have Pc(x) = x. This together with the continuity of
both Pc(-) and F(-) on R” and the fact n € (0, 1) gives

|F(x) — F(Pc(x —an™Fx)))|| — 0 as m — oo. (13)

On the other hand, in view of the fact that € (0, 1) and the second relation
of Lemma 2.5, for sufficient large m, we see that

lx — Pc(x —an™ F(x))|l lIrCx, an™)|l [l (x, Dl
o =0 >0
anm anlﬂ
where the last inequality holds due to the fact x ¢ S and Lemma 2.4(b).
Consequently, (13) and (14) contradict (12).

Case B: If x ¢ C, then we have o||lx — Pc(x)| > 0. Using this together with
the continuity of F(-) and Pc(-), it follows that an™| F(x) — F(Pc(x —
an™ F(x))|l — Oand o|lx — Pc(x —an™ F(x))| = ollx — Pc(x)|l >
0 as m — oo. However, this contradicts (12).

>0, (14)

Hence, we see that (11) holds for some finite nonnegative integer m. O

Next, we use following lemma to show that the half-space Hj defined by hj (v) in
(8) can separate strictly the current iteration point x* from Sp.

Lemma 3.3 Suppose that F is continuous on R" and Sp # . Let iy be defined in
(8) and {x¥} be the infinite sequence generated by IPA. Then, for any fixed x* € Sp,
we have

hi(x®) <0 and he(x®) > (1 — o) |Ir(x*, ax)|? > 0 forall k. (15)

Moreover, we have Sp C Hj and x¥ ¢ H; for all k.

Proof Let x* € Sp. Invoking the definition of %y, we see that
hi(x*) = (= 28— (F*) — F(E), x* = 25)
= (f = — F), x" = ) e (F (5. x" = 2
< (k=K Feh, x* =% <o,
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where the first inequality holds from the definition of Sp and the fact that z¥ € C,
the last inequality holds from (5), the fact X = Pe(x* — ax F(x*)) and the fact
x* € C. This completes the first relation of (15).

Next, from the definition of &y, we see that

IRy = (xF — 2K — o (F (%) = F (b)), 5% — 25y = ok = 25012 — aw (F (65)
—F(, x* =5
=l (%, a) 1> = (F (x*) = F (%), r (6%, ap))=r 5, a) 12 = [l (2, ) |12
=1 —o)llr&x*, apl? > 0,

where the first inequality holds from Cauchy-Schwartz inequality and (7), the last
inequality holds from the fact lr(xk, )|l > tol > 0. This completes the second
relation of (15).

Hence, from (15) and the definition of Hj, we further obtain that x* € Hj and
xK ¢ Hy for all k. This completes the proof. O

Before analyze the convergence of the sequence {x*} generated by IPA, we study
the properties of the sequence {x*, zX, o} generated by IPA.

Theorem 3.4 Suppose that F is continuous on R” and Sp # @. Let o and 5 be given
in IPA and {x¥, z¥, ;) be the infinite sequence generated by IPA. Then the following
statements hold.

(a) For any fixed x € ﬂioio H;, the sequence { lx* — x|} is convergent. Moreover,
the sequences (xK}, {F (x5}, {zF} and {x* — 2K — o (F(xF) — F (%))} are all
bounded. If F is in addition Lipschitz continuous with modulus L, one has

. . o
gggak > min{tyin, "Z} > 0. (16)

(b) For any fixed x € (72, Hj, it holds that
0 <dist? (%, Hy) <dis® (X, Hp) < ||lx* —x )% = ||x* —x|)? for all k. (17)

Moreover, we have klim dist(xk, ﬁk) =0.
—00
(c) For any cluster point x of the sequence {x}, it holds that ¥ € MNico Hi-
(d) (Global subsequential convergence) Any cluster point of the infinite sequence

{x¥} is a solution of Problem (1).

Proof (a) From the fact Sp # ¢ and Lemma 3.3 that Sp C ﬂ?io H;, we have
N7, Hi # . Moreover, together with the fact ()2, H; C Hy for any k and
(10), we see that, for any fixed x € ﬂ;‘io H;,

I —xll = 1Py, (%) — x| = 1Py, (x*) = Py (0)II < [lx* — x]] for anﬁ’;}
Using this together with Lemma 2.7, we obtain that, for any fixed x € ﬂ?io H;,
the sequence {||x**! — x|} is convergent. Moreover, {xk} is bounded. Hence,
by using the continuity of F, we see that {F(x¥)} is bounded. Combine this
with the fact z5 = Pc (xk — o F(xk)), 0 < ar < omax and the continuity of
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Pc(+), we further obtain that {z¥} is bounded. similarly, we have {F (z¥)}, and
{xk — k- cxk(F(xk) — F(zk))} are all bounded.
Now, we show that ]ing o > 0 when F is Lipschitz continuous. Let L > 0 be the

Lipschitz modulus of F. Then, we see that (7) holds when o < % Hence, from the
definition of oy, we deduces that either oy = a,? af oz,? < 7)orag > nf. Using this
together with the fact 0 < o, < oe,?, we have

@ > min{epmin, n%} > 0 forall k.

(b) The first inequality holds from the fact x* ¢ H; in Lemma 3.3, the sec-
ond inequality holds from (9) and the third inequality holds from the fact
ﬂio H; € Hj for any k, Lemma 2.2 and (10). This completes the proof
of (17). Note that the right hand of (17) is summable. Then, we have
lim dist(x¥, Hy) = 0.

k— 00 .
(c) From the definition of Hj, we have
0 < dist(x*, H;) < dist(x*, Hy) forall i < k.
This together with Theorem 3.4(b) implies that
lim dist(x*, H;) = 0 for any fixed i.

k— 00
Using this together with the fact dist(-, H;) is continuous on R” and the fact x
is a cluster point of {xk}, we further obtain that dist(x, H;) = O for any fixed i.
This completes the proof.

(d) Let ¥ be a cluster point of the sequence {x} and I C N be an index set such
that 1imk—>oo,ke] xk = x.

We first show that limy_, o0 |7 (x¥, )|l = 0. To this end, we recall from (a) that
there exists M| > 0 such that || x* — z* — o (F (x¥) — F(z%))|| < M, for all k. Using
this together with the definition of %y in (8), we see that M is a Lipschitz modulus
of hy for all k. Moreover, from Lemma 2.6 and (15), we have

dist(x¥, Hy) = M7 i (x%) = M7= o) (e, )l > 0.
This together with (b) gives
Jim [ (f el = Jim = 2 = 0. (19)
Next, we show that there exists an index set J C [ such that

li kDl =o. 20
(lim G D (20)

To this end, we denote & := inf;<;{c;} and consider the following two cases.
Case 1: Ifa > 0, thena < «; for all i. Using this together with (6), we see that

|Ir(xi,06i)||<||r(xi,ai)|| .

0< LD < >V Viel.
S Iree D= ey = @1y
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Hence, together with (19), we have lim; o icr [7(x', 1)|| = 0. By taking
J = I, we see that (20) holds.

Case 2: Ifa = 0, then there exists an index set J C I such that lim;_, 0 jejs @; = 0.
This together with (7) implies that, for sufficiently large i € J,

ain”! “F(xi) ~F (Pc (xi — oem_lF(x")))H > o|lr(x', ain™ .
Hence, for sufficiently large i € J, it follows that

iyl
HF(xl) - F (Pc (x’ —a,'n_lF(xl)»H > olr, ein Dl ’Oil]n l
oin
i
_ olrGd, bl
- 1
where the second inequality holds from the second relation of Lemma 2.5
and the fact that lim;_, o jes o; = 0, the third inequality holds because
xi ¢ S.
On the other hand, from the triangle inequality and the fact that Pc () is
nonexpansive, it holds that

I = Pe (x' = ™ F)) |
= Irc @)l + 1 Pe (x' = @i F(x)) = Pe (x' —ain™ F:) |

< Ireh el + X' — e F(x') — (x' —ain L E ()| (22)
= Ir(x anll +ai(n™ = DIF )| — 0(asi — o0, i € J),

>0, 1)

where the limit holds from the fact J C I, (19), the fact lim; , 0 jey ot =
0 and the fact {F(x')} is bounded. Using this together with the fact
limg— o0 kel xk = x, the continuity of F' and (22), it follows that

lim HF(xf) —F (PC (xi — am—lF(x"))) H —0.
i—o00,iel

This together with (21) gives (20).

Finally, by using the continuity of ||7(-, 1)|| and passing to the limit in (20) along
the index set J, we see that |7 (x, 1)|| = 0. This together with Lemma 2.4 completes
the proof. O

Now, we are ready to show the global convergence of IPA.

Theorem 3.5 [Global sequential convergence] Suppose that F is continuous on
R" and Sp # @. Let {x*} be the infinite sequence generated by IPA. Then {x¥} is
globally convergent to a solution of Problem (1).

Proof Let x* be any fixed cluster point of {x¥}. Then, from Theorem 3.4(c), we see
that x* € (72, H;. Hence, by replacing x by x* in (18), we see that

x5 — x| < ||lx% — x*]| for all k.
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Moreover, from Lemma 2.7, it follows that {||x* — x*||} is convergent. This together
with the fact that x* is a cluster point of {x¥} gives

lim x* = x*.
k—o00
This together with Theorem 3.4(d) gets the desired conclusion. O

4 Simplified IPA when underlying mapping is Lipschitz continuous

In Section 3, we present IPA for nonmonotone Problem (1). The global convergence
is established under the assumption that Sp # ¢. In this section, we aims to simply
IPA by omitting its line search procedure> whenever F is L-Lipschitz continuous.
We call this simplified IPA as IPA}

Now, we show the simplified IPA as Algorithm 2 below.

Algorithm 2

Step 0. Choose parameter 0 < A < % Choose x € R” as an initial point and
tol > 0 as a terminate criterion. Set k = 0.

Step 1. Compute r(x¥, 1) = xF — zX with 2% := Po(xk — A F (x%)). If |r (x*, )| <
tol, then stop; Otherwise, go to Step 2.

Step2. Set Hy = {v e R" : (xk — 2K — X(F(x*) — F(z%)), v — z¥) < 0}. Choose

t € Arg max{dist(xk, H;):0<j<k}and Iflk = Hy,.
Compute
= Py (5.

Step3. Letk =k + 1 and goto Step 1.

We use the following Proposition to show that IPA can reduce to [IPA; whenever
F is L-Lipschitz continuous.

Proposition 4.1 Suppose that F is L-Lipschitz continuous on R”. Let oz,? = A with
A€ (0,1/L) and 0 = AL. Then, IPA reduces to IPA .

Proof Tt suffices to show that, for each k, oy = A whenever oz,? = A with A €
(0, 1/L). Invoking the definition of Lipschitz continuous, we see that

A HF(xk) _F (PC (xk _ )\F(xk))) H < AL|x* = Pk — AF ()]

Using this together with the fact that a,? = A and o = AL, we see that (7) holds at
my =0 for any k. Hence, we obtain that oy = A for any k. This completes the proof.
O

From Proposition 4.1 and Theorem 3.5, we have the following corollary.

ZFor each k, we take step-size oy as a fixed positive number to avoid computing e by (7).
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Corollary 4.2 Suppose that F is L-Lipschitz continuous on R” and Sp # . Let
{x*} be an infinite sequence generated by IPA; . Then {x*} is globally convergent to
a solution of Problem (1).

Remark 4.3 If the Lipschitz modulus of F is known, from Proposition 4.1, we see
that, by taking suitable parameters, IPA requires only one projection onto the feasi-
ble set in each iteration. Moreover, from Lemma 2.3, the computational cost of the
next iteration point in IPA is much less than the algorithm in [2]. Comparing with
algorithm in [27], the global convergence of simplified IPA without needing extra
assumption {z € C : F(z) = 0}\Sp is a finite set. Moreover, from (23) in the follow-
ing example, we see that this assumption may not suit for quasimonotone variational
inequality problems.

Before ending this section, we use the following example to show the extra
assumption in [27] (see also assumption (3)). Note that the label of formula (3) is
(cond:notsuit) may not suit for quasimonotone variational inequality problems.

Example 4.4 Let C = [—1, 1] x [=1, 1]and F(x) = (x?,0)T with x = (x1,x2)7 €
R2. Then, it is routine to check that F is quasimonotone on C. Moreover, we see that
S={(x1,x):x1=—1or0,x € [—1, 1]} and Sp = {(—1,x2) : xp € [—1, 1]}.
Moreover,

{zeC:F(@)=0\Sp ={(0,x2) : x2 € [-1, 1]}. (23)

5 Convergence rate of IPA

In this section, we analyze the rate of the sequence generated by IPA. Our analysis based
on the following local error bound; there exist positive numbers ¢ and ¢; such that

dist(x, Sp) < c1lr(x, D]l for all x € R” with || (x, || < 2, 24)

where Sp is the solution set of dual variational inequality of Problem (1). This con-
dition is different with the error bound condition in [11], see formula (3) therein. The
difference is that we replace S with Sp in [11] therein. However, from (2), we see
that (24) is coincide with the error bound in [11] if F is in addition pseudomonotone
on C. The error bound plays an central role in convergence rate analysis. Interested
reader can refer [44—46] and the survey paper [47] for the sufficient conditions of the
error bound.

Theorem 5.1 Suppose that F' is Lipschitz continuous on R” with modulus L and
Sp # . Let {x*} be the infinite sequence generated by IPA. Then, the following
statements hold.

(a) There exist#; > 0 and t, > 0 such that

nllr(, D < dist(x*, Hy) < n2]|r(x*, 1) for all k. (25)
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(b) If in addition (24) holds, the convergence of the sequence generated by IPA is
Q-linear; i.e., there exists a positive number ¢ € [0, 1) such that

dist(x**!, Sp) < & - dist(x*, Sp) for sufficient large k. (26)

Proof (a) From Lemma 3.3, we have x* ¢ H; for all k. Using this together with
Lemma 2.3, we see that
(oK — 2K — o (F (xF) — F(F)))xk — zF
lxk — 2k —an (F (xk) — F (%)) ||?
—F(Z"))). 27)
Moreover, it follows that
(xk — 2K — o (F(x%) = F(2b)), x* — 25
llxk — 2k — o (F (x%) — F(2K)|12
(oF = 2F —a(F (5 — F(H))
|l = P - e (FGF) — F), 6 = 2|
- lxk — 2k — ag (F (x%) — F(29))]|
Ix* = 212 — o [(F (5 = F(), 6 =24
- llxk — 2k — e (F (x%) — F(24)|

Py, (k) =k — (k= 2F — a (F(xh)

dist(x*, Hy) = |

e — 22— | Fb) = Ik =25 ek — 242 — o ek — 2412
N |2k — 2k — o (F (x¥) — F (20) | T lak — 2k — g (F (k) — F(R)|l
e el A R L el
T lxk = 2K ol F (R — FEO) — flxk = 25| + of|lxk — 2K
-0 4 X 1—0 X 1—0 . X
= —|x" =7 = r(x", o > —— min{1l, o }|lr(x*, 1
1+a” I 1+a” ( ol T {1, ag }llr( )i

v

] { s Ymins 27 }” ( ’ )”’
—— min I Oy J— r(x
+ o L

where the first inequality holds from triangle inequality and the fact o > O for all
k, the second inequality holds from Cauchy-Schwartz inequality, the third inequality
and the fifth inequality hold from (7) and the fact ¢ < 1, the sixth inequality holds
from (6) and the last inequality holds from (16). Let t; = }jr—g min{1, o,in, r}%}.
Then, the first inequality of (25) holds.

Next, from (27), we see that

ek — 22 +ollxk =22 1+
llxk — k|| — ol|xk — 2K || 1—

. k o k
dist(x*, Hy) < > lr(x*, o)l

l14+o0 l14+o0
< 1 max{ Lol X, DI < 1 max{1 ema] Ir (5, DI

where the first inequality holds from the fact ay || F @R = FEO| < o|xk = 2K,
the second inequality holds from (6) and the last inequality holds from the facts
0 < oz,? < amax and 0 < n < 1. Leth, = 1+—"max{l,ozmax}. Then, the second

1—
inequality of (25) holds. ’
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(b) Note the fact Sp = Nyec{x : (F(y), y —x) > 0} that Sp is closed and convex.
Using this together with the assumption Sp # ¥, we see that there exists only
one vector ¥ € § p such that

ik = Pg, (x*) for each k. (28)
We first claim that the following inequality holds
dist?(x**1, Sp) < dist? (x¥, Sp) — i |Ir (xk, D)2 (29)
To this end, recall from Lemma 3.3 that Sp C ﬂ/fio Hj, and (17), we see that
T — 1 < = 21— dise (e, H).
Using this, we obtain that
dis? (xF 1, Sp) < dis? (x* T, 5% < dist? (xk, 75 — dis? (K, Hy)
= dist>(x¥, Sp) — dis?(x*, Hy) < dist?(x*, Sp) — r2||r (x¥, D)%,
where the first equality holds from (28) and the last inequality holds from (25).

Now, we are ready to show our main conclusion.
From Theorem 3.4(b), we see that klim dist(x¥, Hy) = 0. Using this together with
— 00

the first relation of (25), it follows that klim lr(x*, 1)|| = 0. Hence, for any given
— 00

¢ > 0, there exists integer N > 0 such that ||r(x*, 1)|| < ¢ for all k > N. This
together with (29) and (24) gives

2

t

dise® (x+1, 5p ) < (1 = —12> dist® (x*, Sp) forall k = N.
1

2 2
Note the fact dist? (x**!, Sp) > 0 that 1 — 2—12 >0.Let¢ = (1 - 2—12) Then (26)
1

holds. O

6 Numerical experiments

In this section, we test IPA, Algorithm 2.1 in [2] (YH for short) and Algorithm 2
in [31] (DHF for short) for high-dimensional nonmonotone variational inequalities
problem. All codes are written in Matlab and performed in Matlab2015a on a note-
book with Intel(R) Core(TM) i7-5500U CPU (2.40GHZ 2.40 GHZ) and 8 GB of
RAM.

In IPA, we take amin = 10710, amax = 10'%, 7y = 0.5 and o = 0.99. Inspired
by the renowned Barzilai-Borwein step-size and self-adaptive step-size, we take the
parameter oz,? as follows: set a8 =1 and take, for k > 1,

k_ k—=1)2 . _ _ —
0 [P[lo10,1010]((xk_xk”f’”);k)_”xk1)>) if (xk—xk=1 F(xby— F(x*—1)) > 10712,

o;, =
¢ Prig-10, 10107 (1.50tk—1) otherwise,
(30)
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which is similar as in our former work [43]. In YH, we take y = 0.4 and o = 0.99.
In DHF, we take the parameters are what the corresponding reference proposed in
[31, Table 5], i.e., yx = % 6 =0.98and p = 0.5.

Example 6.1 Let

C=[-1,11"and F: (x1,..., %) > (x3,---, x2).
Then, it is routine to check that Sp = {(—1,...,—D}and S = {(x1,...,x,) : x; €
2

{—1, 0}, Vi}. Moreover, from the fact that x — x“ is quasimonotone on [—1, 1],
[3, Theorem 3.1] and [3, example 3.1], we see that F is not quasimonotone on C
whenever n > 2.

In Example 6.1, the terminated criterion for YH and DHF are both rol = 103
and the terminated criterion for IPA is fol = 1079, i.e., the procedure of YH and
DHF terminated whenever |r(x, 1)|| < 107> and the procedure of IPA terminated
whenever ||r(x, a)| < 107°. We first generate 9 initial points x° by setting

xY:=0.1%i%ones(n,1),i €{1,2,3,...,9},

where ones(n, 1) € R"*! is a vector with each component is 1. Next, for a fixed
dimensional number n, we repeatedly use YH, DHF and IPA to solve Example 6.1
with different initial point 9 times, respectively. Finally, we report the number of
iterations (iter), the number of projections (np), the CPU time (in seconds) and disx.S 3
in Table 1, averaged over the 9 initial points.

Example 6.2 In this example, we set
C=100,11"and G : (x1,..., %) = (X3 —x1, -+, x> — x,).

Then, we can check that Sp = {(1,..., D} and S = {(x1, ..., x,) : x; € {0, 1}, Vi}.
Let I be the identity mapping. Then, from Example 6.1, we see that G is the
difference of F and /.

In Example 6.2, the terminated criterion for YH and DHF are both ol = 10~
and the terminated criterion for IPA is ol = 10~°. We first use YH, DHF and IPA
to solve Example 6.2 with n = 1 and initial point x0 e {0.1,0.2,0.3,...,0.9}. We
let \ denote the procedure of algorithm lose to find the approximate solution when
CPU time less than 2 min. We report iter, np, the CPU time (in seconds) and disx S
in Table 2.

Based on Table 2, we test DHF and IPA by solving high-dimension Example 6.2
with the initial point belongs to the following set

{0.1 xi *ones(n,1):i € {4,5,6,...,9}}. 3D

We report iter, np, the CPU time (in seconds) and disx S in Table 3, averaged over the
6 different initial points.

3Here, disx S is used to denote the distance of the output point to S.
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Table 3 Results for Example 6.2 with initial point choose in (31)

n iter np CPU disx S

DHF IPA DHF IPA DHF IPA DHF IPA
1000 25 20 50 43 6.12 0.01 4e-05 le-06
3000 34 41 70 86 10.83 0.04 8e-05 3e-06
5000 43 63 90 131 20.65 0.08 0.0001 4e-06

Remark 6.3 From Tables 1, 2 and 3, we see that YH, DHF and IPA are all have the
ability to find a solution of nonmonotone VI. Obviously, IPA is much more efficient
than YH and DHF from the terms of CPU time. Moreover, from Table 2, we see that
IPA is less dependent on the initial value than YH and DHF.
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