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Abstract

The notation of Moore-Penrose inverse of matrices has been extended from matrix
space to even-order tensor space with Einstein product. In this paper, we give the
numerical study on the Moore-Penrose inverse of tensors via the Einstein product.
More precisely, we transform the calculation of Moore-Penrose inverse of tensors via
the Einstein product into solving a class of tensor equations via the Einstein product.
Then, by means of the conjugate gradient method, we obtain the approximate Moore-
Penrose inverse of tensors via the Einstein product. Finally, we report some numerical
examples to show the efficiency of the proposed methods and testify the conclusion
suggested in this paper.

Keywords Moore-Penrose inverse - Einstein product - Tensor equations -
Conjugate gradient method

1 Introduction
1.1 Background and motivation

Tensor is a multidimensional array, which is exactly the higher order generaliza-
tion of matrix. Research on tensors has been very active recently [5, 6, 9, 16, 21]
as tensors have a lot of applications in many different fields, such as graph anal-
ysis, computer vision, signal processing, data mining, human motion recognition,
and chemometrics; one can see [4, 7, 8, 10, 11, 31, 33] and the references cited
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therein. Tensor models are employed in numerous disciplines addressing the prob-
lem of finding the multilinear structure in multiway data sets. Especially, multilinear
systems model many phenomena in mechanics, physics, Markov process, control
theory, partial differential equations, and engineering problems [13-15, 17-20, 32],
such as the radiation transfer equation, high-dimensional Possion equation, Einstein
gravitational field equation, and piezoelectric effect equation.

A lot of works have been done on tensors for the past four decades. However,
there are few research works on the theory and applications of the generalized
inverse of tensors. In 2016, Sun et al. [32] first introduced a generalized inverse
called the Moore-Penrose inverse of an even-order tensor via the Einstein product,
and a concrete representation for the Moore-Penrose inverse was given by using
the singular value decomposition (SVD) of a tensor. Then, the authors obtained the
minimum-norm least-squares solution of some multilinear systems by means of the
Moore-Penrose inverse of tensors. Behera and Mishra [3] continued the same study
and proposed some different types of generalized inverses of tensors. Different from
the work in [3, 32], Jin et al. [24] defined a Moore-Penrose inverse of higher order
tensors by using the t-product constructed in [27]. They proved that the Moore-
Penrose inverse of an arbitrary tensor exists and is unique by using the technique
of fast Fourier transform. They also presented some properties of the Moore-
Penrose inverse of tensors and established some representations of {1}-inverses, {1,
3}-inverses and {1, 4}-inverses of tensors.

In [3], Behera and Mishra proposed two open problems. The first one is about
the reverse-order law for the Moore-Penrose inverse of tensors and the second one is
about full rank factorization of tensors. In 2018, Panigrahy et al. [28] answered the
first problem for even-order tensors. Again, Panigrahy and Mishra [29] added more
results to the same theory but for arbitrary order tensors. In the same year, Liang and
Zheng [25] solved the other problem and proposed the full rank decomposition of
tensors by introducing a new kind of tensor rank, which gives a novel representation
of the Moore-Penrose inverse of tensors. They also obtained several formulae related
to the Moore-Penrose inverse of tensors and their {i, j, k}-inverses.

In 2017, Ji and Wei [22] studied another extension of the Moore-Penrose inverse
of an even-order tensor, called weighted Moore-Penrose inverse, and established
the relation between the minimum-norm least-squares solution of a multilinear sys-
tem and the weighted Moore-Penrose inverse of tensors. Behera et al. [2] further
studied the weighted Moore-Penrose inverse of tensors and proposed a few identi-
ties involving the weighted Moore-Penrose inverse of tensors. They also obtained
some necessary and sufficient conditions of the reverse-order law for the weighted
Moore-Penrose inverse of arbitrary-order tensors. In 2018, Panigrahy and Mishra
[30] improved the definition of Moore-Penrose inverse of an even-order tensor to a
tensor of any order, which is called product Moore-Penrose inverse. A necessary and
sufficient condition for the coincidence of the Moore-Penrose inverse and the product
Moore-Penrose inverse is also proposed. At the same year, Ji and Wei [23] extended
the notion of Drazin inverse of a square matrix to an even-order square tensor, and
obtained an expression for the Drazin inverse through the core-nilpotent decomposi-
tion for a tensor of even-order. As an application, the Drazin inverse solution of the
singular linear tensor equation A%y X = B has been included. Ma et al. [26] derived
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some representations of tensor expressions involving the Moore-Penrose inverse and
investigated the perturbation theory for the Moore-Penrose inverse of tensors via the
Einstein product.

Since the Moore-Penrose inverse of tensors plays an important role in solving
multilinear systems [3, 24, 32], it needs to further study this subject. The definitions
of Moore-Penrose inverse are based on the singular value decomposition (SVD) of
tensors, t-product of tensors, and full rank decomposition of tensors. All the existing
works mainly analyze the properties of the Moore-Penrose inverse of tensors from
an analytical perspective. The research work about the algorithm for computing the
Moore-Penrose inverse of tensors is relatively rare. Although Jin et al. [24] estab-
lished an algorithm for computing the Moore-Penrose inverse of a tensor by using
the technique of fast Fourier transform and inverse fast Fourier transform of a matrix,
the algorithm involves matrix computation. Naturally, a question arises: Does there
exists an iterative algorithm, which involves only tensor computation, for computing
the Moore-Penrose inverse of tensors?

In this paper, we will answer this question. This study can lead to the enhance-
ment of the computation of Moore-Penrose inverse of tensors along with solutions
of multilinear structure in multidimensional systems. In this regard, we reformulate
the calculation of Moore-Penrose inverse of real tensors as the solution of linear ten-
sor equation or equations. For the linear tensor equation or equations, we apply the
conjugate gradient method to find the solution.

The main contribution of this paper is as follows:

— to give the new equivalent characterization of Moore-Penrose inverse of tensors
via the Einstein product.

—  to present two numerical methods to obtain the Moore-Penrose inverse of tensors
via the Einstein product.

1.2 Outline

This paper is organized as follows. In the next subsection, we present some nota-
tions and definitions which will be useful for proving the main results in Sections 2
and 3. In Section 2, we first transform the computation of {1, 3}-inverse and {1, 4}-
inverse of a tensor 4 into solving a class of tensor equations with one variable.
Then, we develop the conjugate gradient method for the solution of tensor equation
in order to obtain A% and A3, Meanwhile, we give the convergence analysis
and prove the finite termination property of the proposed method. By means of the
numerical results of {1, 4}-inverse A1 and {1, 3}-inverse A"*¥, and the relation-
ship AT = ADH %y A sy AT we obtain the unique Moore-Penrose inverse A’
In Section 3, we first derive an important property of the Moore-Penrose inverse of
tensors. Based on the property of the Moore-Penrose inverse of tensors, we trans-
form the computation of Moore-Penrose inverse of tensors into solving a class of
tensor equations with two variables. Then, we present the conjugate gradient method
to solve the tensor equation and give the convergence analysis. Numerical examples
of the proposed algorithm are shown and analyzed in Section 4. The paper ends up
with some concluding remarks in Section 5.
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1.3 Notations and definitions

For a positive integer N, let [N] = {l,---, N}. An order N tensor A =
(“il---iN)lsijslj (j =1,---, N) is a multidimensional array with 111, - - - Iy entries.
Let ClixXIN apnd RN %IN pe the sets of the order N dimension 7] X --- X Iy
tensors over the complex number field C and the real number field R, respectively.
Here Iy, I, - - -, Iy are dimensions of the first, second, - - -, Nth way, respectively.
The order of a tensor is the number of dimensions. A first-order tensor is a vector
while a second-order tensor is a matrix. Higher-order tensors are tensors of order
three or higher. Each entry of A is denoted by a;,...;y. For N = 3, A € Cl*12x5 jg
a third-order tensor, and a;,;,;, denotes the entry of that tensor.

For a tensor A = @iyein jrjy) € ClixexInxy X'“XJM, let B = Diyving jijn)
e CJrexJuxhixxIN pe the conjugate transpose of A, where bj,...iy ji--jy
@jy..jyiyiy- The tensor B is denoted by AH. When bj...iysjjy = @jyovejisings
the tensor B is called the transpose of A, denoted by A”. We say a tensor D =
(diy iy jyjyy) € ClIOxInxlixexIv g 3 diagonal tensor if dj,..iyj,jy = 0 in
the case that the indices i - - - iy are different from jj - -- jy. The unit tensor Z is
the one with all entries being zero except for the diagonal entries d;...iyi, ...y = 1.
The zero tensor O is the one with all entries being zero. The trace of a tensor
A e RIDexIvxlixexIn jg r(4) = Y Qjy-iyi;-iy [4]. A few more notations
and definitions are introduced below.

Let A € ClxxInxKix-xKy and B e CKix-xKvxJix--xJu, the Einstein
product [4] of tensors A and B is defined by the operation *y via

ir-in

(AN B)iyin jiju = Z iy iy -k Ok ok i jur - (1.1)
kyky

It is obvious that Axy B € Clx - xINxJixxJu and the associative law of this tensor
product are true. By (1.1), if B € CK1>xKN then

(Axy B)ijiy = Z iy ik -k Dy -k »
ky -k
where AsyB € C/1* >IN This product is used in the study of the theory of relativity

and in the area of continuum mechanics [17]. We comment here that the Einstein
product x| reduces to the standard matrix multiplication as:

n
(A1 B)jj = Zaikbkj
k=1

for A € C"*" and B € C"*!. We also know that when A € C/>*I¥ and B is a
vector b = (b;,) € C'V, the Einstein product is defined by the operation x| via

(A X1 Bijoiy_y = ZailmiNbiN,
iN
where A x| B € ClrxxIn-1
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Lemma 1.1 [32] Let A € Cl<xXInxKixxKn gng B e RE<xKyxJix-xJyu
Then

(1) (Axy B =B sy AH;

(2) (Zn *n B) = B and (B sy Iy) = B, where the unit tensors Iy € CK1xxKyx
Ky x-xKpy andIM c (CJ]><~~~><JM><J1><~~><JM'

Definition 1.2 [4] Let A, B € RIXxInx/ix=xJu The inner product of two
tensors A and B is defined by:

(A, B) = tr(BT %y A). (1.2)

For a tensor A € RIxInxlixxIN the tensor norm induced by this inner
. . . T N
product is Frobenius norm || A| = (Zil»--ile---jN @i, ..iy jy--jn 1) 2. Wang and Xu

[34] derived the symmetric property of this inner product as follows.
Lemma 1.3 [34] Let A, B € RIV<-XINXJ0XX Iy Thep
(A, B) = (BT sy A) = tr(A sy BT) = t(B sy AT) = tr(AT 5y B) = (B, A).
In addition, it follows from the definition of the inner product and the properties
of the tensor trace that for any A, B € Cl1X*In>xJiXxJu and any scalar @ € C,
(1) linearity in the first argument:
(A, By =a(A, B), (A+C,B) = (A, B) + (C, B),
(2) positive definiteness: (A4, .A) > 0 for all nonzero tensor .A.

And, for two tensors X, ) e ClxxInxJix-xJu Hy simple calculations, we
obtain

X = VI = X% = 2(X, V) + | VII*
Lemma 1.4 [12] Ler A € RIVCXINXTxxIN gnd B e REDC XKy xLixxLy
Then for any X € R X INx K1 xKy gy e RV xInxLixxXLy o haye
(Asxy X sy B, Y) = (X, AT sy Yy BT).
Lemma 1.5 Let D € R xInxlixexIy gng c ¢ REvx<xLyxKix—xKy Tpey
forany X e Rllx---xJN XKy x--xKpy andy c RL1><~-><LM><11><--~><IN’ we have
(Cxp XT 5y D, V) = (X, Dy YT 5y C).

Proof The result can be established by using an argument similar to the one used in
Lemma 1.4. 0

For a tensor A € Clx<xInxIixXIN if there exists a tensor B € ClixxInx1i
xxIN guch that A xy B = By A = Z, then A is said to be invertible and
B is called the inverse of A and denoted by A~! [4]. For a general tensor A in
ChoexIyxJix-xJu jts inverse may not exist. But it is shown in [25] that there exists
a unique Moore-Penrose inverse X’ in C/1*"*/uxlix-xIN The definition of the
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Moore-Penrose inverse of tensors in C/1X*INx/ixxJu yia the Einstein product is
as follows.

Definition 1.6 [25] Let A e Cl>>InxJixxJu The tensor X in C/1%*m
xIixXIN gatisfied

(D) Ay X sy A=A, Q) Xxy Axy X =X,

B) (Axpy O = Aspyr X, (4) (X sy AT =X x5y A (-3

is called the Moore-Penrose inverse of .A, denoted by AT,
Particularly, if a tensor X satisfies tensor equatipns @, (), -+, (k) in (1.3), it is
called an {i, j, - - - , k}-inverse of A, denoted by A®J--%) The set of {i, j, --- , k}-

inverses of a tensor A is denoted by A{i, Jsooe, k}
Clearly, we have A" = A~! = A®J-0) if Ais invertible. Especially, if M = N,
it reduces to the Moore-Penrose inverse defined in [32].

2 Reformulation as tensor equations with one variable

In [3], Behera and Mishra studied the properties of the generalized inverse of tensors
and obtained the following results.

Lemma 2.1 [3, Theorem 2.32.] Let A € RV XINXJ1xXIN Thep
AT = ALY o A sy AT,

Similar to Lemma 2.1, we are easy to see the following fact. For completeness, we
give a detailed proof.

Proposition 2.2 Let A € Cl1¥<xINxJixxIu Thep

.Af = ./4(1’4) XN A XM A(l’S).

Proof Let X = ALY sy A sy A3 Then

Asy X sy A = Asyy (AYY sy Asyy AGD) 5y A
= (Axy AYD xy A) 5y AT 5y A
= Asy ATV ay A=A

and

Xy Asar X = (AT sy Asnr ADD) sy A sy (ATY sy A sy ALY
= AT sy (A sy AT sy A) gy AT sy Ay AT
— A(1,4) xy A%y .A(l’4) sy A sk A(l’g)
= AT sy (A sy AT sy A) 5y AT
= AN sy Asy AT = x,
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Since
Ay X = Aseyg (AT D5y Ay A1) = (Asepg AT sy Dy AT = Asepg AT,
it follows that
(Aspy 07 = (Asyy AT = Ay ATD = Ay X
By some calculations, we know
Xy A= (AT sy Aspy AV )iy A = A Dy (Axpg ATV sy A) = AT sy AL
Therefore, we conclude that
(X sy A = (AT s5n HT = AT 4y A = X 5y A
Hence, X = A, which completes the proof. O

Let
»Al — Bl — ]:'1 =Ae R11x~-~x1N><J1x~-~><JM’
Cl =0 ¢ R11X~»-><1Nx11><~-><11\1’ D] =0 c RJ]X---XJMXJIX---XJM’
-AZ =Aec RI}XNXINXJ]X---XJM’ BZ — CZ =T¢ Rllx---xINxhx---xIN’
Dy = —.AT c RJ}XWXJMXIIXWXIN Fr = O e Rllx-”XINXIIXwXIN

2.1

Then the computation of {1, 3}-inverse in R **INx/1xxJu hecomes the follow-
ing tensor equations

A]*MX*N61+C1*NXT*MD]=.7:1, 2.2)
Ap s X #y Bo+Coxny XT %y Dy = T, :
If
Ai=B=F=A¢ Rllx-uxINlexn-xJM’
— Iy x - x Iy xIyx--x1Iy — Ji X x Iy xJypxex Iy
Ci=0¢€¢R ,Di=0€R , 23)

»A2 — Dz =T7c¢ RJIXWXJMXJIXWX]M’ BZ =Aec RIIX'“XINXJIX"'XJM’
Cz — —.AT = Rh><~--><JM><11><---><IN7 ]:2 =0e R11><~-><JM><11><~--><JM’

then the computation of {1, 4}-inverse in R/ > */vxJ1xxJu hecomes the tensor
equations (2.2). In other words, the computation of {1, 3}-inverse of a tensor can be
transformed into finding the solution of tensor equations (2.2) with the coefficient
tensors given in (2.1), and the computation of {1, 4}-inverse of a tensor can be trans-
formed into finding the solution of tensor equations (2.2) with the coefficient tensors
given in (2.3). Once the {1, 4}-inverse and {1, 3}-inverse of a tensor .4 are obtained,
it follows from Proposition 2.2 that the unique Moore-Penrose inverse of A equals to
AT = ATD 5 Ay AL,

For the tensor equations (2.2), we apply the tensor form of the conjugate gradient
method to find the solution, which is described as in Algorithm 2.3.

Algorithm 2.3 (Conjugate gradient method with tensor form for solving (2.2))
Step 0  Input appropriate dimensionality tensors Ay, By, Fy € RIV<xInxJixxJy
Cl c RI]X"-XIN ><11><--~><1N, Dl c RJIX-~»><JM><JI><--»><JM’ «42 e

R11><~~><IN><JI><~~~><JM’ By, Co, F» c R XINXIi X XIN  p g D,
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e RIxxIuxhix-xIy iy (22) Choose the initial tensor Xy €
RJIX"'XJMXIIX'"XIN

Step1 Compute
Rél)z Fi— Ay sy Xoxny By — Cq *n XOT xpy Dy, ’R(()z)
=Fr — Ax #m Xo %5 Bo — Co %y X #y Da,
and
Ro = AT sy R semr B + AL sy R sy BY + Dy (ROHT sy €1
+D; *y (R(()2))T xy Co.
Set Qp = 7%0 andk = 0.

Step2 IF IRV (12 + 1RSI = 0, stop. Otherwise, go to step 3.
Step 3  Update the sequence

X1 = X + o k. (2.4)
where
_ IR P+ IR 05
| QklI? '
Step 4 Compute
R = Fi — Ap s Xt #v By — Cuoxn XL 5 Dy, -
R = Fa — Ap g Xt #v Ba — Coky XL, % Da

and

5 1 2 1
Rk+1 = ‘A{*NRI(C—‘:l*Mng + Ag*M,R’l(c—‘:l *MBg + D] *Mm (R](H)_l)T*Ncl

+Dyx (R DT 5m Ca Q2.7)
Step 5 Update the sequences

Qi1 = Rit1 + B Qe (2.8)
where:

IR I+ IRE, 1

IR HIRE R

(2.9)
Step 6 Setk := k + 1, return to step 2.

In what follows, we give the convergence analysis of Algorithm 2.3.
Lemma 2.4 Let {R\"}, (RP}, (R} and {Qx} be generated by Algorithm 2.3. Then

(R RO+ (RELRP) = RV, R + (R, RY) — o Q1 Rj). (2.10)
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Proof By the relations (2.4) and (2.6), we immediately have

R,(clll = Fi — Ay s Xiyr %y B — Croky Xl xu Dy
= F1 — A1 #u (X + Q) #y Br — C1 #n (X + Qi) %m0 Dy

= R — ax(Ay s Qx xn B+ C1 s QF s Dy). Q2.11)
Similarly, we obtain
R =RY —or(Ax sk Qs Ba+Caky QF #yD2). (2.12)
It then follows from the relations (2.11), (2.12) and Lemmas 1.4 and 1.5 that

(R RO+ (RELRY)
= <Rl(<1)aR31)>+<R1(¢2)aR§2)>_ak[<Al*MQk*NBI+CI*NQIZ*MD1,R;l))
+(Ap ey Qukn Bo+Coky Qf %1 Da, R§2)>]
= RO RO RE, RP) —anl(Qp, ATsw R sy B + AL wyg R sy 5]
+D *M(REI))T*NQ + DZ*M(RF/Z))T*MCZ)]

= (R, R+ (R, RY) — an(Qu, R)),
which completes the proof. O

Lemma 2.5 Let {R\"}, {R\’} and {Qy} be generated by Algorithm 2.3. Then

Wy 1 (RO RDY =0, (01, Q)) =0, i,j=0,1,-- ki #j. (2.13)

)
(R; " R; i R

Proof First, we prove that
RV RPD) + (R RP) =0, (01.Q)) =0, 0= j<i<k (214

This will be shown L)y induction on k. For k = 1, by Lemma 2.4, the definition of ag
and the fact Q¢ = R, we obtain

RV R + R RGP = (R, RG) + (R REY) — (o, Ro)
IRV + IRP |12

ToNE 1 Qoll?

1 2
= IRIZ + IRP N1 -

= 0.
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Meanwhile, by Lemmas 1.3 and 2.4, the relation (2.8) and the definitions of o and
Bo, we get
(Q1. Qo) = (R1 + BoQo. Qo)

R1. Qo) + o{Qo. Qo)

Q. R1) + Bo(Qo. Qo)

_ IR RO+ R REON-IRTY, R +(RP, R

200]

= |
= |
(

+Boll Qoll?

M2 )2
IRV12 +IRP
= ——1 L+ BollQoll?

)

1 2
1QolI IRV 24+ 1R P2

1 2 1 2
IR IZHIRS 2 IR 12+ IR )12

1 2
= (IR 12+ IR %) 190112

= 0.

Therefore, the relation (2.14) is true for k = 1. Assume now that the relation (2.14)
is true for some k. Then for k + 1, it follows from Lemma 2.4, the relation (2.8), the
definition of o and the induction principle that

R RO + R R = R R + (RP R — an( Qi R

= IRVIZ + IR I? — cac{ Qs Qb — Bre1 Qi—1)

IR + IR |12
PAE

1 2
= IRIZ+ 1RSI - QI

= 0.

Meanwhile, according to Lemmas 1.3 and 2.4, the relation (2.8) and the definitions
of o and B, we get

(Qit1, Q) = (Ric1 + B Ok, Q)
= (Riet, Q1) + Bl Q. Ok)
(Qk, Rict1) + Brl(Qk. Qx)
(R RED R REN-LRLY L R ) +(RE) RE )

= + Bi(Qx, Qi)
(073
@ 2 2 2
IRE 12+ IR, I
= ——H CEL 4 Bl Qxll?
(077
1 2
1Qc1? IR 12 + IRE, 112

2
—(R{LIP+ IR I Ql?

+ 1 2 1 2
IRVIZ+ 1RSI IRVIZ + IR )2

= 0.
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In addition, by Lemma 2.4, the relation (2.8), the definition of o, and the induction
principle, for j =0,1,2,--- , k — 1, we obtain

(D (1 (2)
(R R + (R

R = RV, RY) + (R, RY) — an(Qk. R))
—ar(Qk, Q5 — Bj—12j-1)

= 0.

Meanwhile, according to Lemmas 1.3 and 2.4, the relation (2.8), and the induction
principle, for j =0,1,2,--- ,k — 1, we get

(Qit1. Q)) = (Riw1 + B Qe Q)
= (Ri+1, Qj) + B @k, Q))
(Qj, Ri+1) + B Lk, Q)
() (1) ) 2 (1) (1) ) 2
_ (R Ry i) +(R; ’Rk+l>];['<7?’j+1’Rk+l>+(Rj+1’Rk+l>] T B Q)
J

= 0.

So the relation (2.14) is true for k + 1. By the induction principle, the relation (2.14)
istrue forall0 < j <i < k. For j > i, by Lemma 1.3, one has

R, RO +RP, R =R, RIV)+(RP, RP) =0, (9, Q) = (Q;, Q) =0,
which completes the proof. O

Lemma 2.6 Let {R,((l)}, {R,(cz)} and {Qy} be generated by Algorithm 2.3. If X is a
solution of the tensor equations (2.2), then

(X — X, Q) = IRV I + IR |12 (2.15)

Proof This will be shown by induction on k. For k£ = 0, by Algorithm 2.3 and Lemma
1.5, we have

(X — Xp. Qo) = (X — Xo, Ro)
= (X — X, .AIT*N’RSD*MBIT+A2T*M’R(()2)*MBZT+D1*M(Rél))T*N(31 +D2*M(RE)2))T*MCQ>
= (Aj #n (X — Xo) #y By +C1 xy (X — X)T 5y D1 RY)
+( Az g (X — X) sy Bo + Co sy (X — Ap) 5y Da, R(()z))
= (Fi — A1 *u Xo #n Bi —C1 #y X #1 D1, RY)
H{(Fr — Az sy Xo xy Ba — Co oy XL %1 Do, REY)
= IR 1> + IR 112
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Therefore, the relation (2.15) is true for k = 0. Assume now that the relation (2.15)
is true for some k. Then for k£ 4 1, it follows from the relation (2.4), the definition of
o, and the induction principle that

(X — Xir1, Qk) = (X — Xk, Qx) — o | Okl
IRI2 + 1R )2

(12 2) 2 2
= IR+ IR — | Qkll” = 0.
¢ ¢ AR
Hence
(X — Xier1, Qer) = (X — X1, Rir) + Br(X — Xt Q)
= (X — Xer1, Rit1)
= (X — Xiq1, AlT *NR,(cngl *MBIT + AzT*MR,gg] *MBZT
+Dya (R DT 58 Cr+ Dot (R D 54 Ca)
= (Ap %y (X — Xiy) 5y By +Cp 5y (X — X)) #u Dy, R,(:Jil)
A2 #r (X = X)) #n Ba + Co vy (X — Xien)T 4 D2 R
= (F1 — Ay X1y B — Cran XL xm Dy, R;({lﬁl)
+{(Fr — Apskpg X1 2N By — C2*NX1<T+1 ¥y Do, R](CZJ:])
1 2
= IR{LIP+IRE, 1%,
which completes the proof. O]

Theorem 2.7 For any initial tensor Xy, the solution of the tensor equations (2.2) can
be derived in at most 1J + 17 iterative steps by Algorithm 2.3.

Proof If there exists some ig(0 < ig < 1J+12—1) such that | R{) >+ R{ |12 = 0,
then Xj, is the solution of the tensor equations (2.2). If IIR,(CI) 1%+ IIR,(P 1% # 0k =
0,1,---,IJ + I* — 1), by Lemma 2.6, we know Q; # Ok = 0,1,---,IJ +
1> — 1). Then X, > and Q; ;2 can be generated by Algorithm 2.3. By Lemma
2.5, we know that (R{", R{") + (R{?, R{) = 0 and (Q;, Q;) = O forall i, j =
0,1,2,---, 1J+1*>—1,and i # j. So the tensor sequence of (R(()]), Réz)), -

) @ 1 3 : Iy - xIyxJypx-xJy
(R FYNCRT R 17 +12_1) is an orthogonal basis of the linear space R

I X x Iy xIyx---xIy : 1 2) Iy - xIyxJypx-xJy Iy x--
xR . Since (RUHZ,R”HZ eR x R

wxtiexdy and (R L RYVY + (R 5 REY) = 0fork = 0,1, 1] +

, = O and R® , = O, which completes the proof. O

2 (1
I — 1, we have R 141

1J+1

3 Reformulation as tensor equations with two variables

In order to obtain the main result of this section, we first introduce the following
lemma.
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Lemma 3.1 Let A € CloxInxJucxdu pp AH o A = O, then A = O.

_ oL Iy x Iy < Jyp X x J, H _ L
Proof Let A = (aj.iyj-jy) € C" N ¢ 1 M and A" = (bj,...jyiy-iy) €
CIr<xIuxtioxIN where bj,...jyiyiy = Giyiy j1-jy- Then, for any given ji €
Ji, -+, ju € Ju, we have

H — L
(A7 sy A)jl-"ijl-"jM = Z Djy v jugiyevin @iy iy i o

ipiy
~ 2
= D GigeinjrjuGirin ey = D Wiy jyju |
ipiy i1iN
Since A7 xy A = O, it follows that a;,...iy j,...;,y = O foralliy € I, -+, iy € Iy,
j1€J1, -, ju € Jy. Hence A = O. The proof is completed. O]

Theorem 3.2 Let A e Clix<xXINXJixXIu_[f there exist X e CT1X< > ImxlixxIy,
U e (CI]><~~-><IN><11><-~- xIn andV € CJ]X~-~><]M><JIX~-~><]M satisfying

Asy Xsy A=A, X =A% sy U and X =V 5y A7, 3.1
then X is unique and X = A'.

Proof According to the Moore-Penrose equation (1.3), we have

.A*M .AT kN .A = .A,
AT = AT sy Ay AT = (AT sy HF sy AT = AP sy (AN T 5y AT, (3.2)
AT = AT sy Ay AT = AT sy (Asyy ADT = AT sy (AN sy AT

Denote U = (AN sy AT e ChxxIvxlixexIy gng p = AT sy (AHH €
ClrxxIuxJixxJu By the relation (3.2), it is easy to see that A" satisfies (3.1).

Now, we show that there exists a unique X" satisfying (3.1). Suppose not, there
exists X7 € C/rx-xJuxli xxIN gych that X} # X and

Axpy X1 sy A=A, X1=.AH xy U, X1 =V *M.AH, 3.3)
where ul c (CIIX"'XINXIJX"‘XIN and Vl c CJIX--~><JM><11><-~><JM_ Let
H=X-X,Uh=U-U, V=V-V. (3.4)

It then follows from (3.1), (3.3), and (3.4) that
Ay Xpay A=0, Xo = A" sy Uy, Xy =Vy sy A7
By some calculations, we immediately have

(X5 D sy (X 5y A) = AT sy () 5y Xy 5y A
= .AH kN (AH XN UQ)H *M Xz kN .A
= (AT sy U Y 5y (A sy 2o %y A) = O,

which, together with Lemma 3.1, yields that X, xy A = O. Meanwhile, we find
Xy sy Xf1 =Xy kg Wy AT = (X sy A) sy V' = 0,
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which, together with Lemma 3.1, yields that X, = O. According to the relation (3.4),
it follows that X = AX’|. This obtains a contradiction. Hence, we conclude that there
exists a unique X satisfying (3.1) and X = A". The proof is completed. O

Corollary 3.3 Let A e Ch> Il If there exist X € /P> Ity
and Y € Chx-xInxJv xxIu satisfying

Asxy X sy A=A, X = A% sy Vs A7, (3.5)
then X = A'.

Proof LetU =Y sy A7 and V = AH sy Y. Then, by (3.5), we have
Asy Xsy A=A, X =A% xyU, X =V %y AH.
It then follows from Theorem 3.2 that X = AT, The proof is completed. O

Let

.A] — Bl 2]:1 =Ae RI]X-~~><IN><J1><---><JM’

Cl =0¢c Rllx..-x[lelx...xlN, Dl —0c RIIX'“X«,MX«/IX'“X/M7

Ay =T e RI o Iwxloedu gy — T g RIve vy,

Cr = —-Dy = AT e RI > Iuxlixxin g, — @ g RI<xIuxDixxly,

3.6)

By Corollary 3.3, the computation of Moore-Penrose inverse of tensors in R/ /v
*JixxJu pecomes the following tensor equations with two variables

Ay sy X xy Br +C1 #n Y *m D1 = F1,
Ao x4 X %y By +Coxny Y %y Doy = Fo.

For the tensor equations (3.7), we apply the tensor form of the conjugate gradient
method to find the solution, which is described as in Algorithm 3.4.

3.7

Algorithm 3.4 (Conjugate gradient method with tensor form for solving (3.7))

Step 0 Input appropriate dimensionality tensors A, By, C1, D1, F1 and Ay, By,
Ca, Do, F» in (2.2). Choose the initial tensors Xy € RI>xJuxIixxIy
and yO e Rll XX Iy X Jq ><»--><JM'

Step1 Compute

R(()l) =F1 — A1xy Xoxn B — CrxnVoxu D1,

’R(()z) =F — Aoy Xoxn Bo — Cosn Yoxm D2,
and

ﬁ(()l) =AT *NRS)*MBIT + Ag*MRBZ) B .

Ry =Clan R sy DI + 1 sy R +y DI
Set Py =Ry, Qo =R and k = 0.

Step2 IF IRV |2+ 1RSI = 0, stop. Otherwise, go to step 3.
Step 3 Update the sequences

Xit1 = X + P, Vi1 = Vi + o Gk, (3.8)
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where
1 2
L IROP IR 39)
k= )
IPll? + 1| QxlI?
Step4 Compute
R,((lll =F1—A1 xm X1 *8 Bi—C1 *n Vi1 *m D1,
2
R,((le =Fo— Ay ky X1 #8 B2 —Co kN Vier1 *m Do,
~(1 1 2
Rily = Al v R o B + AT s Ry v B
e 1 2
R =l sy R s DT + 1 s R 45 DY
Step 5 Update the sequences
(1 e
Pt = Ry + BiPr. Qurt = R + B, (3.10)
where
R(l) 2 + R(Z) 2
R I+ IR 311

1 2 :
IRMVIZ + RS )2
Step 6 Set k :=k + 1, return to step 2.

Lemma 3.5 Let {R\"}, (R}, (R}, (RP), {Pi) and {Qx) be generated by
Algorithm 3.4. Then
(R RHRE L RP) = (R, RV R RP) —enl (P, RS) Qi R
Proof By step 4 of Algorithm 3.4 and the relation (3.8), we immediately have
R,(clll = F1 — At *m Xiy1 #8 Br — Cp #n Vi1 *u D1
= F1 — A1 xm (X + oPr) xn Br — Cy #y Vk + i Qk) *m Dy
= Ry — o (Ar #u1 Prc iy By +Cy %y Qi Dy). (3.12)
Similarly, we obtain
R](j)_l ZR,(CZ) — ax (Ao *p Pr #n Bo + Co xy Qg *p1 D3). (3.13)
It then follows from the relations (3.12), (3.13) and Lemma 1.4 that
Rl R+ (REL R
= (R}, RV) + (R, RP) e [(Arm Prsn Bi+Croew Qi D1, RY)
H(Ao#y Prxn Bo+Coxn Qi xm Da, Rﬁz))]
= R R+ RY RP) —aul (Pe. AT ey RS s BY + AT weps RV sy B)
Q. O] #n R 5y D] + €T xR 5y CI )]
= (R, R +(RP, RP) — aul(Pr, R + (Q1, RPN,
which completes the proof. O
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Lemma 3.6 Let {R\"}, (R}, {Pi} and {Qy} be generated by Algorithm 3.4. Then

(R, R ARP,RP) =0, (P PH+(Qi, Q) =0, i, j = 0,1, k, i # j.

Proof First, we prove that

RV RV R, R =0, (P Pj)+(Qi. Qj)=0, 0<j<i<k.  (3.14)
This will be shown by induction on k. For k = 1, by Lemma 3.5, the fact Py = 7’5(()1)
and Qp = 75(()2) and the definition of «(, we obtain

(R R + (R RY)
= Ry RG+(RGY RE) — ol (Po, Ry) + (Qo, RG]
= IR 12 + IRP 12 = a0l (Po, Po) + (Qo, Q)]
IR+ RS )12

Pl + 11901121
1Pol? Qo2 IPol 11l

1 2
= IRIZ+ IR -

= 0.
Meanwhile, by Lemmas 1.3 and 3.5 and the relations (3.9)—(3.11), we get
(P1, Po) + (Q1, Qo)
= RV + BoPo. Po) + (R} + BoQo. Qo)
= (Po, R{") + (Qo. RY) + BollIPoll> + 1Qoll1%]
(R, R+ RP, REN-IRYP, R+ (R, R

- +BollIPoll*+11Qoll*]
oo

IRMVIZ+ IR )2
= ——1 L+ BollPoll> + 11QolI*]

)

1 2
1Poll+1Q012 IRV IZ+IRP |12

[IPoll?+11Qoll*]
1 2 1 2
IRVIZHIR 2 IR IZ+IRS |12

RV I+ IR P2

= 0.

Therefore, the relation (3.14) is true for kK = 1. Assume now that the relation (3.14)
is true for some k. Then for k + 1, it follows from Lemma 3.5, the relations (3.9) and
(3.10), and the induction principle that

(R(l)

k+l’Rl(cl)) + (ngil’ RY)
= (R, R+ RP . RY) — el (P, BYY) + (Qu. R
= IR + IR — akl(Pe, Pr — Bro1Pi—1) + {Qks Qs — Br—1Qk-1)]
= IR + IR — awlIPell? + 11Qe 1?1 + akBi—1 [(Prcs Pet) + (Qiy Qk1)]

1 2
IRV + IRS |12

Prell® + 1 Qell?
P+ 0 I 1

1 2
= IRVIZ+ IR -

= 0.
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Meanwhile, according to Lemmas 1.3 and 3.5, the relation (3.10), and the definitions
of o and B, it follows that

(Pr+1, Pre) + (Qr+1, Qi)
= (R, + BePr. Po) + (R + Bk, Qi)
= (R} P+ (R, Q) + Bl Pell® + 11Qxl1%]
= (P RD) +(Qe R + Bl Pell + 11Qxl°]

(R R +RY RIEZN- LR R + (R R

(073
+ B LI Pl +11 Ok 1]

2) 12
IRM 12+ 1RE I
= e+l S Bl Pl + 19012

Ok

1) (2)
IPeP+I1Qel? | IR IP+HIRE 1P
1 2 1 2
IRVIZHIRP 12 IRY 12+ 1R |12

IR IPHIRE 1] [Pl + 11 Qxl1*]

= 0.
In addition, by Lemma 3.5, the relation (3.10), the definition of ¢, and the induction
principle, for j =0, 1,2,--- ,k — 1, we obtain

(R RO+ (RE)LRY)

= Ry, R+ RP, RP) — arl (P, RYY) + (Qi, R
—ar[(Px, Pj — Bj—1Pj—1) +{Qk, Qj — Bj—19j-1)]
— o [(Pr, Pj) +(Qk» )] + i Bj—1[{Pk, Pj—1) + (L&, Qj—1)]
= 0.

Meanwhile, according to Lemma 3.5, the relation (3.10) and the induction principle,
for j=0,1,2,--- ,k— 1, we get

(Prt1s P + (Qest Q) = (R + BiPr, Pj) + (RE), + Bk, Q))
= (R} P+ (R, Q) + Bl (P, Pj) + (Qk. Q)]
= (PR ) +(Q) R

R R + (R REDN = IR R + (RE R

®j
= 0.

So the relation (3.14) is true for k + 1. By the induction principle, the relation (3.14)
istrue forall0 < j < i < k.For j > i, by Lemma 1.3, it follows that

R, R+ (RP,RY) = (RY, RPD) + (RP . Ry =0
and

(Pi, Pj) +(Qi, Qj) = (Pj, Pi) +(Qj, Qi) =0,
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which completes the proof. O

Lemma 3.7 Let (X, ) € R/ IuxlixexIy o RIx<xInxJixXIu bo g solution
of the tensor equations (3.7). Then for any initial tensors Xy € R/ JmxIi x--xIy
and Yy € RIV<xInxJix=xXIu ypo paye

(X =X, P) + V= Ve, Q) = IRVPZ + IRP 1%, (3.15)

where the sequences { X}, {Vi}, {Pi}, {Qk}) {R,(cl)} and {R,(Cz)} are generated by
Algorithm 3.4.

Proof This will be shown by induction on k. For k = 0, by Lemmas 1.4 and 1.5, it
follows that
(X = X, Po) + (¥ = Yo, Qo) = (X = X0, Rg) + (¥ = Yo, Ry
= (X — X, AT sy R“) sy BT + AY sy Réz) xy BY)
+( = Vo, C sy R sy DT +CF sy RSP 53 DY)
= (A1 % (X = Xp) v Bi +Cr sy (U = Vo) % D1, R
+( Az sy (X — Xo) xy Bo + Co %y (Y — ) #m D2, R(()z))
= (F1 — A1y Xo *n Bt — C1 8 Do *m ,DlvR(()]))
+(F2 — Az kp Xo #n Ba — Co xn Vo *um D2, R(()z)>
= IR 17 + IR
Therefore, the relation (3.15) is true for K = 0. Assume now that the relation (3.15)

is true for some k. Then for k + 1, by the relation (3.8), the definition of o, and the
induction principle, we have

(X = X1, P+ = Vw1, Q)
= (X — X, Po) + (Y = Vi, Qi) — I Pell> + 1Q11%]
IR+ IRS |12

= IRVIZ+ IR — Pell” +
I 1=+ l AR AL UPel? + 119kl
= 0.
Hence
(X = X1, Pieg1) + (Y — Vist, Q1)
= [(X=Xes1. R ) +Be (X =Xy, POIHIY = Ves1. R ) +B V= Vi1, Q)]
(

(
X - Xk+1,R,((21) +(¥ - yk+l,Rk+1>
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= (X — Xiy1, AIT *N R1(¢1+)1 1 Blr + AZT *)0 R,gzl *N Bzr)
V= Vw1, C sy R, s DI +C1 g R, v DY)

= (A1 *p (X — Xjey1) #n Bi + Ci sxn (Y — Vi) #um D1, R;(clll)
+(Ap #pr (X = Xey1) #n Ba 4 Co sy (Y — Vir1) #u Do, R,Ei)n

= (F1— A1 *m Xt %5 Bi—Ci sy X 50 DL R
HF2—Ag sy X1 *n Bo—Co 5y XLy % D2, R,ﬂiﬁ)

= IR{L P+ RS, 1%,

which completes the proof. O

Theorem 3.8 For any initial tensors Xy € R/ ImxlixxIn gnq 3, e RN
X INX XM the solution of the tensor equations (3.7) can be derived in at most
21J iterative steps by Algorithm 3.4.

Proof If there exists some ig(0 < ip < 2IJ — 1) such that IIRS)II2 +
||Rfj)||2 = 0, then (X;,,Y),) is a solution of the tensor equations (3.7). If
IRVIZ + IRP|2 # 0k = 0,1,---,21J — 1), by Lemma 3.7, we know
(ka’ Qk) ;é (0’ O) c RJ]X--~><JM><I] XX Iy X RIIX"'XINXJlX'"XJM(k —
0,1,---,21J — 1). Then (Xp75,Vary) and (Pa2yy, Qo277) can be generated by
Algorithm 3.4. By Lemma 3.6, we know that (R{", R'") + (R, R{) = 0
and (P;, Pj) + (Qi,Qj) = Oforalli,j = 0,1,2,---,2IJ —1,and i # j.
So the tensor sequence of (R(()]), Rgz)) L, (’R(QII)J_l, RQZI)J_I) is an orthogo-
nal basis of the linear space RI1XXINXJixxJu s RIXxIuxTix-xIN Gince
REII)J’R£21)1> c RI[X-»-XINXJIX"»XJM X RJ]X---XJMxllxmxIN and <R§II)J’RI(<1))

+HRGLRYY = 0 for k = 0,1,-++,21J — 1, we have Ry, = O €
RIOXxInxJixxJuy and Rg])] — O e RIxxIuxhixexIy The proof
is completed. =

4 Numerical experiments

In this section, we give some numerical examples to show the performance of our pro-
posed iterative algorithms. All of the tests are implemented in MATLAB R2015a with
the machine precision 107 0ona personal computer (Intel (R) Core (TM)i7-5500U),
where the CPU is 2.40 GHz and the memory is 8.0 GB. All the implementations are
based on the functions from the MATLAB Tensor Toolbox developed by Bader and
Kolda [1]. For example, we illustrate how to use the Einstein product in Matlab ten-
sor toolbox. For tensors A € RN XINXKixxKy and B ¢ RE1X X KNxJixxy
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the Einstein product A *y B can be implemented by using the tensor command “ttt”.
More concretely

A =tenrand([I{ I --- Iy K{ K> --- Ky]); //Input tensor A
B =tenrand([K1{ K> --- Ky J1 J» --- Ju)); //Input tensor B
AxyB :=ttt(A, B,[N+1 N+2 --- 2N],[12 --- N]). //Comput Einstein product

In this section, we first verify the validity of the proposed numerical algorithm.
Second, we demonstrate the accuracy of the proposed numerical algorithm.

4.1 Validity of the proposed method

Example 1 In this example, we use Maltab function tenrand([m n p ¢q]) to generate
the tensor 4. Such as, we take m = 4,n = 6 and p = g = 5, and we let the tensor
A as follows.

[0.4578 0.5270 0.2788 0.2399 0.9347 0.8997 |
0.7222 0.8942 0.3794 0.5977 0.8179 0.0652
0.3390 0.7784 0.8647 0.4794 0.7089 0.3359

| 0.4012 0.0694 0.4200 0.8985 0.7432 0.0043 |

[0.8281 0.5348 0.0683 0.8989 0.8750 0.0766 |
0.5074 0.2895 0.4098 0.3536 0.3486 0.7405
0.3662 0.0684 0.1234 0.1202 0.0419 0.4565

| 0.2266 0.0850 0.4430 0.5691 0.1423 0.6682 |

[0.6992 0.6624 0.0681 0.6524 0.4880 0.1171 ]
0.5714 0.8754 0.7142 0.5310 0.4978 0.2404
0.6287 0.4675 0.3080 0.7151 0.9360 0.6849

| 0.8778 0.1413 0.6712 0.5048 0.3893 0.8393 |

[0.9701 0.4030 0.7437 0.3896 0.9052 0.0369 |
0.2152 0.5100 0.3020 0.7753 0.8764 0.5447
0.7603 0.4956 0.0896 0.1794 0.9998 0.9976

| 0.5841 0.6514 0.8260 0.1094 0.8643 0.5110 |

[0.8735 0.5643 0.0137 0.4739 0.9820 0.4260 ]
0.0702 0.4315 0.3741 0.4965 0.5136 0.2132
0.9875 0.3378 0.9227 0.3090 0.9926 0.1932

| 0.9227 0.7207 0.5465 0.9508 0.4558 0.8328 |

[0.7266 0.5520 0.0522 0.4063 0.1692 0.1599 ]
0.5297 0.2133 0.6833 0.6299 0.0010 0.6668
0.8291 0.5878 0.6086 0.5553 0.4182 0.0179

| 0.5119 0.1428 0.2197 0.1276 0.4885 0.1197 |

AG, 1, 1) =

A, 2, 1) =

AG, 5,3, 1) =

AG, 5, 4,1) =

AG, 5, 1) =

AG,:,1,2) =
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AG, 5 2,2) =
AG,:,3,2) =
AG,:,4,2) =
AG,:,5,2) =
A, i, 1,3) =
AG, 5 2,3) =
AG,:,3,3) =
A, :,4,3) =
AG,:,5,3) =
AG,: 1,4) =

[0.9521 0.8627 0.6290 0.6804 0.5714 0.6825 ]
0.9759 0.2429 0.0022 0.3788 0.9817 0.3581
0.0309 0.8343 0.3797 0.6320 0.8497 0.9869

| 0.4939 0.8136 0.9044 0.2433 0.2834 0.0840 |

[0.2503 0.8006 0.3504 0.9053 0.9316 0.2603 |
0.8113 0.7388 0.4785 0.6402 0.7831 0.5693
0.0844 0.1417 0.5874 0.1629 0.6857 0.2488

| 0.5313 0.4379 0.1458 0.5659 0.4662 0.3193 |

[10.9108 0.1788 0.6640 0.6003 0.5270 0.2441 |
0.8852 0.5175 0.3892 0.0850 0.1189 0.8844
0.7946 0.6270 0.7400 0.9224 0.3801 0.7126

| 0.9258 0.9132 0.8176 0.0536 0.8128 0.3781 |

[0.2489 0.6853 0.3839 0.4611 0.5317 0.5158 ]
0.2529 0.6203 0.2602 0.0910 0.3550 0.7906
0.7672 0.7467 0.8775 0.5643 0.3148 0.2045

| 0.0499 0.9773 0.8061 0.1874 0.7267 0.6781 |

[0.0525 0.0916 0.3161 0.3705 0.9905 0.0646 |
0.8012 0.9084 0.0775 0.6224 0.2265 0.7477
0.6786 0.5100 0.8506 0.9976 0.3980 0.4204
| 0.9460 0.6149 0.1445 0.5173 0.6966 0.8113 |

[0.3796 0.4132 0.0738 0.0224 0.4658 0.8976 ]
0.3191 0.0986 0.1205 0.0538 0.5609 0.2886
0.9861 0.7346 0.9816 0.1409 0.4945 0.2690
| 0.7182 0.6373 0.4968 0.8935 0.0678 0.5942 |

[0.4759 0.6204 0.0273 0.5199 0.5480 0.0782 ]
0.3683 0.2828 0.8762 0.0538 0.5669 0.4564
0.6556 0.2052 0.6101 0.8622 0.6804 0.0478
| 0.9382 0.4391 0.2036 0.4429 0.3714 0.7383 |

[0.0380 0.5134 0.9933 0.5970 0.0948 0.4528 |
0.9542 0.2409 0.3567 0.4306 0.4510 0.6522
0.7424 0.2600 0.7529 0.7307 0.6401 0.8270
| 0.9374 0.7590 0.1100 0.2612 0.1320 0.3081 |

[0.4024 0.7598 0.3747 0.2425 0.4794 0.9897 ]
0.8842 0.2909 0.4369 0.9367 0.5650 0.1837
0.7006 0.2774 0.3043 0.8602 0.4896 0.8617
| 0.2419 0.0061 0.2909 0.3972 0.2698 0.0326 |

[10.3320 0.9522 0.9155 0.3118 0.3559 0.8441 ]|
0.7487 0.5433 0.8956 0.0553 0.3959 0.2881
0.6444 0.2514 0.4825 0.7538 0.8855 0.2503

| 0.1692 0.5786 0.4427 0.1319 0.0212 0.4884 |

@ Springer



1788 Numerical Algorithms (2021) 87:1767-1797

[0.7290 0.5932 0.1900 0.1183 0.5164 0.8735 ]
0.2026 0.3044 0.0018 0.0390 0.0075 0.1133
0.2163 0.9677 0.7118 0.5982 0.6889 0.3546

| 0.9763 0.8960 0.8677 0.6043 0.9460 0.2419 |

[0.5603 0.7956 0.7087 0.9129 0.1868 0.7772 ]
0.6127 0.7811 0.9929 0.4817 0.2472 0.5111
0.3008 0.3511 0.1625 0.8518 0.0542 0.0278

| 0.7981 0.0543 0.1136 0.8099 0.6090 0.9904 |

[0.5009 0.5751 0.1440 0.0060 0.8709 0.5505 ]
0.3320 0.7510 0.8506 0.8019 0.7228 0.9599
0.1739 0.1535 0.3379 0.4974 0.6681 0.5960

| 0.6256 0.3568 0.2752 0.5378 0.1788 0.8086 |

[0.9845 0.4511 0.2490 0.8246 0.7408 0.7919 ]
0.8859 0.0138 0.3864 0.4530 0.7376 0.4522
0.2138 0.4737 0.4314 0.3806 0.9469 0.8492

| 0.0346 0.9512 0.8309 0.9259 0.5101 0.3904 |

AG,:,2,4) =

AG, 5 3,4) =

AG, i, 4,4) =

AG,:,5,4) =

[10.7384 0.2072 0.3299 0.5211 0.3466 0.1986 |
0.9764 0.3234 0.3421 0.7743 0.3346 0.6725
0.5233 0.1109 0.8171 0.1203 0.5746 0.9018

| 0.4299 0.3752 0.5317 0.6255 0.8639 0.1992 |

[0.2983 0.2770 0.0148 0.0649 0.8138 0.7750 ]
0.4965 0.5340 0.7028 0.3586 0.3934 0.1653
0.8899 0.5742 0.5067 0.2343 0.0536 0.9122

| 0.5014 0.4128 0.3813 0.2035 0.3751 0.3192 |

[0.3298 0.9500 0.1411 0.7321 0.5209 0.8162 ]
0.2042 0.1582 0.5121 0.7498 0.2191 0.7939
0.7672 0.2864 0.7213 0.4073 0.8424 0.4691

| 0.0700 0.6871 0.9288 0.2395 0.6629 0.3095 |

[0.6876 0.7061 0.8651 0.5470 0.6137 0.5768 ]
0.9869 0.5953 0.0680 0.4030 0.7830 0.9440
0.7699 0.7529 0.9685 0.1070 0.5666 0.8715

| 0.8296 0.4967 0.0988 0.7242 0.8113 0.5076 |

[0.7888 0.9761 0.8312 0.5383 0.0763 0.2681 |
0.4730 0.2782 0.9223 0.4633 0.7087 0.8325
0.8288 0.0728 0.3270 0.8208 0.2349 0.9954

| 0.3225 0.7512 0.8041 0.9519 0.3989 0.6498 |

AG, i 1,5) =

AG,:,2,5) =

AG, 3,5 =

A, :,4,5) =

AG,:,5,5) =

In this example, we test the numerical performance of Algorithm 2.3. By using Algo-
rithm 2.3, after 367 and 374 iterative steps, we obtain A!#) and A3} respectively.
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According to Lemma 2.1, we know A" = AT xn A sy A3 Hence, we obtain
the Moore-Penrose inverse A" as follows.

[ —0.1650 0.2027 —0.4917 —0.0635 0.0108 |
—0.1870 0.3486 —0.6409 —0.2833 —0.0595
ATG 1, 1) = | —0.1216 —0.3074 —0.2688 0.0834 —0.4525 |,
—0.3919 0.5205 —0.3217 0.3211 0.3720

1.1242 02336  0.2863 0.0535 —0.0713 |

—0.9010 0.1303 0.3721 0.5459 0.6833 |
—0.1782 —-0.1101 1.0716 0.1785 —0.1557
AT 2, 1) = 00873 1.0675 0.0246 —0.0287 —0.5160 |,
0.1697 0.0981 —0.8803 —0.3417 —0.2832
—0.9055 —0.1478 0.5920 0.0556 —0.1256 |

—0.4435 0.0511 —0.1973 —0.1310 —0.7637 |
—0.4798 —0.8853 0.6652 —0.3036 —0.2062
AT, 53, 1) = 04506 0.8518 —0.3432 —0.2416 —0.0075 |,
0.1724 0.9684 —0.5355 —0.3699 0.3296
—0.0021 —0.1024 0.8937 0.2602 0.2134 |

—0.2761 —0.1614 —0.1691 —0.2627 0.0039 |
—0.0822 —0.0396 0.6648 0.3001 —0.0674
AT 4, 1) = 00392 06461 0.0926 0.1535 0.0478 |,
0.2022 0.4509 0.0256 0.0426 —0.2562
—0.2608 —0.4896 0.1374 —0.4639 —0.0575 |

—0.6090 0.1793 0.1039 0.3610 0.0791 |
0.2166 0.2035 —0.1433 0.6577 0.0585

AT, 1,2) =] 00324 05073 0.1181 —0.3131 —0.0864 |,
—0.1662 —0.6636 —0.4281 —0.2144 0.3138
—0.1127 0.0799 0.3400 —0.5156 0.3424 |

—0.1597 —0.2053 —0.5800 —0.3341 —0.9316 |
—0.9755 —0.6186 —0.1843 —0.4290 —0.1818
AT, 2,2 = 1.0385 1.0987 —1.1674 —0.1795 —0.2265 |,
—0.6114 1.5006 —0.5162 0.3749 0.5336
0.6901 0.2967 0.5718 0.2058 0.2494 |

[ 05921 09141 0.4628 0.0341 —0.3236 |

0.4898 0.3495 —0.1110 0.2251 0.4050
AT, 3,2) = 0.0435 —0.8240 —0.0758 0.0223 —0.0460 |,
0.2822 —1.1232 0.6683 —0.1715 —0.0617
—0.5628 0.0300 —1.0425 0.2956 —0.0428 |

—0.9575 0.2672 —0.0563 —0.1871 —0.5010 |
—1.0241 —-0.2146 0.0047 0.0287 0.2527
AT(,,4,2) = | 00063 1.2335 —0.6322 —0.0840 —0.4929 |,
—0.2027 0.5238 —0.3670 0.0756 —0.0260
0.5156  0.2705 0.3611 0.6077 0.3587, |
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[ 0.7520 0.0339 0.3298 0.6124 0.4138
0.7793 03601 —0.2483 0.1399 —0.0164
AT, 1,3) = | —0.7446 —0.9138 —0.0016 0.2688 0.0221 |,
0.5424 —-0.7570 0.7873 —0.1951 —0.3468
—0.0221 —-0.2060 —0.8240 —0.4502 0.0267

0.5161 0.4243 —-0.0161 0.3095 0.3319
0.2934 0.0380 —0.2584 0.1065 0.6544
AT, 2,3) = | —0.3006 —0.4222 0.4013 0.1149 0.0199 |,
0.1800 —0.6548 0.5170 0.0554 —0.4816
—0.3570 —0.2000 —0.9477 0.0862 0.0915,

0.9592 —0.0468 0.0727 0.1849 1.3013 |
0.6942 1.2206 —1.0399 —0.2262 0.4381
AT, 3,3) = | —0.6946 —1.7124 0.5753 0.0836 0.1253 |,
—0.5336 —1.1621 0.9747 0.1427 —-0.2455
0.8918 0.5425 —1.0873 —0.7959 —0.3085 |

0.2335 —0.3094 0.1437 0.2384 0.7913 |
0.5035 0.2563 1.1888 0.1659 —0.3190
AT, 4,3) = | —0.0065 0.1974 0.0062 0.0926 02870 |,
0.5023 0.0728 -0.1827 —0.2035 —1.1228
—0.8722 —0.1802 —0.2485 —0.7127 0.0638, |

0.4082 —0.1481 —0.3557 —0.5691 —0.5925 |
0.1236  0.0147 —-0.5449 —0.4761 0.1051
AT 1,4) =] 02996 —0.1667 —0.1174 0.2659 0.4607 |,
—0.2770 0.3382 0.6606 —0.2697 0.1527
0.4836 0.0788 —0.2746 0.3598 —0.2040 |

—0.1305 0.5603 0.4128 —0.1145 0.6413 ]
—0.0567 0.6542 0.0252 —0.1156 0.1523
ATG, 5 2,4) = | —0.4477 —0.1209 —0.4187 0.4166 —0.1104 |,
0.2846 —0.8090 0.2765 0.0913 —0.7551
0.3291 0.1399 —0.1396 —0.3001 —0.0667 |

0.3950 —0.1220 0.2081 —0.2312 —0.3872 |
—0.0153 0.1496 —0.5861 —0.1463 —0.2429
AT, 3,4) = | —0.0572 —0.6463 0.3612 —0.0706 0.0700 |,
—0.2974 0.1963 0.1814 0.0920 0.0028
0.2920 0.1397 03145 0.1219 0.1218 |

0.3369 0.1163 0.1994 —0.0846 —0.5629 |
0.0924 —-0.7382 0.3167 0.3064 —0.3058
ATG, 4,4 = | 02745 03343 —0.3969 —0.2541 —0.0313 |,
—0.0815 0.0782 0.0218 —0.1213 0.1183
—0.2658 —0.4654 —0.0823 0.5073  0.6370 |
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[ 04397 —0.0176 0.5296 0.4599 —0.0324 ]
1.0507 0.0393 —-0.2436 0.3919 0.2789
ATG, 5 1,5) = | —0.6587 —0.3424 03403 —0.2642 0.1042 |,
0.3359 —-0.5341 0.2227 -0.1540 —0.2531
—0.1688 —0.3595 —0.3299 —0.1675 —0.11381 |

0.0224 —0.4009 —0.4317 —0.5839 0.0262 |
—0.6712 0.3281 0.5403 —0.7178 —0.1902
AT(,:,2,5) = | —0.1185 04254 05749 02216 —0.1631 |,
0.2311 0.4513 —0.3790 0.0939 —0.0618
—0.0636 0.3826 0.4528 —0.1004 —0.0248 |

0.1197 0.0072 —0.0751 0.2398 —0.4373
—0.2151 —0.5813 —0.0754 0.0536 —0.4559
AT, 53,5 = 05955 —0.0759 —0.0188 —0.3637 0.3061 |,
0.0830 0.1614 0.1200 0.1321 0.4228
—0.1449 —0.3196 —0.0258 0.5674 —0.2185 |

—0.3146 —0.3220 0.0133 —0.1091 0.4053 ]
—0.4362 —0.3763 —0.0259 0.3029 —0.0290
AT, 4,5) = | —0.1539 0.2850 0.6627 0.1984 0.0662 |,
0.3572 —0.0053 —0.6424 —0.3082 0.3088
—0.4501 0.1404 0.4499 0.0825 —0.0761 |

—0.1956 —0.5102 —0.5748 —0.2705 —0.3718 |
—0.4826 —0.2995 0.2475 —0.2447 —0.1052
AT, 1,6) = | 00334 02164 —0.2347 03760 0.2937 |,
—0.2309 0.9275 —0.2238 0.3363 0.2757
0.2339 0.0176 0.6876 0.2462 —0.4007 |

0.0015 0.0470 —0.2327 —0.3243 —0.7554 |
—0.0483 —0.6943 0.4605 —0.1089 —0.6002
AT, 2,6) = 02432 03996 —0.1962 —0.2933 0.4090 |,
—0.0680 0.9630 —0.1710 0.5575 0.4801
—0.5964 —0.2240 0.2118 0.2861 0.0966 |

0.3232 —0.2699 —0.0351 —0.1559 —0.0509 |
0.3543 0.1471 —-1.0734 0.1403 0.5888
AT(,:,3,6) =] 03096 —1.0174 0.0977 —0.3176 02315 |,
—0.3849 —0.5096 0.6915 0.1364 0.5564
0.2651 0.0030 —0.3870 0.1268 0.1110 |

—0.4576 —0.2473 0.5401 0.4492 1.1727 ]
0.4009 0.7367 —0.0064 —0.0077 0.1946
AT, 4,6) = | —0.2390 —1.0392 0.5533 0.5573 —0.1850
0.2200 —1.2994 —0.0130 —0.0102 —0.1988
| —0.0158 0.5075 —0.3594 —0.2779 —0.5157

At this case, the residuals of tensor equations (1), (2), (3), and (4) in (1.3) (see Defini-
tion 1.6) are 8.3508¢ —07,4.5770e —07, 1.1107¢—06, and 1.0290e — 06, respectively.
This confirms that A" is indeed the numerical result of the Moore-Penrose inverse of
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A. Hence, the Moore-Penrose inverse of a tensor can be obtained by Algorithm 2.3

effectively.

Example 2 In this example, we use Maltab function tenrand([m n p gq]) to generate
the tensor A. Such as, we takem = 4,n = 3, p = 5 and ¢ = 4, and we let the tensor

A as follows.

AG, ., 1,1 =
AG, L3, 1D) =
AG, 5,1 =
AG,:,2,2) =
AG,:,4,2) =
AG,:,1,3) =
AG,:,3,3) =
AG,:,5,3) =
AG, 5, 2,4) =
AG, 5, 4,4) =

@ Springer

 0.0855 0.9289 0.2373 7
0.2625 0.7303 0.4588
0.8010 0.4886 0.9631
L 0.0292 0.5785 0.5468 |

0.0987 0.1366 0.4942 7
0.2619 0.7212 0.7791
0.3354 0.1068 0.7150
L 0.6797 0.6538 0.9037 |

0.8055 0.8865 0.9787 7
0.5767 0.0287 0.7127
0.1829 0.4899 0.5005
L 0.2399 0.1679 0.4711 |

r0.9730 0.4324 0.1734 7
0.6490 0.8253 0.3909
0.8003 0.0835 0.8314
L 0.4538 0.1332 0.8034 |

r0.3724 0.9516 0.2691 7
0.1981 0.9203 0.4228
0.4897 0.0527 0.5479
L 0.3395 0.7379 0.9427 |

0.0326 0.1904 0.1564 7
0.5612 0.3689 0.8555
0.8819 0.4607 0.6448
L 0.6692 0.9816 0.3763 |

0.8244 0.5841 0.8178 7
0.9827 0.1078 0.2607
0.7302 0.9063 0.5944
L 0.3439 0.8797 0.0225 |

r0.0688 0.4076 0.5313 7
0.3196 0.8200 0.3251
0.5309 0.7184 0.1056
L 0.6544 0.9686 0.6110 |

r0.6377 0.2891 0.2548 7
0.9577 0.6718 0.2240
0.2407 0.6951 0.6678
L 0.6761 0.0680 0.8444 |

r0.3225 0.1759 0.3411 7
0.7847 0.7218 0.6074
0.4714 0.4735 0.1917

L 0.0358 0.1527 0.7384 |

0.5211 0.6791 0.0377 7
0.2316 0.3955 0.8852
0.4889 0.3674 0.9133
| 0.6241 0.9880 0.7962 |

0.8909 0.0305 0.9047
0.3342 0.7441 0.6099
0.6987 0.5000 0.6177
L 0.1978 0.4799 0.8594 |

0.0596 0.5216 0.7224 7
0.6820 0.0967 0.1499
0.0424 0.8181 0.6596
L 0.0714 0.8175 0.5186 _|

0.0605 0.6569 0.0155 7
0.3993 0.6280 0.9841
0.5269 0.2920 0.1672
| 0.4168 0.4317 0.1062 |

0.4177 0.6663 0.1781 7
0.9831 0.5391 0.1280
0.3015 0.6981 0.9991
L 0.7011 0.6665 0.1711 |

0.1909 0.5895 0.2518 7
0.4283 0.2262 0.2904
0.4820 0.3846 0.6171
L 0.1206 0.5830 0.2653 |

0.4253 0.4229 0.6959
0.3127 0.0942 0.6999
0.1615 0.5985 0.6385
L 0.1788 0.4709 0.0336 |

0.7788 0.1537 0.4574 7
0.4235 0.2810 0.8754
0.0908 0.4401 0.5181
L 0.2665 0.5271 0.9436 |

0.3445 0.6022 0.4624 7
0.7805 0.3868 0.4243
0.6753 0.9160 0.4609
L 0.0067 0.0012 0.7702 |

0.2428 0.1887 0.6834 7
0.9174 0.2875 0.5466
0.2691 0.0911 0.4257

L 0.7655 0.5762 0.6444 |
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In this example, we test the numerical performance of Algorithm 3.4. The stopping
criterion is considered as the kth iteration satisfies:

1 2
VIR + IRO|2 < &

where ¢ = 1070, After 89 iterative steps, we obtain the Moore-Penrose inverse of .A
as follows.

—0.3064 —0.2184 —0.2186 0.3635
0.2181 0.2738 —0.0579 0.0292
AT, 5, 1, )=| 03670 0.0032 0.3552 —0.2814
0.2007 0.1369 —0.0070 0.0103
0.0301 0.0664 —0.0032 —0.2719

—0.1498 0.2778 0.0160 0.1147
—0.2800 0.0907 0.1534 —0.0895
AT, 2, D= —0.19390.1749 0.1847 —0.1213
—0.2793 0.0642 —0.2207 0.6269
—0.1975 0.1952 —0.4326 0.4692

0.1761 —0.3443 0.5137 —0.4129
0.0326 0.2707 0.1229 —0.1705
AT(, 13, 1)=|—0.0626 —0.1871 0.2665 0.4749
0.1354 —0.1454 —0.2961 —0.2537
0.0429 —0.4201 0.0864 0.1058

—0.2261 —0.4486 0.1906 —0.3614
02059 0.0159 —0.2356 0.4632
ATG, 4, D=| 02621 —0.0573 —0.1056 0.1862
—0.1512 —0.2039 —0.0209 —0.7339
0.3780 0.0509 0.5058 0.1820

0.0989 —0.0327 —0.2332 —0.1730
0.1174 —0.0202 0.0701 —0.0327
AT(, 1 1,2)=|—0.1870 0.1805 —0.0107 0.1573
—0.3851 0.3879 —0.1063 —0.1993
0.4603 —0.0293 0.0999 0.0275

0.1396 —0.0102 —0.4104 —0.0563
—0.4600 0.0458 —0.1248 0.0507
AT(:,5,2,2)=| 0.1403 0.4038 —0.1434 —0.4833
0.3141 0.2069 0.2874 0.4553
—0.3335 0.4097 0.1619 —0.2495

—0.0150 0.0037 0.0435 0.1022
0.1849 —0.3217 —0.1596 0.4179
AT, 0 3,2)=|—0.1012 —0.0018 —0.0627 0.4236
0.0547 —0.3849 0.1964 —0.1647
—0.0477 0.0721 0.4580 —0.5863

)

’

)

’
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—0.1557 0.3371 0.0299 0.3451
0.1637 —0.1067 0.1550 —0.3683
AT, 1, 4,2)=|—-0.2171 —0.0319 0.3401 —0.4753 |,
0.0068 0.3142 —0.1516 0.2416
—0.3882 0.0489 0.0697 0.0208

0.1128 0.0567 —0.1304 —0.3620
—0.4507 —0.0682 —0.0477 —0.1561
AT, 1,3)=] 03513 —0.1480 0.0188 —0.0340 |,
0.3230 —0.0155 0.2537 —0.1709
0.3642 —0.1473 0.1386 0.3186

—0.0317 -0.1102 0.1362 0.2732
0.0699 —0.1464 —0.0503 —0.1254
AT, 2,3)=| 0.0886 0.4903 —0.1916 —0.0460 |,
—0.0399 —0.1880 0.3071 0.2789
0.0875 —0.0896 —0.2571 —0.0299

0.4173 0.1402 0.0638 —0.1280
—0.0094 0.1225 0.0982 0.0742
AT(:, 1, 3,3)=| 0.3757 —0.2753 —0.2514 —0.0900 | ,
0.1441 —0.2595 0.3440 —0.2092
—0.1228 0.3156 —0.4954 —0.0760

—0.0614 0.1726 0.0716 0.2152
0.3118 —0.0202 0.0290 0.1280
AT, 4,3)=| 0.0109 —0.4160 —0.2031 0.4374 |,
—0.1458 0.1627 —0.4594 —0.0615
0.0553 —0.3960 0.0780 0.1473

At this case, the residuals of tensor equations (1), (2), (3), and (4) in (1.3) (see
Definition 1.6) are 3.9308¢ — 07, 1.1978¢ — 07, 2.5707¢ — 07, and 4.9847¢ — 07,
respectively. This indicates that A" is indeed the Moore-Penrose inverse of .A. Hence,
Algorithm 3.4 can calculate the Moore-Penrose inverse effectively.

4.2 Accuracy of numerical solutions
If a good approximation to the Moore-Penrose inverse A" of a tensor A is known
in advance by using another method, then we can perform Algorithm 3.4 in order to

obtain solutions of high accuracy.
Let ¢ be a map which satisfying

¢ : Rllx‘-'XlNX11X~~XIM > R(Il"‘[N)x(«ll"'-/M)

A= (Ai iy jiju) = A = Aivec(i,),ivec(j.J))»
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r— §S—
where ivec(i, ) _11+Z(z,—1) ]_[ I, and ivec(j, J) = ]1+Z(]q—l) ]_[ Jy. Let
r=2 u=1 s=2 v=1

A e RIvexInxJix-xJu - Assume that the SVD of ¢ (A) satisfies ¢ (A) = USVH.
According to [4, 25], the SVD of A is

A=Uxy Sy VH,
where Y = ¢~ 1(U), S = ¢~ '(S) and V = ¢~ (V). Then, by Theorem 3.4 of [25],
the Moore-Penrose inverse of A exists uniquely and satisfies
AT =Vuy ST sy U, 4.1)

in which ST = (8T ) € RIv<xJuxlix—xIy ig defined by

Juejmirin

st _ {S;_{W jroeing A Siti jrjsg # 0,
Juimirein 0, otherwise.
Hence, we only need the “reshape” command and the singular value decomposition
of ¢ (A) to obtain the Moore Penrose inverse of a tensor A.
By applying MATLAB’s svd function to the matrix ¢ (A) and using the “reshape”
command, we obtain the Moore-Penrose inverse of .4, denoted by Asvd We can

perform Algorithm 3.4 with the initial tensor Ay = Asvd and ) being arbitrary in

order to obtain a more accurate Moore-Penrose inverse Ar}lew. To see the degree of
accuracy, we compare the mean of the Fronenius norms

1 ¥ 3
RESqq = - (||A*MA;vd*NA—A||+||Aivd*NA*MAjvd—Aivd||
H (At Al )= AL g+ 11 AL gAY — AL gl
and

RESpew = 1 (IepA A= Al A v A Ay~ Al |
H (A )= At Al || (A ) = A All)

If Algorithm 3.4 gives a more accurate Moore-Penrose inverse of tensor .4, the
following inequality is expected to hold

RESpew < RESqyq. 4.2)

Our as many as 200 experiments with randomly chosen tensor .4 = 100 x tenrand([4
35 3]) — 50 show that (4.2) holds for all 200 tensors of .A. This means that Algorithm
3.4 enhances the accuracy of the Moore-Penrose inverse obtained by MATLAB’s svd
function. In other words, Algorithm 3.4 always generates the Moore-Penrose inverse
of high accuracy in the end.

5 Concluding remarks

The aim of this paper is to give the numerical study on the Moore-Penrose inverse of
tensors via the Einstein product. For this purpose, we first transform the calculation of
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{1, 4}-inverse of a tensor A (A!""#) and the {1, 3}-inverse of a tensor A (A!"3}) into
finding the solution of a class of tensor equations via the Einstein product with one
variable. Then, by the known property A" = A04 xy Axy A1 (see [3, Theorem
2.32]), we obtain the Moore-Penrose inverse AT. Unlike the above method, we derive
the equivalent characterization of the Moore-Penrose inverse of tensors. Then, we
solve the tensor equations via the Einstein product with two variables by means of
the conjugate gradient method. In this way, we implement the numerical calculation
of the Moore-Penrose inverse of tensors via the Einstein product.
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