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Abstract

We report a new kind of waveform relaxation (WR) method for general semi-linear
fractional sub-diffusion equations, and analyze the upper bound for the iteration
errors. It indicates that the WR method is convergent superlinearly, and the conver-
gence rate is dependent on the order of the time-fractional derivative and the length
of the time interval. In order to accelerate the convergence, we present the windowing
WR method. Then, we elaborate the parallelism based on the discrete window-
ing WR method, and present the corresponding fast evaluation formula. Numerical
experiments are carried out to verify the effectiveness of the theoretic work.
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1 Introduction

In recent years, fractional differential equations have attracted more and more
researchers’ attention, since they have inherent advantages to describe the various
processes and phenomenon with memory and hereditary properties [1, 2]. Fractional
sub-diffusion equation is one of the most typical equations and it is often used to
model the viscoelastic anomalous diffusion in disordered media [3], nanoprecipitate
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growth in solid solutions [4], diffusion process in magnetic resonance imaging [5],
and so on. Because of the nonlocal properties, the sub-diffusion equations are more
complicated than the classical integer-order differential equations, and it is usu-
ally difficult to obtain the analytic solutions of the sub-diffusion equations. Various
numerical schemes for such equations are emerging [6-8].

The waveform relaxation (WR) method, as an iterative method for time-dependent
equations, produces a series of functions with respect to the time variable, to approx-
imate the solution of the equations. The WR method is firstly proposed for the
simulation of large circuits [9], and it is able to decouple a complicated large system
into a series of weakly coupled small sub-systems, which can be solved simultane-
ously. It has been proved in [10, 11] that the WR method has superlinear convergence
for general nonlinear ordinary differential equations (ODEs) on bounded domain,
and is of linear convergence for linear ODEs on unbounded domain. The WR
method has been widely used to solve differential algebra equations (DAEs) [12, 13],
integral-differential-algebraic equations (IDAEs) [14], and delay-differential equa-
tions (DDEs) [15]. To apply the WR method to partial differential equations (PDEs),
one popular method is to decompose spatial domain into several sub-domains, and
solve a set of systems on sub-domains, which is also called Schwarz WR method [16—
18]. Moreover, we have also proposed a kind of WR method for reaction diffusion
equations [19], in which we preserve the diffusion term and relax the nonlinear reac-
tion term. This kind of WR method converges quickly, and can also be implemented
in parallel.

The WR method is also an alternative method for fractional differential equations.
In ref. [20], the WR method is used to solve linear and nonlinear time-fractional
ODEs, and proper convergent splitting is constructed. Then, the WR method is
extended to handle fractional DDEs [21] and DAEs [22]. In ref. [23], a multigrid
WR method is proposed for the time-fractional heat equation, and a fast comput-
ing technique is also supplied, based on the Toeplitz-like structure of the coefficient
matrix. Furthermore, Schwarz WR methods for fractional PDEs are also reported
recently [24, 25]. In this paper, we apply the WR method to a kind of fractional sub-
diffusion equation with a nonlinear reaction term at the PDE level, which produces
a series of linear time-fractional PDEs. The WR method has the same advantages as
that for integer-order PDEs in [19], but the convergence is totally different, which
is dependent on the order of the fractional derivative, see Theorem 2.1 for details.
In order to accelerate the convergence, a windowing technique is combined, and the
corresponding discrete windowing WR method is discussed.

The outline of the paper is as follows. In Section 2, we propose the new WR
method for a kind of semi-linear fractional sub-diffusion equations, and analyze the
convergence. Combing the windowing technique, we introduce the windowing WR
method in Section 3. In Section 4, the discrete windowing WR method is constructed,
and the convergence and the parallelism are presented, then the fast evaluation
formula for the windowing WR method is provided. In Section 5, two numerical
experiments are given to verify the effectiveness of the theoretic results. Finally,
conclusions are attached in the last section.
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2 Waveform relaxation method and convergence

We consider the following fractional-order initial value problem satisfying homoge-
neous boundary conditions

ng‘u(x, 1) = Kuyo(x,t)+ f(x,t,u(x,t)), O0<x<L, O0<t<T,
ux,0 =¢x), 0=<x=<L, (1)
u@©,t)=u(L,t)=0, 0<r<T,

where the positive constant K is the transport-related coefficient, f(x, ¢, u(x, t)) is

a given nonlinear source/sink term, ¢(x) is a prescribed initial value, and ng‘u(x, 1)
is the Caputo fractional derivative of order @ (0 < o < 1) defined by [1]

Comat . 1 /’au(x,s) ds
P = m gy T e G @

where I'(-) denotes the Gamma function. It can be seen that system (1) involves a
nonlinear fractional sub-diffusion equation.

2.1 Construction of the WR method
A typical iterative scheme of the WR method for system (1) is

DU e 1y = Ku® D (e, 1) + Fle, 1, u®™ D (e, 1), u® (x, 1)), 0<x<L, 0<t<T,
V0 =px), 0<x=<L,
w00, =u®™(L,n=0 0<t<T,

for k = 0,1, ..., where the splitting function F(x,t, u(x,t), v(x,t)) determines
the type of WR algorithm, and it always satisfies F(x,?, u(x,t),u(x,t)) =
f(x,t,u(x,t)). In this paper, we choose F(x,1?, u* D, 0, u®x, 1)) =
fx, 1, u® (x, t)) for simplicity, i.e., the iterative scheme can be written as

SD2u® D (x, 1) = Kull Ve, 1) + fx, 1, u®(x, 1)), 0<x<L, 0<t<T,
u(k+1)(x, 0)=9¢kx), 0<x<L,

u 00, ) =u** DL, =0 0<t<T,

(3)
for k = 0, 1, .... The initial guess of the iterations is often chosen as u©® (x,1) =
@(x), for 0 <t < T. The special WR algorithm (3) is also called Picard relaxation
algorithm. We can see that WR algorithm (3) leads to a series of linear systems.

For any fixed iteration index k, by the separation of variables, the solution of
system (3) has the form

u® e,y =3 a® (@)sin % (x.1) € [0, L] x [0, T], @)

n=1
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where the coefficients a,gk), forn = 1,2,..., are to be determined. We further
suppose
> nwx
ft,u®(x,0) = Zlfnm sin— =, g(x) = an sm—, )
n—=
with

Ju(t) = Z/(; f(X,l,u(k)(X,t)) sin medx, On = Z/O @(x) sin mzxdx.

Substituting expressions (4) and (5) into system (3), we have

o0

o0
Cpa , (k+1) nw (k+1) _
ZI[D (t)—l—K(L) (t):|sm— Z (t)sm—,
n= n=1
S PN
Zan 0) s1n Z sm—
n=1 n=1

nrrx }OO

Comparing the coefficients of the basis functions {sin ==} |, we can obtain

nm\2
gD;xar(lk-i-l)(t) +K <T> a,(,k“)(t) = fu(1),
a0 = ¢

(6)
According to Theorem 5.15 of ref. [26], we get the solution of (6)

ni\2
ai(1k+1)(t) = wnEa |:_K (T) la:|

t L
_1_/0 (t_s)aflEa,a [—K <%>z(z—s)a] %/0 f(E,s, u(k)(g,s)) sin ?déds,

where E, g(z) is the Mittag-Leffler function, defined by [26]

o0 Zi
Eup(2) := ; TGa s (@, e C, R(a) > 0),
and
o0 Zi
Eo(t) = Eg1(@) =)  ———.
— T(ia+1)
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Then, the solution of system (3) has the form

o0
k+1 k+1 . nTX
uttD(x 1) = Za,ﬁ (1) smT

n=1

2 e L . hmXx nmw\2 o . onmwx
:znZ_‘:‘/o @(x) sin deEa |:—K <T) t ]SmT
t 00 L
+/O (; %/O & 5, u® (&, 5))sin ?dé(z — 5yl
X Ey.o |:—K (%) (t — s)“:l sin T) ds.
Denote

L
an(t) ::%/(; @(x) sin medea [—K (%)2#"}
! a—1 niw\2 o 2 L
+A (t _S) EO{,O{ |:_K (T) (t - S) i| Z/(; f(‘i:’sv I/l(f;:,s))

sin @déds,
L

(N

o0
we can verify that the function ) a,(¢) sin =+
n=1

L satisfies system (1).

2.2 Convergence analysis

In this part, we present the convergence of the iterative sequence by WR algorithm
(3). Before that, we still need a preliminary definition and lemmata as follows.
For ¢(¢) € C([0, T], R), we define an operator

t
(Aw)(t)=/0)»(t—S)“_lw(S)ds, ®)

where A is s positive constant. Then, we have

Lemma 2.1 For any positive integer k,

(AT (@)r*)F
P)(D)] < mo

where (A*@)(t) = (A(A19)) ().

|(AF ax lp(s)l,  t €10, T], )

Proof We prove the result by induction. For k = 1, we have

t )\’ o
[(Ap)(@®)| < / At — )% 'ds max |p(s)] = A max |¢(s)]
0 0=s=<t o 0<s<t
EEANC A x lo)]
T T+ 1)oses Y
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Suppose that inequality (9) holds for any fixed index &, then
t
A0 < [ =9 iAo olds

Al a\k
<k/ (e =)™ I(I‘(k(a)—i 1))d S gmax l¢(s)]

)Lk-i-lrk(a)t(k-ﬁ-l)a
T Tha+t D
ATk () *+De T ()T (ke + 1)
= T That D) Thatatl cndx el
()»F(Ol)la)kJrl

= Tkt Da 1 1) o2, [0l

B(a, ko + 1) max |p(s)]
0<s<t

where B(-, -) denotes the Beta function. The conclusion results. O]

Lemma 2.2 Foranyt € [0,T], @ € (0, 1), and ) > O, the series

(0.¢]
> Eqo(—1n*t")
n=1

converges.

Proof Since function Ea,a(—knzt"‘) is completely monotonous with respect to n
[27], for any A, t > O, the series 23021 Ea,a(—knzt"‘) has the same convergence as
the integration [ Eq o (—At*x?)dx.

To evaluate the integration, we consider f ly Eaﬂ(—)ut“xz)dx for y > 1, then we
have

y L an / _/- ( )Ltot)t i
/IEOW( M%Ndx < | Ego(—At%x)dx ZF(”H“)

_Z(—w) (i = 1) ia (=9 (yi = 1)
C 4=+ DFGa+a) (—a®)ial (iar)

i=1

o Z( MO 1)

T —he T(io + 1) = 5 Ea M)~ Ea (=1 D))

For any y > 1, E,(—Xt%y) converges, and then floo Ea,a(—)»t"‘xz)dx converges.
The conclusion results. O

The convergence of the WR algorithm (3) can be found in the following theorem.

Theorem 2.1 Ifthe nonlinear function f(x, t, u) has a continuous first-order deriva-
tive with respect to u, then the iterative sequence of functions {u® (x, 1)} for k =
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1,2, ..., generated by the WR algorithm (3) converges to the true solution u(x, t) of
system (1), and satisfies

MT (o) Tk
max O ) —u. | < BE@T) e OG ) — . 1)),
0=<x=<l,0<t<T ko +1) 0<x<l,0<t<T
(10)

where M is a positive constant.

Proof We define e® (x,1) = u®(x,1) —u(x,1),0 <x < L,0 <t < T, which
satisfies

ng‘s(k“)(x, t):Kgﬂch)(x, O+ f(x,t, u(k)(x, t)—f(x,t,u(x,t), O<x<L, O0<t<T,
e Dx,00=0, 0<x<L,
e®0,n =L, n=0 0<r=<T,

(11)

By the separation of variables, the solution of system (11) is

eV (x, 1) = / | i% / U s € ) — FE s, ue s)Tsin "7 g
o \‘Z/ LJo ’ ’ ’ L

niwx

x(t — )% Eqq |:—K (%)2 t — s)“] sin T) ds
t [ L
= / y2 / £/ 5, u® 6 e €, 5)sin o dg
o \‘'7/ LJo L

x(t — )% Eqq |:—K (%)2 t — s)“] sin "”Tx> ds.

where P € min@® (x, 1), u(x, 1)), max@® (x, 1), u(x, ))].
We notice that forany 0 <s <t < T,

nmwx

2 (" i i nmwé
— 4 @) ) . .
r; L/(; f (év S, Uy (é» S))g (s, S) sSin _L dé sin _L

= f'(x, s, ul?(x, 5)eD(x, s), (12)

and the function E, [—K (%)2 (t — s)“] is bounded and monotonous with respect
to n [27]. According to Abel’s test for uniform convergence, the series of functions

.2 (L nmwé niw\2 nwx
“ 4 (k) () ; _ — 9| i
;:1 L/o FE s u (&, 5))e™ (8, 5) sin 7 déEa,a[ K( L> (t—s) ]Sm 7
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converges uniformly for x € [0, /] and s € [0, ¢]. Denote

ad L
nen e = 2 %fo F1E 5. uPE 5)e® &, 5)sin ?dg
X Eq o [—K (%)2 (t— s)o‘:| sin %,

t
e* D (x, 1) =/ (t — ) 'n(x, 1, 5)ds.
0
For any fixed ¢t € (0, T'], we suppose that there is a sg € (0, ¢), such that

min max |f'(&,s, u?(x,s5))e?(x,5)| > 0,
SO=s=<t 0<x<L

then we have

and denote g9 = ﬁ min max |f'(,s, uff)(x, $)eD(x, s)|. From (12) we know
SO=S=<t 0<x<L
that,
n(x,t,1) = Lf’(x tu®(x, 1))e®(x, 1)
o I'(a) TR T
so there exist a constant §; € (0, ), such that for any s € (¢t — &1, 1),

1 . .
1 9) = oo £ ) (e, )| < =
and there exist a constant §; € (0, t), such that for any s € (t — 82, 1),
1 . . 1 . )
‘mf/(x,s,ui”(x,s))s(”(x,s)— ) ot u® (e, 0)6D (x| < 2
Let s1 = max{t — §1,t — 82, so}. For any s € (s1, ¢), we have
1 . .
‘TI(X, t,5) — mf’(x, s, uD(x, )8 (x, 5)
1 . .
<|n(x.t.5) — @f/(x, tuld(x, )@ (x, 1)
1 . . 1 . .
+ 'Ta)f/(x’ s, uf,f)(x, s)NeD(x,s) — mf’(x, t, ui’)(x, )eD(x, 1)
<&p.
Therefore,

1 . .
NG, 1,8)] < ——|f'(x, 5, ul? (x, 5))e@(x, 5)| + €0,

~ o)
and
1 H .
Jmax, [10e 69| Spes max 1f/0es w0 9)] + e
2 ) _
SI‘(_a) 0221 |f/(x, s, uf,f)(x, e (x, 9| (13)

M @)
< max |e"(x,s)],
I'(a) 0<x<L
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where M is a uniform upper bound of |f/(x,f, u(x,1))|, for 0 < x < L and
0<r<T.
For s € [0, s1], we consider the following series of functions,

G(x,E, 1 —s5) = %’;Ea,a [—K (%)2 (t — s)“] sin$ sin % (14)

For any x, & € [0, L], we have
E K (,m)z (t — ) | si nwé | nmx < E K (,m)z (t — 5)°
- — - in — sin —— - — — .
o T $)*|s 7 S .| = Eea T s

Together with Lemma 2.2, series of functions (14) is convergent uniformly for x, £ €
[0,L],and 0 < s < t < s1. We denote by M7 an upper bound of the series of
functions (14), then

L
nUuns)=‘/ G, &1 —s5)f (5,5, ulP (&, 5))e® (&, 5)dt.
0

and
max |n(x,t,s)] < LM{M max |¢®(x,s)]. (15)
0<x<L O<x<L

We choose M = max{%, LM M}. By the inequalities (13) and (15), we obtain

max |n(x,z,s)] < M max |e®(x,s)], sel0,1],
0<x<L 0<x<L

and

t
max |e®TD(x, )| < / (t — )% " max |n(x,1,5)|ds
0 0<x<L

0<x<L
[ -
< / Mt — )" max |e®(x,s)|ds.
0 0<x<L

According to Lemma 2.1, we can obtain

MT ()t*)*
max |e® . ) < ME@TT ik EO@ ). 1 e0.T],
0<x<L IM'ka +1) 0<x<L,0<s<t

which leads to

MT (a)T*)k
max  [e®(x, )| < MU)T7) max  [e©Q, ).
0<x<L,0<t<T I'ka +1) 0<x<L,0<t<T

This completes the proof. O

Remark For the convergence rate shown in estimation (10), we denote vy =
M @)1

ThatD) Then, we compute

- I'(k
= fim 2 - @7 lim %)
k—oo U k—oo I'(ka + @)
Based on Stirling’s formula of the Gamma function, we get r ~ O(k~%), which
means that WR algorithm (3) is convergent superlinearly to the true solution of

system (1).
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3 Windowing WR method

We can see from Theorem 2.1 that the upper bound of the WR iteration is related to
the length of the time interval. Therefore, the windowing technique is a proper way to
reduce the iteration error [28]. In this section, we combine the windowing technique
with the WR method introduced in the last section to establish an improved WR
method, say the windowing WR method.

3.1 Construction of the windowing WR method

For the fractional sub-diffusion equation (1), we first divide the time interval [0, T']
into N windows, with

0=Ty<T1 <...<ITy=T.

We denote the i-th window by Q; = [T;, T;+1], with the length H; = T;+1 — T;,
fori = 0,1,...,N — 1, and the maximum length of the windows is H =
maxo<;<n—1{H;}.

We denote by u}k)(x, t) the k-th waveform on the i-th window €;, for k =
0,1,...,k;, where k; is the maximum number of WR iterations on €2;. Then, the
windowing WR method for system (1) on €2; is given by

Cpa,, k+D) « | Ty o 9 k) d
T2 Ui (X,t)-l-jz_(:)m " (t—s) auj (x, s)ds

32
:Ka 3 ,(kH)(x,t)+f(x,t,u§k)(x,t)), O<x<L, T <t<Ty,

k+1
u,( D, 1) =
w0, 1) = @"*”(L, N=0, T <t=Ti,

WV, T, 0<x<L,

(16)
fork =0,1,....,k —landi = 0,1,..., N — 1. We define u*" (x, 0) = (x)
and choose u( )(x t) = u( n ')(x T;) as the initial guess on £2;. We can observe that,

when solving the waveforms ul( ) on Q;, the approximations of the solution on the
previous windows are already known.
For t € [T;, T;+1] and any fixed k, we denote

i—1
- J+l
fite ) = O b P00 0) = 30 ms m 5 f =) u (2, 5)ds.
j=0
Similar to the method shown in sub-section 2.1, we have the solution of system (16)
with the form

WD (x, 1) = Z / w1V x, T)em—de[ ("L”)z(t—r,-)“}sin@

n=1

2 (b . nmwé w1l X
+/T<X;Lf0 Jit.$)sin = dE(t =) Eg [— ( )(t—s) ]smL>ds.
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3.2 Convergence of the windowing WR method

Before giving the convergence of the windowing WR method (16), we first investi-
gate an operator and its property.
For ¢(t) € C([0, T], R), we define an operator

t
B0 = Bo+ [ =5 ps)ds, 1€ T Tl am
T;
where By and A are positive constants. Then, we have

Lemma 3.1 For any positive integer k, we have

(BXp) ()] < BOS (L@@ =T)* | (@)@ —T))*
j=0

8
F(a+ 1) Fhat1) oo, leG)l (18)

where (BX)(t) = (B(B*"1p))(®).

Proof We prove the result by induction. For k = 1, we have

! A (o)t — T
_oa—1
I(Bw)(t)ISBo+le At—s)"""ds fnaslxl Iw(S)I—Bo+—F(a+1) Tf‘;?’;,'¢(s)"

Suppose that inequality (18) holds for any fixed index k, then

(B o) (1))
k—1

! _ AWL@)(s —T)%)  AL@)(s — T)*)*
_ a1
= BOH/T,V 5 [BO ,Zzo FGatD | ThatD n@i’és"”(“)'} ds

Aj‘Hr/ o ) )\k+lrk o
—Bo+BoZ ) (¢ — 1)+ B, jor+ 1) + @

(¢ —T)**DB(a, k 1
+1) F(ka+1)( i) (a, ka + 1)

max, Iw(s)l,
where we have used the equality
t
f (t—)* s = T)/%s = ¢ — T)H)VV*B(a, ja+1), j=01,..., k.
T;

By the properties of the Beta function B(w, jo + 1), we further have

(B ) (@)

< By + By :(X;::) %Q _yUthe %0 _ 7kt
max, lp(s)l

o3 O SIS
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The conclusion results. ]

Then, the convergence of the windowing WR method for system (1) can be found
in the following theorem.

Theorem 3.1 If the nonlinear function f(x,t,u) has a continuous first-order
derivative with respect to u, then the iteration error between the approximation
{ul(k")(x, t),i =0,1,..., N — 1}, generated by the windowing WR method (16), and
the true solution {u;(x,t),i =0, 1,..., N — 1} of system (1) restricted in 2;, can be
bounded by

max  max Iu(k)(x 1) —ui(x, )|
T;<t<T;41 0<x<L

<Y o;| [] &@T| max max e, 1) —wix, 0l (19)

Tj<t<Tj11 0<x<L

j=0 I=j+1
where
2 - . MM; T (ax)H*)!
o = M; 1+ ),y oy, B
'l — o) sin(ra) o, F'(jo+1)
- (MM;T () HY)ki
T Tlka+1)

with M, Mpositive constants, fori =0,1,..., N — 1.

Proof We define si(k)(x, 1) = ugk)(x, t)—ui(x,1),0<x <L, T; <t < Tjy1,which
satisfies

(k+1) ’“ o«
%Df‘si (x, t)+2 F(l — )/ s (x s)ds

82
=K3 2 l+1)(x D+ flx,t, u()(x ) — flx,t,ui(x, 1)), 0<x <L,
I <t <Tiq1,
eV x, 1) = (k’ ')(x T), 0<x<L,

e V0,1 = ef"*”(L,t) =0, Ti<t<Ty.

(20)
The solution of system (20) has the form

(k+l)(x = Z / (ki |>(§ T,)sm—dgEa [_K(nLn> —T)" }

o

32 /g,(s s)sm—sds(t )% lE(w[—K(T)z(t—s)“]sin’?)ds.

n=1
2D

@ Springer



Numerical Algorithms (2021) 87:1445-1478 1457

where
gilx.1) = f(x,1, uf")(x D) = f @ 1ui(x, 1)
i F(l — / R s)_“%sﬁ.kj)(x, $)ds.
Similar to Theorem 2.1, there exist constants M;, fori = 0,1, ..., N — 1, such that

Jmax, eV, ) < M; max e (e, Tl + M / (t — )21

max Igi (x,8)lds, tell;, Tiy1l (22)
0<x<L

We might as well suppose M; > 1,fori =0,1,...,N — 1.

Using integration by parts and the property 8 ) (x Tjr) = sﬁ JJ])(X, Tji1), we

have

i—1 T:
/ (k) k) o a —a—1_ k)
gilx,t)=f (x,t,ui)*(x,t))si (x,1) + m;/ﬂ (t —s) 18j
(x, 8)ds
i—1
1 _
i L[ T T = = T o, )
Jj=0
=7t e, )6, 1) — S A R )

'l —a)

1+1 .
—a—1_kj)
I‘(l—a) E / —5) ej’ (x, $)ds,

where ul(ki € [min(ugk)(x, t), ui(x,t)), max(ufk) (x, 1), u;(x, t))]. Then,

1 )
max |gi(x, )] <M max |e® (x, )] + ——— @1 — T)™ max |e7V (x, T)|
0<x<L

0<x<L T o<x<L ' rd-oa
1
——(t—T)™% ma ma ma 8 D),
+ - a)( ) 0</<:X 1T; <t<¥,+1 0<x<X | (x )
(23)
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where M is an upper bound of | f'(x, 1, u(k) (x,1))|. Taking inequality (23) into
inequality (22), we get

max e (x, 1)] <M; max e (e, T + MM; / (t —5)*" max |g®
0<x<L 0< 0<x<L
(x, s)|ds

— a—1 _ (1 I)
F(l— )/(r ) (s —=T;) %ds max le; 27 (x, Ty

i a—1 —a
P E— t—s s —T;)"%ds max max
* NG /T,-( o 2 0<j<i—1Tj<t<Tjs

kA
max |8(-’)(x,t)|
0<x<L J

<C; max, |s(’ D(x,T})| + M; max max max
0< 0<j<i—1T;j<t<T;j;; 0<x<L

(k)

t
—|—MM,-/ (t — )% max e (x, )lds,
T; 0<x<L

where M; = N a)B(a l—a) = F(lea) Sm(m), and C; = M; + M;. After k;

iterations of WR on [7;, T;+1], we have by Lemma 3.1 that

max Isl-(ki)(x, 3]
0<x<L

|:C Omax |e(’ D(x,T})| + M; max max max |e ki) (x, t)|:|

0<j<i—1T;<t<Tj;1 0=<x<L

i (MM;T (@) (t — T})%)’

= F'(Gja+1)

(MM;T(a)(t — T)*)" max max |£( ) (x. 9)l.
I'kia +1) T;<s<t 0<x<

for ¢t € [T;, T;+1]. We notice that

max, |8(’ D, T < max max max |8 (x,t)|.
0<x<L 0<j<i—1T;j<t<Tj;1 0<x=<L

For simplicity, we further denote

ki—1 : ey
r = 37 M@ = 1))

’

= C(ja+1)
_ (MMT (@) — Tk -
®;(1) = rhagn €Tl
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Then, we have
max, e®) (x, )] < © Ti(H) max max  max e (1))

0<j<i—1T;j<t<Tj+; 0=<x<L

+®;(r) max max [ (x, s)|. (24)

Ti<s<t0<x<L

Since ®; > 1, and Y;(¢) > 1, we can deduce from inequality (24) that the iteration
errors accumulate along the windows line, i.e.,

max  max max |8 k) (x,7)| < max max |8(’ Dix, ),
0<j<i—1Tj<t<Tj;1 0<x<L T;i_1<t<T; 0<x<L

which leads to

max |e‘ D(x, 1) < ©; Ty, max  max, 60 (x, 1))
0< i 1<t<T; 0<x<L

+®; (1) max max |8( )(x )|,

Ti<s<t0<x<L
and further we have

max max |8(k’)(x H < ®;Y; max max |s(’ 1)()c 1)
T;<t<T;+1 0<x<L T;—1<t<T; 0<x<L

+®; max max |8( ) (x, 1)].
Ti<t<T;+1 0<x<L

By recurrence, we get

i i
max  max |8(k)(x )| <Z<i>j l_[ CIRY max  max |5()(x 1),

Ti<t<T;+1 0<x<L Ti<t<Tj11 0<x<L
i+1 X Z:j-‘rl J=E=Lj+1 X

The conclusion results. O]

4 Discrete windowing WR method

In fact, the standard WR method introduced in Section 2 is a special case of the
windowing WR method. In this section, we only consider the discrete version of the
windowing WR method.

4.1 Construction of the discrete windowing WR method

For simplicity, we suppose that all the time windows have the same lengths, i.e.,
H; = H,fori =0,1,..., N—1.Let Ny and N; be two positive integers. We partition
the spatial domain [0, L] by a uniform mesh, x; = lh, for/ = 0,1, ..., N;, with
h = <, and further partition the time window £2; by a uniform mesh ¢; , = T; + nrt,

forn = O, 1,..., Ng, witht = which satisfy #; n, = Ti+1.

N bl
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At any mesh point (x;, t; ), the windowing WR method (16) is

k41 ]+l _ (
7D, u 1(+)(xlatzn)+zl_,(l )f (tin —3) _s“ D (x, $)ds

(25)

_ g2

ax2 “i
for/ = 1,2,...,Ny —1,i = 0,1,...,N —1,and n = 0,1,..., Ng. We
p
denote by [ul(k)]l the approximation of ul(k) (x1, ti,p), and [ui]f the approximation

k
(xl3 ti,n) + f(xls ti,ns u,( )(xlv ti,n))»

2
of u;(x;, 1, p). We approximate the term %uwrl)(xl, t; ») in the right-hand side of

(k—H)

(25) by the classical finite difference operation 82 , and adopt the idea of

L1 scheme [29] to approximate the terms in the left—hand side of (25). Then, we have

e u TV (xr. ti.0) : nz_l / T = 9 L0 (. 5y
X, tig) = ———— in—S) “—u; X1, 8)ds
T; an 1 s tin F(l—l){) iy Ln as 1 1

1 n—1 1 ([ (k+l):|p+l |: (k+l)]p> /Zi,p-H
N — E — |u; —u; (tin —$) “ds
r'd—ow o T ! ! ! ! fp

n—1

¢ )4 0
(k+1) Z (k+1) (k+1)
I Q2—-a) (a1 [ ]1 (@n—p=n—p+1) [ui ]1 n [ui ]1)

p=1
]D)a [ (k+1):|
1

where
ag=9¢""=@-D"" g=1
For each term in the summation in the left side of (25), we have

1 J+l1 _ 9 k)
- t, — o _ 0 , d
rd—a fT,. (tin =) =gy G 9)ds
No

-1 .
s S ) [ o

%

p:O Jp
No—1
:L a 1 1[(](1)] —OX:(G"N
T2 —a) (i=j=DNotnt1 |~ |, e (i=j)No+n—p
;) k)70 ol &N
— A(i—j)No+n— p+l)[ ]1 — A(i—j)No+n ["‘j ]1 =Dy [4/ ]1'

The resulting numerical scheme for (25) can be written as

i—1
17" k)" 1" 01"
Dg I:ul( + )]l =+ ZD? I:u]] ]l = K(S)% I:I,tl( + )]l + f(-xl, ti,n, I:ul( )]l ) (26)
j=0
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Similarly, the L1 scheme for the original equation can be written as
i—1
DY[wilf + > DYu,lf = K8p[uil} + £ tins [wil}). 27)
Jj=0
4.2 Convergence of the discrete windowing WR method

i

n=0,1,...,Ngand k =0, 1, ..., k;, which satisfies

i—1
k 1 n k) n k 1 n k n
DY [81( ’ )]1 + ZD? [8§ ' ]1 - KS)% [8’( " )]1 +f <x1, fin: [M’( )] )
j=0

n n
Let [e] =[] = twlf fort = 1.2, Ny =10 = 0.1 N - 1,

l
= fQa tins [uil). (28)

‘We denote the vectors

-
07" _ &7 T.®1" 7" Ny—1
B R N ) (A I

[l = (uil} iy, . il )T e RN

[elgk)]" _ [ulgm]" R

AN 70 0
together with the fact [e;k-’)] ‘o [eikjjl)] ,forj=0,1,...,i—1,and [e(()kO)] =
0, we have

LA w] *+1)7P
r2—a |“ [ei ] = D _(@n—p = anp+1) [ei ]
p=1
i—1 N
Y k)P (29)
- Z Z(a(ifj)No+nfp — (i~ j)No+n—p+1) | €;
j=0 p=1
K ol 6+D]" ®1" n
= ﬁB [si ] +f (ti,n, [u,- ] ) = fin, [wil"),
where

f (ti,ns [u}")]") = (f(xh fin, [ufk)]rll), S (x2, tin, [ul(k)]l;), s
fONg—15 tin, [ul(k)]jvx_l)>T,

S tin, w1 = (f(xl,ti,n, [wi1]), f(x2, tin, [Ui13), oo fOXN =1, tions [Mi]'ﬁs,l))T ,
] =[] -t
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and
-21 0 0
1 =21 .
B=|o |1 - 0 e RWNs—Dx(Ny=1).
DR |
0 0o 1 -2

We further define the vector

& = (([sﬁk)]l)T, ([eﬁ")T)T - ([elﬁ")]N(’)T)T < RNo(Ve—1)

Then, equality (29) can be rewritten in the following matrix form,
i1
- _(kj
A I)E — 3Gy @ 1,)E}”
j=0 (30)
S T - (F ) - F i),

where I and I are identity matrixes with scales Ny — 1 and Ny, respectively, A is
a No x Ny lower triangular Toeplitz matrix with

=T

al, p == qa
A(p,q) = ap—qg+1 —dp—q, P >4(g,
0, else,

G;j is a Ng x Ny Toeplitz matrix with

Gij(p,q) = ai—j)No+p—g — Q- j)No+p—q+1>

and

Faa. “”)—(fT (rl u @]) fT (m E “)]) v (n oo [u]" ))T
f, ) = (fT (li,l, [ui]l) JfT (ti,z, [ui]z) — (fi,Noa [ui]NO))T

We denote r = I"'(2 —a)Kh—Tza and D = A® I, —r(Ip® B), the error (30) can be
written as

_(kj )

gD =T —a)D~ er(k)+ZD "G @ I)E; 31

j=0
where J ¢ is the Jacobian matrix of f , which is bounded by a positive M. Then, we
have

i—1
—(k+1 — —-(k — —(k;)
18V lloo < 7T 2 = )Mol D™ [loollE lloo + Y 1D ool Gij ool

j=0

lloo-
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By induction on the index k, it leads to

i—1
= (ki i =(0 —(kj)
185 00 < 04182 oo + 3 i 1877 1o,
Jj=0

where

_ 1 _
0 =T (2 — a)Mol| D™ |0, vij=1—5ID Mool Gijlloo-

We can choose T small enough, such that & < 1, and v;; > 0.

(32)

(33)

Define the real numbers 7;;, fori =0,1,...,N —1,and j =0,1,...,i — 1 by

i—1

ni =1, nj= Zl//ilmj~

I=j

We have the following theorem.

(34)

Theorem 4.1 [fthe nonlinear function f(x, t, u) has a continuous first-order deriva-
tive with respect to u, then the iteration error égk") of the windowing WR method (26)

on the i-th time window 2; can be bounded by

i
_ h‘ =0 .
1N < Y 010 18P oo i =0.1,... N =1,
j=0

where k; is the maximum number of WR iterations on 2.

Proof We prove the result by induction on the index i.
For i = 0, on the first window, we obtain that by (32)

= (k ko =0 ko =0
18510 < 050112 oo = n008* 12 oo

Assume that inequality (35) holds fori = 1, 2, ..., n — 1, then we have

n—1 n—1 J
- - —(kj) = e = (0
185 oo < 05187 oo + Y Ynjl1E; oo < 0517 oo + Y Yy D 1js0" 18" oo

=0 j=0 =0

By exchanging the summation order, we can obtain

n—1 [n—1
_ - -0
1EE oo < 0% 18P oo + > Y v | 0187 10
=0 \ j=I
n—1
- -0
= tun0 180 oo + > 00112} o
=0

n
-0
= 0" 18" o
=0

It means that the result also holds for i = n, and the theorem is proved.

(35)

O
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It can be seen that {n;;} are defined by recurrence, and it is not intuitive to bound
||e(k i) |loo- Therefore, we present the following corollary.

=(k;)

Corollary 4.1 The iteration error &;""’ can be further bounded by

s D7 A _
||€l(k[)||oo fmax{l,w} kam max ||€50)”oo’ i=0,l,-~-aN_l7

1-0) 0<j<i—I
(36)
where kijn = min {k;}, and 6 is defined in (33) with 6 < 1.
0<j<i—1
Proof From estimation (35), we have
A Z nij | 0% max 11E oo, (37)

0<j<i—1

Denote W; = le=0 nij,» then we have Wo = 1, and fori =1,2,..., N — 1,

Wi = ZZ%WU—ZWZ%—ZWWI

j=01I1=j

(Zw) max W, (38)

IA

=—|| "Moo ZHG,,Hoo max W
o<i<i—1

Since G;; is a Toeplitz matrix, and

i1 i1

D UGijlloo = Y (@i—j-1Net1 —ai—jpNgs1) = 1+GNg) ' ™= (iNo+1)' ™ < 1.
j=0 j=0

We have

1
W; §—||D ||oo max W,.
1— 0</<i—1

By the induction on the index i, we get
D—l i
W; < max {1, w )
(1—-20)
Together with inequality (37), we can obtain the result (36). ]
Remark The quantity 1D~ !ls in estimation (36) is usually a moderate number. In
fact, a number of numerical tests are carried out to support this observation. There-

fore, we can take a proper WR iteration number k; on each time window to control
the iteration errors.
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4.3 Parallelism of the discrete windowing WR method

The discrete windowing WR method (26) can be written in the following form,

e, Ky [« <k+1>]" T
F(Z—(x) h2 r'2-—oa
i—1 No
k+1
Z(an p — Qn-— p+]) [ ( * ):I + Z Z(a(z J)No+n—p
j=0 p=1 (39)
(k))
—A(i—j)No+n— p+l) |: :I
n
41 (1 [T,
For any fixedn = 1, 2, ..., Ny, in order to compute [u(k+l)] we need [ (k+l)]
n
on the present waveform for p =1,2,...,n — 1, and [u. ) , which is the approxi-

mation at t = t; +nt on the last waveform, as well as [ 5 N’

,forp=1,2,..., Ny
and j = 0,1,...,i — 1, which are the approximations of the waveforms on all the
previous time windows. It is unnecessary to wait for all the approximations on the
k-th waveform before computing the approximations on the (k + 1)-th waveform.

For simplicity, we assume that the WR methods on all the time windows have the
same number of iterations, say ko. The parallelism of the discrete windowing WR
method (39) is shown in Fig. 1, where “dt” denotes the computational cost at each
time step. In fact, for the computation of the time-fractional PDE, the computational
costs at later time steps are usually bigger than that at former time steps, since more
matrix-vector multiplications are involved in later time steps, though “dt” is used
uniformly for clarity.

Assume that ko processors are available, and each processor is in charge of the
computation of a waveform. We can see from Fig. 1 that ko processors are running
almost simultaneously on each time window, such that the theoretical total running
time is N (No + ko)dt, rather than NkyNodt in serial manner.

The steps of the parallel procedure are shown in the following algorithm,

Computation on Q¢ : Computation on £, L Computation on Qy_1
Initial §_ & &_ & P : oo . I
st iter. 42NN S SN T - -
) N N TR\ N N - N
ond iterd | SoaNhoade N C NN, o N o
. NG NN RN O\ : AN
3rd ite: . . . + . . —pe —— —e ——— ¢

koth iterd © L | Y :"' Lo \._\:._, \F\é» 4>‘>
dt 2dt 3dt - kodt o+ Nodt ++ (No+ko — 1)dt <=+ (2Ng + ko)dt 2(Ng + ko — 1)dt N(No + ko — 1)dt

Fig.1 The parallelism of the discrete windowing WR scheme (39)
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Algorithm 1

0
(1) The No.k processor obtain initial values [u(()k)] Jfork=1,2,...,ko.
2) doi=0,1,...,N—1,
on the time window £2;

n
(2.1) The No.l processor receives the initial guess [ugo)] , for n =

0,1,..., Nop.
(2.2) [Parallel] For all the processors from the No.1 to the No.ko, simultane-
ously,

don=1,2,..., Ny,

(2.2.1) The No.k processor (except No.l processor) waits for

n
[uf0]"

(2.2,2) The No.k processor computes [u(k)

n
; ] by scheme (39), as long

as it receives [ul(k*])]

n
(2.2.3) The No.k processor (except No.ko processor) sends [ufk) ] to
the No.(k + 1) processor.

end do ;

(2.3) The No.ko processor broadcasts [ul(k")] forn = 0,1, ..., Ny to the
other processors as the necessary data for the computation on the later
time windows.

end do
(3) Collect the results of the No.ky processor as the final approximations to the
original system.

4.4 Efficientimplementation of the discrete windowing WR method

We can see from (26) that the discrete windowing WR method is based on the idea
of L1 scheme, which is computationally expensive on long time interval. In this sub-
section, we employ the sum-of-exponentials (SOE) method [30, 31] to further reduce
the memory and the computational cost. The fast evaluation formula based on SOE
method for the Caputo fractional derivative in (25) can be expressed as

k+1)7" k+1n 7!
[ui ]1 B [ui ]1

°I"(2 — )
U+1) ]! 0l®
1 [“i ]1 [uo ]1 = (k+1) (40)
+ — - wj I:Uh- -(ti,n)]
rd-ow T« 1, ; ist,j I

k+1)7" 1"
:K(Sf [ul( + )]l + f(x1, tin, [”1( )]1).
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At the initial point, we have

] = o,

Ui o] =0, fork=1.2.....ko.

and at the boundaries of any two time windows, we have

0 N
(k) [ &0
[Mi+1]1 o [ui ]1 ’

Upi (ti1.0) = Ups (i), fork =1,2,... ko.
It means that the discrete windowing WR method is implemented on one time
window after another, and the WR iterations are performed k; times on the i-th
window.

In fact, the fast evaluation formula based on SOE method transforms the discrete
windowing WR method as a nonlocal numerical integrator to be a local evaluation,
and the computational cost at each time point looks more balanced. Suppose that
we have enough processors and denote by T the computational cost at each time
point, then the theoretical computational cost of the fast windowing WR method is
N(No + ko — 1)T.

For the choice of the parameters, we have two considerations. First, kg should be as
small as possible to avoid too much computational cost. Second, if the time window
is too short, the number of time steps on each window, Ny, will be very small, then the
degree of parallelism will be reduced. In particular, if only one time step is contained
in each window, i.e., N9 = 1, the WR method will deteriorate to the classical semi-
implicit scheme, which cannot be implemented in parallel at all. In order to balance
the two aspects, we can take moderate values for Ny, such that Ny is much larger
than ko. Therefore, the theoretical computational cost with enough processors seems
slightly more than the cost of a general numerical scheme for a linear problem.

5 Numerical experiments

In this section, we use two examples to verify the effectiveness of the windowing
WR methods, and the methods are coded using Matlab R2017b on a Lenovo desktop
with Intel(R) Core(TM) i7-7700 CPU @ 3.60GHz.

Example 5.1 We first consider the following sub-diffusion equation in one spatial
dimension,

ng‘u(x, 1) =02uxx(x,t) +u(x,t)+ uz(x, 1), O0<x<l1, O0<t <2,
u(x,0) =sin(rx), 0<x<1,

u@,)=u(l,r) =0, 0=<t<2.
(41)
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To discretize the x and ¢ variables, we use a uniform space-time mesh with time
stept = ﬁ and spatial grid size h = 2;—6. The time interval [0, 2] is divided into N
time windows uniformly, and each window includes % time steps. For simplicity,
we perform the same number of WR iterations on all time windows, i.e., k; = ko, for
i=0,1,...,N—- 1L

The discrete windowing WR method for (41) can be written as

i—1 2
*+D 7" (ko) ]" 2[ D] w1 ! ]!
Dy [ui ]1 + ZD? [uf ' ]1 =024; [ui ]1 + [ui ]1 + [ui ]1 ’
j=0

(42)
fori=0,1,....N—1,/=1,2,...,255,n =1,2,..., 38 k=0,1,..., ko — I,
and the reference solution can be obtained by the scheme

@ n—1 2
p 0] _ 2 -1 -1
m ajuj — I;(an_,, —ap—pyD)u; — aguy | = 0.28u)4uy +<uf ) ,
(43)
forl = 1,2,...,256,and n = 1,2,...,4096. We notice from scheme (42) that
the nonlinear term is approximated using the values at t = #;y,41—1, in order to
match with scheme (43). In fact, if we employ a fully implicit scheme in the discrete
windowing WR method for (41), the resulting numerical scheme, i.e., the nonlinear
n ny 2
term in (42) is replaced by [ugk)][ + ( [ufk)]l ) , will still be a linear equation, since
the values are from the last waveform, while the corresponding reference equation is
a nonlinear equation.
The iteration error of the windowing WR method is measured by

Error = max

P%WM) NNy
1<1<256 -1 '

—u
/ [

The iteration errors for various values of kg and N are shown in Tables 1, 2, and 3,
for « = 0.2, 0.5, 0.8, respectively. In fact, the windowing WR method with only
one time window, i.e., N = 1, is indeed the standard WR method. We can see from
Tables 1, 2, and 3 that the windowing technique can reduce the number of iterations
effectively.

To show the convergence of WR clearly, we plot the relationship between the
iteration error and the iteration number k( with various time windows in the first three
figures of Fig. 2, for « = 0.2, « = 0.5, and o = 0.8, respectively. Furthermore, We
also compare the convergence behaviors of WR with 64 time windows for various
values of « in the last figure in Fig. 2. We can see that the convergence rates of the
windowing WR method are related to the values of «, and such an observation fits
very well with the theoretical results introduced in Sections 2-3.

We also test the efficiency of the fast evaluation formula of the WR method. We
fix NNy = 4096, the observed errors, and the consumed CPU time for the discrete
windowing WR method, and its fast evaluation version with tolerance €=1.0e-10 is
shown in Table 4. We can see that the fast windowing WR method has almost the
same errors as the windowing WR method which is based on L1 scheme, while the
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Table 1 Errors of the windowing WR method (42) for Example 5.1 with ¢ = 0.2

ko N =1024 N =256 N =64 N =16 N=1
1 3.83e-04 2.07e-03 9.54e-03 4.74e-02 2.90e-01
2 5.51e-05 5.35e-04 2.95e-03 1.53e-02 2.48e-01
3 6.39e-06 1.81e-04 1.24e-03 7.12¢-03 2.07e-01
4 0 6.59e-05 5.82e-04 3.77e-03 1.70e-01
10 0 1.02e-07 1.07e-05 1.75e-04 3.99¢-02
15 0 1.42e-11 3.87e-07 1.62e-05 9.92¢-03
30 0 0 5.62e-12 1.03e-08 1.15¢-04
40 0 0 I.11e-15 5.45e-11 5.01e-06
60 0 0 0 1.11e-15 6.74e-09
80 0 0 0 0 5.86e-12
100 0 0 0 0 3.66e-15
Table 2 Errors of the windowing WR method (42) for Example 5.1 with ¢ = 0.5

ko N =1024 N =256 N =64 N =16 N=1
1 7.29¢-04 3.84e-03 1.76e-02 7.74e-02 3.60e-01
2 1.85e-05 3.23e-04 2.75e-03 1.97e-02 3.07e-01
3 2.39e-07 2.76e-05 4.99¢-04 5.99¢-03 2.53e-01
4 0 2.12e-06 8.97e-05 1.92¢-03 2.02e-01
10 0 2.52e-14 1.16e-09 1.48e-06 3.06e-02
16 0 0 3.44e-15 4.71e-10 2.64e-03
24 0 0 0 3.44e-15 5.58e-05
40 0 0 0 0 4.09¢-09
60 0 0 0 0 1.8%¢-15
Table 3 Errors of the windowing WR method (42) for Example 5.1 with o = 0.8

ko N =1024 N =256 N =064 N =16 N=1
1 9.55e-04 4.80e-03 2.03e-02 8.09e-02 3.81e-01
2 3.01e-06 8.29¢-05 1.13e-03 1.23e-02 3.16e-01
3 3.93e-09 1.13e-06 5.50e-05 1.75e-03 2.47e-01
4 0 1.24e-08 2.30e-06 2.23e-04 1.81e-01
7 0 6.00e-15 8.07e-11 2.52¢-07 4.98e-02
12 0 0 1.8%¢-15 6.71e-13 2.27e-03
14 0 0 0 2.33e-15 5.05e-04
25 0 0 0 0 1.21e-08
37 0 0 0 0 3.00e-15
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Fig.2 Errors of windowing WR for Example 5.1 with @ = 0.2 (top left), « = 0.5 (top right), and @ = 0.8
(bottom left), and errors of WR with 64 windows for various values of « (bottom right)

Table 4 Comparisons of the discrete WR method and its fast version for Example 5.1

a=02,k=9 a=05k =7 a=038,ky=4
N Error Time (s) Error Time (s) Error Time (s)
16 2.83e-04 63.31 5.95e-05 43.68 2.23e-04 27.82
32 8.18e-05 62.93 5.55e-06 4431 2.41e-05 27.83
WR 64 2.05e-05 62.10 3.97e-07 44.03 2.30e-06 28.06
128 3.90e-06 62.21 1.95e-08 43.77 1.91e-07 27.69
256 3.44e-07 62.30 4.47e-10 45.03 1.24e-08 27.90
16 2.83e-04 6.96 5.95e-05 5.47 2.23e-04 3.16
32 8.18e-05 6.85 5.55e-06 5.59 2.41e-05 3.20
Fast WR 64 2.05e-05 6.88 3.97e-07 541 2.30e-06 3.45
128 3.90e-06 6.91 1.95e-08 5.55 1.91e-07 3.16
256 3.44e-07 6.76 4.47e-10 6.00 1.24e-08 3.06
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fast version costs much less CPU time. For example, when N = 16, « = 0.2, and
ko = 9, the two methods have the same observed error 2.83e-04, but the consumed
CPU time of the fast windowing WR method has reduced from 63 to 7 s.

Based on the fast evaluation formula of the WR method, we also investigate the
relationship between the number of windows N and the number of iterations ky. We
fix the number of time steps N Ny = 4800 on the whole time interval, and denote kg
as the minimum uniform number of WR iterations on each time window, such that
the iteration error below 2.0e-10 and the relationships between N and kg for different
values of « can be found in Table 5, which are also shown in Fig. 3. It can be observed
that, with more time windows, less WR iterations are needed for a desired accuracy.

Example 5.2 We then consider the following sub-diffusion equation in two spatial
dimensions,

SDYu(x, y,1) = 0.2uxx (x, y, 1) + 0.3 uyy(x, ¥, 1)

+ulx,y,t)+ uz(x, v, 1), (x,y)e, 0<t<?2, (44)
u(x,y,0) =sin(wx)sin(ry), (x,y) € Q,

ulx,y,t) =0, ((x,y)ead, 0<tr<2,
where Q = [0, 1] x [0, 1].

We still use a uniform space-time mesh with time step t = Flﬁ and spatial grid

size hy = hy = 6l4. N uniform time windows are employed, and each of them has

% time steps. The discrete windowing WR method for (44) can be written as

i—1

k+1)7" (ko) 1" 2 ke+1)7" 2 [ k+1)]"

D% [uf ]lq + 3o ful ]lq = 0252 [u] ]1q+0.33y [u] ]lq
j=0

*) n—1 k) n—1\2
+ [Mi ] +<[u,. ] ) , 45)
lg lq

fori=01,....N-1,0,g=1,2,...,63,n=1,2,..., 22, k=0,1,....ko— 1,

and the reference solution can be obtained by the scheme

-1
12 n S 4 0
TQ—a |~ Z( ~ dnmpt 1)ty — nlig
2.n 2.n n—1 n—1 2
= 0282}, + 03827, + i + () (46)

forl,qg =1,2,...,63,andn = 1,2, ..., 512. The iteration error of the windowing
WR method is measured by

Error = max

No
[u(ko) ] _ NNl
1<l,q<63

N-—1 lq lq
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Fig.3 Relationships between N and kg for different values of « in Example 5.1

Table 6 Errors of the windowing WR method (45) for Example 5.2 with ¢ = 0.2

ko N =128 N =64 N =32 N=28 N=1

1 6.98e-04 1.71e-03 3.90e-03 2.39e-02 2.84e-01
2 1.08e-04 3.81e-04 1.00e-03 5.88e-03 1.57e-01
3 1.38e-05 1.04e-04 3.39e-04 2.28e-03 9.30e-02
4 0 2.81e-05 1.23e-04 9.98e-04 5.51e-02
7 0 1.55e-07 5.67e-06 1.01e-04 1.06e-02
15 0 0 3.00e-11 2.15e-07 1.03e-04
36 0 0 0 2.28e-15 2.84e-10
55 0 0 0 0 1.50e-15

Table 7 Errors of the windowing WR method (45) for Example 5.2 with o = 0.5

ko N =128 N =64 N =32 N =38 N=1

1 1.51e-03 3.73e-03 8.61e-03 4.64e-02 3.44e-01
2 7.82e-05 3.76e-04 1.26e-03 1.03e-02 1.99e-01
3 2.30e-06 3.71e-05 2.08e-04 2.96e-03 1.19e-01
4 0 2.99e-06 3.28e-05 9.05e-04 6.95e-02
7 0 1.46e-10 7.04e-08 2.39e-05 1.15e-02
13 0 0 4.83e-15 6.83e-09 1.98e-04
22 0 0 0 3.05e-15 1.81e-07
42 0 0 0 0 1.28e-15
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Table 8 Errors of the windowing WR method (45) for Example 5.2 with ¢ = 0.8

ko N =128 N =64 N =32 N=28 N=1
1 2.44e-03 5.84e-03 1.31e-02 6.31e-02 3.98e-01
2 3.08e-05 1.91e-04 8.17e-04 1.02e-02 2.33e-01
3 1.72e-07 4.74e-06 4.55e-05 1.73e-03 1.35e-01
4 0 8.40e-08 2.11e-06 2.74e-04 7.28e-02
7 0 2.60e-14 7.05e-11 6.18e-07 7.84e-03
10 0 0 6.10e-16 6.36e-10 5.41e-04
15 0 0 0 1.6le-15 2.64e-06
30 0 0 0 0 1.6le-15
10° — 100 T T - -
—©—WR with 128 windows —©—WR with 128 windows
N -+~ WR with 64 windows -+-ofe++-WR with 64 windows
\, = = =WR with 32 windows = = =WR with 32 windows
hY \\‘ ----- WRwith8 windows | | | % N~ o~ [T WR with 8 windows
5 \\ AN Standard WR method Standard WR method
10 FANERN 1
5 LR s H
= \ N\ =~ %
[im} \ N [im} X
\ \\
10710 \ AN 10710 *o AN
N, \ AN
N\, \ \
\\ \ \
N \ \
, \ Y
. \ \
1015 . . . . . . A . . 1015 . . . . . . .
0 5 10 15 20 25 30 3 40 45 50 55 0 5 10 15 20 25 30 35 40
Tterations ko Tterations ko
10° i T T
—©— WR with 128 windows — = - WR with 8 windows, a = 0.2
eerfee-WR with 64 windows —6— WR with 8 windows, a = 0.3
= = =WR with 32 windows — # - WR with 8 windows, @ = 0.8
----- WR with 8 windows
Standard WR method 10°
] ]
i i}
10710
\ ‘\'\
1015 . . 1 . . 1015
0 5 10 15 20 25 30 0 5 10 15 20 25 30 35

Tterations ko

Tterations ko

Fig.4 Errors of windowing WR for Example 5.2 with @ = 0.2 (top left), « = 0.5 (top right), and @ = 0.8
(bottom left), and errors of WR with 8 windows for various values of « (bottom right)
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Table 9 Comparisons of the discrete WR method and its fast version for Example 5.2

a=02,ko=7 a=05k =6 a=0.8ky =4
N Error Time (s) Error Time (s) Error Time (s)
16 4.09e-05 355.77 1.61e-05 280.08 3.86e-05 194.73
32 1.36e-05 353.67 2.10e-06 278.31 4.15e-06 194.92
WR 64 4.16e-06 355.38 2.25e-07 279.96 3.95e-07 194.50
128 1.08e-06 355.94 1.84e-08 282.42 3.23e-08 194.72
256 1.84e-07 356.06 8.84e-10 280.02 2.07e-09 191.91
16 4.09e-05 123.51 1.61e-05 104.57 3.86e-05 68.06
32 1.36e-05 125.11 2.10e-06 104.96 4.15e-06 70.91
Fast WR 64 4.16e-06 124.97 2.25e-07 104.72 3.95e-07 71.42
128 1.08e-06 123.45 1.84e-08 104.20 3.23e-08 70.19
256 1.84e-07 125.05 8.84e-10 104.53 2.07e-09 70.42

The iteration error for various values of kg and N are shown in Tables 6, 7, and 8,
for o = 0.2, 0.5, 0.8, respectively. We can also see that the windowing technique can
accelerate the convergence of the WR method.

We plot the relationship between the iteration error and the iteration number kg
with various time windows for « = 0.2, « = 0.5, and ¢ = 0.8, as well as the
convergence behaviors of WR with 8 time windows for various values of «, in Fig. 4.
The same observation can be found as that in Example 5.1.

We also use the fast evaluation formula of the WR method for Example 5.2. We fix
N Ny = 4096, and the observed errors and the consumed CPU times for the discrete
windowing WR method and its fast evaluation version with different values of N and
tolerance e=1.0e-10 are shown in Table 9. We can also see that the two versions with
the same parameters have the same accuracy, while the fast windowing WR method
needs much less running time.

Moreover, we fix the number of time steps N Ny = 2400 on [0, T'], and denote kg
as the minimum uniform number of WR iterations on each time window, such that
the iteration error below 2.0e-10 and the relationships between N and kg for different
values of « are shown in Table 10 and Fig. 5, from which the same observation as
that in Example 5.1 can be found.

Table 10 Relationships between N and ko for different values of « in Example 5.2

N 400 300 200 100 50 25 10 5 1

ko(a =0.2) - - 11 15 18 21 25 27 37
ko(a = 0.5) 5 6 7 8 10 12 16 19 30
ko(a = 0.8) 4 5 5 6 7 8 10 13 23

@ Springer



1476 Numerical Algorithms (2021) 87:1445-1478

40
* — % —a=02
35 LS N ——a=0.5| _
N —8—a=0.8

306

N
(&)
o

Iterations k0
n
o

0 | |
100 10’ 102
Number of windows N

Fig.5 Relationships between N and k for different values of « in Example 5.2

6 Conclusions

A new WR method for semi-linear fractional sub-diffusion equations has been pre-
sented, and the error estimation has been given. Then, the windowing WR method
and its discrete version have also been presented. We can see from the numerical
experiments that the (windowing) WR method is convergent superlinearly, and the
convergence rate will be slow with the decrease of the order of the time-fractional
derivative. Furthermore, we have also combined the fast evaluation formula based
on SOE approximation with the windowing WR method, and verified the efficiency
of the fast windowing WR method by numerical tests.

Moveover, the WR method used in this paper is one of the simplest WR methods.
Proposing some other effective WR methods to further improve the convergence rate
will be considered in the future.
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